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6 2 Basics in Conformal Field Theory

Fig. 2.1 Conformal transformation in two dimensions

open subsets. A map ϕ is called a conformal transformation, if the metric tensor
satisfies ϕ∗g′ = !g. Denoting x ′ = ϕ(x) with x ∈ U , we can express this condition
in the following way:

g′
ρσ

(
x ′) "x ′ρ

"xµ

"x ′σ

"xν
= !(x) gµν(x) ,

where the positive function !(x) is called the scale factor and Einstein’s sum con-
vention is understood. However, in these lecture notes, we focus on M ′ = M which
implies g′ = g, and we will always consider flat spaces with a constant metric of
the form ηµν = diag(−1, . . . ,+1, . . .). In this case, the condition for a conformal
transformation can be written as

ηρσ

"x ′ρ

"xµ

"x ′σ

"xν
= !(x) ηµν . (2.1)

Note furthermore, for flat spaces the scale factor !(x) = 1 corresponds to the
Poincaré group consisting of translations and rotations, respectively Lorentz trans-
formations.

Conditions for Conformal Invariance

Let us next study infinitesimal coordinate transformations which up to first order in
a small parameter ϵ(x) ≪ 1 read

x ′ρ = xρ + ϵρ(x) + O(ϵ2) . (2.2)

Noting that ϵµ = ηµνϵ
ν as well as that ηµν is constant, the left-hand side of Eq. (2.1)

for such a transformation is determined to be of the following form:

•  translation	

•  dilatation	

•  rotation	

•  conformal boost�
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and the quantum case. In Sec. 2, we construct the Lagrangian of the model and obtain exact solutions
to the system of classical equations of motion describing interacting Bose and Fermi fields.

(1, 2), i.e., in the space with one Bose coordinate and two Grassmann coordinates. We investigate a
mechanism of spontaneous breaking of the superconformal group analogous to the one proposed in

Akulov:1980qw
[73].

Section 4 is devoted to quantization of the model with maximal use of the symmetry group as dynamical
group. We construct the Casimir operator and obtain the complete spectrum of physical states of the
model, this being determined by two parameters.

a
The conformally invariant action in the space with only one time coordinate has the form

S =
1
2

∫
dt(ẋ2 − g

x2
). (2.2.1) 84uh1

To generalize this action to the (1, 2) space, we consider a scalar superfield in this space:

Φ(t, θ1, θ2) = Φ(t, θα) = x(t) + θαψα(t) + θαθαF (t). (2.2.2)

We use the following rules for raising and lowering indices: θα = ϵαβθβ , θα = θβϵβα, ϵ12 = ϵ12 = 1.
The free part of the action, which possesses superconformal invariance, can be written in the form

Sh = −1
2

∫
dtd2θDαΦDαΦ, (2.2.3) 84uh2

where

DαΦ =
(

∂

∂θα
+ ibαβθβ ∂

∂t

)
Φ(t, θ) (2.2.4) 84uh3

Indeed, if we integrate the expression (
84uh2
2.2.3) over the variables θα, we obtain the action

S =
1
2

∫
dt(ẋ2 + iψαbαβψ̇β − 4F 2), (2.2.5) 84uh4

which generalizes the free part of the action in the expression (
84uh1
2.2.1). The matrix bαβ in the definition of

the covariant derivative (
84uh3
2.2.4) is some symmetric matrix, since it can be shown that the antisymmetrie

part of this matrix can be completely eliminated nafter integration over the variables θα by a redefinition
of the fietd F (t). The requirement of supersymmetry also leads to elimination of the antisymmetric part
of [6]. In what follows, we choose bαβ = δαβ .

In the general case, the interaction for the scalar superfield Φ(t, θ) can be written in the form

S1 =
∫

dtd2θV (Φ), (2.2.6) 84uh5

dwhere V (Φ) is some function of the variable Φ(t, θ). The integration in (
84uh5
2.2.6) over the variables θα

leads to the expression

S1 =
∫

dt(V ′(x)F − 1
4
V ′′(x)ψαψα). (2.2.7) 84uh6

Taking the sum of the expressions (
84uh4
2.2.5) and (

84uh6
2.2.7) and eliminating from it the field F by means of its

equation of motion

4F − V ′(x) = 0, (2.2.8)

‘76 de Alfaro Fubini Furlan	


Chapter 2

Superconformal Mechanics

2.1 Conformal mechanics

2.1.1 1976 de Alfaro, Fubini, Furlan
deAlfaro:1976je

[10]

The properties of a field theory in one over-all time dimension, invariant under the full
conformal group, are studied in detail. A compact operator, which is not the Hamiltonian,
is diagonalized and used to solve the problem of motion, providing a discrete spectrum
and normalizable eigenstates. The role of the physical parameters present in the model is
discussed, mainly in connection with a semiclassical approximation.

Introduction Most quantum field theories, which are at present being used, contain only dimensionless
coupling constants so that dilatation invariance is only broken by mass terms. This has led to much
attention to limits in which such mass terms also tend to zero, either in terms of massless field theories
or as special asymptotic limits of Feynman diagrams.

A special feature of massless field theories is that they exhibit an invariance group which is larger
than Poincaré and which also contains the dilatation D and the conformal operator Kµ [].

