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Motivation

Can we construct healthy and consistent massive gravity?



“Linear’ massive gravity

e Fierz-Pauli massive gravity (Fierz, Pauli, 1939)

1 1
S = M2, / d*x [—ihwggf ha%[— Zmz(hwh“” — hﬂ]

Linearized Only allowed mass term
Einstein-Hilbert term  which does not have ghost at linear order

Juv = Nuv =+ h,ul/
1

E hag = —§(th — 00y — 8,000 + 0,0,hE — 1 ORS + 1, 0005h%)

(1) Linear theory
(2) Lorentz invariant theory, but gauge invariance is broken
(3) No ghost at linear order
(5 DOF=massless tensor+massless vector+massless scalar)
(4) Simple nonlinear extension contains ghost at nonlinear level

(Boulware-Deser ghost, 6th DOF) (Boulware, Deser, 1971)



1st version of nonlinear massive gravity

e Stuckelberg field  Arkani-Hamed, Georgi, Schwartz (2003)

— Tab QL ¢ 0, ¢b ¢? are four scalar fields

Covariant tensor
Unitary gauge ¢ = 2% — fu., = N

Poincare symmetry P — 9% + ¢, % — AY ¢

e Define new covariant fluctuation tensor
H pur — Yuv — f 75%
e Covariant form of non-linear FP action
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Decoupling limit

Creminelli et.al. (2005)

e Expand Stuckelberg field around unitary gauge

a o an ca o o o Thanks to Poincare
¢" = (x% — A%)dog, A% — A%+ 0% symmetry in field space,
we can decompose ¢

3
]

* Non-linear leading action within decoupling limit, into scalar and vector
T
m—0, Mp —oo, T — o0, A;5and —— are fixed
Mpy
S = / diy |~ Limwgosy o L
i 9 uv tas Mpl 214
S, = / A4 __1 ., FH does not couple with
| 2 EM tensor

d*x _—3(07%)2 {Alg {(O7)° — (Dﬁ)(aua,,ﬁ)23+ ]\41P17TT]

Higher derivative
Lagrangian, not galileon

6th DOF appears in theory =BD ghost As = (Mpym*)/?
(Boulware, Deser, 1972 )



Adding higher-order potential terms

de Rham, Gabadadze (2010)

e Action
S = 2—22 d*z\/—g | R — i imQUn(g,H)
Uz(g, H) = by[H?] + by [H]?
Us(g, H) = c1[H°] + co[H][H?] 4 c3[H”]
Us(g, H) = di[H"] 4 do[H][H’] 4 ds[H?|[H?] + d4[H)*[H?] + d5[H]"
Us(g,H) = f1[H’] + fo[H|[H"| + fs[H)?[H’] + f4[H?|[H’]
+ f5[H|[H?)? + fs|H]’[H?] + f7[H]®
U@(Q,H) —

Fierz-Pauli tuning
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e Non-linear Lagrangian

—liminating 6th

DOF

de Rham, Gabadadze (2010)
11,,, = 0,0, 7
12, = 8,070,007

X

Aiii{ (301 — 4d, — %) [I14] + (02 — 4d5 + %) 112

+ (2¢9 — 4do) [TT][IT°] + (3¢5 — 4dy)[IT2][I)* — 4ds [H]4}

/

This yields the higher order derivative
(the origin of BD ghost)

LY = [M]? — I
£ = 2[11°) — 3[I][I%) + [11]°
£49 = —6[I*] + 3[11]? + 8[I1][11°] — 6112 [11]? + [11]*

Lo

We choose these coefficients so that the Lagrangian becomes total derivative



“liminating 6th DOF

de Rham, Gabadadze (2010)

e Choosing the coefficients

1
1 2203+§, C2 :—303—57

1 1
di = —6ds + —(2463 -+ 5), do = 8ds — —(663 -+ 1)

16 4
1 3
da = 3dr — — (12 1 ds = —6d —
3 5 16( cs+ 1), 4 6 5+463,
7 9 5} 15 3
= 4+ Zc3 — 6ds + 24 -2 ds — = s — y
11 32+863 5 +24f7,  fo 5 16C3+6 5 —30f7, f3 S C3 3ds + 20 f7,
1 3 3
f4:—1—6—163+5d5—20f77 f5:1—603_3d5—|—15f77 fe =ds —10f7

These combinations kill all scalar self-interaction terms !



Action in decoupling limit

de Rham, Gabadadze (2010)

e The next order interactions
1 1
L 1% 1 v 2 1% 3
Lpan = h* X,(W) — (6c3 — 1)A—§h“ XF(W) + (c3 + 8d5)A_ghM X,(W) NI
X(l) — [H]UW o H,uy

U

X =12, — [, — o (10%] ~ [,
X(9) = 6113, — 6[TIT2, + 3([2 — (2L, — (I° ~ B{ITI?) + 211y

X@ — ...

