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Introduction

Recently, Reny) entanglement entropy
((R)EE) has a center of wide Iinterest in a broa
array of theoretical physics.

A It is useful to study the distinctive features of
various quantum state in condensed matter
physics. duantum Order Parametdr

A (Reny) entanglement entropy is expected to
be an important quantity which may shed
light on the mechanism behind th&d3CFT
correspond Gravityt Entanglemen)
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Introduction

Recently, Reny) entanglement entropy
((R)EE) has a center of wide Iinterest in a broa
array of theoretical physics.

A In the lattice gauge theory, it is expected that
entanglement entropy Is a new order

parameter which helps us study QCD more.
- Butentanglement entropy in the gauge theory isdéfined.

In this work, we Investigatehe time dependent
property of (Reny) entanglement entropy.




The Definition of (Renyi) Entanglement Entrop

A Definition of Entanglement Entropy

We divide the total Hilbert space into AandH,,, = H4 ® Hp
The reduced density matipA  isdefined p 4 = T'rgp;o
This means th® O F iB are traced out.

The entanglement entropy is defined by von Neumann entg ,y
(Reny) Entanglement Entropy (REE)

S(n) B log tr[pﬁ] e \
A=
1—n
;nrbl .
Entanglement Entropy (EE)
B
Sa=—trapalogpa

on a certain time slice



Example

1
For a product state|¥) = 5 (1) + [1).) @ ()5 + 1) 5)
K Reduced density matrixp, = — (|7) , + 1) 4) (1] 4, + (1] 1)
K Entanglement entropy s, = 0

DO | —

~—

A®(T)B)

(114 {L4)

1
For an entangled state/¥) = 7 (INa@bp+Il
K Reduced density matrix, , — % (1) 4 (1) +
K Entanglement Entropy S 4

b | =

= log 2



Example

For a product state|¥) = % (I +1DDe (s +11)5)

. : 1
K Reduced density matrix ,, = S (D A+ 112 (T + (L)
K Entanglement entropy s, = 0

For an entangled state/¥) = %mu@ D +1)a
K Reduced density matrix,, = ; (1) 4 (1) + %
K Entanglement Entropy Sy =

In general ,

» Entangled statenot-product state) has the entanglement entropy.
S 4 measureshe quantum entanglement




Properties 1

A For a pure state, entanglement entropy satisfies

Sa4 = SB.

M

A For a mixed state (thermal state etc.
entanglement entropy satisfies

Si+ Sg.

A Strong Subadditivity
Entanglement entropy necessarily satisfies

Sa+p+c + SB
Sa+ Sco

<
<

B

Sa+p + OB+c ‘
Sa+B + Sp+c




Entanglement Entropy in QFT

In general, Reny) entanglement entropies has
UV divergence

-> \We Introduce lattice spacing



Entanglement Entropy in QFT

In d dimensional CFT,

Sa=p) (g)“m (Z)+
/ ) <’ pa—2 (1) 4+ pa, d:odd

| Pd-3 (é)Q + clog (é), d : even.

Area law div.

|. characteristic size of a subsystem
B
[

Most strongly entangled——



Entanglement Entropy in QFT

In d dimensional CFT,
Universal quantities

d—2 d—4
S4 = py (é) *p (é) +...  (donotdepend on cutoff)
)
/ Pd—2 (%)
+ 9 I\ 2
Area law div. | Pa-3 (<)

|. characteristic size of a subsystem




Entanglement Entropy in QFT

In d dimensional CFT,

1\ 42 7\ 44 _
Si=py (E) + o (E) T cis related to central charg
( l
/ Pd—2 (g)
T 4 I\ 2
Area law div. | pa-3 ()

|. characteristic size of a subsystem




Our Computation and Resul
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Quantum QuenchPrepare the ground statjv) 1H,

‘ H 0o — H 1 (changeparametel)

'W)isnot the ground state foH;

A new class of excited stat|¥) = N ~'O(t, z') |0)

Excitation isnilderthan that inQuantum Quenc

ASJ(LT’) Isfinite even for the size of subsystem is infinite
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A new class of excited state

For example,
In Quantum Quench
) : ground state forH
Hy: Hamiltonian » H, :‘Hamiltonian

for massive theory mémslessheory

A
A“al Excitation is milder than that iQuantum Quench fE_b A

In our excited state case

State: |¥) = N 1O(t, =) |0) |

Atlate time, | TH K » (R)EE approach&dme constant



Motivation

Previously, we studied the property of EE for the subsystem whc
size () isvery smallin d+1 CFT.

| <<(The Excitation EnergOI ,

This temperaturas universal.



