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Dark matter and its annihilation cross section

SM particle
DM /O
% T~ (O SM particle
DM

DM annihilation cross section is very important to discuss DM phenomenology.

« Thermal relic abundance
« Effect on CMB
« Observation of cosmic ray (anti-proton, positron, ...)
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[Sommerfeld (1931)]

Sommerfeld enhancement e e o eoos:

If the dark matter couples with a light force carrier (msqyce < mpyy),
There is large enhancement of the cross section in non-relativistic regime.
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Non-perturbative resummation is required to calculate this effect.
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“Usual” way to calculate

See, e.g., [Hisano, Matsumoto, Nojiri, Saito (2004)], [Cirelli, Strumia, Tamburini (2007)]

Long range force gives distortion from plane-wave.

1. Solve Schrodinger Eq. with long-range force

elpr

2
(—1\72 +V(x) - g—ﬂ)ﬂx) =0 with oy —-e?*+f(6)

2u T

2. Compare theresult with V(r) =0 —> o =0y X S(v)

LO cross section : o0

Enhancement factor:  S(v) = [1(0)|2/o(0)|>  with 1o(x) = eP?
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A problem of the “usual” way

S() LO cross section : O
0 =09 X>5UV .
0 ( Enhancement factor:  S(v) = [(0)|?/[Ye(0)|2  with y(x) = e'P?

o, and S(v) are irrelevant each other.

&

Unitarity bound on s-wave : ¢ < ? [Griest, Kamionkowski (1992)]

[Landau-Lifshits’s textbook]

Problematic situations
1. Large o,v P~

2. At zero energy resonance (S(v) x v2 - g < v3)

e.g., peaks in right figure i ' maew v



Outline of this talk

 Motivation

To obtain a formula which satisfies the unitarity bound.

- Strategy
We treat DM annihilation as scattering problem in non-relativistic QM.
An effective description is given by

_i|72 + V(|x]) +ud3(x) — ﬁ Y(x) =0
2 21 -

What we have to do is to solve this equation!

 Qutline
1. Introduction
2. Formalism

3. Examples
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2. Formalism
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Basics: Scattering problem in QM

1. Solve the Schrodinger equation:

1 p? B
(-sz +V(x) - ﬂ>¢(x) =0

2. Determine asymptotic form (r — o) of s-wave solution :
ipr e—ipr

e
Yr) - S -

r

3. Calculate the cross section from the above S,,.

i i
Ogc = F |SO —1 |2/ Oann = ?(1 - |SO|2)

DM-DM elastic scattering DM-DM annihilation

That’s it.
What we need is s-wave solution.
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1. Solve the Schrodinger equation . yacw qes2)

We take short range-effect as delta function potential:

1 2
<— 2 V2 +V(x|) +us3(x) — 2p_,u> P(x) =0  (uis acomplex parameter.)
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1. Solve the Schrodinger equation .: yacw (e

We take short range-effect as delta function potential:

1 2
<— Z V2 +V(|x]) — %{) P(x) = —ud>(x)yP(0) (uis a complex parameter.)
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1. Solve the Schrodinger equation . yacw qee2)

We take short range-effect as delta function potential:

_ i V2 + V(|x]) — p_Z Y(x) = —u53(x)l/1(0) (u is a complex parameter.)
21 2 - '
Y(x) = Yo(x) = 2puG,(x, 0)1p(0)

We have to solve a consistency condition at the origin.

Wave function w/o short range effect : Green’s function :
L2 p* Ly ya) —2) 6, 00) = 2630, Gy(e0,0) i
—_—— _— = _—— _— = —_— o0
ZMV + V(|x]) 2H>1/)0(x) =0 2 x o) O X, 2 x), (o, OC47T7‘
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1. Solve the Schrodinger equation . yacw (sse)

We take short range-effect as delta function potential:

1 2
<— ﬂ V2 +V(|x]) — §_H> P(x) = —ud>(x)yP(0) (uis a complex parameter.)

v

1 -1

We solved a consistency condition at the origin.

0 0(ub) 0(u?) 0(u?)
c.f.) Perturbative expansion of u:  ¥(x) = Yo (x) — 2uuG, (x,0)1o(0) + 4u*u?G, (x, 0)G,(0,0)1)((0) + -
| J

|
This part corresponds to the “usual” calculation.

Wave function w/o short range effect : Green’s function :
v ik L2 4 () =) 6,000 = = 8200, Gy(00,0) o
—_— —_— = _—— —_——_— = — [0'e)
( 27 +V(xD 2H>1/)0(x)—0 2 xD) —5) o, 225 @, (o0, -
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1. Solve the Schrodinger equation . yacw qes2)

1 -1
Y(x) = 1ho(x) = Gp(x,0)1he(0) (% + Gy (0,0)>
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1. Solve the Schrodinger equation . yacw (sse)

elp

py. forV(r) =0

G,(0,0) is divergent. ex) G,(r,0) =

It is relevant to short-range physics (UV divergence). We need renormalization.

