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@ Without vector notation, Maxwell’s original equations consisted of eight (or twenty)

formulas.

@ It was the rotational SO(3) or Lorentz SO(1,3) symmetry that reorganized them into

four or two compact equations.

@ This talk aims to show that
Type IlA & IIB supergravities may undergo an analogous ‘simplification’ and ‘unification’,
restructured by ‘Stringy Differential Geometry’,

in the name of A = 2 D = 10 Supersymmetric Double Field Theory.
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Talk based on works with Imtak Jeon & Kanghoon Lee

@ Differential geometry with a projection: Application to double field theory
JHEP 1104:014 arXiv:1011.1324

@ Double field formulation of Yang-Mills theory ~ PLB 701:260(2011) arXiv:1102.0419
@ Stringy differential geometry, beyond Riemann  PRD 84:044022(2011) arXiv:1105.6294
@ Incorporation of fermions into double field theory JHEP 1111:025 arXiv:1109.2035

@ Supersymmetric Double Field Theory: Stringy Reformulation of Supergravity
PRD Rapid Comm. 85:081501 (2012) arXiv:1112.0069

@ Ramond-Ramond Cohomology and O(D,D) T-duality JHEP 1209:079 arXiv:1206.3478

@ Stringy Unification of Type IlIA and |IB Supergravities under N=2D=10
Supersymmetric Double Field Theory PLB 723:245(2013) arXiv:1210.5078

@ Comments on double field theory and diffeomorphisms JHEP 1306:098 arXiv:1304.5946

@ Covariant action for a string in doubled yet gauged spacetime
NPB 880:134(2014) arXiv:1307.8377
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Related works on U-duality

@ U-geometry : SL(5) with Yoonji Suh, JHEP 04 (2013) 147 arXiv:1302.1652

@ M-theory and F-theory from a Duality Manifest Action
with Chris Blair and Emanuel Malek, to appear in JHEP arXiv:1311.5109
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Introduction

@ In Riemannian geometry, the fundamental object is the metric, gy .
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9 Vigur =0, rﬁw] =0 — rf\w = %gkp(aug,,p + 0v0Qup — 9pQuv)

@ Curvature: [V, V)] — Rexpw — R

@ On the other hand, string theory puts gu., By and ¢ on an equal footing,
as they form a multiplet of T-duality.
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as they form a multiplet of T-duality.
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Introduction

@ In Riemannian geometry, the fundamental object is the metric, gy .

@ Diffeomorphism: 8, — V, =090, + T,

9 Vigur =0, rﬁw] =0 — rf\w = %gkp(aug,,p + 0v0Qup — 9pQuv)

@ Curvature: [V, V)] — Rexpw — R

@ On the other hand, string theory puts gu., By and ¢ on an equal footing,
as they form a multiplet of T-duality.

@ This suggests the existence of a novel unifying geometric description of them,

generalizing the above Riemannian formalism.

@ Basically, Riemannian geometry is for Particle theory. String theory requires a

novel differential geometry which geometrizes the whole NS-NS sector.
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Closed string

@ The low energy effective action of guu, Buy, ¢ is well known in terms of Riemannian

geometry

Seg. = - vV _ge—2¢ (Rg + 48,u¢au¢ - %H/\MUHA”‘V) .
D
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Closed string

@ The low energy effective action of guu, Buy, ¢ is well known in terms of Riemannian

geometry

Seg. = - vV _ge—2¢ (Rg + 48,u¢au¢ - %H/\MUHA”‘V) .
D

@ Diffeomorphism and B-field gauge symmetry are manifest,

XH — xH 4 oxH Buv — Buy + 0pAy — U, .
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Closed string

@ The low energy effective action of guu, Buy, ¢ is well known in terms of Riemannian

geometry

Seg. = - vV _ge—2¢ (Rg + 48,u¢au¢ - %H/\MUHA”‘V) .
D

@ Diffeomorphism and B-field gauge symmetry are manifest,

XH — xH 4 oxH Buv — Buy + 0pAy — U, .

@ Though not manifest, this enjoys T-duality which mixes {Q,v,Buv, ¢}.
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@ Redefine the dilaton,
e = /—ge=2*
@ Set a (D 4+ D) x (D 4 D) symmetric matrix,
gfl _gle

Hpag =
Bg~! g-Bg~'B

@ Hereafter, A, B, .... : ‘doubled’ (D + D)-dimensional vector indices, with D = 10 for SUSY.
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@ T-duality is realized by an O(D, D) rotation,

Has — MASMgPHcp, d — d,

where
M € O(D,D).
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@ O(D, D) metric,

Jns 1=

freely raises or lowers the (D + D)-dimensional vector indices.
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Double Field Theory (DFT), 2009-2010

) and , later with
SprT =/ e Lppr(H,d),
Ip
where
Lopr(H,d) = HAB (4aAaBd — 40,dpd + LA HCP O Hep — %8AHCD8(;HBD)
+48AHA583d — 8A85HAB .

® Spacetime is formally doubled, yA = (X,,x*), A=1,2,--- ,D+D.
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Double Field Theory (DFT), 2009-2010

) and , later with
SprT =/ e 2 Lppr(H,d),
Ip
where
Lorr(H,d) = HA® (40,06d — 40,406 + 20AHP 05 Hep — SONHP O Hap )
+48AHA583d — 8A85HAB .
® Spacetime is formally doubled, yA = (X,,x*), A=1,2,--- ,D+D.

@ Yet, Double Field Theory (for NS-NS sector) is a D-dimensional theory written in terms

of (D + D)-dimensional language, i.e. tensors.
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Double Field Theory (DFT), 2009-2010

) and , later with
SprT =/ e 2 Lppr(H,d),
Ip
where
Lorr(H,d) = HA® (40,06d — 40,406 + 20AHP 05 Hep — SONHP O Hap )
+48AHA583d — 8A85HAB .
® Spacetime is formally doubled, yA = (X,,x*), A=1,2,--- ,D+D.

@ Yet, Double Field Theory (for NS-NS sector) is a D-dimensional theory written in terms

of (D + D)-dimensional language, i.e. tensors.

@ All the fields MUST live on a D-dimensional null hyperplane or ‘section’, ¥p.
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Section condition in Double Field Theory

@ By stating DFT lives on a D-dimensional null hyperplane, we mean that, the O(D, D)
d’Alembert operator is trivial, acting on arbitrary fields as well as their products:
82

P =2——
OX, OXH

d =0, OpP10”®, =0 : section condition

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



What does O(D, D) do in Double Field Theory ?

@ O(D,D) rotates the D-dimensional null hyperplane where DFT lives.
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@ A priori, the O(D, D) structure in DFT is a ‘meta-symmetry’ or ‘hidden symmetry’ rather

than a Noether symmetry.
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What does O(D, D) do in Double Field Theory ?

@ O(D,D) rotates the D-dimensional null hyperplane where DFT lives.

@ A priori, the O(D, D) structure in DFT is a ‘meta-symmetry’ or ‘hidden symmetry’ rather

than a Noether symmetry.
@ Only after dimensional reductions,
D=d+n=4d,
it can generate a Noether symmetry,
O(n,n)

which is a subgroup of O(D,D) and ‘enhanced’ from O(n).
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String worldsheet origin of the section condition

@ Closed string

X(0F) = 3(x+%) + 3(p+wW)ot +--+,

Xa(o™) = 3(x =) + 5(p —w)o + -
@ Under T-duality,

XL+ Xr — XL —XRr,
such that

(Xy)zvp’W) - ()z7X7W7p)'
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String worldsheet origin of the section condition

@ Closed string
X(0F) = 3(x+%) + 3(p+wW)ot +--+,
Xa(0™) = 3(x — %)+ 3(p —w)o~ + -+
@ Under T-duality,

XL+ Xr — XL —XRr,
such that

(Xy)zvp’W) - ()z7X7W7p)'

@ Level matching condition for the massless sector,
82

W=0 = §ot = =
P " OXHOXy

Jeong-Hyuck Park
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Section condition in Double Field Theory

@ Up to O(D, D) rotation, we may further choose to set

7]

— =0.
OXp
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Section condition in Double Field Theory

@ Up to O(D, D) rotation, we may further choose to set

o
— =0.
OXp
@ Then DFT reduces to the effective action:
SprFT = Se. = V/—ge % (Rg +4(09)? — 1_12H2) :

Xp
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Double Field Theory (DFT), 2009-2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest.
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Double Field Theory (DFT), 2009-2010

@ Thus, in the DFT formulation of the effective action by the
O(D, D) T-duality structure is manifest.

@ What about the diffeomorphism and the B-field gauge symmetry?
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Diffeomorphism & B-field gauge symmetry

@ Introducing a unifying (D + D)-dimensional parameter,
XA = (A, 3x¥)
it is possible to spell a unifying transformation rule, up to the section condition,
Sx Hag = XCOcHag + 204X H g + 20 Xc HAS ,

Ox (e_Zd) = 0a (er_Zd) .
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Diffeomorphism & B-field gauge symmetry

@ Introducing a unifying (D + D)-dimensional parameter,
XA = (A, 3x¥)
it is possible to spell a unifying transformation rule, up to the section condition,
Sx Hag = XCOcHag + 204X H g + 20 Xc HAS ,

Ox (e_Zd) = 0a (er_Zd) .