Motivation

We study the property ofR)EHor

1. The size of subsystemiiiginite.
A half of the total system: | I

' >0

2. A state Is defined by acting a local operator
on the ground state:

W) = NLO(t, 21) |0) .
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AS|Y )

At late time
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Results

We computeASff) for a new class of excited sta

W) = N0tz )\0) for O =: (9m¢)"

They measure the D.O.F of operators andracterizethe
» operators from the viewpoint of quantum entanglement.

(not conformal dim.)
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We investigate the time evolution of

(Reny) entanglement entropies.
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We choose a half spacg'¢ 0 ) as
subsystemA.

The reduced density matrix
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|
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Setup

We consider d+1 dinQQFT
We prepare a locally excited stal|U) = N ~tO(—t, —1,x) |0)

x = (22,23, -, z%)
We investigate the time evolution of A,
(Reny) entanglement entropies.
We choose a half spacg'¢ 0 ) as .=
subsystem. —h - A >
The reduced density matrix | X
pa=N"2trg [O(—t1,—1,%x)[0) (0| O (—t1, —1,x)] t """ t=-1

n

We will computes’ — % »lReplica Method !!




How to compute

1. We computeAsy’ = s{Fr _ gt byrpegnal:

ASY =
1
1l—n

(lOg <0T(T’2, 02’71)0(7”1, Ql,n) s OT(TQ, 62’1)0(7"1, 91’1)>En — N 10g <OT(T2, (92’1)(/)(7“1, 01)>21) .

2. After that, we perform an analytic continuation to real time.




Replica Method

In d+1 dim. Euclidean space, the reduced density matrix is giver
pa=N">trg [O(1e, —1,x) |0) (0| OF (7, —1,x)]

We would like to focus on the time evolution of the (R)EE.
We defineAsY” the excess of the (R)EE:
SEET (R)EE fc p4

stMS . (R)EE for the ground state



Replica Method

In d+1 dim. Euclidean space, the reduced density matrix is given
pa =N">trg [O(1e, —1,%) |0) (0| OF (1, —1,x)]
Configuration on A

(D, B 5|O(r,.. —1.%)|0)
()

Configuration on B
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In d+1 dim. Euclidean space, the reduced density matrix is given
pa=N""trg [O(1e, —1,%) |0) (0| OV (7, —1,x)]
(®1,Pp|O(1e, —1,%x)|0) = (B, Pg|eT™O(l, x)e ™ |0)

= (D1, Pp|le HO-TIO, x)e  H{T+T) |0)

0<—I, o «—-T

Introduce a lattice spacing

=)

D(t=—10)
/ DOO (1o, —1,%)0 (@ (T= 6,21 > 0) — ®1) 6 (P (T=—6,21 <0) — D) e 5P
P(t=—1T)



(P, PR|O(1e, —1,x)|0)

D (t=—10)
— S DOO(1, —1,%)8 (B (t = =0, 21 > 0) — P1) 6 (P (t = 6,21 < 0) — D) e 5P
t=-—1T

(0101 (T, ~1,%)|®2, @)

P (t=T)
= /( | DOO(1;,—1,%)6 (B (t = 8,21 > 0) — 1) 6 (P (t = 6,21 <0) — Pp)e S
P(t=0

pa=N">trg [O(1e, —1,%) |0) (0| OF (1, —1, )]



(P, PR|O(1e, —1,x)|0)

P (t=—90)
— DOO(1o, —1,x)5 (P (t = 8,21 > 0) — P1) 6 (P (t = —b, 21 <0) — D) e 57
O (t=—T)

(0101 (77, ~1,%)|®2, @)
P(t=T)

= f DOO(1;,—1,%)6 (B (t = 8,21 > 0) — 1) 6 (P (t = 6,21 <0) — Pp)e S
B(t=4)

pa=N">trg [O(1e, —1,%) |0) (0| OF (1, —1, )]

-

PA)e, (a1)0s ()

— (ZFX)~1 /@@,mq D® O (ry,05,)0(r1,0,)e 55 (B(=8,2%) — ®1(2")) - § (B(5,2") — Po(a"))

(—OO,J:?-’)

®(o00,z?)
ZlEX — / Do OT(TQ, 92)0(7’1, 91)€_S(¢)
)

(_Oorri)




Replica Method

In d+1 dim. Euclidean space, the reduced density matrix is given |
pa =N">trg [O(1e, —1,%) |0) (0] O (1, =1, x)] .

In the pathintegral formalism,

[ﬁA}@l(xi)@z(ri)

= (zFX /“I’(OO@”) D® OF(ry,0,,)O(ry, 0, )e 1?5 (B(—d,2") — D1(z")) - 6 (B(0,2°) — Po(a"))

(—OO,.III’)

®(00,z?)
ZR = / DD O (r9,0,)O(r1, 61 )e 5@
[6))

(*OO,‘T/’-)

d: a lattice spacing.







(I)S(T — _5a xz)

|dentify

(1)3(7' = (5, CUZ)
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(1)3(7' = (5, CUZ)