The simplest massless dilatation invariant Lagrangian for a scalar field φ has the general form

L =
1
2
∂µφ∂µφ − gφ

2d
d−2 (2.1.1) de197611

where d is the total number of space-time dimensions.
A general study of the Lagrangian (

de197611
2.1.1) for any value of the dimension number d has been carried

out by means of a semi-classical approximation [].
It is, however, important to fix our attention to the simplest, but far from trivial, example d = 1

which corresponds to a single physical operator Q(t) depending only upon time. In this case an exact
solution is available and many of the general features can be precisely tested.

The one-dimensional Lagrangian is

L =
1
2

(
Q̇2 − g

Q2

)
(2.1.2) de197612

and represents the prototype of several singular wave equations leading to anomalous dimensions [].
In this paper we shall investigate the consequences of the invariance of a system described by the

Lagrangian (
de197612
2.1.2) under the full conformal group. In this case we have to deal with three generators,
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by DFF
deAlfaro:1976je
[10].

The results in quantum mechanics are interesting in their own right, we will also try to suggest what
interpretation should be given in a field theoretic context. The structure of the paper is the following:
in Section 2 we describe the conformal supersymmetric structure of the quantum mechanical model. In
Section 3 we discuss the N = 1 in the presence of an internal quantum number and in particular the
case D = 2 in which a larger group of supersymmetry is present. Under both circumstances, the original
supersymmetry of the model is spontaneously broken. We will describe how the resulting local structure
may also have a new supersymmetric interpretation.

Quantum Mechanical Conformal Supersymmetry In this section, we wish to discuss the fusion
of conformal invariance and supersymmetry as it occurs in quantum mechanics. Conformal quantum
mechanics has been studied in great detail from the point of interest of this work by DFF []. We next
review the essential features of the model. The Lagrangian describing the system is:

L =
1
2

(
ẋ2 − g

x2

)
(2.2.26) 84hf21

where g is the dimensionless coupling constant. The action of this system is invariant under the conformal
group O(2, 1) which is spanned by three generators, H the Hamiltonian, D the dilatation generator and
K the conformal generator. These generators form together the algebra

[H,D] = iH; [K,D] = −iK; [H,K] = 2iD. (2.2.27) 84hf22

The Hamiltonian describes the motion of particle in a repulsive potential and is given by

H =
1
2
(p2 +

g

x2
). (2.2.28) 84hf23

The Hamiltonian can be diagonalized exactly. The eigenspectrum includes all E > 0 values for each of
which there exists a plane wave normalizable state. The spectrum does not have an endpoint or ground
state as the state E = 0 is not even plane wave normalizable. We do not know of a principle which
requires that a system always needs to have a ground state. However, our understanding of field theory
was greatly enhanced by studying the symmetry properties of the vacuum and excitations around it.
It is possible to add a new rule [] that would enable the choice of a ground state, that rule, however,
results in the breakdown of translational invariance in the time t direction. The rule chosen by DFF []
was to notice that the quantum evolution of the system can be controlled by a compact operator. Such
an operator would have normalizable eigenstates in general, and a ground state in particular. Using the
three symmetry operators, the compact operator can be chosen from any linear combination, G, of the
generators

G = uH + vD + wK (2.2.29) 84hf24

as long as

∆ = v2 − 4uw < 0. (2.2.30) 84hf25

Any such choice would break translational and scale invariance. DFF have found it convenient to define

G = R =
1
2

(
1
a
K + aH

)
(2.2.31) 84hf26
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But story is not so simple・・・�

i.  no normalizable ground state！	

ii.  continuous energy spectrum！�
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ḟx (0.0.11)

f(t) = a + bt + ct2 (0.0.12)

D = tH − 1
4
(xp + px) (0.0.13)

K = t2H − 1
2
t(xp + px) +

1
2
x2 (0.0.14)

[H,D] = iH (0.0.15)
[K,D] = −iK (0.0.16)
[H,K] = 2iD (0.0.17)

1 (0.0.18)
6 (0.0.19)

dϕ = 0 (0.0.20)
ϕ|Cp ≤ Vol|Cp (0.0.21)

S =
1

2κ2

∫
d11x

√
−gR − 1

2
G ∧ ∗G − 1

6
C ∧ G ∧ G (0.0.22)

Rµν =
1
12

(G2
µν − 1

12
gµνG2) (0.0.23)

d ∗ G +
1
2
G ∧ G = 0 (0.0.24)

dG = 0 (0.0.25)
Rµν = 0 (0.0.26)
∇µϵ = 0 (0.0.27)

∇µϵ +
1

288
(
Γµ

ν1ν2ν3ν4 − 8δν1
µ Γν2ν3ν4

)
Gν1ν2ν3ν4ϵ = 0 (0.0.28)

Cp (0.0.29)
ϕ|Cp = Vol|Cp (0.0.30)

(
− d2

dx2
+

g

x2

)
φ(x) = 0 (0.0.31)

φ(x) = xα (0.0.32)

2 CONTENTS

t′ = t − ϵ1 (0.0.4)
x′(t′) = x(t) (0.0.5)

t′ = e−ϵ2t (0.0.6)

x′(t′) = e−
ϵ2
2 x(t) (0.0.7)

t′ =
t

ϵ3t + 1
(0.0.8)

x′(t′) =
x(t)

ϵ3t + 1
(0.0.9)

δt = f(t) (0.0.10)

δx =
1
2
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18 CHAPTER 2. SUPERCONFORMAL MECHANICS

H,D,K (H is the Hamiltonian) which obey the algebra

[H,D] = iH, [K,D] = −iK

[H,K] = 2iD (2.1.3) de197613

These operators leave the action invariant and are hence constants of the motion; as a consequence, the
problem of motion becomes purely group-theoretical and the problem is exactly soluble, both classically
and quantum mechanically.

