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Combined  with  QM,  accounts  for  the  production  of  cosmological  perturbations  
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Quantization  in  the  
Schrödinger  picture
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Number  of  Particles

and  Initial  State


Quantum  State  of  Cosmological  Perturbations


harmonic  oscillator
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Stochas'c	
  Formalism	
  

!̂ (x) = !̂ cg +

!
dk

(2" )3/ 2
W

"
k

#aH

#
$
! k (t) e! ikx âk + h.c.

%

Upshot:	
  derive	
  a	
  (stochas'c	
  and	
  classical)	
  *+*,-.*%/0*123%for	
  the	
  coarse-­‐
grained	
  part	
  of	
  the	
  field,	
  integra'ng	
  out	
  the	
  small	
  wavelength	
  modes.	
  

The	
  physical	
  scales	
  probed	
  in	
  the	
  CMB	
  are	
  456*278599:*%at	
  the	
  end	
  of	
  infla'on	
  

At	
  the	
  level	
  of	
  the	
  ac'on,	
  this	
  can	
  be	
  done	
  using	
  the	
  	
  ;,0<=>?*27@*:A340%B12CD:=4C%

Morikawa,	
  1990	
  
Hu	
  &	
  Sinha,	
  1995	
  

Matarrese,	
  Musso	
  &	
  Rioao,	
  2003	
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Stochas'c	
  Formalism	
  

Heuris'cally,	
  this	
  can	
  be	
  done	
  at	
  the	
  level	
  of	
  the	
  *F5D-1>%1B%C1-1>%

Starobinsky,	
  1984,	
  1986,	
  see	
  also	
  1982	
  
Rey,	
  1987	
  

Goncharov,	
  Linde	
  &	
  Mukhanov,	
  1987	
  
Nakao,	
  Nambu	
  &	
  Sasaki,	
  1988	
  

Let	
  us	
  insert	
  the	
  decomposi'on	
  

!̂ (x) = !̂ cg +

!
dk

(2" )3/ 2
W

"
k

#aH

#
$
! k (t) e! ikx âk + h.c.

%

In	
  the	
  Klein-­‐Gordon	
  equa'on	
  of	
  mo'on	
  

and	
  expand	
  in	
   ! ! ! cg
¨̂! + 3H ˙̂! + V !

!
!̂

"
= 0
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Stochas'c	
  Formalism	
  

At	
  leading	
  order	
  in	
  slow	
  roll:	
  

with	
  

Modes	
  smaller	
  than	
  the	
  coarse-­‐graining	
  scale	
  are	
  constantly	
  escaping	
  
	
  the	
  Hubble	
  radius	
  and	
  4152,*%/0*%,1D24*7?2D=>*A%4*,/12.	
  	
  

ö! 1 = �
!

dk

(2" )3/2

#
#t

"
W

#
k

$aH

$%
&
%
k

(t) e! ikxöa
k

+ h .c.
'

úö�cg +
V !

!
ö�cg

"

3H2 = ö⇠1
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Stochas'c	
  Formalism	
  

ID2?*%;F5**J=>?%Approxima'on:	
   ö! 1 ! ! 1
F5D>/5C%16*2D/12% 4/1,0D4-,%.D2=D9:*%

⇠1 is	
  a	
  Gaussian	
  stochas'c	
  variable	
  with	
  two-­‐point	
  correla'on	
  

! ! 1(x, t )! 1(x!, t ! )" #
D

ö! 1(x, t ) ö! 1(x!, t !)
E

qu

=
sin ("aH |x $ x!|)

"aH |x $ x!|
" 3H 5

2#2a3 |$k |2k= !aH %(t $ t!)

for	
  a	
  step	
  	
  
window	
  func'on	
  
(Markovian)	
  

(H/ 2! )2

in	
  de	
  Siaer	
  

B»	
  1	
  if	
  x	
  and	
  x’	
  are	
  in	
  the	
  same	
  Hubble	
  patch	
  	
  	
  
B»	
  0	
  if	
  x	
  and	
  x’	
  are	
  in	
  different	
  Hubble	
  patches	
  	
  	
  
	
  

!" cg

!N
+

V 0

3H 2 =
H
2#

$ ! ! (N )! (N !)" = " (N # N !)with	
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What	
  Physics	
  does	
  it	
  model?	
  

Stochas'c	
  Infla'on	
  

The	
  F5D>/5C%,122*,-1>	
  to	
  the	
  super-­‐horizon	
  dynamics	
  	
  
sourced	
  by	
  the	
  sub-­‐horizon	
  modes,	
  collected	
  in	
  an	
  effec've	
  noise	
  term	
  	
  
	
  
	
  What	
  observa'onal	
  effect	
  does	
  this	
  have?	
  

