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Wtion \/

Symmetric Categorical Group = categorification of Abelian group

category 2-category

general theory | Abelian categoVDeﬁne this !!

example Ab SCG

We call: | Relatively exact 2-category

(Def 3.7 2%)

% cf. ‘Cohomology theory in 2-categories’ in Theory and Appl. Catey.



%gory (s

= ‘category with 2-cells’

S : 2-category 2-cell

V9_cell in S is invertible

e.g.

‘Dual’ = invert the direction of 1-cells

faithful < cofaithful
kernel < cokernel
pullback < pushout




'2-categorical-netions S

@ properties of 1-cells

category 2-category

monomorphic

Iy Anbhd

7Y strong

AL B:lcellin S caegory

£+ (Fully R -

def fo— S(X,A) —» S(X,B)
functor is (fully) faithful for any O-cell X




}alegoricaIW '

@ Bilimits (cf. Borceux, Handbook of categorical algebra)

e.g. pullback (A1 xp As, fi, fi,n)

A _ Ay
of \fi is the - I2

B universal among X ﬂ&

/f one mg 7

1

1

Ay
i.e. for any (X, xl,mg,f), there exists a factorization (ac,él,&g)
g1 compatible with & and 7n
wl / \ gofiofo———— i g1 © fo
X —> 41 xp 4, || oot o [
%-} \ /1 go fyo f1TQ?Df1

g2

uniquely up to a unique 2-cell.



)pmetrlc Categorical-Group——

= symmetric 2-group = Picard category

A symmetric categorical group
= a symmetric monoidal category (G, ®,0)

/
category
R:GxG—=G

tensor functor
unit object

such that

i) any morphism A 4 B has an inverse
b/

(ii) any object A has an ‘inverse’ w.r.t. ®
ie. YA € Ob(G), TA* € Ob(G), Fna:0 — A® A* .




 2-category

/ Symmetric Categorical Group

SCG

0-cell = symmetric categorical group G, H,...

1-cell = monoidal functor F :G — H, ...

2-cell = monoidal transformation ~_——

G o H
N ;-
G




/analog of

| Locally SCG 2-category | &= _qditive category

S : locally SCG
def
<

(A1) For every O-cells A, B, Hom-category S(A4, B) belongs to SCG,
and Hom = S(—,—-):S xS = SCG is a 2-functor.

(A2) S has a zero object.

(A3) For any A, B, their product and coproduct exist.




~ Relatively e
/ _ /analog of
Relativel exact 2-category |K s Wan category

S : relatively exact 2-category
def

(A) S is locally SCG.
(B1) For any 1-cell f, Ker(f) and Cok(f) exist.

(B2) For any 1-cell f,
f : faithful & f = ker(cok(f))

f : cofaithful <& f = cok(ker(f)).




R 2- " or ‘bi(co-)l I 1
(wernel >% ‘2-(co)kernel’ or ‘bi(co-)kernel’ would be

a more appropriate term

Kernel < Cokernel

dual

f:1-cellin S
Kernel (Ker(f),ker(f),er)
= the universal one among those (K, k,¢)

0

A——DB

k
3 7 f
Ker(f) ;

i.e. for any (K, k,e), there exists a factorization (k,¢)

Z

compatible with € and €4, uniquely up to a unique 2-cell.




Properties of 1-cellsins —

S : relatively exact 2-category
f:1l-cellin S

f : faithful — f = ker(cok(f))

f : cofaithful — f = cok(ker(f))

f : fully faithful — Ker(f) =0

f : fully cofaithful <= Cok(f) =0

f : equivalence <= f : faithful & fully cofaithful

<= f : cofaithful & fully faithful



}t@fizationﬂ'ﬂé\/‘

Any morphism f in Abelian category C

admits a (monomorphic epimorphic)-factorization:

eplm\ %onom

Coim(f) = Im( f

S : relatively exact 2-category
Any 1-cell f in S admit
(faithful, fully cofaithful)-factorization

dual

(fully faithful, cofaithful)-factorization




Factorizationin-S—— g

In fact,

(faithful, fully cofaithful)-factorization

= Image factorization

(fully faithful, cofaithful)-factorization

= Coimage factorization

In ‘2-categorical homological algebra’,

Image o Coimage



/

Complex |

— SequenceJ él—\[compatibility}

A sequence
0 0

m /m
.‘.%AH_J_FAHTAH—I_]_FAR+2%".
W \ll/

0 0

1s a complex it it satisfies o1 gng gn—1 = gn+igg

dn—|—1 - 57@ il 5n—|—1 - dn—l H o Hcan
for any n € N. 0odt! > ()

call

:1> Want to define cohomology



M

ln
/H

15t naive Deﬁnltlon

H'"(A®) = Cok(d"

% Ker(d_”)

equivalent

Can we obtain long cohomology sequence?

S
TNt

2-cells 4® are not taken into account.

Suitable for [sequences} ,

but not for [ complexes ] .




