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Yakov B. Zeldovich, 8 Mar 1914 - 2 Dec 1987

From cosmology
to circulation in Venerian
atmosphere
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Contribution of Ya.B. to physics and astrophysics

hydrodynamics and chemistry of explosive phenomena
nuclear chain reactions, picnonuclear reactions
ultra-cold neutrons storage
predictions of light isotopes
muon catalysis in nuclear fusion
conserved vector current (CVC) in weak interactions
cosmological limit on neutrino mass
Harrison-Zeldovich spectrum of primarily perturbations
Zeldovich approximation for the growth of perturbations
Sunyaev-Zeldovich effect
particle creation in gravitational field
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Less known contributions

Shakura, Shakura & Sunyaev on disk accretion

Bisnovatyi-Kogan & Blinnikov (1976) on accretion disk corona

Many other examples later in this talk

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



My work with Zeldovich: a book on Stellar Physics
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My work with Zeldovich: a book on Stellar Physics
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His favourite problem: Flame’s different faces

Bunsenbrenner
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Flame’s different faces

A candle
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Flame’s different faces

A candle in microgravity

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



Buncefield, UK, 5 Dec 2005, oil storage depot
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Ya.B. favourite problem – combustion theory

— Flame speed Zel’dovich-Frank-Kamenetsky
— ZND detonation
— Ze number
— Causal (thermal conductivity + diffusion) and spontaneous
modes of flame propagation (+ Kolmogorov,Petrovsky,Piskunov
KPP-1937)
— Nonlinear stabilization of Landau-Darrieus instability
— A paper about the nature of knocks in engines, on
Spontaneous front, and with Aldushin,Hudyaev 1979 on KPP,
— Supervizing experiments on flame acceleration (Gostintsev
et al. 1988)
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Stable burning of powder: Katyusha
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Pulsating front velocity in a solid propellant

Found by YaB
Zeldovich (ZhETF
1942) for powder
combustion.
A critical number
for Arrhenius law
Zecr ≈ 8.2, the in-
stability sets in at
Ze > Zecr
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Zeldovich number

Dependence of heating ε on T:

Ze =
∂ log ε
∂ log T

' Ea

RT
for Arrhenius law ε ∝ exp

(
−Ea

RT

)
– this is the Zeldovich number. Usually Ze� 1. In other words,
the heating

ε ∝ TZe

in a narrow range of T.
For thermonuclear burning:

Ze =
∂ log ε
∂ log T

'
α

1/3
G

3T1/3 .

Many authors write β in place of Ze.
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Zeldovich number (here β) in flame structure

Effective Zeldovich number in a multi-reaction network is
measured by the thickness of the reaction zone
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Front velocity in a solid propellant, stable, Ze=6
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Unstable, periodic, Ze=10
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Unstable, chaotic, Ze=15, cf Bayliss,Matkowsky 1990
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P.Clavin in Annual Review Fluid Mech. 1994
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ZFK: Zel’dovich–Frank-Kamenetsky theory

Zel’dovich and Frank-Kamenetsky (1938) obtained flame speed
in the chemical combustion - ignition due to heat conduction.
Laminar flame speed in the ZFK-wave:

SL ≈ Ze−1
(

vT lT
τreac(Tb)

)1/2

,

where
τreac(T) ∝ exp

Ea

RT
.

Thermonuclear burning in SNe Ia,

τreac(T) ∝ exp
α

1/3
G

3T1/3 .