@ In fact, these coincide with the generalized Lie derivative,

ox Hag = LxHag ox(e72d) = Ly (e2d) = —2(Lxd)e~2d.
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Generalized Lie derivative

@ Definition

n
ﬁXTAl“‘An = XB(')BTAIMAn +w63XBTA1mAn + Z(aAi Xg — 8BXAi )TAIMAi_lBAHIMAn.
i=1
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Generalized Lie derivative

@ Definition

n
ﬁXTAl‘“An = XB('QBTAIMAn + w@BXBTAlmAH + Z(aAi XB - 8BXAi )TAIMAi_lBAHIMAn.
i=1
@ cf. ordinary one in Riemannian geoemtry,

n
LXTAlmAn = XBagTAlmAn + WanBTAlmAn + Z8AiXBTAl“‘Ai—lBAi+1“‘An'
i=1
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Generalized Lie derivative

@ Definition

LxTayag i=XB0Ta . .ay + wOsXBTA .8, + i(@Ai Xg — 9 Xa, )TAlmAi_lBAiHmAn.
i=1
@ cf. ordinary one in Riemannian geoemtry,
LxTay.an = XBOTa .ay +wIeXBTa . a, + i OpXBT AL A 1BA 1Ay
i=1
@ Commutator of the generalized Lie derivatives,
[£x,Ly] = Lix v)e »
where [X, Y]c denotes the C-bracket,

[X,Y]8 :=XBog YA — YBO X" + 1YBAXg — 1XBOAYs .
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Diffeomorphism & B-field gauge symmetry

@ Brute force computation can show that
LxHag = XCOcHag + 20aXc)H s + 208X HA® |
Lx (e720) = 9, (XPe~2) |
are symmetry of the action by

SprT =/ e~ Lppp(H,d),
Xp

Lppr(H,d) = HAB (4aAaBd — 49,dgd + L0 HCP O Hep — %8AHCD8CHBD)

+40,H B Ogd — OpOg HAB .
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Diffeomorphism & B-field gauge symmetry

@ Brute force computation can show that
LxHag = XCOcHag + 20aXc)H s + 208X HA® |
Lx (e720) = 9, (XPe~2) |
are symmetry of the action by

SprT =/ e 2 Lppr(H,d),
Xp
Lppr(H,d) = HAB (4aAaBd — 49,dgd + L0 HCP O Hep — %8AHCD8CHBD)
+40pHPBOgd — OpaOgHAB .

@ This expression may be analogous to the case of writing the Riemannian scalar

curvature, R, in terms of the metric and its derivative.
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Diffeomorphism & B-field gauge symmetry

@ Brute force computation can show that
LxHag = XCOcHap + 20)aXc H g + 208X HAS ,
Lx (€729) = 9 (XPe~2) |
are symmetry of the action by

SprT :/ e % Lppr(H,d),
Ip

Lopr(H,d) = HAB (4aAaBd — 40,ddpd + LA HCP O Hep — %8AHCD8(;HBD)

+48AHA583d — 8A85HAB .

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



Diffeomorphism & B-field gauge symmetry

@ Brute force computation can show that
LxHag = XCOcHap + 20)aXc H g + 208X HAS ,
Lx (€729) = 9 (XPe~2) |
are symmetry of the action by

SprT :/ e % Lppr(H,d),
Ip

Lopr(H,d) = HAB (4aAaBd — 40,ddpd + LA HCP O Hep — %8AHCD8(;HBD)

+48AHA583d — 8A85HAB .

@ The underlying differential geometry is missing here.
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Stringy differential geometry and

Supersymmetric Double Field Theory (SDFT)

The remaining of this talk is structured to explain our works
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@ Proposal of a underlying  stringy differential geometry for DFT
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Stringy differential geometry and

Supersymmetric Double Field Theory (SDFT)

The remaining of this talk is structured to explain our works

@ Proposal of a underlying  stringy differential geometry for DFT

@ The full order constructionof A =2D =10 SDFT

which ‘unifies’ IIA and IIB SUGRAs and ‘contains’ more.
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Stringy differential geometry and

Supersymmetric Double Field Theory (SDFT)

The remaining of this talk is structured to explain our works

@ Proposal of a underlying  stringy differential geometry for DFT

@ The full order constructionof A =2D =10 SDFT

which ‘unifies’ IIA and IIB SUGRAs and ‘contains’ more.

@ The reduction of SDFT to ordinary SUGRA  via gauge fixing.
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Symmetries of V' =2 D = 10 SDFT

@ O(D, D) T-duality: Meta-symmetry

@ Gauge symmetries

© DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin (1, D—1), x Spin(D—1,1)g

@ local N =2 SUSY with 32 supercharges.
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@ Gauge symmetries

© DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin (1, D—1), x Spin(D—1,1)g

@ local N =2 SUSY with 32 supercharges.

@ All the bosonic symmetries will be realized manifestly and s imultaneously.
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© DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin (1, D—1), x Spin(D—1,1)g
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@ All the bosonic symmetries will be realized manifestly and s imultaneously.

@ For this, it is crucial to have the right field variables
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Symmetries of V' =2 D = 10 SDFT

@ O(D, D) T-duality: Meta-symmetry
@ Gauge symmetries

© DFT-diffeomorphism (generalized Lie derivative)
@ A pair of local Lorentz symmetries, Spin (1, D—1), x Spin(D—1,1)g

@ local N =2 SUSY with 32 supercharges.

@ All the bosonic symmetries will be realized manifestly and s imultaneously.

@ For this, it is crucial to have the right field variables

@ We shall postulate O (D, D) covariant genuine DFT-field-variables, and NOT employ
Riemannian variables such as metric, B-field, R-R p-forms.
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Spacetime is doubled yet gauged 1304.5946 1307.8377

@ All the fields are required to satisfy the section condition,
Opd b =0, Op®10°0, =0,
which implies an invariance under a shift set by a ‘derivative-index-valued’ vector,

d(x + A) = d(x) if AA = pd¢’ for arbitrary functions ¢ and ¢’ .
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Spacetime is doubled yet gauged 1304.5946 1307.8377

@ All the fields are required to satisfy the section condition,
Opd b =0, Op®10°0, =0,
which implies an invariance under a shift set by a ‘derivative-index-valued’ vector,
d(x + A) = d(x) if AA = pd¢’ for arbitrary functions ¢ and ¢’ .

@ The section condition implies, and in fact can be shown to be e quivalent to,
an equivalence relation for the coordinates,

XA~ XA 4 oty
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Spacetime is doubled yet gauged 1304.5946 1307.8377

@ All the fields are required to satisfy the section condition,

Op0 P =0, Opd107d, =0,
which implies an invariance under a shift set by a ‘derivative-index-valued’ vector,
d(x + A) = d(x) if AA = pd¢’ for arbitrary functions ¢ and ¢’ .
@ The section condition implies, and in fact can be shown to be e quivalent to,

an equivalence relation for the coordinates,

XA~ XA 4 poP
@ A ‘physical point’ is one-to-one identified with a ‘gauge orbit’ in the coordinate space.
=—> The diffeomorphism symmetry means an invariance under arbitrary

reparametrizations of the ‘gauge orbits’.
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Spacetime is doubled yet gauged 1304.5946 1307.8377

@ All the fields are required to satisfy the section condition,
Op0 P =0, Opd107d, =0,
which implies an invariance under a shift set by a ‘derivative-index-valued’ vector,
d(x + A) = d(x) if AA = pd¢’ for arbitrary functions ¢ and ¢’ .

@ The section condition implies, and in fact can be shown to be e quivalent to,
an equivalence relation for the coordinates,

XA~ XA 4 oty

@ A ‘physical point’ is one-to-one identified with a ‘gauge orbit’ in the coordinate space.
=—> The diffeomorphism symmetry means an invariance under arbitrary

reparametrizations of the ‘gauge orbits’.

@  Spacetime is doubled yet gauged! (further remarks to come at the end of this talk).
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Field contents of Type Il SDFT

@ Bosons
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Field contents of Type Il SDFT

@ Bosons

DFT-dilaton: d
@ NS-NS sector

DFT-vielbeins: Vap, Vap
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Field contents of Type Il SDFT

@ Bosons
DFT-dilaton: d
@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%a
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Field contents of Type Il SDFT

@ Bosons
DFT-dilaton: d
@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%a
Fermions
o)
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Field contents of Type Il SDFT
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@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%a
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Field contents of Type Il SDFT

@ Bosons
DFT-dilaton: d
@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%a
Fermions
@ DFT-dilatinos: %, p'e
o Gravitinos: Ve U
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Field contents of Type Il SDFT

@ Bosons
DFT-dilaton: d
@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%
@ Fermions
o DFT-dilatinos: %, p'e
o Gravitinos: Ve U
Index Representation Metric (raising/lowering indices)
AB,- - O(D, D) & DFT-diffeom. vector /Y
p, g, Spin (1, D—1)_ vector npg = diag(— + + - - - +)
a, B, - Spin (1, D—1)_ spinor Ciaps )T —C+'pr:1
p,q,--- Spin(D—1, 1)g vector figg = diag(+ — — - -+ =)
&, B, - Spin(D—1, 1)g spinor Ciap (37T =c5Pct
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Field contents of Type Il SDFT

@ Bosons
DFT-dilaton: d
@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%a
@ Fermions
o DFT-dilatinos: %, p'e
@ Gravitinos: v Uy

R-R potential and Fermions carry NOT (D + D)-dimensional
BUT undoubled D-dimensional indices.

Jeong-Hyuck Park 2 D = 10 Supersymmetric Double Field Theory



Field contents of Type Il SDFT

@ Bosons
DFT-dilaton: d
@ NS-NS sector
DFT-vielbeins: Vap, Vap
9 R-R potential: C%a
@ Fermions
o DFT-dilatinos: %, p'e
@ Gravitinos: vs, s

A priori, O(D, D) rotates only the O (D, D) vector indices (capital Roman), and
the R-R sector and all the fermions are O (D, D) T-duality singlet.

The usual IIA < 1IB exchange will follow only after fixing a gauge.

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



Jeong-Hyuck Park 10 Supersymmetri



@ The DFT-dilaton gives rise to a scalar density with weight one,

e~
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@ The DFT-dilaton gives rise to a scalar density with weight one,
e,

@ The DFT-vielbeins satisfy the four defining properties:

VapVAg=mpq,  VapgVhG =g, VapV2G=0, VapVeP +VaVeP = Jps .
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@ The DFT-dilaton gives rise to a scalar density with weight one,
e,
@ The DFT-vielbeins satisfy the four defining properties:
VapVAqg =mpg,  VagVAG =1lpg,  VapVAG =0,  VapVeP +VapVeP = Jas .