Byjyalence (R =

H{"(A%) := Cok(d"=1), H*(A®):= Ker(d")

= :
w: A )— HL"(A®) equivalence

SEaeant

Ker(d") Cok(d”_l)
A e
dn—l / U,\ /U \dn
A = % -
Aﬂ—l — An — An-|—1




R/elaj;ive (Co-)Kernel™ _——

= [kernel | + |compatibility |

0
m
A——>B—5—>C : diagram in S

Relative kernel (Ker(f, ), ker(f,¥),e(t.4))

= the universal one among those (K, k,¢)
0

K%
\ffg >g¢

A— —>C
satisfying wok =goe




Wni Kernel\aﬁeW‘

»  Ker(f) = Ker(f, can) - e

»  ker(f,p) factors through Ker(f) :

Ker(f k—\
o (f,%) 7}
f B = C
fully faithful y
(3:33) Ker(f)

» Relative kernel = ‘two—step kernel’ (3.20)
Ker(g
f u\
Ker(f ? 90) / >



%mology%\/ "

A® — (An7 dn7 5n) : COmplex
ZT(A*), 250N Ker(d’”’jdﬂﬂ)
Q" (A®), ¢y Eeek(d” ', ")

\\g_n ‘U >_<’Uﬁ><’ ugm/sr

H (A", v ™)

HP(A®) :=WKer (", u™?) ‘ HT (AR (A*)




/qualence 62%\/

H™(A%) := Hi(A%) > H3(A%)

(5.24)

") Since a relative (co-)kernel is a
w: HP(A®*)—— HI(A®) equivalence

two—step (co—)kernel,
c(k™ v} el L™ ™

this is reducéd s /
Z7(4°)

H1™(A%) = H"(A®)
- v




ﬁaﬂve J-exacthess = _——==

0 0
m /m
e - s . - .

0 0

» A sequence A® is 2-exact at A"
&L ginan) =o.
» A sequence A® is relatively 2-exact at A™

&L gAY =o.




0

relatively 2-exact at A%, A3, B!, B?

\y ﬂ

/ﬁ\ﬁ\\ /w i
Ker(f!) > Ker(f?) - Ker(f?) — Cok( f1) — Cok(f?) — Cok(f?)
L9 W W
2-exact sequence ’ ¥




Statement — — ==

Theorem

0

T e N

0 — A* —— B* —— (C* ——( : extension

f g

|

0 0

— f T

+-+—= H"(B*) — H™(C*) — H"t'(A*) —= H"*'(B*) — - -

WW

0 0
. 2-exact sequence




0

PR NSO e —

0——>A*—>B*——>C*—0

¥ g

FExtension
def ) . -
S A° = (A7, d2,6%), B = (B, d%, 88)n, C* = (C™, %, %),
Fre (AT B P o d = o [,
g° = (9" A" = B" k" 1 g" T odl = di 0 g" ),
e* = (¢" 1 ¢" o f" = 0), compatible with £* and A*

0
el Yo

Aﬂ . B?’l . Cn

such that Vn € I,

0

/ﬁm ) | g
A
J— > A" — =B — > P — > d%| = dz = |43
fn gn 1 V n+1

Artl — pn+l —s n+l

w

0

1s relatively 2-exact.




Reduction (1) —

A

complex

Zn—|—1(A-)
/k”J“/A >a+1\
i O
= . = 7 .
An—l — gn—1 _.._.;..An A %Aﬂ—l‘l > An—l—?
\\ﬁ“n,l \\f .
o
0
Q" (A4°)
Ker(z,) = H"(A*%), Cok(z,,) = H"t1(A4°*)

(6.15)



Wtion (2}\/

e

0—= A* ——— B* ——— ('* ——= () : extension

f g
_— ¢ D
= Qr(a) Q"(B*) Q™(C*) 0

e

e Z-n—l—l(A-) = Z-n—l—l(B-) = Z-n—I—l(C-)

s

0

Relatively Z-exact at



Proof of the Theorem e

By Reduction (1) and Reduction (2) |

0

-

g =4 B - 0 extension
g

/_\ Relatively 2-exact at
=

Q*(A') — CliEEs) —— QREE) — 0
Ker(z’ ) = H*(A®)
Coklrs) = HE (4%

So the theorem follows from Snake Lemma !



4 Not Use



P age — — ———

(fully faithful, cofaithful)-factorization
= Image factorization

Im(f) := Ker(cok(f)) A -~ B cok(f) Cok(f)

: \ L /{
z(f)\\\ ﬂ\/ker(COk(f))
‘ Im( f)

7
i(fxﬂ .
[ ()

i(f) : fully cofaithful



I s

/age Factorization—a ~ B

fully cofaithful faithful
’L(f ker(cok(f))

» faithful 4+ fully cofaithtul = equlvalence

» Lifting property:

- gl
. i : fully cofaithful . 0
z\\ﬂ /n m : faithful \ / A\
I

- @@ @@ @0 =

(unique up to a unique 2-cell)
such that

n-(mog) =1t ((moi(f))

o<