B e k 1
Gp(0,0) — ReGp, (0,0) is finite j‘> “PY = —_ 1 ReG,, (0,0)

For V(r) =%+V0+V17‘+--- 4w 2uu

1 -1
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1. Solve the Schrodinger equation . pacw (ee2)

G,(0,0) is divergent. ex) G,(r,0) =

It is relevant to short-range physics (UV divergence). We need renormalization.

G,(0,0) — ReG,, (0,0) is finite

ForV(r) = % + Vo +Vir + -

-

kp°—1+RG 0,0
A 2uu elp (0,0)

-1
PY(x) = Po(x) — Gp(x, 0)1110(0)( — ReG, (0,0) + G, (0, 0))
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2. Determine asymptotic form of Y

G,(0,0) is divergent. ex) G,(r,0) =

It is relevant to short-range physics (UV divergence). We need renormalization.

B P k 1
v At 2uu

Forv(r) ==—+V, +Vir + -~

-1
Y(x) = Po(x) — Gy (x, 0)1hg(0) ( — ReG, (0,0) + G, (0, 0))

_ gp(x)
Gp(x,0) = pp

with g,(0) =1, g,(x) - d,eP*

We can take 1y (x) = cImG,(x,0), and ReG,(0,0) = ﬁ g, (0)

1/)(00) o _( dp kpo B Regz’,O(O) + 92’9*(0) eipr_ e—ipT)
r\ dp ky, —Regp, (0) + g,(0)
\ J
Y

amplitude of DM-DM s-wave scatterlng[ 16 / 25 ]




3. Calculate the cross sections

2

\ 1 o )
_ dp kp, —Regp,(0) + gp (0) — =72+ V(Ix]) +us®(x) 2#) P(x) =0

S 2

° " dy ky,, —Reg, (0) + g;(0) pipr geipr

Yr) - S -
T T
1 dZ pZ
(—ZW +V(r) — Z) gp(r) =0
4111 — Sy)” 41 — |S,|? g =1 lime g, =d,
Oc. = — - , o =
SC pz Zl ann pz 4
DM-DM elastic scattering DM-DM annihilation

Oscr Oann (Sp) are determined from k,, , d,, and g;,(0) — Reg,, (0).

Short-range effect
Long-range effect
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Large momentum limit (determination of k)

2

* _i 3 —p— =
B ﬁkpo — Regp, (0) + g, (0) 72+ V(|x) +us®(x) 2#) P(x) =0

2p
SO - =%
dp kpo — Regl',o (0) + gl’)(O) eiPT i
Yr) - S -
T T
1 dZ pZ
@ (_quL V(r) _Z> gp() =0
411 — Sy)° 41 — |S,|? gp@=1  lime ™ g, () =d,
O.. = — - , o =
SC pz Zl ann pz 4
DM-DM elastic scattering DM-DM annihilation

Large momentum limit (p? > |2uV|)
d,—>1, gp,—ip

o OannV\ 2
Rek;ol ~ i\/4$c . ([J Znn )
and for small coupling (|k;}| < p™%, pg?h), il> T T

41t Imkp0

Ogc = 47T|k501|2, Oann —

- 2 Imk,;1 ~ —
P |kpo|
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Relation with conventional formulae

2

! r* _i _p_ —
_ dp kp, —Regy, (0) + gp (0) 72+ V(|x]) +us®(x) 2#) P(x) =0

S 2u
0 — g«
dp kp, — Regy,(0) + g, (0) sy > 5, ST
r o 5 T
1 d? 2
(_ﬂﬁ +V(@) — §—H> gp() =0
41 — |SO|2 41T Imkpolmgz’,(O) gp(o) =1, lim e—iprgp(r) — dp
Ognn = =5 = r—00

2 2 , , 2
p 4 p |kpo - Regpo + gp(o)l

At the leading order of k=1 (or u),
41 Imk,, y Img, (0)

oV = >
H |kpo| p

1 /
Wo(r) = 2 (9p(1gp (1) = 9 (M gp (1)

Wy(r) =0
l l Wy(0) = Img)(0) —> %Imgz’,(o)=|dp|z=5(v)
Wp(oo):pldplz
ov= (ov)y X S)
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A formula of annihilation cross section

ouv =~

avg S(v)

Short-range
force

long-range
force

e

==

=

—

—

2
- () - ) (T(v) +iS(v)) 0

2

OVqy :LO annihilation cross section

Osco - LO DM-DM elastic scattering cross section

n= Sgnk“l It is determined by matching the scattering amplitude
Po It is relevant that short-range force is attractive / replusive.