@ For fermions, the gravitinos and the DFT-dilatinos are not twenty, but ten-dimensional

Majorana-Weyl spinors,
O+ eps = ¢y, FP+p = —cp,
Oy = ¢’y O = —¢’p’

where ¢ and ¢’ are arbitrary independent two sign factors, ¢2 = ¢’2 = 1.
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The DFT-dilaton gives rise to a scalar density with weight one,
e,
The DFT-vielbeins satisfy the four defining properties:
VapVAq =g,  VagVhq =1, VapVhG=0, VapVeP +VaVeP = Jas -

For fermions, the gravitinos and the DFT-dilatinos are not twenty, but ten-dimensional
Majorana-Weyl spinors,

O+ eps = ¢y, FP+p = —cp,

FO gy = ¢y, FOH = —c'p’,
where ¢ and ¢’ are arbitrary independent two sign factors, ¢2 = ¢’2 = 1.

Lastly for the R-R sector, we set the R-R potential, C%4, to be in the bi-fundamental
spinorial representation of Spin(1,D—1), x Spin(D—1,1)r. It possesses the chirality,

A(D+1)5(0+1) ¢/ ¢
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@ Spin(1,D—1), x Spin(D—1, 1)g chiralities:
O+ eps = c o, FP+p = —cp,
,—Y(D+l),¢}‘/) — Cl"/’;’) , ,—Y(D+l)p/ — —C'p’ ,

’Y(D+1)C’_Y(D+l) —cc’C.
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@ Spin(1,D—1), x Spin(D—1, 1)g chiralities:
O+ eps = c o, FP+p = —cp,
Oy = ¢’y O = —¢p’
O+ e5(P+1) = ¢e’C.

@ Apriori all the possible four different sign choices are equivalent up to
Pin(1,D—1)_ x Pin(D—1,1)r rotations.
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@ Spin(1,D—1), x Spin(D—1, 1)g chiralities:

O+ eps = c o, FP+p = —cp,
,—Y(D+l),¢}‘/) — Cl"/’;’) , ,—Y(D+l)p/ — —C'p’ ,
’Y(D+1)C’_Y(D+l) —cc’C.

@ Apriori all the possible four different sign choices are equivalent up to
Pin(1,D—1)_ x Pin(D—1,1)r rotations.

@ That is to say, N =2 D = 10 SDFT is chiral with respect to both Pin(1,D—1)_ and
Pin(D—1,1)g, and the theory is unique, unlike ITA /IIB SUGRAs.
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@ Spin(1,D—1), x Spin(D—1, 1)g chiralities:

O+ eps = c o, FP+p = —cp,
,—Y(D+l),¢}‘/) — Cl"/’;’) , ,—Y(D+l)p/ — —C'p’ ,
’Y(D+1)C’_Y(D+l) —cc’C.

@ Apriori all the possible four different sign choices are equivalent up to
Pin(1,D—1)_ x Pin(D—1,1)r rotations.

@ That is to say, N =2 D = 10 SDFT is chiral with respect to both Pin(1,D—1)_ and
Pin(D—1,1)g, and the theory is unique, unlike ITA /IIB SUGRAs.

@ Hence, without loss of generality, we may safely set

c=c =+1.
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@ Spin(1,D—1), x Spin(D—1, 1)g chiralities:

~Pys = c o, FP+p = —cp,
Oy — oy, A0 = o'y,
O+ e5(P+1) = ¢e’C.
@ Apriori all the possible four different sign choices are equivalent up to
Pin(1,D—1)_ x Pin(D—1,1)r rotations.

@ That is to say, N =2 D = 10 SDFT is chiral with respect to both Pin(1,D—1)_ and
Pin(D—1,1)g, and the theory is unique, unlike ITA /IIB SUGRAs.

@ Hence, without loss of generality, we may safely set
c=c' =+1.

@ Later we shall see that while the theory is unique, it contains type ITA and IIB

supergravity backgrounds as different kind of solutions.
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@ The DFT-vielbeins generate a pair of rank-two projectors,
Pag := VaPVpgp, PABPEC = PAC, Pag := VaPVg;, PaBPgC =Pa°,
which are symmetric, orthogonal and complementary to each other,

Pag = Pga, Pag = Pga, PABPgC =0, PAB + PAB = a8

Jeong-Hyuck Park 2 D = 10 Supersymmetric Double Field Theory



@ The DFT-vielbeins generate a pair of rank-two projectors,
Pag := VaPVpgp, PABPEC = PAC, Pag := VaPVg;, PaBPgC =Pa°,
which are symmetric, orthogonal and complementary to each other,

Pag = Pga, Pag = Pga, PABPgC =0, PAB + PAB = a8

@ It follows

PaBVgp = Vap, PaBVes = Vap . PABVg, =0, PaBVgs

0.
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@ The DFT-vielbeins generate a pair of rank-two projectors,
Pag := VaPVpgp, PABPEC = PAC, Pag := VaPVg;, PaBPgC =Pa°,
which are symmetric, orthogonal and complementary to each other,

Pag = Pga, Pag = Pga, PABPgC =0, PAB + PAB = a8

@ It follows

PaBVep = Vap, PaBVes = Vap . PABVg, =0, PaBVgs = 0.

@ Note also
Hpg = Pag — Pag -

However, our emphasis lies on the ‘projectors’ rather than the “generalized metric".
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@ Further, we construct a pair of rank-six projectors,
PeasPEr := PcPPREPg Ml + 52, PciaPg) EPFID Peas °FF Poer M = Peas®
PeasPFF = F_’chs[A[E F_’B]F] + ﬁﬁc[ﬂsa] [EPFID, Pens FF Poer O = Poag®
which are symmetric and traceless,

Pcaeper = Pperca = PclaBID[EF] » Pcasoer = Poercas = Pcjaspier] »

A _ AB _ 5A _ 5AB _
P peoer =0, P Pagcper =0, P peoer =0, P Pagcper = 0.
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@ Having all the ‘right’ field-variables prepared, we now disc uss their derivatives or

what we call, ‘semi-covariant derivative’.
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@ Having all the ‘right’ field-variables prepared, we now disc uss their derivatives or

what we call, ‘semi-covariant derivative’.

@ The meaning of “semi-covariant" will be clarified later.
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Semi-covariant derivatives

@ For each gauge symmetry we assign a corresponding connection,

@ [ for the DFT-diffeomorphism (generalized Lie derivative),
@ &, for the ‘unbarred’ local Lorentz symmetry, Spin(1,D—1),,
9

®, for the ‘barred’ local Lorentz symmetry, Spin (D—1, 1)g.
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Semi-covariant derivatives

@ For each gauge symmetry we assign a corresponding connection,

@ [ for the DFT-diffeomorphism (generalized Lie derivative),
@ &, for the ‘unbarred’ local Lorentz symmetry, Spin(1,D—1),,

@ &, for the ‘barred’ local Lorentz symmetry, Spin (D—1,1)g.

@ Combining all of them, we introduce master ‘semi-covariant’ derivative

Dp=0n+Ta+ Pa+ Pa.

Jeong-Hyuck Park

2 D = 10 Supersymmetric Double Field Theory



@ It is also useful to set

Va=0a+Ta, Da = Op + ®a + Pp -
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@ It is also useful to set

Va=0a+Ta, Da = Op + ®a + Pp -

@ The former is the ‘semi-covariant’ derivative for the DFT-diffeomorphism (set by the
generalized Lie derivative),
n

— B B
V(;TAIAZMA” = 8(;TA1A2MAn —wl BCTAIAZMAn + Z FCA‘ TAlmAi_IBAHIMAn .
i=1
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@ It is also useful to set

Va=0a+Ta, Da = Op + ®a + Pp -

@ The former is the ‘semi-covariant’ derivative for the DFT-diffeomorphism (set by the
generalized Lie derivative),
n

— B B
V(;TAIAZMA” = 8(;TA1A2MAn —wl BCTAIAZMAn + Z FCA‘ TAlmAi_IBAHIMAn .
i=1

@ And the latter is the covariant derivative for the Spin(1,D—1) x Spin(D—1,1)g local

Lorenz symmetries.
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@ By definition, the master derivative annihilates all the ‘constants’,
DaJec = Vadsc = MNae®Joc + Fac®Jep =0,
Danpg = Danpg = Pap" g + Pag'mpr =0,
Daflpg = Daflpg = Pap 7irq + Pag'pr =0,
DaC+ap = DaCiap = Paa’Cisp + Pag’Cias =0,
DaC 55 =DaCisp = Paa’Ciss+ ®x5°Cra5 =0,
including the gamma matrices,

Da(P)*5 = Da(1P)*3 = PaPq(79)%5 + ®a¥5(1P)2 5 — (P)*sPa’s = 0,

Da(P)*5 = Da(TP) 5 = BaPa(7)¥5 + 8a%5(7°)%5 — (3)¥58a75 = 0.
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@ It follows then that the connections are all anti-symmetric,

Fasc = —Tace»
Papg = —Pagp Pang = —Paga
Opss = —Pazs:  Paci = —Paga
and as usual,
Pa%p = 3Dapg(7PI) 5, Ppdy = 3Papg (PN 5.
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@ Further, the master derivative is compatible with the whole NS-NS sec tor,

Dad = Vad := —3e2V,(e72d) = 9ad + 3IBga =0,
DpVep = OaVep + Mg Vep + PapiVeq =0,

DaVep = 0aVep + MagVep + PapiVeg = 0.
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@ Further, the master derivative is compatible with the whole NS-NS sec tor,

Dad = Vad := —3e2V,(e72d) = 9ad + 3IBga =0,
DpVep = OaVep + Mg Vep + PapiVeq =0,

DaVep = 0aVep + MagVep + PapiVeg = 0.
@ It follows that

DaPgc = VaPgc =0, DaPsc = VaPgc =0,
and the connections are related to each other,
Tasc = VBPDaVcp + VePDaVes
<I>qu = VBPVAVBq s

<T>A,—)q = \_/BF‘JVA\_/BE] .
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@ The connections assume the following ~ most general forms:

Foas = Meag + AcpgVaPVEY + AcpgVaPVel,

Here
Mg = 2(POcPP) g +2 (PaPPe)® — PPPg®) dbPec
— 571 (PciaPg)® + PcaPg)) (Abd + (POFPP)ep)) |

and, with the corresponding derivative, V3 = da + I3,

Pang = VBpVaVeq = VBpOaVeq + MagcVEpVCy,

®pa = VEpVaVea = VZp0aVeq + MgcVEpVY a-
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@ The connections assume the following most general forms:

Feas = M2ag + AcpgVaPVeY + AcpgVaPVel,
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@ The connections assume the following most general forms:
Teag = Mg + AcpgVaPVEY 4+ AcpgVaPVeY,

Papg = Phpq + Dapg s

@ Further, the extra pieces, Appq and AAﬁEP correspond to the torsion of SDFT, which

must be covariant and, in order to maintain Dad = 0, must satisfy
AppgVA® =0, ApsgV™® =0.