U

® The action in the decoupling limit

I veafBi 1 v
S:/d4:c [—ih“ E has + W <X§}V> -

(1) The remaining nonlinear interactions are galileons
(EOM is 2nd order differential equations)

(2) The cutoff energy scale is /\3
(We cannot trust the theory above A3)



Resummation of nonlinear potential

de Rham, Gabadadze, Tolley (201 1)

e Define the new tensor

KF, = 6" — \/NapgH® 00 20, ¢

e Property of this tensor in the decoupling limit VI 15 =T,
Ku =g Oé]CS
K.(g, H) _— =11, a a

e dRGT massive gravity

2 2
Mg,

m
SMG — 5 /d4$\/ —g [R — T (Z/{2 + 0431/{3 + 0441/[4) =+ Sm [g,ul/7 w]

Us = 22 yapoc””P7KH K% = 4 ([K?] — [K])
Us = €parype” P KH K%K = —[K]? + 3[K][K?] — 2[K?)
Us = Epianpe”™7 KH K GKTKP, = —[K]* + 6[K12[KC%] — 3[K?]? — 8[K][KC%] + 6K
Total derivative in the decoupling limit

No BD ghost in full theory (Hassan, Rosen 2011)



“Ghost-free” nonlinear massive gravity

e de Rham-Gabadadze-Tolley massive gravity (de Rham, Gabadadze, Tolley, 201 1)

M2 4 m2
Sva = Tm /d T\ —g [R e (Us + asUs + aaldy) | + Smlguw, Y]
_ v p
Z/{2 — 5HQPO_€VBQUICMVIC(X6 ICMV - 5'uy T \/5 v H v
Us = €panpe” P 7KH IC% KK, ¢? is called Stuckelberg field, which

restores general covariance

(1) Nonlinear theory

(2) Lorentz invariant theory

(3) No ghost at full order (56 DOF, No BD ghost) (Hassan, Rosen, 2011)

(4) Unique theory of massive spin-2 field as an extension of general relativity
(GR + mass term)



Decoupling limit

de Rham, Gabadadze (2010)
e Decoupling limit : Easy to capture high energy behavior within Compton

wavelength of massive graviton

IT IS the scalar mode

Ay L9 0,0,  0,0,70,0%T of massive graviton
Mpl Mp1m2 Mglm‘l

H,, —

1w

Pl

= fixed

Mpy — o0, m — O, A3 = (Mp1m2)1/3 — ﬁxed,

e dRGT Lagrangian in the decoupling limit

1 :
Lpr, =|—=h*EYPh,, _—_prvT | Standard gravity part
. [ 4 o ap T MPI j s
1 3az + 4 a3 + 4oy
—hH*" [5 Pr%e BH + e Pe, 5"HQBH o+ € O‘7p5V55“Ha5H sI1 UD
[ 48 e 16A5 #  7 g 16A e
Galileon type interactions co = B v o 0,8,

® 2nd order differential EOM (NO BD ghost)

epll =g ayd g B O0a 03T
® Cutoff energy scale is /\3

V'y5

11,,, = 0,0,



Cosmologies

e There is no flat and closed FRW solution (D’Amico et al., 2011)

e Open FRW solution (Gumrukcuoglu, Lin, Mukohyama, 2011)

3K 1
SH2+ 220 — AL 4 —
oOH 2K 1
It et p
N —I_ CL2 M}Q)Z(IO—I_ )7
_ mg 2 2 3/2
AL =— 2{(1+a3)(2+a3+2@3—3@4)i2(1+043—|—043—044) }
(a3 + ay)

¢ [ inear perturbations are fine, and scalar and vector perturbations are exactly

the same as GR because of vanishing the kinetic terms (Gumrukcuoglu, Lin,
Mukohyama, 2011)

® [here is ghost-instability at nonlinear level (Gumrukcuoglu, Lin, Mukohyama, 2012)

e Consistent massive gravity : Quasi-dilaton theory (massive graviton + scalar)(de
Felice, Mukohyama, 2013), SO(3) massive gravity (Lorentz breaking) (Lin, 2013)



Derivative interactions in massive gravity



DOF In Fierz-Pauli theory

e Finstein-Hilbert term
Ly = e"P7e*PY 0,04 hus b,

® hoo and hj are Lagrange multipliers
(Existence of Hamiltonian and momentum constraints)
® DOF of massless graviton = 2

o Fierz-Pauli mass term

Z/pr — ghP9%¢ VB huyhaﬁ

® hoo is Lagrange multiplier
(Existence of Hamiltonian constraint)
® DOF of massless graviton = 5