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



Ya.B.Zeldovich, D.A.Frank-Kamenetsky,
A.D.Sakharov

1946 or 1947 Sarov, 1950-ties
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Flame structure
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Thermonuclear Supernovae
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Supernovae of type Ia

Thermonuclear explosions of white
dwarfs

May be important for DE studies

Flame propagation
In SD scenario the flame (deflagration) is born near the
WD center
While expanding the flame must accelerate and produce

detonation HOW?
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Hydrodynamics of burning, solved by Ya.B. with a
slide-rule

mass: ∂tρ+ ∂i(ρvi) = 0,

chemistry: ∂t(ρXj) + ∂i(ρviXj) = ρRj,

momentum: ∂t(ρvi) + ∂j(ρvivj + pδij) = ∂jτij + ρfi,

energy: ∂t(ρe) + ∂i(ρevi) + p∂ivi = ∂i(κ∂iT) + ρṠ + τij∂ivj.
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Steady modes of burning propagation

Deflagration Detonation

Mader (1985)
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Steady modes of burning propagation

Deflagration Detonation

Mader (1985)

P

T

X
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Flame instabilities
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Flame instabilities

Pulsational (1D)
Bychkov, Liberman, 1995
Blinnikov, Glazyrin, Dolgov, MNRAS 2013

Landau–Darrieus (2D, 3D)
Röpke et al. 2004, Bell et al. 2004

Interaction with turbulence
Schmidt et al. 2010

Rayleigh–Taylor–Landau (2D, 3D)
Bell et al. 2004

Flame
scale:
δflame

RWD

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



Flame instabilities

Pulsational (1D)
Bychkov, Liberman, 1995
Blinnikov, Glazyrin, Dolgov, MNRAS 2013

Landau–Darrieus (2D, 3D)
Röpke et al. 2004, Bell et al. 2004

Interaction with turbulence
Schmidt et al. 2010

Rayleigh–Taylor–Landau (2D, 3D)
Bell et al. 2004

Flame
scale:
δflame

RWD

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



Flame structure and 1D pulsations of flames
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Deflagration
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Conditions at ignition:
ρ ∼ 109 g/cm3

T ∼ 108 − 1010 K

vflame ∼ 100 km/s
δflame ∼ 10−4 cm

cs ∼ 10000 km/s
RWD ∼ 1000 km

The flame is highly unstable
in principle, but the

pulsational 1D instability is
not observed in simulations!
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Stabilization by a second reaction with lower Ea
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Front velocity in a solid propellant
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Front velocity in a solid propellant
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Thermopulsational instability
Bychkov, Liberman (1995) find Zecr ≈
17
Larger than in solids!
Cf. Nomoto et al. (1995)
Glazyrin, Blinnikov, Dolgov MNRAS
(2013) explain why it is not observed
in SNIa simulations.

For Lewis number

Le ∝ κ/D ∼ 104 � 1

the criterion for instability is Zeldovich
number:

Ze > Zecr

ρ, g/cm3 Zecr

2× 108 18.4 < Ze < 21.4
7× 108 15.3 < Ze < 16.7
2× 109 13.7 < Ze < 14.1
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Zeldovich number (here β) in flame structure

Lower effective Zeldovich number in a relistic reaction
network (measured by the thickness of the reaction zone)

explains the TP-stability.
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FRONT3D

FRONT3D is an open-source cartesian three-dimensional
parallel code, under active development. It contains the
following physics:

Hydrodynamics (options: Kurganov–Tadmor, WENO,
MUSCL–Hancock, MUSCL)
MHD
Premixed chemical (or nuclear) reactions
Level–set method for burning flames
Thermoconductivity
Turbulence in k-epsilon model

and is designed primarily for the study of astrophysical
phenomena, especially nuclear flames in SNIa explosions.
Download: http://dau.itep.ru/sn/front3d
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Landau–Darrieus instability

Hydrodynamic instability of a thin front
Linear stage: Landau L. D., 1944; Darrieus unpublished

ω = kun
µ

1 + µ

(√
1 + µ− 1

µ
− 1

)
where µ =

ρ1

ρ2

Nonlinear stage: Zeldovich, 1966

dx
dt

= ωLDx− 2
π2 k2unx2

Stabilization in cusps
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Density: Flame goes up, red means larger values

Cf. Röpke et al. 2004. Here are FRONT3D results by
S.Glazyrin.
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Nonlinear stabilization of LD