Otherwise they are arbitrary.
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@ The connections assume the following most general forms:
Teag = Mg + AcpgVaPVEY 4+ AcpgVaPVeY,

Papg = Phpq + Dapg s

@ Further, the extra pieces, Appq and AAﬁEP correspond to the torsion of SDFT, which

must be covariant and, in order to maintain Dad = 0, must satisfy
AppgVA® =0, ApsgV™® =0.

Otherwise they are arbitrary.

@ As in SUGRA, the torsion can be constructed from the bi-spinorial objects, e.g.

Proata,  Ypra¥a,  Prapals  VYpYApgdP

where we set p = \_/Ar)wp, YA = VaPyp .
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@ The ‘torsionless’ connection,

e= 2 (PaCPF'J)[AB] +2 (P;aPPgiF — PaPPgF) OpPec
— 577 (PciaPe)® + PciaPgP) (9pd + (POEPP)Ep)) |
further obeys
Maec T Meca + Meag =0,
and

DEFF0  _ p. . DEFfFo  _
Pcas™" Tpge =0, Pcas”" Tpge = 0.
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@ In fact, the torsionless connection,
Mpe= 2 (PacPP)[AB] + 2 (PaPPg|E — PaPPg|E) 9pPec
— 525 (PcaPg)® + PcjaPg®) (9pd + (POEPP)epy)

is uniquely determined by requiring

Vadec =0 <= Tcag +lcea =0,

VaPgc =0,

Vad =0,

Faec +lcag +Meca =0,

(P +P)cag®FF Mper =0.
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@ Having the two symmetric properties, I'ac) = 0, I'agc] = 0, we may safely replace
On by Vo =0a+T) in Ly and also in [X,Y]A,

LxTayng = XBVRTa oy +wVEXBTa a, + 3001 (VA Xe — VEXA)TAy Ay PALs A
X, YJA=XBVEYA — YBULXA + 1YBYOAX — 1XBVOAYg,
C B B 2 2

just like in Riemannian geometry.
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@ Having the two symmetric properties, I'ac) = 0, I'agc] = 0, we may safely replace
On by Vo =0a+T) in Ly and also in [X,Y]A,

LxTayng = XBVRTa oy +wVEXBTa a, + 3001 (VA Xe — VEXA)TAy Ay PALs A
X, YJA=XBVEYA — YBULXA + 1YBYOAX — 1XBVOAYg,
C B B 2 2

just like in Riemannian geometry.

@ In this way, I is the DFT analogy of the Christoffel connection.

0
ABC
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@ Having the two symmetric properties, I'ac) = 0, I'agc] = 0, we may safely replace
On by Vo =0a+T) in Ly and also in [X,Y]A,

LxTayng = XBVRTa oy +wVEXBTa a, + 3001 (VA Xe — VEXA)TAy Ay PALs A
X, YJA=XBVEYA — YBULXA + 1YBYOAX — 1XBVOAYg,
C B B 2 2

just like in Riemannian geometry.

@ In this way, I is the DFT analogy of the Christoffel connection.

0
ABC

@ Precisely the same expression was later re-derived by
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Semi-covariant curvature

@ The usual curvatures for the three connections,

Repag = Oalecp — 98l aco + FacETeep — MecElaep
FAqu = 8A<I>qu - 8Bchpq + ¢Apr¢qu - ¢Bpr¢Arq ;

'EABﬁC_] = aA(BBﬁq - aBd_)Ar)q + d_>A[_)Fd_>BFq (B ﬁf&) r

are, from [Da, Dg]Vcp =0 and [DA7DB]\7Cﬁ =0, related to each other,

Rascp = FeppgVaPVe® + Fepp VApVB
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Semi-covariant curvature

@ The usual curvatures for the three connections,

Repag = Oalecp — 98l aco + FacETeep — MecElaep
FAqu = 8A<I>qu - 8Bchpq + ¢Apr¢qu - ¢Bpr¢Arq ;

'EABﬁC_] = aA(BBﬁq - aBd_)Ar)q + d_>A[_)Fd_>BFq (B ﬁf&) r

are, from [Da, Dg]Vcp =0 and [DA7DB]\7Cﬁ =0, related to each other,

Rascp = FeppgVaPVe® + Fepp VApVB

@ However, the crucial object in DFT turns out to be
SascD = 3 (RABCD + Repag — M as rECD) ;

which we name semi-covariant curvature.

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



Properties of the semi-covariant curvature
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Properties of the semi-covariant curvature

@ Precisely the same symmetric property as the Riemann curvature,

Sasco = 3 (Spasjico] + Sicojag))

Shecpp = 0-
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Properties of the semi-covariant curvature

@ Precisely the same symmetric property as the Riemann curvature,

Sasco = 3 (Spasjico] + Sicojag))

Shecpp = 0-

@ Projection property,
P|AﬁJBPKCﬁLDSABCD =0.
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Properties of the semi-covariant curvature

@ Precisely the same symmetric property as the Riemann curvature,
S =1(s +S )
ABCD = 3 (S[AB|[CD] [cD][AB]) »

Shecpp = 0-

@ Projection property,

P|AﬁJBPKCﬁLDSABCD =0.

@ Under arbitrary variation of the connection, dl pgc, it transforms as

5Sascp = DiadTgico + Dicdlpjae — 2Mjase)dT Eco — 2T (coe)dMEas »

0Spsco = D[A‘;r%]co + D[C6rll)3]AB :
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‘Semi-covariance’

@ Generically, under 0y Pag = LxPag, 0xd = L£xd (DFT-diffeomorphism), the variation of

Ve TA1'“An contains an anomalous non-covariant part,

Sx (VeTagan) = Lx (VeTayan) + 2 2(P+P)ca PF 0 0pXg) T .. ... -
i
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‘Semi-covariance’

@ Generically, under 0y Pag = LxPag, 0xd = L£xd (DFT-diffeomorphism), the variation of

Ve TA1'“An contains an anomalous non-covariant part,

Sx (VeTagan) = Lx (VeTayan) + 2 2(P+P)ca PF 0 0pXg) T .. ... -
i

@ Hence, it is not DFT-diffeomorphism covariant,

ox # Lx.
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‘Semi-covariance’

@ Generically, under 0y Pag = LxPag, 0xd = L£xd (DFT-diffeomorphism), the variation of

Ve TA1'“An contains an anomalous non-covariant part,
Sx (VeTagan) = Lx (VeTayan) + 2 2(P+P)ca PF 0 0pXg) T .. ... -
i
@ Hence, it is not DFT-diffeomorphism covariant,

ox # Lx.

@ However, the characteristic property of our ‘semi-covariant’ derivative is that, combined

with the projectors it can generate various fully covariant quantities, as listed below.
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Projector-aided, fully covariant derivatives

@ For O(D,D) tensors:
P(:D}5A181 }SAZBZ T ISAn anDTB1‘32'“Bn ’

p.D B B B
Pc PAl 1PA2 2"'PAn ”VDTB].BZH.Bn,

ABp D;p. D b _ D
P PCl 1PCZ 2. PCn ”VATBDIDZMDn s )
Divergences ,

PAB D D D
P Pcl 1PC2 2. Pcn nVATBDIDZH,DH

pAB F_)CID“SCZDZ s F_)Cn Dn VAVBTDlDszn s .
Laplacians .

DAB D D D
P Pcl 1PC2 2. Pcn ”VAVBTDlDzan
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Projector-aided, fully covariant derivatives

@ For Spin (1,D—1), x Spin(D—1, 1) tensors:

DpTﬁlﬁz‘“ﬁn ) DpTa105--tn >

DPTpg,85-+-Gn » DﬁTrJqqu“‘qn )

DpDPTg,5,---n » DpDPTay05--an »
where we set

Dp :=VApDa, Dp :=VA;Dp.

These are the pull-back of the previous results using the DFT-vielbeins.
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Projector-aided, fully covariant derivatives

@ Dirac operators for fermions, e, fq‘;g, o, ’uff{)‘* :
Y Dpp = YADap, Y Dptop = YA Datlp ,
Dyp, DpyP = Dayh,

PAyp(Datg — 3Dgebn) ,

PDpp’ = 7 Dar’ PDstp = ¥ Datp ,
Dpp’, Dptp'P = D",

A3 (Datky — 3Dqibn) -

Incorporation of fermions into DFT
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Projector-aided, fully covariant derivatives

@ For Spin (1,D—1). x Spin(D—1,1)r bi-fundamental spinorial fields, T%:

Dy T :=ADAT +yPTUDATHA,

D_T 1= "DpT — yPHID,TFA.
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Projector-aided, fully covariant derivatives

@ For Spin (1,D—1). x Spin(D—1,1)r bi-fundamental spinorial fields, T%:

Dy T :=ADAT +yPTUDATHA,

D_T 1= "DpT — yPHID,TFA.

@ Especially for the torsionless case, the corresponding operators are nilpotent

(DY)?T =0, (P°)?T =0,

and hence, they define O(D, D) covariant cohomology.
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Projector-aided, fully covariant derivatives

@ For Spin (1,D—1). x Spin(D—1,1)r bi-fundamental spinorial fields, T%:

Dy T :=ADAT +yPTUDATHA,

D_T 1= "DpT — yPHID,TFA.