It is to be noted that any combination

G = uH + vD + wK (2.1.4) de197613b

of the three fundamental operators is a constant of the motion, not in the sense that it commutes with
H (see Eqs. (

de197613
2.1.3)) but in the more genral sense

∂G

∂t
+ i[H,G] = 0. (2.1.5) de197614

Equation (
de197614
2.1.5) expresses the fact that the transformation generated by G leaves the action (but not

the Lagrangian) invariant. This means that any of the operators G can be employed to study the time
evolution of the state vector. Although the use of any of these operators is, in principle, on the same
footing, there are strong differences on the practical side. Indeed only some of our conformal group
operators have normalizable eigenvectors and can therefore be safely used.

In order to understand this classification of operators, we refer to the isomorphism of the conformal
gorup with the O(2, 1) group of non-compact rotations []. If we define

R =
1
2
(
1
a
K + aH)

S =
1
2
(
1
a
K − aH), (2.1.6) de197615

where a is any constant with dimension of length, we have from Eqs. (
de197613
2.1.3) the explicit O(2, 1) algebra:

[D,R] = iS

[S,R] = −iD

[S,D] = −iR. (2.1.7) de197616

We note that R is the generator of a compact rotation, whereas S and D correspond to hyperbolic
non-compact transformations. We shall see that the general operator G corresponds to compact trans-
formation if the determinant

∆ = v2 − 4uw > 0. (2.1.8) de197616b

It will be shown that only compact operators of the kind of R can be safely used to solve the problem
of motion. Their eigenstates are normalizable and their spectrum is discrete. It will also be seen that
only these compact operators lead to time evolution laws which are acceptable in the full −∞ < t < +∞
interval.

At this point a natural question is where the Hamiltonian stands in this classification. From Eqs.
(
de197615
2.1.6) one sees that H stands at the border between R and S and it can be obtained from either of

them in the limit a → ∞. In the framework of our conformal invariant theory, the spectrum of H is
continuous and from below and its lowest eigenstate is not normalizable. This circumstance is, of course,
a reflection in our elementary framework of the well-known infra-red problem.
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G is constant of motion	


=>  G can be used as the new Hamiltonian ���
     describing the time evolution �

G can be non-compact !	


DFF’s proposal �





compactness condition for G	


Spontaneous Breaking of Space-Time Symmetries 25

Most of the analysis in field theory proceeds by identifying a ground state
and the fluctuations around it. How do we deal with a system in the absence
of a ground state?

One possibility is to accept this as a fact of life. Perhaps it is possible to
view this as similar to cosmological models that also lack a ground state, such
those with Quintessence. In field theory such systems have no finite energy
states in the spectrum at all. Only time dependent states are allowed. In the
presence of an appropriate cutoff and in quantum mechanics it is only the
potential lowest energy state which is disallowed.

Another possibility is to define a new evolution operator that does have a
ground state

G = uH + vD + wK . (51)

This operator has a ground state if v2 − 4uw < 0. Any choice explicitly
breaks scale invariance. Take for example

G =
1

2

(

1

a
K + aH

)

≡ R , (52)

a has the dimension of a length. The eigenvalues of R are

rn = r0 + n , r0 =
1

2

(

1 +

√

g +
1

4

)

. (53)

This is a breaking of scale invariance by a dictum and not by the dynamics
of the system. Nevertheless it is very interesting to search for a physical inter-
pretation of this. Surprisingly this question arises in the context of black hole
physics [17]. Consider a particle of mass m and charge q falling into a charged
black hole. The black hole is BPS, meaning that its mass M and charge Q
are related, in the appropriate unites, by M = Q.

The blackhole metric and vector potential are given by:

ds2 = −
(

1 +
M

r

)−2

dt2 +

(

1 +
M

r

)2

(dr2 + r2dΩ2) , At =
r

M
(54)

Now consider the near Horizon limit, i.e. r << M , which we will reach by
taking M → ∞ and keeping r fixed. This produces an AdS2 × S2 geometry

ds2 = −
( r

M

)2
dt2 +

(

M

r

)2

dr2 + M2dΩ2 . (55)

We also wish to keep M2(m− q) fixed as we scale M . This means we must
scale (m − q) → 0, that is the particle itself becomes BPS in the limit.

The Hamiltonian for this falling in particle in this limit is given by our old
friend:



eigenvalue�

Physical quantities can be computed from the eigenstate of L0 ! 	




wavefunction � ‘76 de Alfaro et al. �



correlation function� ‘76 de Alfaro et al.  ‘12 Jackiw et al. �



Gauged Quantum Mechanics�

integrate out auxiliary gauge field	


Hamiltonian reduction	

(Routh reduction)	


DFF-model！	




Gauged Matrix Model �

integrate out auxiliary gauge field	


Hamiltonian reduction	

(Routh reduction)	


Calogero model！	




(Super)conformal Quantum Mechanics 	

can be constructed by “gauging”!	


‘91 Polychronakos;   ‘08 Fedoruk et al.	




