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What is Dark Matter”/

MIiCroscopic > continuum limit
proton = 1GeV, WIMP 100GeV? -> 1021/g
cold (or at most lukewarm) > Vithermal € Vbulk
e.g. thermally produced at very early times, cooled since then
.. ! <
negligible cross-section > ODM < Cem
weak-scale or even weaker CO||ISIOﬂ|eSS

...and also the dominant gravitating component (~80%)

at first order, structure formation is well described by assuming all matter is dark matter



Dark Matter - properties on small scales

P(k) CMB

galaxy clustering
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dynamic range ' k
of simulation ICs

hot warm cold

velocity

position
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1D behaviour under self-gravity

cusp forms,
shell-crossing,
but no shock!

velocit time velocity
-————3L —l

uoljisod

Vanishing collision-term
= not in hydro limit
= velocity can be multi-valued

= cannot stop at low order moments

= have to discretize distribution function

= singular caustics emerge

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



Dark Matter - fluid flow

Lagrangian description, evolution of fluid element
Q CR? = R" : qr (x4(1),vg(t))

/\

density
constant

density 1

85137;
8(17'

P = MpwM

For DM, motion of any point g depends only on gravity

CN unlike hydro, no internal
(Xq; Va) = (Vq; =V ) temperature, entropy, pressure

So the quest is to solve Poisson’s equation
Ap = 4ArnGp

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



N-body vs. continuum approximation
The N-body approximation:

/\

ie{l...N} = (x;,v;)

r

= EoM are just Hamiltonian N-body eq. (method of characteristics)

for small N, density field is poorly estimated,
p = mpZ(SD(a: — ) QW

continuum structure is given up, but ‘easy’ to solve for forces

hope that as N->very large numbers, approach collisionless continuum

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



Problems of the N-body method

discreteness effects with some influence of softening

_ glass 128°
Scattering

3

Clumping/ a2

Fragmentation

~

Wang&White 2007

Most obvious for non-CDM simulations!
(e.g. Centrella&Melott 1983, Melott&Shandarin 1989, Wang&White 2007)

IPMU Seminar Oliver Hahn

glass 256°

grid 1287

Tokyo, June 12, 2015



Main Problem: two-body effects couple particles!

two fluids, coupled only through gravity:

01,2
81; +V fol’g — V¢ . VVfLQ =0
Ap =4nG (pr+p2) | f
__1.00¢
o €
£ I
9 no 0.95f
\ L
™)
~% 0.90
Q ® 0.85
very sensitive to spurious coupling! 0.80}
0.75
Problem for precision predictions
of high-z baryon distribution
IPMU Seminar Oliver Hahn

1.10F ™™™

2roblems of the N-body method: multi-fluid

Angulo, Hahn & Abel 2013

>2<>°<>< >2<><
iy

Treel € = 100 kpe/h

XWM

MMW%

0 * 1
A Tree2, € = 52 kpc/h X

O PM1, N = 512° "

X PM2, N = 2048° )K N
X PG3, AGS 2 = ¥9
—— Linear Theory %

Lol 1 1 1 L 1ol ] N4
0.01 0.10 1.00

kK [h/Mpc]
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Dark Matter - fluid flow, full manifold description

Lagrangian description, evolution of fluid element
Q CR? = R" : qr (x4(1),vg(t))

as

Describe map between Lagrangian and Eulerian space by

(infinite dimensional) space of tri-polynomials
k

QeP.,={r(@)|ma)= > aap 5%}
a,B3,v=0
Exact for k — oo, manitold tracking instead of particles

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



—quations of motion:

N-body characteristics

X, =vVv;, and v;=—V_,0¢ x; with 2 € N
Characteristics on Lagrangian manifold
Xq =Vq, and vgq=— Vm¢’xq , withq € Q

Polynomial expansion of EoM leads to EoM for coefficients
Xaﬁfy = Vapy Vozﬁ*y — _p_lfozﬁfya a, 5,7 €N

finite expansion at order k leads to the following truncation error:

Av=—p~t > fap 00 @3
a,B,v=k+1
sourced by high order derivatives of the force field across the element

-> need to keep bounded to keep energy conservation bounded
-> refinement essentiall

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



Lagrangian elements of order k

>

Finite order maps: =
s
O]
>
k=1
bi-linear
i . position
S 3 é
I S
k=2
9 o ® > bi-quadratic
62 3 =
(%Z- !
. = m
affnemap 7~ "PM|5g;
tetrahedral
cost:
truncation error
In EoM!