@ Especially for the torsionless case, the corresponding operators are nilpotent

(DY)?T =0, (P°)?T =0,

and hence, they define O(D, D) covariant cohomology.

@ The field strength of the R-R potential, C%4, is then defined by

]:::DZ_C.
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Projector-aided, fully covariant derivatives

@ For Spin (1,D—1). x Spin(D—1,1)r bi-fundamental spinorial fields, T%:

Dy T :=ADAT +yPTUDATHA,

D_T 1= "DpT — yPHID,TFA.

@ Especially for the torsionless case, the corresponding operators are nilpotent

(DY)?T =0, (P°)?T =0,

and hence, they define O(D, D) covariant cohomology.

@ The field strength of the R-R potential, C%4, is then defined by
F = DZ_C .
@ Thanks to the nilpotency, the R-R gauge symmetry is simply realized

8C =DLA = §F =DY(6C) = (DY)2A=0.
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Projector-aided, fully covariant curvatures

@ Scalar curvature:

(PAB PCD _ ﬁABﬁCD)SACBD .
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Projector-aided, fully covariant curvatures

@ Scalar curvature:

(PAB PCD _ ﬁABﬁCD)SACBD .

@ “Ricci” curvature:
1 A T 1 r
Spg + 3D Bpg + 3DrAgp
where we set

Spg = VApVB5Sas, Sag = Sacs® -
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Combining all the results above, we are now ready to spell

@ Typell ie. N'=2D = 10 Supersymmetric Double Field Theory
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Type Il A =2 D = 10 SDFT [1210.5078]

@ Lagrangian :

Lryperr = €720 [%(PABPCD—ﬁABﬁcD)SACB + YT(FF) — ipFp + ipyg FPy'a

+1377°Dyp — 107Dy p — 130P1 DG — 135/3PDy o + 0P DY o +i135PFID ] -

where F%,, denotes the charge conjugation, F := (_3;1.7-'1— Cy.

N =2 D = 10 Supersymmetric Double Field Theory
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Type Il A =2 D = 10 SDFT [1210.5078]

@ Lagrangian :
Lorypen = €724 [J(PABPCD — PABBCD)S, cap +

+i3PDhp — iPPDEp — i 54Py I Dy —

1

2P

YTe(FF) — i5Fp + i1 F TPy

FPDY P +IEPD p +iL5PAIDE ]

where F%,, denotes the charge conjugation, F := (_3;1.7-'1— Cy.

@ As they are contracted with the DFT-vielbeins properly,

every term in the Lagrangian is fully covariant.
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Type Il A =2 D = 10 SDFT [1210.5078]

@ Lagrangian :
Lryperr = e~ [%(PABPCD — PABPCD)Sacp + 3 TH(FF) — ipFp’ + idhprg FAPY'

+H159PDyp — 19PDEp — 130P1ADg 0 — 137 FPDY o + 19D pf +i135/PID ]

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



Type Il A =2 D = 10 SDFT [1210.5078]

@ Lagrangian :

Lrypen = €720 [%(PABPCD — PABPCD)S,cap + S TH(FF) — ipFp + ipya FAPY'9
+H159PDyp — 19PDEp — 130P1ADg 0 — 137 FPDY o + 19D pf +i135/PID ]

@ Torsions: The semi-covariant curvature, Spgcp, is given by the connection

Tasc = Mge +i357a8cr — 2ipvecta — i S0P vaBCYp + 4idsTatic
+i2p' Yasch’ — 2P Fect A — i 3%PAaBc Y p + 4 8 TAY ¢

which corresponds to the solution for 1.5 formalism.

The master derivatives in the fermionic kinetic terms are twofold:

D for the unprimed fermions and ’D/’_\* for the primed fermions, set by

Mec = Tasc — isspYach +i25v8c YA + i UPYasc¥p — 2ivByatc + 135 Jact A
M = Tagc — i35 9ascr’ + 130 Fect/a + %y

> PP iapct’p — 29 gAY ¢ + 13 Frec YA -
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Type Il A =2 D = 10 SDFT [1210.5078]

@ The N = 2 supersymmetry transformation rules are

where

0:.d = —i%(Ep-i— g'p'),

JEVAp = i\_/Aq (5/;@1{’6 - 5_'7P¢ﬁ)7

6eVap = VA9 (Evap — E'9p¢) »

5:C=i3(Pedhy —ep — Ppe'P + p&’) + Coed — 3 (VAG 6:Vap)y I TH4PCHA

6ep = —7PDpe +i5Pe Ppp’ — inPYI& 50,

dep = —APDpe’ +135Pe’ dpp — 1599 g

Setp = Dpe + (F — 1379 P4 + 1390 7/'36)pe’ +i5ePpp + 39580,

St = Dpe’ + (F — 13790 Pq + 159" p7a)wpe + 156" dpp’ +i50pE'0
Fasc = Masc — 1 55Pvascr +i3pvBctA + i 20PYaRc¥p — SivETAYL |

Mec = asc — 1557 Fascr’ +i37 Ay’ A +139PFapct’p — 3ivpyatc -
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Type Il A =2 D = 10 SDFT [1210.5078]

@ Lagrangian :
Lryperr = e~ [%(PABPCD — PABPCD)Spcp + 3 TH(FF) — ipFp’ + idhprg FAPY'

+H159PDyp — 19PDEp — 130P1ADgp — 137 FPDY o + 19D o +135/PID ]

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



Type Il A =2 D = 10 SDFT [1210.5078]

@ Lagrangian :
Lryperr = e~ [%(PABPCD — PABPCD)Spcp + 3 TH(FF) — ipFp’ + idhprg FAPY'

+H159PDyp — 19PDEp — 130P1ADgp — 137 FPDY o + 19D o +135/PID ]

@ The Lagrangian is pseudo : It is necessary to impose a self-duality of the R-R field
strength by hand,

Foi= (1) (F—idpp +idrPuqipi?) = 0.
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Type Il A =2 D = 10 SDFT [1210.5078]

@ Under the N’ = 2 SUSY transformation rule, the Lagrangian transforms, disregarding
total derivatives, as
e Lrypetr ™ —%E’Zd\_/AqégvApTr (ypﬁ,ﬁqz) ,
where
Foi= (19O (F—idop +i3Pvadpi?) -
This verifies, to the full order in fermions, the supersymmetric invariance of the action,

modulo the self-duality.
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Type Il A =2 D = 10 SDFT [1210.5078]

@ Under the N’ = 2 SUSY transformation rule, the Lagrangian transforms, disregarding

total derivatives, as
égﬁTypc 11 —%e*Zd\_/AqJEVApTr ("{pj},;{qﬁf ) s
where
Foi= (1= @) (F—idpp +i§Puqi?) -
This verifies, to the full order in fermions, the supersymmetric invariance of the action,

modulo the self-duality.

@ For a nontrivial consistency check, the supersymmetric variation of the self-duality

relation is precisely closed by the equations of motion for the gravitinos,

6-F— = =i (Bpp + 1" Dop — 1P Fipt'p) £5° —inPe Byl + Byt i® — Fpnp P ) -
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Equations of Motion for Bosons
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Equations of Motion for Bosons

@ DFT-vielbein:
Spa + Tr(1p F35F) +ip1p Dp-+2ivhg Dpp—ivP yp Dges +i5'3g Dpp’ + 214 p Dgp’ i35 Dprg= 0.

This is DFT-generalization of Einstein equation.
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Equations of Motion for Bosons

@ DFT-vielbein:
Spa + Tr(1p F35F) +ip1p Dp-+2ivhg Dpp—ivP yp Dges +i5'3g Dpp’ + 214 p Dgp’ i35 Dprg= 0.

This is DFT-generalization of Einstein equation.

@ DFT-dilaton:
Lryperr = 0.

Namely, the on-shell Lagrangian vanishes!
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Equations of Motion for Bosons

@ DFT-vielbein:
Spa + Tr(1p F35F) +ip1p Dp-+2ivhg Dpp—ivP yp Dges +i5'3g Dpp’ + 214 p Dgp’ i35 Dprg= 0.

This is DFT-generalization of Einstein equation.

@ DFT-dilaton:
Lryperr = 0.

Namely, the on-shell Lagrangian vanishes!

@ R-R potential:
DY (f— iop + iw'wgzzﬁg) =0,
which is automatically met by the self-duality, together with the nilpotency of Di,

DY (F—ipp +ivust(3°) = DL (yOIF) = 4O DDLF = —O+(D)2¢ = 0.
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Equations of Motion for Bosons

@ DFT-vielbein:
Spa + Tr(1p F35F) +ip1p Dp-+2ivhg Dpp—ivP yp Dges +i5'3g Dpp’ + 214 p Dgp’ i35 Dprg= 0.

This is DFT-generalization of Einstein equation.

@ DFT-dilaton:
Lryperr = 0.

Namely, the on-shell Lagrangian vanishes!

@ R-R potential:
DY (f— iop + iw'wgzzﬁg) =0,
which is automatically met by the self-duality, together with the nilpotency of Di,

DY (F—ipp +ivust(3°) = DL (yOIF) = 4O DDLF = —O+(D)2¢ = 0.

@ The 1.5 formalism works: The variation of the Lagrangian induced by that of the

connection is trivial, §Lryperr = 6Magc X 0.
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Equations of Motion for Fermions

@ DFT-dilationos,

P Dpp — DpyP — Fp' =0,

=2
ol
S
of

p' — Dpy® — Fp=0.
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Equations of Motion for Fermions

@ DFT-dilationos,

P Dpp — DpyP — Fp' =0,

=2
ol
S
of

p' — Dpy® — Fp=0.