—  Antisymmetric tensor ensures that hoo becomes a Lagrange multiplier

The Hamiltonian constraint kills BD ghost



Derivative interaction in Fierz-Pauli theory

A , _ , , (Kurt Hinterbichler, 201 3)
e Derivative interaction in Fierz-Pauli theory

Loz~ Mp e 0,0, hyg hyy hos

Levi-Civita structure ensures that the Lagrangian is linear in hoo

—  hoo becomes a Lagrange multiplier, which kills BD ghost

® /n 4 dimension, there is no more derivative interaction, which kills BD ghost.

(due to the number of indices in the antisymmetric tensor.)

e Fjerz-Pauli theory is actually linear theory, but this derivative interactions is
nonlinear !! If we want to consider this term, we need to think about Einstein-

Hilbert term, instead of linearized Einstein-Hilbert.



Our work : Is there any consistent nonlinear derivative interactions
in de Rham-Gabadadze- Tolley massive gravity??

M2 m2
SMG — % /d433\/ —d [R — T (Z/{Q + 0432/[3 + 0442/[4)]—'_ Sm[g,ul/a w]a

Uz = 5uapa5yﬁpalcuulcaﬁ ]Cuu — 5“;/ - \/(wv — H',
Us = guawguﬁdplcuylcaﬁlcvé — oM — \/nabg“a3a¢aau¢b
Uy = guozwgyﬁcsalcuulcaﬁlcvélcpa




Guidelines for construction of Lagrangian

e Candidates for derivative interactions using the Riemann tensor

Lint O M1:2>1\/ —gHR, MP%]\/—QHQR, ]\41:2)1\/—9[—[3R7 ce

H,uz/ — 9uv — naba,u¢aaz/¢b

e GGuidelines

(1) Linearization of hyy reproduces Fierz-Pauli theory
e | orentz invariance
e Free of Boulware-Deser ghost at linear level
(2) Cut off energy scale is N3
e All nonlinear terms below /s have to be eliminated

(3) Free of Boulware-Deser ghost



—nergy scales of derivative interactions
N the decoupling limit

e General form of Lagrangian

Lint D M1:2>1\/ —gHR, ]\41:2)1\/—9}]2f{7 ]\41:2)1\/—9}]3R7 ce

e The Lagrangian in the decoupling limit can be schematically written as

Lint N Ai—nh—Sn7r h”h_lé’zh (027_‘_)717T

np =1 np =2
o 0,0,m  0,0,m0,0%T
Np =1 I o0 I N3 Hyw = Mpy " 2Mle2 Mgym*
N = I /\5 I /\3
m=3 | A | A
Nr =4 I N11/3 I /\3 A)\ _ (MpmA—l)l/)\
N =N I N 3n-1)/(n-1) I /\3 T ny, + n. — 2

These has to be eliminated



HR order term

e General Lagrangian of HR order

Lintg = Mo/ —gH, (R"™ + d Rg™)

Linearizing huv gives the same order of the linearized Einstein-Hilbert

£t o M | V=aR

—> [d — —1/2]

e /n terms of Levi-Civet symbol,

Lint1 = Mgrv _ggquagaﬁngwyﬁ H,,

The Lagrangian satisfies requirement (1) : Fierz-Pauli theory at linear theory



HR order term in the decoupling limit

e The lowest order term in the decoupling limit

2
= e 0 s 00
h o<
2 v

ﬁint, 1

Total derivative

® The next order term in the decoupling limit

1
= 7 9,8, hyg 0,0,m00,

921 (827)? 5

This is not zero or total derivative, and EOM contains higher derivatives

m-—) The counter part of this term can eliminate this term

1

Lint12 =7 V=97 Ry Hpa

/5 term is eliminated !



HR order term in the decoupling limit

 HR order Lagrangian

Lint,1 = M1:2>1\/ _ggwpagaﬁvaRuaw Hp,

N Ai—nh—S’nﬁ hnh_lth (827_‘_)??,77

np =1
Np =1 oo
Nr = N5
Np = N4
Np =4 N11/3

nr[ =N

N 3n-1)/(n-1)