Supersymmetry �

But SUSY in QM is	


 much more fruitful and exotic !	


i.  #(component in supermultiplet) ≧ #(SUSY) ���
	


ii.  #(physical boson) ≠ #(fermion) �

Supersymmetric quantum mechanics (SQM) 	

was originally introduced as the simple model of SUSY QFT	


‘81 Witten	




Superspace and Superfield	

Witten’s construction is restricted to specific N=2 SQM	


Superspace & superfield formalism is useful 	

for the construction of SQM	


But only N≦8 SQM is available	


#(components in supermultiplet) ≧ #(SUSY)	


‘00 Pashnev et al. ;  ‘02 Gates et al.	




AD map	

#(physical boson) ≠ #(fermion) �

Why does this happen in 1d ?	


Hodge dual	


0-form　↔　(-1)-form	


physical boson　↔　auxiliary boson	


Automorphic Duaity Map　‘96 Gates et al.	




From the above facts	


ii)　Supermultiplet is denoted by	

	


　　(#(boson), N, N-#(boson))	


i)  Only N=1,2,4,8 SQM have been constructed ���
via superspace & superfield formulation.	




Superconformal symmetry �
conf. sym. + SUSY = superconf. sym.	


SL(2)=SU(1,1)=Sp(2)	
 R-sym	

Lie supergroup	


fermionic sym.	


fermionic sym.	




1d superconformal group �

constructed 	

via superfield	


conjectured 	

via superfield	


my work	




Conjectured N≧8 SCQM �

‘88 Ivanov et al. 	


N>8 SCQM is not available from superfield & superspace.	

	

However, SU(1,1|N/2) SCQM action 	

is conjectured from N=4 SU(1,1|2) SCQM.	




II. M2-brane �



M2-brane �
11d SUGRA	


metric	


3-form gauge field	


gravitino	


‘78 Cremmer et al.	


44	


128	


84	


(1+2) dimensional object in 11d SUGRA background	


M2-brane (electric)	




(1+2) dimensional extended object in 11d SUGRA bckd. �

decoupling lim �

(1+2) dimensional world-volume theory on the branes�

M3�



World-volume theory of M2-branes	


M3=R1,2 �

•  　���
	


•  　���
	


•  　���
	


•  conformal　	


(position of M2-brane)	

	

(SUSY) ���
���
(internal d.o.f.) ���
���
(IR theory of D2-brane (3d SYM))　	
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)
(0.0.68)

XI (0.0.69)
Ψ (0.0.70)

Aµ (0.0.71)
(0.0.72)

‘07  BLG-model	

‘08  ABJM-model	


Required information �



CONTENTS 3

λ̃ (0.0.43)
ϵ (0.0.44)
ϵ̃ (0.0.45)

ϵ̃z (0.0.46)
ϵz (0.0.47)
8c (0.0.48)
8s (0.0.49)

R × (Σg ⊂ K3) × R6 (0.0.50)

S =
∫

R
dt

1
2

[
∑

I
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Ãz, Ãz (0.0.53)
Θ = σ2 + iτσ1 (0.0.54)

[XI , XJ , XK ] = 0 (0.0.55)

DzX
I = 0 (0.0.56)

DzX
I = 0 (0.0.57)

(0.0.58)

CONTENTS 3

λ̃ (0.0.43)
ϵ (0.0.44)
ϵ̃ (0.0.45)

ϵ̃z (0.0.46)
ϵz (0.0.47)
8c (0.0.48)
8s (0.0.49)

R × (Σg ⊂ K3) × R6 (0.0.50)

S =
∫

R

1
2

[
∑

I
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These components of the gauge field become massive by the Higgs mechanism. Note that the set of
solutions automatically satisfies the integrability condition for (

bpst2abpst2a
4.2) and the gauge fields Ã1

z2 are flat.
One can find further restrictions by noting that the flat gauge fields Ã1

z2 on a torus have specific
expressions. Cutting a torus along the canonical basis �, ⇥, the sections of a flat bundle is completely
classified by their twists e2�i⇥1 , e�2�i⇥2 on the holonomy along �, ⇥ where 0 ⇥ ⇧1,⇧2 < 1. This space
is the torus known as the Picard variety of a torus denoted by Pic(T 2) and the twists on the homology
can be described as a point on the Picard variety. Hence the flat gauge field can be expressed in the
form [

AlvarezGaume:1986es
22]

Ã1
z2 =  z�(z, z) = �2⌅

�
⌃ � ⌃

⌥z (4.8) az12

� := ⇧2 + ⌃⇧1 is a complex parameter representing the twists on the holonomy along two cycles.
Hence we can write

�(z, z) = 2⌅
�

⌃ � ⌃
z � 2⌅

�
⌃ � ⌃

z. (4.9) phi

This expression and the condition (
phicond1phicond1
4.7) enables us to write

� = ⇧2 + ⌃⇧1 = �m

2
+ ⌃

n

2
(4.10) theta01

with m,n ⌅ Z. This means that � has four possible discrete values; � = 0, 1
2 , ⇤

2 , 1
2 (1 + ⌃) since

⇧1 ⇤ ⇧ + n, ⇧2 ⇤ ⇧2 �m for n, m integers yields the same point on the Picard variety. In other
words, as long as XI take non-zero values, the condition (

phicond1phicond1
4.7) for the scalars XI does not allow

arbitrary twists on the holonomy. Therefore the generic BPS solutions are given by

XI+2 =

�

⇧⇧⇧⇤

cos ⇤I

sin ⇤I

0
0

⇥

⌃⌃⌃⌅
rI

Ãz =

�

⇧⇧⇧⇤

0 �2⌅ �
⇤�⇤ ⌥z 0 0

2⌅ �
⇤�⇤ ⌥z 0 0 0
0 0 0 Ã3

z4(z, z)
0 0 �Ã3

z4(z, z) 0

⇥

⌃⌃⌃⌅
(4.11) 0bos2

and Ãz is a complex conjugates of Ãz. Ã3
z4 and Ã3

z4 are the abelian gauge fields associated with
preserved U(1) symmetry and have no constraints from the BPS conditions.