@ Gravitinos,

Dpp + P Dpihp — 1P Fpe’p =0, Dpp’ +APDpyp'p — 3P Frptop = 0.
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Truncationto A/ =1 D = 10 SDFT [1112.0069]

@ Turning off the primed fermions and the R-R sector truncates the N'=2 D = 10 SDFT
to N =1D = 10 SDFT,

Ly—y =e 2§ (PABPCP — PABBCD) Sy + i35 Djp — 97D} — 13057 Djus) -

@ N =1 Local SUSY:

bed  =—ilep,

JEVAp = —i&pYa,

6:Vas  =iEyavp,

bep = =¥ Dac,

Seis = VA5Dac — it (pys iL(zp)vs
<hp = V2%Dae —iz(pvp)e +15(Ep)vp -
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N = 1 SUSY Algebra [1112.0069]

@ Commutator of supersymmetry reads
[5517 552] = LAXg + 553 + 550(1,9)L + 550(9,1)R + Strivial -

where

X =igyies, e3 = i3 [(B1vPe2)pp + (Pe2)er — (Per)ea] , et

and dyivial corresponds to the fermionic equations of motion.
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Reduction to SUGRA

Now we are going to
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@ parametrize the DFT-field-variables in terms of Riemannian variables,
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Now we are going to
@ parametrize the DFT-field-variables in terms of Riemannian variables,

@ discuss the ‘unification’,
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Reduction to SUGRA

Now we are going to

@ parametrize the DFT-field-variables in terms of Riemannian variables,
@ discuss the ‘unification’,

@ choose a diagonal gauge of Spin  (1,D—1)_ x Spin(D—1, 1)g,
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Reduction to SUGRA

Now we are going to

@ parametrize the DFT-field-variables in terms of Riemannian variables,
@ discuss the ‘unification’,

@ choose a diagonal gauge of Spin  (1,D—1)_ x Spin(D—1, 1)g,

@ and reduce SDFT to SUGRAs.
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Reduction to SUGRA

Now we are going to

@ parametrize the DFT-field-variables in terms of Riemannian variables,
@ discuss the ‘unification’,

@ choose a diagonal gauge of Spin  (1,D—1)_ x Spin(D—1, 1)g,

@ and reduce SDFT to SUGRAs.

@ However, we emphasize that SDFT can describe not only Riemannian (SUGRA)
backgrounds but also new type of non-Riemannian (“metric-| ess") backgrounds.
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Parametrization: Reduction to Generalized Geometry

@ As stressed before, one of the characteristic features in our construction of N'=2 D = 10
SDFT is the usage of the O(D, D) covariant, genuine DFT-field-variables.
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Parametrization: Reduction to Generalized Geometry

@ As stressed before, one of the characteristic features in our construction of N'=2 D = 10
SDFT is the usage of the O(D, D) covariant, genuine DFT-field-variables.

@ However, the relation to an ordinary supergravity can be established only after we solve
the defining algebraic relations of the DFT-vielbeins and parametrize the solution in

terms of Riemannian variables, i.e. zehnbeins and B-field.
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Parametrization: Reduction to Generalized Geometry

@ As stressed before, one of the characteristic features in our construction of N'=2 D = 10

SDFT is the usage of the O(D, D) covariant, genuine DFT-field-variables.

However, the relation to an ordinary supergravity can be established only after we solve
the defining algebraic relations of the DFT-vielbeins and parametrize the solution in

terms of Riemannian variables, i.e. zehnbeins and B-field.

Assuming that the upper half blocks are non-degenerate, the DFT-vielbein takes the

general form,
-1\ a—1\_pn
1 (G 1 (B )p

V2 ’ VAﬁzi

Vap = L
(B +e)up (B+8)p

Here e,P and 8,P are two copies of the D-dimensional vielbein corresponding to the
same spacetime metric,

eufe,mpg = —8,P8, %55 = 90,

and further, Byp = By (e 1)p?, Bus = Buu(E71)p".

Jeong-Hyuck Park N =2 D = 10 Supersymmetric Double Field Theory



Parametrization: Reduction to Generalized Geometry

@ Instead, we may choose an alternative parametrization,

(B+€)rp _ (B+ @)
VAp =1 3 VAp = % ’

(Gl E 1P

where gHP = guv(8-1)P,, guP = grv(8=1)P, and &k, 5”5 correspond to

a pair of T-dual vielbeins for winding modes,

198 P = 58" g = (g — Bg1B) LY
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Parametrization: Reduction to Generalized Geometry

@ Instead, we may choose an alternative parametrization,

(B+&)mP CROL

VAp:L \_/Aﬁ:% )

(Gl E 1P

where gHP = guv(8-1)P,, guP = grv(8=1)P, and &k, 5”5 correspond to

a pair of T-dual vielbeins for winding modes,

198 P = 58" g = (g — Bg1B) LY

@ Note that in the T-dual winding mode sector, the D-dimensional curved spacetime

indices are all upside-down: %,,, &p, &5, 84 (cf. x*, €,P, &P, B.).
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Parametrization: Reduction to Generalized Geometry

@ Two parametrizations:

. (e~ 1) - . (& 1)
Vap = 75 ; Vap = 75
(B +e)up (B+8)p
versus
(B +E€)P _ (B+@&yp
VAP = 75 ; VaP = 25
(Cald Cl
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Parametrization: Reduction to Generalized Geometry

@ Two parametrizations:

. (e 1) - . Gl
Vap = 75 ; Vap = 75
(B +e)wp (B+8)up
versus
(B+€)mp _ (B+ @)
VaP = % ; VaP = % B
(Gl (Gl

@ In connection to the section condition, 929 = 0, the former matches well with the

choice, % = 0, while the latter is natural when afi—“ =0.
mn
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Parametrization: Reduction to Generalized Geometry

@ Two parametrizations:

. (e~ 1) - . (& 1)
Vap = 75 ; Vap = 75
(B +e)up (B+@&)up
versus
(B +E€)P _ (B+@&yp
VaP = % ; VaP = % B
(Cald Cl

@ In connection to the section condition, 929 = 0, the former matches well with the

choice, % = 0, while the latter is natural when afi—“ =0.
mn

@ Yet if we consider dimensional reductions from D to lower dimensions,

there is no longer preferred parametrization = “Non-geometry”, other parametrizations
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Parametrization: Reduction to Generalized Geometry

@ Two parametrizations:

s (e ) - h E )"
Vap = 75 ; Vap = 75
(B +e)wp (B+8)up
versus
(B+€)rp _ (B+ @)
VAP = % ; VAP = % B
(Gl (Canl
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Parametrization: Reduction to Generalized Geometry

@ Two parametrizations:

s (e ) - . Gt
Vap = 75 ; Vap = 75
(B +e)up (B+@&)up
versus
L | BEHP o e
VaP = 75 ) VAP =751
(Cald Cll

@ However, let me emphasize that to maintain the clear O(D, D) covariant structure, it is
necessary to work with the parametrization-independent, and O(D, D) covariant,

DFT-vielbeins, Vap, \7A;57 rather than the Riemannian variables, €,P, B,
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Parametrization: Reduction to Generalized Geometry

@ Two parametrizations:

s (e 1)p* - . (Gl
Vap = 75 ) Vap = 75
(B+e)up (B+8)up
versus
L | BEHP N s &)1p
VaP = 75 ) VAP =751
(CL (&H)P,

@ However, let me emphasize that to maintain the clear O(D, D) covariant structure, it is
necessary to work with the parametrization-independent, and O(D, D) covariant,

DFT-vielbeins, Vap, \7A;57 rather than the Riemannian variables, €,P, B,

@ Furthermore, ‘degenerate’ cases are also allowed which lead to genuinely non-Riemannian

‘metric-less’ backgrounds — New type of string theory backgrounds
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Parametrization: Reduction to Generalized Geometry

@ From now on, let us restrict ourselves to the former parametrization and impose 8(?2 =0
n
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Parametrization: Reduction to Generalized Geometry

@ From now on, let us restrict ourselves to the former parametrization and impose 8(?2 =0
n

@ This reduces (S)DFT to generalized geometry
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Parametrization: Reduction to Generalized Geometry

@ From now on, let us restrict ourselves to the former parametrization and impose 8(?2 =0
n

@ This reduces (S)DFT to generalized geometry

@ For example, the O(D, D) covariant Dirac operators become
V2/ADap =A™ <8mp + FwmnpY™p + 27 Hmnpy"Pp — 8m¢p) ;
V2y* Dy = 4™ (mtp + Femnpr P + Bmpqd + 5 Hmmpr P + SHmpgud — Imaiip ),
V2VADap = Opp + wpqr 1™ P+ §Hpa 10

V2Dpuh = 0Pu + wpary ¥ U + @Pgud + GHpgr T UP — 20500 .
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Parametrization: Reduction to Generalized Geometry

@ From now on, let us restrict ourselves to the former parametrization and impose 8(?2 =0.
n

@ This reduces (S)DFT to generalized geometry

@ For example, the O(D, D) covariant Dirac operators become
V2/ADap =A™ <8mp + FwmnpY™p + 27 Hmnpy"Pp — 8m¢p) ;
V2y* Dy = 4™ (mtp + Femnpr P + Bmpqd + 5 Hmmpr P + SHmpgud — Imaiip ),
V2VADap = Opp + wpqr 1™ P+ §Hpa 10

\f,DATZ}A 8"% + qur’Yq wp ﬁqwq + 35 Hpqr’quwp - 28p¢1/1p

Q w, £ %H# and wy, = %Hu naturally appear as spin connections.
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Unification of type IIA and 1IB SUGRAs

@ Since the two zehnbeins correspond to the same spacetime metric, they are related by a

Lorentz rotation,

1=\ Pra—1=\ G=
(e7 &)pP(e8)q g = —pq -
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Unification of type IIA and 1IB SUGRAs

@ Since the two zehnbeins correspond to the same spacetime metric, they are related by a

Lorentz rotation,

1=\ Pra—1=\ G=
(e7 &)pP(e8)q g = —pq -

@ Further, there is a spinorial representation of this Lorentz rotation,
Fa—1 —1=\ B
Sei’Se t = PP (e71E)P,

such that
SeyPTsst = — det(e1E)y(PHD)
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are then classified into two groups,
cc/det(e~18) =41 : typellA,

cc’det(e~t8) = -1 : typelIB.
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are then classified into two groups,
cc/det(e~18) =41 : typellA,
cc’det(e~t8) = -1 : typelIB.