@�

@N
+

V !

3H2 =
H

2⇡
⇠

•  During	
  one	
  efold,	
  Δφcl	
  ≈	
  V’/3H2	
  and	
  Δφqu	
  ≈	
  H/2π	
  

! ! qu

! ! cl
' 3H 3

2"V 0 =
!
P! ⇠ 10�4 ;CD::%*+*,/%in	
  

	
  the	
  observa'onal	
  window?	
  

•  ;0=K4	
  the	
  loca'on	
  of	
  the	
  194*2.D-1>D:%<=>A1<%
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Stochas'c	
  Infla'on	
  
Hybrid	
  Infla'on	
  

V (!, " ) = ! 4

! "
1 !

# 2

M 2

# 2

+
! 2

µ2
+ 2

! 2# 2

! 2
cM 2

$

Linde,	
  1994	
  
Copeland,	
  Liddle,	
  Lyth,	
  Stewart,	
  Wands,	
  1994	
  

d�

dN
= !

2⇤4�

3H2µ2

!
1 +

2 2µ2

�2
cM

2

"

+
H

2⇡
⇠� (N) ,

d 

dN
= !

4⇤4

3H2M2 

!
�2 ! �2

c

�2
c

+
 2

M2

"

+
H

2⇡
⇠ (N) .
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Stochas'c	
  Infla'on	
  
Hybrid	
  Infla'on	
  

V (!, " ) = ! 4

! "
1 !

# 2

M 2

# 2

+
! 2

µ2
+ 2

! 2# 2

! 2
cM 2

$

J.Mar'n	
  &	
  VV,	
  2011	
  

µ/M Pl = 3190.4

M/M Pl = 0 .1503

! c/M Pl = 0 .1503

! /M Pl = 0 .01418

! in /! c = 1 .0001

" in /M = 10! 9
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Stochas'c	
  Infla'on	
  
Hybrid	
  Infla'on	
  

V (!, " ) = ! 4

! "
1 !

# 2

M 2

# 2

+
! 2

µ2
+ 2

! 2# 2

! 2
cM 2

$

J.Mar'n	
  &	
  VV,	
  2011	
  

hNi = 50

Nclassical = 1252
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What	
  Physics	
  does	
  it	
  model?	
  

Stochas'c	
  Infla'on	
  

The	
  F5D>/5C%,122*,-1>%to	
  the	
  super-­‐horizon	
  dynamics	
  	
  
sourced	
  by	
  the	
  sub-­‐horizon	
  modes,	
  collected	
  in	
  an	
  effec've	
  noise	
  term	
  	
  
	
  
	
  What	
  observa'onal	
  effect	
  does	
  this	
  have?	
  

@�

@N
+

V !

3H2 =
H

2⇡
⇠

•  During	
  one	
  efold,	
  Δφcl	
  ≈	
  V’/3H2	
  and	
  Δφqu	
  ≈	
  H/2π	
  

! ! qu

! ! cl
' 3H 3

2"V 0 =
!
P! ⇠ 10�4 ;CD::%*+*,/%in	
  

	
  the	
  observa'onal	
  window?	
  

•  ;0=K4	
  the	
  loca'on	
  of	
  the	
  194*2.D-1>D:%<=>A1<%

•  Concretely,	
  what	
  features	
  does	
  it	
  add	
  to	
  the	
  standard	
  predic'ons?	
  

81<%A1%<*%,D:,5:D/*%,122*:D-1>%B5>,-1>4%1B%%
,14C1:1?=,D:%6*2/529D-1>4%=>%4/1,0D4-,%=>LD-1>M%
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Correla'on	
  Func'ons	
  in	
  Stochas'c	
  Infla'on	
  

Test	
  Fields	
   •  Scalar	
  field	
  on	
  infla'onary	
  background:	
  Starobinsky,	
  Yokoyama,	
  1994	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Finelli,	
  Marozzi,	
  Starobinsky,	
  Vacca,	
  Venturi,	
  2008	
  &	
  2010	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Garbrecht,	
  Rigopoulos	
  and	
  Zhu,	
  2013	
  
	
  	
  

•  Scalar	
  electrodynamics:	
  Prokopec,	
  Tsamis,	
  Woodard,	
  2007	
  &2008	
  