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



Describing the density field & softening |

gi—(x,v) gi—(x,v)
o
o g2 (X,V) g2 (X,V)
o o o
® ® ) ® ' 4 »‘
o
o o
8337; 1
p:mp26p(af—aji)®W p = my Z deta.
streams qJ

time

o

- particle locations

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



Need adaptive refinement

approximate element mass distribution by recursively deposited ‘mass carrier particles’

(these are not active, i.e. no degrees of freedom)

® ® ® ® ®
[ [ o o
® ®
o L [ o
® ® ® [ ®
[ [ o [
® ®
o [ [ o
[ @ ® ® [
m=1 m=2
adaptive refinement:
O O O O O
O O O O O
O O O O O

a. element is flagged for
refinement

IPMU Seminar Oliver Hahn

b. positions and velocities are
determined at mid-points

3
I
w

Cc. new elements are created
using the mid-point values

Hahn & Angulo 2015
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Three dimensions

" Pt
.'ih- ¥
’ r

A B i

AF "ML‘

<

rendering

points for particles. rendering tetrahedral phase space cells.

Same simulation data! (Abel, Hahn, Kaehler 2012)
IPMU Seminar Oliver Hahn Tokyo, June 12, 2015






Describing the density field & softening |l

p:mpz&)(x—aji)@)W p=my Z

streams

need softening,
no knowledge what it

should be (empirical?) self-adaptive

@ 000 QD
@ 00 0 B
@ 00 0 B
@ 0 0 0 @

what are the evolution equations for W?
= evolution of the local manitold!

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



300eV toy WDM problem

fixed mass resolution, varying force resolution:

20 : .

".125.33/10243 : : g force reS.
gt i : >
: features become sharper

fragmentation appears

PM 128%/256°

10§

sheet
adrupole

sheet tesselation
based method cures
artificial fragmentation

¥’
-

4PM 128%/512°

= T4PM 128%1024°

h™ Mpc h™ Mpc h™ Mpc
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Limitations - diffusion/loss of energy cons.

Mixing - (phase or chaotic)
need increasingly larger number of elements to trace the sheet surface

hi-res N-body tesselated cube orbiting
INn non-harmonic potential

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015



refinement + higher order!

hi-res N-body tesselated cube orbiting adaptively refined tri-quadratic
in non-harmonic potential phase-space element

first alternative to N-body in highly non-linear regime!
+ able to track fine-grained phase space  Hahn & Angulo 2015



Final results with refinement

t=12
6201 62005 i. quaderatic interpolant for refinement

I. tetrahedra

AE/E=2e-3

t=24, ©=0.1

ii. quartic interpolant for refinement

i, tri-linear

SO

ii. tri—q uadratic iii. high-res N-body solution

(=X~

IPMU Seminar Oliver Hahn Tokyo, June 12, 2015

AE/E=5e-4

~ Hahn & Angulo 2015



Orbit test

1.8
1.6
1.4
1.2

E(®t) / Eiitia

0.8
100

10

V() / Vinitial

no refinement

tetrahedra
linear
—— quadratic

2.5 ) 7.5 10
time [arbitrary units]