DL

— Automatically total derivative

These terms can be always eliminated
by adding higher order terms



HR order term

® The total Lagrangians including counter terms is given by

Lint,l _ MP2’1 /_ggﬂupagaﬁ’YURMaVB

1 1 D
X[<HP'Y + - PaHafy + gHPaHabefy + aHpaHabech,y + - )J

4

— QKm

KH, =6, — /6% — HY = = dn(H™)Y,

n=1

e The final Lagrangian of HR order term
Lint1 = M112>1’\/ _gguvmgaﬁvafgwyﬁ Koy

The Lagrangian satisfies requirements (2) : Az theory in the decoupling limit



H-R order term

e Consider the most general combination of this order
2
Lint2 = Mp/—g R P (c1HpyoHyp + - - )

This order should be a total
derivative, otherwise BD ghost

=1
i / appear
M = /s vpo _afBvo
~ ghPTBI G Dy 0,0, Op s
nr[ =3 /\4
N = N11/3 These terms might be eliminated by

adding higher order terms

N =N A 3n-1)/(n-1)




H-R order term

e The Lagrangian is
£int,2 — Mf%l /_ggﬂl/,OO‘gOéﬁ’}@R’uaVﬁ Hp’y Ho'5

This is the only combination that the lowest order /s term
becomes a total derivative

e |Vith the same method of the previous case, we get the resumed Lagrangian
of H?°R order term

Lint,Q — MPQ)I /_ggﬂvpagozﬁ’Y(SRuaVB ]va ICJ5

e H3R, HR? or higher order terms?? — No!

In four dimension, there is no total derivative combination of the lowest
order term in the decoupling limit



Rliemann derivative interactions

® In 4 dimension, the general derivative interaction for massive graviton is

Lint = Mf%lv —g 5WPJ€O&BW5RMOW5 ( 9oy Kos + 5 Kpy Kos)

a and 3 are parameters

® |\le can also construct derivative interactions in arbitrary dimensions D

D.d, _ _ .
,C( m) :MP?I 2m2 d _gg,ul,UQ HD cV1V2

VD .« ..
int R,ul Vip2v2 R,ud—ll/d—l,udl/d

X Juarivar:s * " Gumvm IC,LLm+1Vm+1 S ,CMDVD

d 1s even number
2<d<m<D-1

These Lagrangians satisfy the requirements (1) and (2)



Boulware-Deser ghost??

¢ Ve constructed the A3 nonlinear derivative interactions, but we still need to
check the requirement (3) : the existence of BD ghost

* /A3 theory in the decoupling limit

3

1 1
L:DL N[A_g 78 [R2 — 4R/M/RMV + R,LWPJRMV'OO-] hJ"‘[AZSnW O[h82h (aQW)nW]J

These terms yield 4th order
differential Eq for h and it
(coming from Lint1 and Lint 2)

EOM is 2nd order differential equation
(coming from Lint2)

There are extra degrees of freedom, which leads to ghost...

Ghost appears at /\3



Other derivative interactions (in progress)

¢ In 4 dimension, we found other /\s derivative interactions without the Riemann
tensor

;jnt,l — _Ml?)l —4g 8,qu0804570 VOJCI/B v,ulcpfy
;nt,Q — _2M132>1 Vg guypagaﬁvé vaKVﬁ VN]CP’YFCSO'(H..)

* /\3 theory in the decoupling limit

1 1
/JDL ~l A3 T R2 _ 4RMVR'LLV =+ R,uz/paR'LWPG T 3 O[hth (827‘-)”#]
A3 h2 Agnﬂ-

EOM is 2nd order differential equation ~ These terms yield 4th order
(coming from L’int 2) differential Eq for h and it
(coming from L’int,1 @and L’int2)

We cannot kill higher derivative terms in EOM even if we combine all four
derivative interaction terms...



Appropriate mass scale of derivative interactions”

e So far, the mass scale of the derivative interactions was My,

Co :eﬂ”ﬂaewa (g Kos + 5K Ko

If the mass scale M is not Mp; and smaller than Mp,
the ghost scale is roughly above the cutoff energy scale.

e |n addition, if M < Mp,,
M

£int,2 — M, /_gg,ul/pagaﬁ’Y(SRMaVB ]Cpfy ICJ(S

1
Lpr ~ [R2 — 4R, R" + R, R

&
e

+ ‘ O[hd*h (9*m)"]

h2

/\R >/\3 /\ghost >/\R >/\3

If Aghost > Acutort > A\r >3, the theory might still survive...



Summary

e We found the most general derivative interactions in dRGT massive gravity
® The energy scales below /\3 can be eliminated by adding counter terms
e The Lagrangians can be resumed by using K tensor
e The most general derivative interactions contain four interactions

e Nonlinear terms contribute at /\s

e Appropriate DOF?
e 4th order differential EOM of the scalar and tensor mode in the decoupling limit

e Ghost appears at Nz in dRGT theory + derivative interactions

The mass scale of the derivative interactions should be M< Moy,