With these bosonic configurations (
0bos20bos2
4.11) and the supersymmetry transformations (

blgsusy1blgsusy1
1.23) we intro-

duce fermionic partners

⇥± =

�

⇧⇧⇧⇤

⇥±A

⇥±B

0
0

⇥

⌃⌃⌃⌅
(4.12) 0fer1

where ⇥+ is the SO(2)E spinor with a positive chirality while ⇥� possesses a negative chirality and
both of them transform as 8c of the SO(8)R.

Given the above static BPS configurations (
0bos20bos2
4.11) and (

0fer10fer1
4.12), we now wish to consider the evolution

of time and to compactify the system on T 2. Substitution of the configurations (
0bos20bos2
4.11) and (

0fer10fer1
4.12) into

11
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Step2. Integration over the Riemann surface	


N=16 Superconformal gauged QM	

integrate out auxiliary gauge field	


Hamiltonian reduction	
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decoupled motion associated with local charge	


OSp(16|2) SCQM	




ABJM-model/T2 �

R	


×	


Step1. BPS eq. → low-energy conf.	


BPS conf.	




Step2. Integration over the Riemann surface	


N=12 superconformal gauged QM	

integrate out gauge field	


Hamiltonian reduction	

(Routh reduction)	




decoupled motion associated with local charge	


SU(1,1|6) SCQM	


were made in [92, 93, 90, 24, 96] where it was shown that the moduli spaces of n black holes
in four- and five-dimensional supergravities are described by the sigma-model-type conformal
quantum mechanics. Note that the construction of a self-consistent n-body generalization of
black-hole quantum mechanics is a rather complicated problem beyond the one- and two-body
cases. In order to have a normalizable ground state in the latter cases, one should apply a
proper time redefinition, just as in conformal quantum mechanics [5]. If the general multi-
black-hole quantum mechanics indeed amounts to supersymmetric Calogero models, one can
employ the powerful machinery developed for integrable super-Calogero systems (see e.g. [43,
110, 22, 21, 23, 49, 50, 51]).

5 Sketch of N> 4 superconformal systems

So far, most of studies related to the superconformal mechanics were in fact limited to the
lower N extensions, namely to the N=1, N=2 and N=4 ones (also, the N=3 case was not
investigated, though the corresponding off-shell multiplets for this case likely coincide, by their
component contents, with the N=4 ones). The only N> 4 superconformal mechanics models
for which off-shell actions are known are a few systems of N=8 superconformal mechanics.
Below we give a brief outline of this class of N> 4 superconformal mechanics.

Any supergroup underlying an extended superconformal mechanics should, first of all, con-
tain d=1 conformal group SL(2,R) as its subgroup. It is the only non-compact bosonic sub-
group, while other bosonic subgroups are compact subgroups of the relevant R-symmetries.
The full list of simple supergroups of N -extended superconformal quantum mechanics can be
found in [24] (more complete information can be found in [44]). In contrast to the cases of N≤ 4
where the corresponding superconformal groups are in fact unique,17 there are four different
N=8 superconformal group: SU(1, 1|4), OSp(8|2), OSp(4∗|4) and real exceptional supergroup
F (4) with the R-symmetry subgroup SO(7). Until now, models of N=8 superconformal me-
chanics have been found for the supergroup OSp(4∗|4) in [13, 14] and for the supergroup F (4)
in [32].18

Also, in ref. [70] on-shell component actions for the superconformal mechanics models
associated with the conformal supergroups SU(1, 1| N /2),N ≥ 4 , were constructed (see also
[3, 110]). Imposing the appropriate covariant constraints on MC forms which accomplish the
covariant reduction of the conformal supergroups SU(1, 1| N /2) to the compact supergroup
SU(1| N /2) , in [70] there were found the physical component contents of these models and
their equations of motion. The on-shell action of such a (1,N , ?) supermultiplet is similar to
the action (4.38),

SN≥ 4 =

∫
dt

[
ẋẋ+ i

(
ψ̄kψ̇

k − ˙̄ψkψ
k
)
−

(
m+ ψ̄kψk

)
2

x2

]
, (5.1)

where ψk is the spinor in the fundamental representation of SU(N /2) . As shown in [110], the
generators of the conformal supergroups SU(1, 1| N /2), N> 4 can be obtained from the N=4

17The degeneracy in the N=4 case is somewhat trivial, since all possible N=4 superconformal groups cor-
respond to different choices of the parameter α in the supergroup D(2, 1;α); an exception is the supergroup
SU(1, 1|2), but it enters as a multiplier in the semidirect product structure of the supergroup D(2, 1;α) at α = 0
and −1.