•  Purely	
  Gravita'onal	
  Systems:	
  Tsamis,	
  Woodard,	
  2005	
  

Standard	
  QFT	
  results	
  recovered	
  for	
  <φ2>	
  

Perturba've	
  Expansion	
   � = �cl + ��
!
��2

"
=

# !aH

P"# (k)d log k
Mar'n,	
  Musso,	
  2005	
  
Kunze,	
  2006	
  
Finelli,	
  Marozzi,	
  Starobinsky,	
  
	
  Vacca,	
  Venturi,	
  2008	
  	
   Standard	
  result	
  recovered	
  at	
  leading	
  order	
  for	
  Pζ	
  

Replica	
  Field	
  Theory	
   Kuhnel	
  and	
  Schwarz,	
  2008	
   (test	
  scalar	
  field	
  in	
  de-­‐Siaer)	
  

Stochas'c-­‐	
  δN	
  formalism	
   Enqvist,	
  Nurmi,	
  Podolsky,	
  Rigopoulos,	
  2008	
  
Fujita,	
  Kawasaki,	
  Tada,	
  Takesako,	
  2013	
  &	
  2014	
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The	
  δN	
  formalism	
  	
  

! (t, x ) = N (t, x ) ! N0(t) " "N

!x = const.

t in

t f

spa'ally	
  flat	
  slice	
  Ψ(x)=0	
  

uniform	
  density	
  slice	
  δρ(x)=0	
  

On	
  large	
  scales,	
  the	
  ,52.D/52*%6*2/529D-1>%on	
  the	
  uniform	
  density	
  surface	
  is	
  equal	
  to	
  the	
  	
  
6*2/529D-1>%=>%/0*%>5C9*2%1B%*7B1:A4%between	
  the	
  uniform	
  density	
  surface	
  and	
  the	
  ini'al	
  flat	
  slice	
  

Starobinsky,	
  1982	
  &	
  1985	
  
Sasaki,	
  Stewart,	
  1996	
  
Sasaki,	
  Tanaka,	
  1998	
  
Wands,	
  Malik,	
  Lyth,	
  Liddle,	
  2000	
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The	
  stochas'c-­‐δN	
  formalism	
  	
  
k �! �! (k)•  Loca'on	
  of	
  the	
  observa'onal	
  window:	
  

•  Number	
  of	
  e-­‐folds:	
  	
  N (�⇤) �! �N 2 ⌘
!
N 2"

� hN i2

N

!

�⇤

�end

N NN N
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The	
  stochas'c-­‐δN	
  formalism	
  	
  
k �! �! (k)•  Loca'on	
  of	
  the	
  observa'onal	
  window:	
  

•  Number	
  of	
  e-­‐folds:	
  	
  N (�⇤) �! �N 2 ⌘
!
N 2"

� hN i2

•  Integrated	
  Power:	
  �N 2 (k) =
! kend

k
P!N (k)

dk
k

=
! ln kend

ln kend !"N # (1 ! " 1 ! + ááá)
P!N dN
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The	
  stochas'c-­‐δN	
  formalism	
  	
  
k �! �! (k)•  Loca'on	
  of	
  the	
  observa'onal	
  window:	
  

•  Number	
  of	
  e-­‐folds:	
  	
  N (�⇤) �! �N 2 ⌘
!
N 2"

� hN i2

•  Integrated	
  Power:	
  �N 2 (k) =
! kend

k
P!N (k)

dk
k

=
! ln kend

ln kend !"N # (1 ! " 1 ! + ááá)
P!N dN

•  Scalar	
  Power	
  Spectrum:	
   P! (k) = P" N (k) =
d�N 2

d !N "

=
d�N 2/d�!

d !N " /d�!

N*F5=2*4%/1%,1C65/*%%%%%%%%%%%%%%%%%%%%%%%%%%D>A%%%%%!N " (�! ) �N 2 (�! )
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First	
  Passage	
  Time	
  

O1PP*27Q:D>,P%equa'on	
  ID>?*.=>	
  equa'on	
  

First	
  Passage	
  Time:	
  Louis	
  Bachelier,	
  1900	
   L  
FP á !N " (! ! ) = 1

hN i!! v � hN i! v!

v
= �1 where	
   v = V/ (24! 2M 4

Pl )

How	
  do	
  we	
  recover	
  the	
  ,:D44=,D:%2*45:/M%%

!N " =
Z

�!

�end

dx
M Pl

Z ø
�

x

dy
M Pl

1
v (y)

exp


1
v (y)

#
1

v (x)

�
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!"
!N

+
V !

3H 2
=

H
2#

$ ! !
!N

P (", N ) =
!

!"

!
V !

3H 2
P (", N )

"
+

! 2

!" 2

!
H 2

8#2
P (", N )

"

= �LFP · P (", N )
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First	
  Passage	
  Time	
  

!N " =
Z

�!