Zeldovich picture for a cusp velocity from 1D flame speed u1
(source: Bychkov & Liberman, AA 1995)
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ShZ: Reviews of Modern Physics, Vol. 61, No. 2,
1989
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ShZ: “Pancake” theory
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ShZ: “Pancake” theory
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ShZ: Percolation

Our ideas about network structure have come from the
impression that the dark regions (voids) are generally
separated from one another, despite the fact that the total area
occupied by them is greater than that of the bright regions
(filaments). In contrast, the bright regions form a connected
cellular structure.
. . .
Let us discuss this question in detail. It turns out that a good
statistics characterizing the topological properties of random
fields is percolation statistics (Zeldovich, 1982a, 1983;
Shandarin, 1983b; Shandarin and Zeldovich, 1983, 1984).
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ShZ: Analogy with light in refractive media
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ShZ: cellular structure of light caustics
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Cellular structure of flames – Ya.B. favourite

(Observation of Cellular Flames Formed on a Flat Burner)
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Cellular flame observations
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Cellular flame simulations
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Back to LD. Vortical inflow: many cusps

Density
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Landau–Darrieus Instability

This is a hydrodynamical
instability of a thin front

ω = kun
µ

1+µ

(√
1 + µ− 1

µ
− 1
)

µ ≡ ρu/ρb

In a “channel” the perturbations
merge into one cusp (cf
Röpke’ea 2004)⇒ the flame is
accelerated by only 3− 4%

But the flame in a supernova is
expanding!
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Spherical flame

“Channel” bounds the size of perturbations.
For a spherical flame the bound ∼ Rflame grows with time.
Fractalization of flames.
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Fractalization of spherical flames, Blinnikov &
Sasorov 1996
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Deeper analogy of flames and cosmological
perturbations

The above picture of fractalization is obtained with a so-called
Frankel equation.

It is a potential approximation for the hydrodynamic flow.
The simulations are done by a version of an N-body algorithm

for gravitating particles!
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Results of other groups

D’Angelo et al. 2000

Röpke et al. 2007
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Experiments: Gostintsev et al. 1988

Supervized by Ya.B.Zeldovich
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Transition to detonation

E.g.,
A volume explosion ahead of the propagating flame

Spontaneous regime transition (Zeldovich)

vspont =

(
dτb

dx

)−1

See e.g. Ciaraldi-Schoolmann, Seitenzahl, Röpke 2013
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Spontaneous front
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Zeldovich gradient mechanism
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Zeldovich gradient mechanism

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



Gradient in temperature matters
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Rayleigh–Taylor–Landau Instability

Necessary conidtion

∇ρ · g < 0

Leads to turbulization of the flow

vn = 0

Dispersion relation at the linear stage

ω = kun
µ

1 + µ

(√
1 + µ− 1

µ
− µ2 − 1

µ2
g

ku2
n
− 1

)
– see Landau-Lifshitz “Hydrodynamics”, it is NOT RT!
Nonlinear stage: mixed zone of the width is formed

∆z ∝ gt2
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RT mixing (without burning) FRONT3D results
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Models for turbulence

Reynolds averaged (RANS)

Large eddy simulation (LES)

...
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RANS models

Reynolds averaging:

A(x, t) =
1
T

T/2∫
−T/2

A(x, t + t1)dt1,

A ≡ A + A′, A ≡ Ã + A′′, Ã ≡ ρA
ρ
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One of the closure ways: k-ε model

New dynamical quantities

ρk ≡ ρv′′2

2
, ρε ≡ τ ′ij∂jv′i

turbulent time scale, turbulent viscosity:

tt =
k
ε
, D = cD

k2

ε

“Gradient approximation” (Belen’kiy, Fradkin L(Lebedev)PI reports (1965)):