@ This identification with the ordinary ITA /IIB SUGRASs can be established, if we ‘fix’ the

two zehnbeins equal to each other,
e, =8,P,
using a Pin(D—1,1)g local Lorentz rotation which may or may not flip the Pin(D—1,1)g

chirality,

/ /

¢’ — det(et&)c’.

Namely, the Pin(D—1,1)g chirality changes iff det(e =€) = —1.
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are classified into two groups,
cc’/detfet€) = +1 : typellA,

cc’det(e8) = -1 : typeIIB.
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are classified into two groups,
cc’/detfet€) = +1 : typellA,

cc’det(e8) = -1 : typeIIB.

@ That is to say, formulated in terms of the genuine DFT-field variables, i.e. Vap, \7A;57
C%, etc. the V=2 D = 10 SDFT is a chiral theory with respect to the pair of local
Lorentz groups. The possible four chirality choices are all equivalent and hence the

theory is unique. We may safely put ¢ = ¢’ = 41 without loss of generality.
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are classified into two groups,
cc’/detfet€) = +1 : typellA,

cc’det(e8) = -1 : typeIIB.

@ That is to say, formulated in terms of the genuine DFT-field variables, i.e. Vap, \7A;57
C%, etc. the V=2 D = 10 SDFT is a chiral theory with respect to the pair of local
Lorentz groups. The possible four chirality choices are all equivalent and hence the

theory is unique. We may safely put ¢ = ¢’ = 41 without loss of generality.

@ However, the theory contains two ‘types’ of Riemannian solutions, as classified above.
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are classified into two groups,
cc’/detfet€) = +1 : typellA,

cc’det(e8) = -1 : typeIIB.

@ That is to say, formulated in terms of the genuine DFT-field variables, i.e. Vap, \7A;57
C%, etc. the V=2 D = 10 SDFT is a chiral theory with respect to the pair of local
Lorentz groups. The possible four chirality choices are all equivalent and hence the

theory is unique. We may safely put ¢ = ¢’ = 41 without loss of generality.
@ However, the theory contains two ‘types’ of Riemannian solutions, as classified above.

@ Conversely, any solution in type ITA and type IIB supergravities can be mapped to a
solution of N'= 2 D = 10 SDFT of fixed chirality e.g. ¢ = ¢’ = +1.
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Unification of type IIA and 1IB SUGRAs

® The N =2 D = 10 SDFT solutions are classified into two groups,
cc’/detfet€) = +1 : typellA,

cc’det(e8) = -1 : typeIIB.

@ That is to say, formulated in terms of the genuine DFT-field variables, i.e. Vap, \7A;57
C%4&, etc. the N'=2 D = 10 SDFT is a chiral theory with respect to the pair of local
Lorentz groups. The possible four chirality choices are all equivalent and hence the

theory is unique. We may safely put ¢ = ¢’ = 41 without loss of generality.
@ However, the theory contains two ‘types’ of Riemannian solutions, as classified above.

@ Conversely, any solution in type ITA and type IIB supergravities can be mapped to a
solution of N'= 2 D = 10 SDFT of fixed chirality e.g. ¢ = ¢’ = +1.

@ In conclusion, the single unique A’ =2 D = 10 SDFT unifies type ITA and IIB SUGRAs.
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Diagonal gauge fixing and Reduction to SUGRA

@ Setting the diagonal gauge,

P=
e =8,

ol

with 7pq = —7pg, 7P = YP+4P, O+ = —4(O+1) breaks the local Lorentz symmetry,

Spin(1,D—1), x Spin(D—-1,1)s = Spin(1,D-1)p.
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Diagonal gauge fixing and Reduction to SUGRA

@ Setting the diagonal gauge,

]
=
-]
1l
(]
=
o

with 7pq = —7pg, 7P = YP+4P, O+ = —4(O+1) breaks the local Lorentz symmetry,

Spin(1,D—1), x Spin(D—-1,1)s = Spin(1,D-1)p.

@ And it reduces SDFT to SUGRA:

N =2D =10SDFT = 10D Type Il democratic SUGRA

N =1D =10SDFT = 10D minimal SUGRA
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Diagonal gauge fixing and Reduction to SUGRA

@ To the full order in fermions, A = 1 SDFT reduces to 10D minimal SUGRA:
L10p = dete x e~29 [R + 40,00 § — EHy . H MY
+12V257™ [Omp + £ (w + EH)mnp Y™ p] — 14V20P [8pp + 3 (w + EH)pary™ o]
—12V2Py™ [Ompp + g (w + gH)Y™Pp + wmpath? — FHmpq Y]

+ 55 (P9 Ymnp g ) (B Y™ e ) — 25 (P9 vmnptg ) (PY™P p) ] .

56 =138 +9"0a), deef, =187y, 8:Buv = =28, 0] »
5o = — e+ o+ B o

+ i 25 (¥ vapc e )72 + i 753 (Fvanc )10 + i3 (vt )70,
Serpa = %[8-,15 + 2w+ LH)acrCe]

—i3(pe)a — i3 (pva)e + i3 (PYpcta)y™e + i3 (EYpte)) V" a -
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Diagonal gauge fixing and Reduction to SUGRA

@ After the diagonal gauge fixing, we may parameterize the R-R potential as

D+2
1 4 /1 ajas---a
C <§> Zp aCalazA“ap’}/ 142 P

and obtain the field strength,
D
_ 5
Fi=DLC=(3)" Tp ity Fasap-ap 1722 0
where Z;) denotes the odd p sum for Type IIA and even p sum for Type IIB, and

— p!
Fajay-ap =P (D[alca24.4ap] — 8[a1¢ca2»~ap]) + TE=3) H[alazagca4~'ap]
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Diagonal gauge fixing and Reduction to SUGRA

@ After the diagonal gauge fixing, we may parameterize the R-R potential as

D+2
1 4 /1 ajas---a
C <§> Zp aCalazA“ap’}/ 142 P

and obtain the field strength,
D
_ 5
Fi=DLC=(3)" Tp ity Fasap-ap 1722 0
where Z;) denotes the odd p sum for Type IIA and even p sum for Type IIB, and

— p!
Fajay-ap =P (D[alca24.4ap] — 8[a1¢ca2»~ap]) + TE=3) H[alazagca4~'ap]

@ The pair of nilpotent differential operators, ’Di and D° | reduce to a ‘twisted K-theory’

exterior derivative and its dual, after the diagonal gauge fixing,
DS_ == d+ (H —d¢) A

D = *[d+(H—-do)A J*
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Diagonal gauge fixing and Reduction to SUGRA

@ Inthisway, ordinary SUGRA = gauge-fixed SDFT,

Spin(1,D—-1). x Spin(D—-1,1)x = Spin(1,D—-1)p.
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Modifying O(D, D) transformation rule

@ The diagonal gauge, e, = éuﬁ, is incompatible with the vectorial O(D, D)

transformation rule of the DFT-vielbein.
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Modifying O(D, D) transformation rule

@ The diagonal gauge, e, = éuﬁ, is incompatible with the vectorial O(D, D)

transformation rule of the DFT-vielbein.

@ In order to preserve the diagonal gauge, it is necessary to modify the O(D, D)

transformation rule.
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Modifying O(D, D) transformation rule

@ The O(D, D) rotation must accompany a compensating Pin(D—1,1)g local Lorentz

rotation, [qﬁ7 8[5‘5 which we can construct explicitly,

L=¢&"1[a!' - (g+B)b'] [a + (g — B)b'] ~lg, FILgP = s7153Ps;,
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Modified O (D, D) Transformation Rule After The Diagonal Gauge Fixing

d — d
VaP — MaB Vg
\_/A‘i e MAB \_/B61 Eqp

p — p

P — (Sp)% 50"
g — (v

v — (Sp)% v

@ All the barred indices are now to be rotated.

@ The R-R sector can be also mapped to O (D, D) spinors.
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Flipping the chirality: 1A < 11B

@ Ifand only if det(L) = —1, the modified O (D, D) rotation flips the chirality of the theory,
since
5P+s. = det(L) S;5P+Y) .
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@ Ifand only if det(L) = —1, the modified O (D, D) rotation flips the chirality of the theory,

since
5P+s. = det(L) S;5P+Y) .

@ Thus, the mechanism above naturally realizes the exchange of Type IIA and IIB
supergravities under O(D, D) T-duality.
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Flipping the chirality: 1A < 11B

@ Ifand only if det(L) = —1, the modified O (D, D) rotation flips the chirality of the theory,

since
5P+s. = det(L) S;5P+Y) .

@ Thus, the mechanism above naturally realizes the exchange of Type IIA and IIB
supergravities under O(D, D) T-duality.

@ However, since L explicitly depends on the parametrization of Vap and \_/Ar—J in terms of
0. and By, it is impossible to impose the modified O(D, D) transformation rule from

the beginning on the parametrization-independent covariant formalism.
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Comment 1: Double field Yang-Mills theory 1102.0419

@ With the semi-covariant derivative, we may construct YM-DFT':

. o
Fag :=VaVe — VaVa —i[Va, V&], Va = ;
Au +Buvo”

Sym = / 672d Tr(PABIECD}—AC}—BD)
Xp
= /de«/—ge_z‘zﬁTr(fo“” +2D,,¢, D¢ + 2D, DY + 2i fLu [0F, 7]

— (610 90116, @1+ 2 (11 +1[6,6"1) Huvo 67 + Huwa HPY 26767 ).
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Comment 1: Double field Yang-Mills theory 1102.0419

@ With the semi-covariant derivative, we may construct YM-DFT':

. o
Fag :=VaVe — VaVa —i[Va, V&], Va = ;
Au +Buvo”

Sym = / 672d Tr(PABIECD}—AC}—BD)
Xp
= /de«/—ge_z‘zﬁTr(fo“” +2D,,¢, D¢ + 2D, DY + 2i fLu [0F, 7]
— (610 90116, @1+ 2 (11 +1[6,6"1) Huvo 67 + Huwa HPY 26767 ).