IPMU Seminar

12.5

V() / Vinitial

Oliver Hahn

10

refinement

T T T T I T T T T J/I T T T

tetrahedra, ©=0.05
tetrahedra, ©=0.1
tetrahedra, ©=0.2
linear, ©=0.05

linear, ©=0.1

linear, ©=0.2
quadratic, ©=0.05
quadratic, ©=0.1

- - -+ quadratic, =02 -~

-

=
-
-
------
-

o

2.5 ) 7.5 10 12.5
time [arbitrary units]
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Self-gravitating tests 1

axis aligned
1E -
B i 0.2f
. P — U ] :
0.1 Vol - - oF
- / .
- / -%-- N-body .
5 i / —— quadratic, deposit Ivl. 3 -0.2
-*§ i y —8— quadratic, deposit Ivl. 2 ]
Q = — -04
£ - 3 15
o - ] B
5 [ ] 10
3 _
10 = E > 0
E : 5
i i ~10
1 0—4 I I I I I r
64 128 256 512 1024 -15
PM force res.
IPMU Seminar Oliver Hahn

323 particle plane wave,

323 particle plane wave,
obligue

041

I T T T I
high-res 1D N-body |
() quadratic
m linear

* N-body

- k=(2,3,5)

a=4across

Tokyo, June 12, 2015



2D tests, perturbed wave, no refinement

a. N-body 323

-~ .
' - .
. .'-. P
. . ‘ _""‘ s
- Jipn
. . s ~-...' ’
» K i,
. .
> .

. tri-quadratic reconstructed from N-body 323
C. tri-linear 323

tri-quadratic 323 self-consistent

difference not due to ‘rendering’!
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D tests, perturbed wave, refinement

" .
Y ow e

Nt
" aas
fage

+— 4
(= (@
) O
= =
O )
S E
“— y—
= o

c. 5123 N-body
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First determination of WDM halo mass function!

LR | L L | L L | L L |
RN
1077 250eV
X Tree—PM ¢— 1
PM A-A ]
— TAPM O - £
S 1072k . 3
0, C
=]
AN
< L xS T BM
= 1073kaat .
= 2 E
£ "
o [
} [
R
10 = =
- I
|
I
1073 .
10°F | 5 4
C I .
§10mtf
R o
~
S 1077
1073 . . . .
1010 1011 1012 1013 1014
M [h™'Mg]

Angulo, Hahn & Abel 2013
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Towards the WDM mass function...

...halo finding becomes challenging

Very dense cores of filaments, linking the halo structures

15

10

y [h™" Mpc]

0 5 10 15 0
x [h™! Mpel

More work has to be done to understand structure formation.
what do baryons do in such a universe? we don’t know yet!
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Structures at different masses...

[
5
s

2x10" - 5x10'° 5x10'" - 1x10'"" 1x10' - 3x10'" 3x10' - 8x10'' 8x10' - 2

=

Are at different stages of formation...

IPMU Seminar

Oliver Hahn

dn/dInM [(h/Mpc)?]

Fraction

lI L | oo Err LR | ! L |
—— Schneider et al (2012) 250eV
-~ Schneider et al (2013) All o—o
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let’s go cosmological

| : |
2 z =1.0
10" z =23 ]
z = 4.0
' \ _ 10! -
,g. 0 |
. = 10 B
N
£
— 107!}
_ 2 el P \
- * 02k Tetrahedra
. Linear
Quadratic
1073 Quadratic, 1 ref. levels
Quadratic, 3 ref. levels
1074 . .. .. , s \ ,
8.00_IIIIII| | | T T T 11 | |
~ 6.00F z =1
g [
o 4.00F
~ 5
= 200
o,
0.00L 1 v v o1l | Lo ol |
1 10
k [h/Mpc]

no fragmentation, no shot noise
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Conclusions

e | agrangian elements can give new insights into existing simulations
(density/velocity fields, multi-stream analysis,...)

e Provide also self-consistent simulation technique.
(functional when using high-order and adaptive refinement)

e Solves fragmentation problems of N-body

® requires refinement to ensure energy conservation

e First methodological test of N-body in deeply non-linear regime

e Stay tuned for halo properties...
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