1
S(v) = =Img,(0)  (‘usual” Sommerfeld factor)
p

1
T(v) = [Reg)(0) — Regh, (0)]
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3. Examples
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Example 1 (small bare cross section)

. am,e” ™" . qe=m" n2
Hulthen potential : V(1) = — : —  (Good approximation of V(r) = — ,m, =—m)
—_— e_ *
1 2
a=1, OannV = ) Osc = £ (Oannv)?
32mM? 41
SE SE (Zoom at 0.0625)
10° 10m |

1010 L
107 |
v=10"° 107}
5
10 108 |
1000 _ 107 | /\

m./M

- s - s : : : e —
0.04 0.06 0.08 0.10 0.06245 006250  0.06255  0.06260

Yellow : usual formula
Blue : our formula
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Example 1 (small bare cross section)

Hulth tial : am.e " Good imation of V(r) = — 2" 1, =
ulthen potential . V(r) = — g (Good approximation of V(r) = — ,m, =-—m)
1 u? ,
a=1, oV = oo Ogc = E(av)
SE

1011 L

m, = 0.0625M > ool

10°

| i 1 | | V
_ 1078 1075 10~ 0.001 0.010
Yellow : usual formula
Blue : our formula

Green dotted : Unitarity bound [ 23 / 25 ]



Example 2 (large bare cross section)

. am,e” ™" L we-mr n?
Hulthen potential : V(1) = — : —  (Good approximation of V(r) = — ,m, =—m)
—_— e_ *
21 u?
2
a=1, ov = —, o.. =— (ov
M2 SC 47_[ ( )
SE
109 L
107 +
v=10"° >
105 L
1000 + ~N LN LN
_..—--"'_"'---...____‘_“_ e
o.tl]z 064 o.tlja 0.08 o.lm m./

Yellow : usual formula
Blue : our formula
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Summary

« Solved Schrodinger Eq with long-range potential and delta function potential.
» Constructed DM annihilation cross section from non-relativistic QM.

» Our formula satisfies the unitarity bound.

@kpo — Regy,, (0) + gz’g*(O)

S = * ! !
" dy ky,, —Regy (0) + g;(0)
4w 1Sy _Am1 =S, |?
O-SC - pz 2i ) O-ann - pz 4
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Backup
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An examples of zero energy resonance

« S-wave bound-state in square-well potential

(—iv2+v<)> (") = By (), V() =—1Tg __©
2,[1 r l/) r)= binl/) X), (7") = _ﬂ (‘r‘o — ‘r‘), Ebin. — _Z
1 d? 2

« Condition for a bound state

For r <1y, x(r) = Asin(kr) > Kk = —kcot kr, (k = ki —K?)
= 0 - V -

Forr >ry, x(r) = e ™

« Zero energy resonance

Tuning of the potential Binding energy of the most “shallow” state
2n—1 ki e?
kyto =——mte K= ky€e > Epip = — o
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Another way to see

1 2
<— > V2 + V(x| +us3(x) — Zp_u> Y(x) =0  (uis acomplex parameter.)
U

Probability flux “Lost” of probability
1
j= ;Imt/)*th |:> V-j=2Imulyp(0)]|253(x)

Annihilation cross section

ov = —f d3x(V-j) = —2Imul(0)|?

Short-range Long-range
LO Neglect —2Imu
LO full —2Imu4(0)|?
full full —2Imu|y(0)|?
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Finite piece of Green function

gu—

d2
gp(7) (— 22 T2 - pz) gp() =0
4dntr

Gp(r,0) =

gp(0) =0,  limg, (Ne~P" =d,

—

V_
2uV(r) = 71 + Vo + Vir + -

gy (1) =+ gir 4 ) + Voy (T + hyr? + - )logr

|:>_.

1 91 , ...
Gp(r, 0) = pp. -+ . logr+4n -+

—

Divergent parts Finite parts

Finite part of G,,(0,0) is only in real part and it is independent on p.

G,(0,0) — ReG,, (0, 0) is finite for any p and p,
[29]



Regularization velocity

Full Sommerfeld factor is approximated by shifting velocity.

av
— =~ S(v+4 wv.).
oy

am M oy

V. = 1

: M 2 I'm /M g
2 x 10«
voeranoa (m TcV) ( 0.1 ) (3 x 10-26 emﬂ,xsea:>
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Scattering problem in guantum mechanics

Boundary condtion of wave function ¢ at large r = |x]|:

elbr

W) - e+ £(0)—

Initial-wave  Scattered-wave

. ikr -1 £, —ikr
@ eirz Z(zg + 1)Py(cosh) (:ikr — ( Z)ilfr ), f@e) = Z(Z{’ + 1) fpPp(cosB)

elvr  p—ipr

Y(x) - ((1 + 2ipfo) ) + (£ = 1wave)

2ipr B 2ipr
S0
Asymptotic behavior of i tells us the (s-wave) cross sections.
s
osc = 41|fo]? = — 150 — 1 |2 (amplitude of scattered wave)
p
n 2 . .
Oann = — (1 —[S0]%) (difference between e'P" and e~"P")

i [31]