@ Similar to topologically twisted Yang-Mills, but differs in detail.

@ Curved D-branes are known to convert adjoint scalars into one-form,
an - ¢,LL7

@ Action for ‘double’ D-brane
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Comment 2: Rank-four tensor 1105.6294

@ With DFT-vielbein, it is possible to construct a rank-four tensor which is covariant with

respect to O(D, D) and ‘diagonal’ local Lorentz symmetry.
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Comment 2: Rank-four tensor 1105.6294

@ With DFT-vielbein, it is possible to construct a rank-four tensor which is covariant with

respect to O(D, D) and ‘diagonal’ local Lorentz symmetry.

@ Gauge fixing the two vielbeins equal to each other, eym = &,m, gives

Rmnpg + DpHgymn — %Hmn'Hpqr — %Hm[nerq]r .
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Comment 2: Rank-four tensor 1105.6294

@ With DFT-vielbein, it is possible to construct a rank-four tensor which is covariant with

respect to O(D, D) and ‘diagonal’ local Lorentz symmetry.

@ Gauge fixing the two vielbeins equal to each other, eym = &,m, gives

Rmnpg + DpHgymn — %Hmn'Hpqr — %Hm[nerq]r .

@ This may provide a useful tool to organize the higher order derivative corrections to the

effective action.
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Comment 3: Doubled yet gauged spacetime 1304.5946 1307.8377

@ The section condition is equivalent to the ‘coordinate gauge symmetry’,

KM XM M

A ‘physical point’ is one-to-one identified with a ‘gauge orbit’ in coordinate space.
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Comment 3: Doubled yet gauged spacetime 1304.5946 1307.8377

@ The section condition is equivalent to the ‘coordinate gauge symmetry’,

XM~ XM My
A ‘physical point’ is one-to-one identified with a ‘gauge orbit’ in coordinate space.

@ The diffeomorphism symmetry means an invariance under arbitrary reparametrizations

of the ‘gauge orbits’.
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Comment 3: Doubled yet gauged spacetime 1304.5946 1307.8377

@ The section condition is equivalent to the ‘coordinate gauge symmetry’,
XM~ XM My
A ‘physical point’ is one-to-one identified with a ‘gauge orbit’ in coordinate space.

@ The diffeomorphism symmetry means an invariance under arbitrary reparametrizations

of the ‘gauge orbits’.

@ Hence, the finite transformation rules are not unique.

For example, the exponentiation of the generalized Lie derivative and a simple ansatz
proposed by Hohm-Zwiebach. These two are fully equivalent up to the coordinate gauge

symmetry.
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Comment 3: Doubled yet gauged spacetime 1304.5946 1307.8377

@ String propagates in doubled yet gauged spacetime,

4o’

S= /dza C, £ = —3v=hhiD;XMD;XNHyy (X) — 1D XM Ajy
where

DiXM = gxM — AM | AMoy =0.
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Comment 3: Doubled yet gauged spacetime 1304.5946 1307.8377

@ String propagates in doubled yet gauged spacetime,

S= 47r1a,/d20 C, £ = —3v=hhiD;XMD;XNHyy (X) — 1D XM Ajy
where
DiXM = gxM — AM | AMoy =0.
@ The Lagrangian is symmetric with respect to the string worldsheet diffeomorphisms,
Weyl symmetry, O(D, D) T-duality, target spacetime generalized diffeomorphisms and

the coordinate gauge symmetry, thanks to the auxiliary gauge field, AiM.
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Comment 3: Doubled yet gauged spacetime 1304.5946 1307.8377

@ String propagates in doubled yet gauged spacetime,

S=4 [d%o L, £ = —3v=hhiD;XMD;XNHyy (X) — 1D XM Ajy

where
DiXM = gxM — AM | AMoy =0.
@ The Lagrangian is symmetric with respect to the string worldsheet diffeomorphisms,

Weyl symmetry, O(D, D) T-duality, target spacetime generalized diffeomorphisms and

the coordinate gauge symmetry, thanks to the auxiliary gauge field, AiM.

@ Further, after parametrization and integrating out AiM, it can produce either

the standard string action for the ‘non-degenerate’ Riemannian case,

1 L=

dral 27ra

[ LV=RNIBY H3Y G (Y) + 1l Y 8 Y "B (Y) + %aiai\?ua]w] ,

or novel chiral actions for ‘degenerate’ non-Riemannian cases, e.g. for Hag = JaB,

i L= i VoY e, aYH+ Aelgyr =0.

J_
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Summary

@ Riemannian geometry is for particle theory. String theory requires a novel differential

geometry which geometrizes the whole NS-NS sector and underlies DFT.
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@ The fundamental field-variables of N’ =2 D = 10 SDFT are, besides the fermions,
the DFT-dilaton, d, DFT-vielbeins, Vpp, \7A5, and the R-R potential, C%5.
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@ The fundamental field-variables of N’ =2 D = 10 SDFT are, besides the fermions,
the DFT-dilaton, d, DFT-vielbeins, Vpp, \7A5, and the R-R potential, C%5.

@ Novel differential geometic ingredients:
D> projectors, Pag = VapVgP, Pag = \_/,a@\_/B‘_’7 and semi-covariant derivative.

> Spacetime being doubled yet gauged (section condition).
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Conclusion

Summary

@ Riemannian geometry is for particle theory. String theory requires a novel differential

geometry which geometrizes the whole NS-NS sector and underlies DFT.

@ The fundamental field-variables of N’ =2 D = 10 SDFT are, besides the fermions,
the DFT-dilaton, d, DFT-vielbeins, Vpp, \7A5, and the R-R potential, C%5.

@ Novel differential geometic ingredients:
D> projectors, Pag = VapVgP, Pag = \_/,a@\_/B‘_’7 and semi-covariant derivative.

> Spacetime being doubled yet gauged (section condition).

® N =2 D = 10 SDFT manifests simultaneously the symmetric structures:

> O(10, 10) T-duality
> DFT-diffeomorphism (generalized Lie derivative)
> A pair of local Lorentz symmetries, Spin (1,9), x Spin (9, 1)r
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Conclusion

@ N =2 D =10 SDFT contains not only Riemannian SUGRA backgrounds but also

non-Riemannian ‘metric-less’ backgrounds. For example,

_ 0 N )
Pun — Pun = Hun = , NZ2=1.
Nt 0
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@ N =2 D =10 SDFT contains not only Riemannian SUGRA backgrounds but also

non-Riemannian ‘metric-less’ backgrounds. For example,

_ 0 N )
Pun — Pun = Hun = , NZ2=1.
Nt 0

@ While the theory is unique, the Riemannian solutions are twofold.
—> Unification of ITA and IIB.
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@ N =2 D =10 SDFT contains not only Riemannian SUGRA backgrounds but also

non-Riemannian ‘metric-less’ backgrounds. For example,

_ 0 N )
Pun — Pun = Hun = , NZ2=1.
Nt 0

@ While the theory is unique, the Riemannian solutions are twofold.
—> Unification of ITA and IIB.

@ After parametrizing the DFT field-variables in terms of Riemannian ones and taking the
diagonal gauge, Spin (1,9), xSpin (9,1)r — Spin(1,9)p, SDFT reduces to SUGRA.
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Conclusion

@ N =2 D =10 SDFT contains not only Riemannian SUGRA backgrounds but also

non-Riemannian ‘metric-less’ backgrounds. For example,

_ 0 N )
Pun — Pun = Hun = , NZ2=1.
Nt 0

@ While the theory is unique, the Riemannian solutions are twofold.
—> Unification of ITA and IIB.

@ After parametrizing the DFT field-variables in terms of Riemannian ones and taking the
diagonal gauge, Spin (1,9), xSpin (9,1)r — Spin(1,9)p, SDFT reduces to SUGRA.

@ Apriori, in the covariant formalism, the R-R sector and the fermions are O(D, D) singlet.
Yet, the diagonal gauge fixing, €, = &,P, modifies the O(D, D) transformation rule to
call for a compensating Pin(D—1,1)g rotation, which may flip the chirality of the theory,
resulting in the known exchange of type IIA and IIB SUGRAs.
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Outlook
@ Further study and classification of the non-Riemannian ‘metric-less’ backgrounds.

@ Quantization of the string action on doubled yet gauged spacetime.
@ 0(10,10) covariant Killing spinor equation: SUSY and T-duality are compatible.

@ The relaxation of the section condition:
for Scherk-Schwarz and

for non-associativity

Jeong-Hyuck Park J 10 Supersymmetric Double Field Theory



Conclusion

Outlook
@ Further study and classification of the non-Riemannian ‘metric-less’ backgrounds.

@ Quantization of the string action on doubled yet gauged spacetime.

(2

0(10,10) covariant Killing spinor equation: SUSY and T-duality are compatible.

(2

The relaxation of the section condition:
for Scherk-Schwarz and

for non-associativity

©

The uplift of type II SDFT to M-theory, or the extension of T-duality to U-duality:
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@ Quantization of the string action on doubled yet gauged spacetime.

(2

0(10,10) covariant Killing spinor equation: SUSY and T-duality are compatible.

(2

The relaxation of the section condition:
for Scherk-Schwarz and

for non-associativity

©

The uplift of type II SDFT to M-theory, or the extension of T-duality to U-duality:

©

U-duality manifest M-theory effective actions:
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Conclusion

Outlook
@ Further study and classification of the non-Riemannian, metric-less backgrounds.

@ Quantization of the string action on doubled yet gauged spacetime.

@ 0(10,10) covariant Killing spinor equation: SUSY and T-duality are compatible.

©

The relaxation of the section condition:
for Scherk-Schwarz and

for non-associativity

(2

The uplift of type II SDFT to M-theory, or the extension of T-duality to U-duality:

(2

U-duality manifest M-theory effective actions:

Thank you.
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