18Some further possibilities are discussed, from the group-theoretical point of view, in a recent paper [83].
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Topological twisting	
=	


rotational sym. group 	

of the transverse space 	


SO(8)R SO(2)E 

rotational sym. group 	

on the SUSY-cycle	


M2-brane perspective・・・�



Consider�

SO(8)R→SO(2)1×SO(2)2×SO(2)3×SO(2)4	


3. SO(8) ⌅ SO(2)⇥ SO(2)1 ⇥ SO(2)2 ⇥ SO(2)3

8v =2000 ⇤ 1002 ⇤ 100�2 ⇤ 1020 ⇤ 10�20 ⇤ 1200 ⇤ 1�200

8s =1+++ ⇤ 1++� ⇤ 1+�� ⇤ 1+�+ ⇤ 1��+ ⇤ 1��� ⇤ 1�+� ⇤ 1�++

8c =1�++ ⇤ 1�+� ⇤ 1��� ⇤ 1��+ ⇤ 1+�+ ⇤ 1+�� ⇤ 1++� ⇤ 1+++. (3.7) cy4twist1

4. SO(8) ⌅ SO(2)1 ⇥ SO(2)2 ⇥ SO(2)3 ⇥ SO(2)4

8v =10002 ⇤ 1000�2 ⇤ 10020 ⇤ 100�20 ⇤ 10200 ⇤ 10�200 ⇤ 12000 ⇤ 1�2000

8s =1++++ ⇤ 1++�� ⇤ 1+��+ ⇤ 1+�+� ⇤ 1��++ ⇤ 1���� ⇤ 1�+�+ ⇤ 1�++�

8c =1�+++ ⇤ 1�+�� ⇤ 1���+ ⇤ 1��+� ⇤ 1+�++ ⇤ 1+��� ⇤ 1++�+ ⇤ 1+++�. (3.8) cy5twist1

With one of the decompositions (
k3twistk3twist
3.5)-(

cy5twist1cy5twist1
3.8), we can now define a new generator s⇥, the SO(2)⇥E charge

by

s⇥ := s�
n⇧

i=1

aiTi (3.9) twistcharge1

where s denotes a generator of the original rotational group SO(2)E , Ti represents generators of
the subgroup SO(2)i diagonally embedded in the external gauge group SO(2n) and ai are constant
parameters characterizing the twisting procedures. From now on we normalize these charges s⇥, s

and Ti such that they are two times larger than the usual spin on the Riemann surface. Since ai are
related to the degrees of the line bundles Li as

deg(Li) =

�
⇤

⇥
2|g � 1|ai (g ⇧= 1)

ai (g = 1)
, (3.10) bdldeg

the condition that X is Calabi-Yau is given by

n⇧

i=1

ai =

�
⌅⌅⇤

⌅⌅⇥

�1 (g = 0)

0 (g = 1)

1 (g > 1)

. (3.11) cycond1

In fact, under the condition (
cycond1cycond1
3.11) one can find the covariant constant spinors from the twisted

representations of supersymmetry parameters �. Thus the Calabi-Yau condition (
cycond1cycond1
3.11) simultaneously

ensures the existence of the covariant constant spinors in the twisted theories. In the following, we
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BLG theory probing K3 �
is characterized by the representations under SO(2)′E × SO(6)R as

XI : 8v → 60 ⊕ 12 ⊕ 1−2

ϵ : 8s+ ⊕ 8s− → 40 ⊕ 42 ⊕ 4−2 ⊕ 40

Ψ : 8c+ ⊕ 8c− → 42 ⊕ 40 ⊕ 40 ⊕ 4−2. (45) k3content

Therefore the bosonic field content is

• 6 scalar fields φI : 60

• 1-form Φz: 12 ⊕ 1−2

and fermionic field content is

• 8 scalar fields ψ, λ̃: 40 ⊕ 40

• 4 1-forms Ψz, Ψ̃z: 42 ⊕ 4−2

and supersymmetry is

• 8 scalars ϵ, ϵ̃: 40 ⊕ 40

• 4 1-forms ϵ̃z, ϵz: 42 ⊕ 4−2.

There are six bosonic scalar fields and eight BRST charges in the twisted theory. The fact that
dimΣg = 2 and that there are six scalar fields means that the theory describes two-cycle in 2+(8−6) =
4-dimensional manifold X. The existence of eight supercharges implies that the 4-manifold preserves
8
16 = 1

2 of the supersymmetry. This is the case where the holomorphic curve Σg is embedded in K3
surface. Locally the K3 geometry is the cotangent bundle T ∗Σg. We can also check that the remaining
two scalar fields combine to form a one-form on Σg. A global SO(6) symmetry corresponds to the
rotational symmetry of the six uncompactified dimensions. The six scalars transform as a 6v of SO(6)
and the one-form is an SO(6)-singlet.

In this case eleven-dimensional M-theory space-time (
mspace
36) is given by

M11 = K3 × R1,6/Z2. (46)

We take the configuration as

0 1 2 3 4 5 6 7 8 9 10
K3 × ◦ ◦ × × × × × × ◦ ◦
M2 ◦ ◦ ◦ × × × × × × × ×
Σg × ◦ ◦ × × × × × × × ×

. (47) k3

As seen from (
k3
47), the normal bundle NΣ is real two directions X9 and X10, which requires that two

bosonic scalar fields are twisted, which leads to Table
k3twist1
3 and

k3twist2
4.