v′′i A′ ∼ −D∂iA

For Reynolds tensor

Rij = ρv′′i v′′j = −ρD
(
∂ivj + ∂jvi −

2
3
δij∂kvk

)
+

2
3
ρkδij
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k-ε model

∂tρ+ ∂i(ρvi) = 0,

∂t(ρvi) + ∂j (ρvivj + pδij) = −∂jRij,

∂tE + ∂i(vi(E + p)) = −G2 + ρε+ ∂i(pai − QT
i ),

∂t(ρk) + ∂i(ρkvi) = G1 + G2 − ρε+ ∂i(ρckD∂ik),

∂t(ρε) + ∂i(ρεvi) =
ε

k
(cε1G1 + cε2G2 − cε3ρε) + ∂i(ρcεD∂iε),

Rij = −ρD
(
∂ivj + ∂jvi −

2
3
δij∂kvk

)
+

2
3
ρkδij,

E = ρe +
ρv2

2
, D = cD

k2

ε
, ai = −cαD

∂iρ

ρ
,

G1 = −Rij∂ivj, G2 = ai∂ip, QT
i = −ceρD∂ie.
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k-ε model

∂tρ+ ∂i(ρvi) = 0,

∂t(ρvi) + ∂j (ρvivj + pδij) = −∂jRij,

∂tE + ∂i(vi(E + p)) = −G2 + ρε+ ∂i(pai − QT
i ),

∂t(ρk) + ∂i(ρkvi) = G1 + G2 − ρε+ ∂i(ρckD∂ik),

∂t(ρε) + ∂i(ρεvi) =
ε

k
(cε1G1 + cε2G2 − cε3ρε) + ∂i(ρcεD∂iε),

Rij = −ρD
(
∂ivj + ∂jvi −

2
3
δij∂kvk

)
+

2
3
ρkδij,

E = ρe +
ρv2

2
, D = cD

k2

ε
, ai = −cαD

∂iρ

ρ
,

G1 = −Rij∂ivj, G2 = ai∂ip, QT
i = −ceρD∂ie.

G2 = ρ−1ρ′v′i∂ip
generation due to RTL
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Turbulence models are important for
understanding clusters of galaxies

The cluster Abell 1689. Credit: X-ray: NASA/CXC/MIT/E.-H
Peng et al; Optical: NASA/STScI
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1D burning of a WD with turbulence

 1e+06

 1e+07

 1e+08

 1e+09

 1e+10

 0  500  1000  1500  2000  2500  3000  3500  4000

ρ
, 

g
/c

m
3

r, km

t=0.0 s
t=0.5 s
t=1.0 s
t=1.5 s

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0  0.5  1  1.5  2  2.5  3

v
fl
a
m

e
/c

s

t, s

C, q1
C, q2
C, q3

CO, q1
CO, q2
CO, q3

k-ε model
(constants – Guzhova et al.VANT TPF (2005))

flamelet regime velocity taken from

Yakhot Comb. Sci. Tech (1988), should be

checked with Pocheau (1994), as

Schmidt’ea (2006) did

ρc = 2× 109 g/cm3, caloricity
q = (5.6− 9.2)× 1017 ergs/g

“Helmholtz EOS”

Blinnikov Known and unknown Zeldovich: Simplest Paths to Complexity — from Flames to Large Scale Structure



Recent FRONT3D results

Stirred-regime,
Ka> 1, the model
works?
3D model at t ≈ t2
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Zeldovich (1962)
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Metastability of any star

Cf. modern limits on boson Asymmetric Dark Matter (ADM)
cross-sections.
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Paradoksov (1967)
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Paradoksov==Zeldovich: harmonic oscillator
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Quantum mechanics helps to understand classical
adiabatic invariants

Non-adiabaticity means changing N, hence creation of
particles! – Zeldovich’s path to particle creation in gravitational

fields.
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KPP: Kolmogorov, Petrovsky, Piskunov
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Comparing ZFK and KPP

Clavin, Liñan 1984: ZFK at Ze & 3.
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KPP & Zeldovich equation in population kinetics

KPP wave and Zygogramma suturalis

Used to fight a weed “Ambrosia”
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Planet Earth population (S.P.Kapitza 2010)
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Conclusions

Ya.B. Zeldovich has found perhaps simplest paths to
explanation of many complex phenomena.

All his work shows that the world on all scales is ruled by
universal laws of physics.
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