�end

dx
M Pl

Z ø
�

x

dy
M Pl

1
v (y)

exp


1
v (y)

#
1

v (x)

�
;DAA:*%Q1=>/%Approxima'on	
  

����2v � v00v2

v02

���� ⌧ 1

!N " #
! ! !

! end

dx
M 2

Pl

v(x)
v!(x)

"
1 + v (x) $

v!! (x) v2 (x)

v!2 (x)
+ á á á

#

Classical	
  result	
   First	
  order	
  correc'on	
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Scalar	
  Power	
  Spectrum	
  

P! (�⇤) = 2

(Z ø"

" !

dx

MPl

1

v (x)

exp


1

v (x)

!
1

v (�⇤)

�)�1

"

Z ø"

" !

dx

MPl

(Z ø"

x

dy

MPl

1

v (y)

exp


1

v (y)

!
1

v (x)

�)2

exp


1

v (x)

!
1

v (�⇤)

�

����2v � v00v2

v02

���� ⌧ 1Saddle	
  Point	
  Approxima'on	
  

P! (! ! ) ' 2
M 2

Pl

v3 (! ! )

v"2 (! ! )


1+5v (! ! ) � 4

v2 (! ! ) v"" (! ! )

v"2 (! ! )
+ · · ·

�

Classical	
  result	
   First	
  order	
  correc'on	
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First	
  Passage	
  Time	
  
Higher	
  Moments	
  

L 
FP · hN pi (�! ) = p

!
N p" 1

"
(�! )

! N 2 = 2
! ! end

! !

dx
! x

! "

dy!N " !2 (y) exp
"

1
v (y)

#
1

v (x)

#

! N 3 = 6
! ! end

! !

dx
! x

! "

dy !N " ! (y)! N 2!
(y) exp

"
1

v (y)
#

1
v (x)

#

á á á = á á á

! N p (" " ) =
! ! end

! !

dx
! x

! "

dy
$
2p!N " ! (y) ! N p# 1!

(y) + p(p # 1) !N " !2 (y) ! N p# 2 (y)
%

exp
"

1
v (y)

#
1

v (x)

#

R>D:3-,D:	
  expression	
  for	
  D::%C1C*>/4%S%
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10! 12 10! 10 10! 8 10! 6 10! 4 10! 2 100 102 104

v" = V (! " )/ (24" 2M 4
Pl )

10! 12 10! 10 10! 8 10! 6 10! 4 10! 2 100 102 104

!
!2v" ! v##

" v2
" /v #

"
2!
!

10! 13

10! 11

10! 9

10! 7

10! 5

10! 3

10! 1

101

103

105

107

109

1011

1013

1015

P
!

100 101 102 103 104 105 106 107 108

! " /M
Pl

! end ! 50
"

P!

P! |cl

Example	
  1:	
  Large	
  Field	
  Infla'on	
  V =
m2

2
! 2

Scalar	
  Power	
  Spectrum	
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2.0822 2.0822 2.0822 2.0819 1.9071
v! = V(! ! )/ (24" 2M 4

Pl
)

1.9 ! 103 3.0 4.8 ! 10" 3 7.7 ! 10" 6 1.4 ! 10" 8

!
!2v! " v##

! v2
! /v #

!
2!
!

10" 12

10" 10

10" 8

10" 6

10" 4

10" 2

100

102

104

106

108
P

!

10" 7 10" 6 10" 5 10" 4 10" 3 10" 2 10" 1 100 101

! ! /M Pl ! end! 50
!

! 10" 9

P!

P! |cl

Example	
  2:	
  Small	
  Field	
  Infla'on	
  V = M 4

!

1 !
"

!
µ

# 2
$

Scalar	
  Power	
  Spectrum	
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4

"

F5D>/5C%?2D.=/3	
  effect	
  …	
  but	
  >1/%1>:3!	
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Thank	
  you	
  for	
  your	
  aaen'on!	
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Example	
  1:	
  Large	
  Field	
  Infla'on	
  V =
m2

2
! 2

June	
  2015	
   #!"#$%



First	
  Passage	
  Time	
  

Example	
  2:	
  Small	
  Field	
  Infla'on	
  V = M 4

!

1 !
"

!
µ

# 2
$
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The	
  δN	
  formalism	
  	
  

Usual	
  Calcula'on:	
  

! (t, x ) = "N !
#N
#$

"$

classical	
  trajectory	
  

1p
2! 1M Pl

H

2⇡
⇠

Power	
  Spectrum:	
  

P! =
1

2M 2
Pl! 1 (k)

!
H (k)

2"

" 2

(standard	
  result)	
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