3.1 Description of twist

We now wish to derive the twisted Lagrangian and the BRST transformations. From (
k3
47), SO(1, 10)

gamma matrices can be decomposed as
⎧
⎪⎨

⎪⎩

Γµ = γµ ⊗ Γ̂7 ⊗ σ2 µ = 0, 1, 2
ΓI+2 = I2 ⊗ Γ̂I ⊗ σ2 I = 1, · · · , 6
Γi+8 = I2 ⊗ I8 ⊗ γi i = 1, 2

(48) mtx1
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Ψ : 8c+ ⊕ 8c− → 42 ⊕ 40 ⊕ 40 ⊕ 4−2. (45) k3content

Therefore the bosonic field content is

• 6 scalar fields φI : 60

• 1-form Φz: 12 ⊕ 1−2

and fermionic field content is

• 8 scalar fields ψ, λ̃: 40 ⊕ 40

• 4 1-forms Ψz, Ψ̃z: 42 ⊕ 4−2

and supersymmetry is

• 8 scalars ϵ, ϵ̃: 40 ⊕ 40

• 4 1-forms ϵ̃z, ϵz: 42 ⊕ 4−2.

There are six bosonic scalar fields and eight BRST charges in the twisted theory. The fact that
dimΣg = 2 and that there are six scalar fields means that the theory describes two-cycle in 2+(8−6) =
4-dimensional manifold X. The existence of eight supercharges implies that the 4-manifold preserves
8
16 = 1

2 of the supersymmetry. This is the case where the holomorphic curve Σg is embedded in K3
surface. Locally the K3 geometry is the cotangent bundle T ∗Σg. We can also check that the remaining
two scalar fields combine to form a one-form on Σg. A global SO(6) symmetry corresponds to the
rotational symmetry of the six uncompactified dimensions. The six scalars transform as a 6v of SO(6)
and the one-form is an SO(6)-singlet.

In this case eleven-dimensional M-theory space-time (
mspace
36) is given by

M11 = K3 × R1,6/Z2. (46)

We take the configuration as

0 1 2 3 4 5 6 7 8 9 10
K3 × ◦ ◦ × × × × × × ◦ ◦
M2 ◦ ◦ ◦ × × × × × × × ×
Σg × ◦ ◦ × × × × × × × ×

. (47) k3

As seen from (
k3
47), the normal bundle NΣ is real two directions X9 and X10, which requires that two

bosonic scalar fields are twisted, which leads to Table
k3twist1
3 and

k3twist2
4.

3.1 Description of twist

We now wish to derive the twisted Lagrangian and the BRST transformations. From (
k3
47), SO(1, 10)

gamma matrices can be decomposed as
⎧
⎪⎨

⎪⎩

Γµ = γµ ⊗ Γ̂7 ⊗ σ2 µ = 0, 1, 2
ΓI+2 = I2 ⊗ Γ̂I ⊗ σ2 I = 1, · · · , 6
Γi+8 = I2 ⊗ I8 ⊗ γi i = 1, 2
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In the BLG theory the fields and supercharges transform under SO(2)E × SO(8)R as

XI
a : 8v0

Ψa : 8c+ ⊕ 8c−

ϵ : 8s+ ⊕ 8s−. (39) blgfieldrep1

8 bosonic scalar fields XI are the vector representations of SO(8)R corresponding to the rotational
symmetry of 8 transverse directions to the M2-brane. Thus in the above situation, 2n scalars should
be twisted and now there are (8 − 2n) true scalar fields corresponding to transverse flat directions.

Schematically topological twisting can be performed by replacing the original Euclidean rotational
group SO(2)E on Riemann surface by a different subgroup SO(2)′E of SO(2)E × SO(8)R. Although
there are many possible decompositions, in order to obtain the descriptions of curved membranes, we
consider the following decomposition

SO(8) ⊃SO(8 − 2n) × SO(2n)
⊃SO(8 − 2n) × SO(2)1 × · · ·× SO(2)n, (40) splitso8

which corresponds to the situation where the Calabi-Yau manifold X enjoy the decomposable line
bundles as the form X =

⊕
i Li → Σg. Under the decomposition (

splitso8
40), R-charges for 8v, 8s and 8c are

determined as follows.

1. SO(8) ⊃ SO(6) × SO(2)1

8v =60 ⊕ 12 ⊕ 1−2

8s =4+ ⊕ 4−

8c =4− ⊕ 4+. (41) k3twist

2. SO(8) ⊃ SO(4) × SO(2)1 × SO(2)2

8v =400 ⊕ 102 ⊕ 10−2 ⊕ 120 ⊕ 1−20

8s =2++ ⊕ 2′
+− ⊕ 2−− ⊕ 2′

−+

8c =2−+ ⊕ 2′
−− ⊕ 2+− ⊕ 2′

++. (42) cy3twist1

3. SO(8) ⊃ SO(2) × SO(2)1 × SO(2)2 × SO(2)3

8v =2000 ⊕ 1002 ⊕ 100−2 ⊕ 1020 ⊕ 10−20 ⊕ 1200 ⊕ 1−200

8s =1+++ ⊕ 1++− ⊕ 1+−− ⊕ 1+−+ ⊕ 1−−+ ⊕ 1−−− ⊕ 1−+− ⊕ 1−++

8c =1−++ ⊕ 1−+− ⊕ 1−−− ⊕ 1−−+ ⊕ 1+−+ ⊕ 1+−− ⊕ 1++− ⊕ 1+++. (43) cy4twist1

4. SO(8) ⊃ SO(2) × SO(2)1 × SO(2)2 × SO(2)3 × SO(2)4

8v =10002 ⊕ 1000−2 ⊕ 10020 ⊕ 100−20 ⊕ 10200 ⊕ 10−200 ⊕ 12000 ⊕ 1−2000

8s =1++++ ⊕ 1++−− ⊕ 1+−−+ ⊕ 1+−+− ⊕ 1−−++ ⊕ 1−−−− ⊕ 1−+−+ ⊕ 1−++−

8c =1−+++ ⊕ 1−+−− ⊕ 1−−−+ ⊕ 1−−+− ⊕ 1+−++ ⊕ 1+−−− ⊕ 1++−+ ⊕ 1+++−. (44) cy5twist1

3 Membrane Quantum Mechanics
k3sec

We start with the twisting by using the decomposition (
k3twist
41). Requiring the existence of the covariant

constant spinor after twisting, one can uniquely determine the twisting in this case. The twisted theory
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 N∑ 

N  =  8 SUSY	


In the BLG-model the fields and supercharges transform under SO(2)E ⇥ SO(8)R as

XI
a : 8v0

⇥a : 8c+ ⇤ 8c�

� : 8s+ ⇤ 8s�. (3.2) blgfieldrep1

There are eight scalar fields XI transforming as the vector representations of the R-symmetry SO(8)R

that represents the rotational group of the transverse space of the M2-brane. They are sections of the
normal bundle, which is trivial in this case. However, corresponding to and (

m2geom2geo
3.1), now the tangent

bundle TX of the ambient Calabi-Yau manifold X is decomposed as

TX = T� ⇤N� (3.3)

where T� is the tangent bundle over the Riemann surface �g and N� is the normal bundle of it. Given
a calibrated cycle, one can ask which normal deformation, if any, is a normal deformation through
a family of calibrated cycles. Namely we should take into account the existence of the non-trivial
normal bundle of calibrated cycles [

MR1664890
20]. These transitions from scalars (trivial normal bundle) to the

non-trivial normal bundles are intimately connected with the way in which the field theory on R⇥�g

realizes supersymmetry. The reason is that along with the coupling to the curvature on the Riemann
surface, there now exists a coupling to an external SO(2n) gauge group, R-symmetry background.
One can preserve supersymmetry on the holomorphic Riemann surface by choosing SO(2) Abelian
background from the SO(2n) appropriately.

Such a procedure is given by topological twisting [
Bershadsky:1995qy
21]. Thus we attempt to twist BLG-model to

obtain the curved M2-branes’ theories. Schematically topological twisting procedure can be achieved
by replacing the original Euclidean rotational group SO(2)E on the Riemann surface by a di⇤er-
ent subgroup SO(2)⇥E of SO(2)E ⇥ SO(8)R. Although there are many possible ways to pick such
subgroups, here we will consider the following decomposition

SO(8) ⌅SO(8� 2n)⇥ SO(2n)

⌅SO(8� 2n)⇥ SO(2)1 ⇥ · · ·⇥ SO(2)n. (3.4) splitso8

The SO(8�2n) is the rotational group of the Euclidean space perpendicular to the Riemann surface,
while the SO(2)i are diagonal subgroups of the external SO(2n) gauge group. The meaning of this
decomposition is that the Calabi-Yau manifold X enjoys the decomposable line bundles as the form
X =

�
i Li ⇧ �g. Under the decomposition (

splitso8splitso8
3.4), R-charges for 8v, 8s and 8c are determined as

follows.

1. SO(8) ⌅ SO(6)⇥ SO(2)1

8v =60 ⇤ 12 ⇤ 1�2

8s =4+ ⇤ 4�

8c =4� ⇤ 4+. (3.5) k3twist

2. SO(8) ⌅ SO(4)⇥ SO(2)1 ⇥ SO(2)2

8v =400 ⇤ 102 ⇤ 10�2 ⇤ 120 ⇤ 1�20

8s =2++ ⇤ 2⇥+� ⇤ 2�� ⇤ 2⇥�+

8c =2�+ ⇤ 2⇥�� ⇤ 2+� ⇤ 2⇥++. (3.6) cy3twist1
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Twisted K3 BLG Lagrangian�



Step1. BPS eq. → low-energy conf.	


R	


× 



BPS conf.	




Step2. Integration over the Riemann surface	


N=8 superconformal gauged QM	


•  SL(2,R) conformal symmetry 	

•  N = 8 SUSY	
Effective action possesses	


 may describe curved M2-branes！	

Now testing…	


(reduced Gromov-Witten inv. etc.)	


Information of the curved Riemann surface�



IV. Conclusion �



We found N ≧ 8 SCQM models	

which are not available 	


via superfield & superspace formalism. 	

	


They may describe 	


the M2-branes 	

wrapping a Riemann surface. �

Conclusion�



•  Other Calabi-Yau case	

•  ABJM with g≠1case	

•  Analysis of the M2-branes through SCQM	


Future work�

•  AdS2/CFT1 (Black hole physics)	

•  3=1+2  (AGT like relation arising from M2)	

•  reduced Gromov-Witten inv.	

•  construction of new SCQM	


Application�


