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FIG. 8. The e↵ect of one scattering event on the entanglement of region A. The scattering is

represented as the red dot, where a unitary operator U acts on the Hilbert space of particles

(2, 3). The labeling of the indistinguishable particles (2, 3) after the scattering is arbitrary, but it

is convenient to choose that the particles maintain their original directions. For a single interval

A we show all the nontrivial scenarios, and we analyze the consequences of each configuration in

the text. fig:scattering

(a) In this case the relevant quantity is S13, i.e. the entropy for the reduced density matrix

⇢13 from tracing over particles 2 and 4. We will denote the corresponding quantities

for (6.3) and (6.5) as S
(i)
13 and S

(f)
13 respectively; S(i)

13 = 2⌫. Clearly for |↵| = 1, i.e.

28

FIG. 25. The figure on the left is for t < t

s

, the right one for t > t

s

. The purple circles are circles

of radius 2t centered at some point in ⌃. At time t, all quasiparticles which entangle with those at

a point ~x lie on such a circle centered at ~x. For t > t

s

all such circles completely lie outside of ⌃.shape

For holographic systems, the saturation time for a sphere is given by

t
s

=
R

c
E

> R, c
E

=

s
d

2(d � 1)
< 1 for d > 2 , (B17)

where we have quoted the value of c
E

for a neutral system. We thus see that for a strip,

holographic systems saturate faster than the EPR model (t
s

= 1) and the RPS model

(t
s

= 2R, as can be calculated from the above criterion or read from Fig. 21), while for a

sphere holographic systems saturate slower than the free streaming models that have t
s

= R.

Note that the velocity c
E

has also appeared in [19] as the “expansion” velocity of the the

time evolution of a local operator in a thermal state.

For a general measure from our discussion in Sec. IVC1 we expect that in the t ! 1
limit, there are generically 1/t corrections to the leading behavior (4.22). This implies

that the saturation time is generically infinite. As an example, let us consider ⌃ a sphere,

for which case the shell in Fig. 5 is also spherical. One can then compute the subleading

corrections using (B3) by expanding µcap(⇠) to higher orders in ⇠,

µcap(⇠) = seq ⇠ + a2 ⇠
2 + a3 ⇠

3 + . . . , (B18) eeoo

where we used (4.23). We will not go into details here, except to mention that whenever

the nonlinear term in (B18) are non-vanishing one gets subleading corrections in 1/t of the
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Entanglement	
  entropy	
  and	
  thermaliza9on	
  

Entanglement	
  entropy	
  is	
  an	
  essenOal	
  quanOty	
  in	
  the	
  
study	
  of	
  subsystems.	
  	
  
•  In	
  a	
  local	
  theory:	
  
•  Reduced	
  density	
  matrix:	
  
•  Entanglement	
  entropy:	
  
•  Ground	
  states	
  of	
  local	
  Hamiltonians	
  have	
  area	
  law	
  

entanglement	
  

•  Most	
  states	
  in	
  the	
  Hilbert	
  obey	
  volume	
  scaling	
  

H = HV ⌦HV̄
⇢r = TrV̄ |0i h0|

SV ⌘ �TrV ⇢r log ⇢r
V

V̄@V

In	
  chaoOc	
  systems	
  eigenstate	
  thermalizaOon	
  is	
  believed	
  to	
  hold	
  [Deutsch,	
  Srednicki]	
  

•  It	
  follows	
  for	
  small	
  subsystems	
  that	
  	
  
	
  
ThermalizaOon	
  in	
  a	
  closed	
  system	
  
•  Start	
  with	
  short-­‐range	
  entangled	
  state	
  	
  
•  Its	
  decomposiOon	
  into	
  energy	
  eigenstates	
  dephases	
  
•  Good	
  diagnosOc	
  of	
  thermalizaOon	
  is	
  how	
  thermal 	
   	
   	
  	
  	
  is	
  	
  

SV = #
A@V

�d�2
+ . . .

hEm|O|Eni = �mn Tr
⇣
O e��(Em)H

⌘
+ . . .

⇢r (|Ei) / TrV̄ e
��(E)H

⇢r (| (t)i)

| (t)i



Global	
  quench:	
  
•  Start	
  with	
  QFT	
  in	
  a	
  short-­‐range	
  entangled	
  

state	
  at	
  t=0.	
  (E.g.	
  inject	
  uniform	
  energy	
  
density	
  or	
  change	
  the	
  Hamiltonian)	
  

•  One-­‐point	
  funcOons	
  reach	
  thermal	
  value	
  
	
  

•  EE	
  (similarly	
  to	
   	
   	
   	
  	
  	
  )	
  take	
  
to	
  saturate	
  to	
  thermal	
  value	
  	
  	
  

Entanglement	
  genera9on	
  in	
  global	
  quenches	
  

h�(R)�(0)i ts ⇠ R

⌃

⌃
t

S0 =
A⌃

�d�2
+ . . .

Typical	
  point	
  inside	
  is	
  
unentangled	
  with	
  
outside	
  

Seq = sth V⌃ + . . .

Typical	
  point	
  inside	
  is	
  
entangled	
  with	
  
outside	
  

t
loc

⇠ 1/T

What	
  is	
  the	
  Ome	
  evoluOon	
  of	
  EE?	
  
•  2d:	
  numerics,	
  CFT	
  techniques	
  [Huse,	
  

Kim;	
  MM,	
  Stanford;	
  Calabrese,	
  Cardy]	
  
•  d>2:	
  holography,	
  free	
  field	
  theory	
  

[Hartman,	
  Maldacena;	
  Liu,	
  Suh;	
  Cotler,	
  
Hertzberg,	
  MM,	
  Mueller]	
  

tt
loc

⌧ R tS ⇠ R

Ŝ⌃(t)

Ŝ⌃ = vE sthA⌃ t+ . . .



Entanglement	
  genera9on	
  in	
  global	
  quenches	
  
⌃

⌃

t

S0 =
A⌃

�d�2
+ . . .

Typical	
  point	
  inside	
  is	
  
unentangled	
  with	
  
outside	
  

Seq = sth V⌃ + . . .

Typical	
  point	
  inside	
  is	
  
entangled	
  with	
  
outside	
  

⌃

t

Suggests	
  a	
  entanglement	
  	
  
wave	
  moving	
  in	
  with	
  	
  	
  	
  	
  	
  	
  .	
  
Natural	
  picture	
  for	
  a	
  local	
  
Hamiltonian.	
  	
  

vE

How	
  fast	
  can	
  entanglement	
  be	
  generated?	
  
•  Normalized	
  rate	
  of	
  growth	
  can	
  be	
  compared	
  

across	
  systems	
  and	
  regions:	
  
	
  
	
  

•  Entanglement	
  saturates	
  with	
  speed	
  
	
  
	
  
Should	
  be	
  constrained	
  by	
  causality.	
  

•  What	
  is	
  the	
  relaOon	
  to	
  data	
  characterizing	
  
chaos?	
  

vE =
1

s
th

A
⌃

dS
⌃

dt
(t

loc

⌧ t ⌧ R)

cE ⌘ R

tS
(t

loc

⌧ R, tS)

tt
loc

⌧ R tS ⇠ R

Ŝ⌃(t)

Ŝ⌃ = vE sthA⌃ t+ . . .

Ŝ⌃ = vE sthA⌃ t+ . . .



Rela9ng	
  entanglement	
  growth	
  and	
  chaos	
  

We	
  have	
  defined	
  the	
  three	
  velociOes	
  
	
  
	
  

vE	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  cE	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  vB	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

•  Lieb-­‐Robinson	
  bound:	
  even	
  in	
  nonrelaOvisOc	
  
systems	
  quantum	
  informaOon	
  propagates	
  with	
  a	
  
finite	
  speed	
  

•  Field	
  theory	
  generalizaOon	
  gives	
  emergent	
  light	
  
cone	
  (with	
  vB<1)	
  at	
  finite	
  energy	
  density	
  [Shenker,	
  
Stanford;	
  Roberts,	
  Stanford,	
  Susskind]	
  

Summary	
  	
  
•  Studied	
  EE	
  spread	
  in	
  a	
  global	
  quench	
  
•  Bound	
  from	
  chaos	
  and	
  thermal	
  relaOve	
  entropy:	
  
•  In	
  holography:	
  
•  Can	
  solve	
  for	
  the	
  enOre	
  	
  	
  	
  	
  	
  	
  	
  	
  curve	
  analyOcally	
  
•  In	
  chaoOc	
  spin	
  chain:	
  
•  Free	
  streaming	
  is	
  slower	
  than	
  holography	
  
•  Operator	
  and	
  tensor	
  network	
  models	
  

vE , cE  vB
cE = vB

vE = cE < vB

Ŝ(t)
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•  Lieb-­‐Robinson	
  bound:	
  even	
  in	
  nonrelaOvisOc	
  
systems	
  quantum	
  informaOon	
  propagates	
  
with	
  a	
  finite	
  speed	
  

	
  
•  Field	
  theory	
  generalizaOon	
  OTO	
  thermal	
  

4-­‐point	
  funcOon	
  [Shenker,	
  Stanford;	
  
Roberts,	
  Stanford,	
  Susskind]	
  

	
  
•  Emergent	
  light	
  cone	
  (with	
  vB<1)	
  at	
  finite	
  

energy	
  density	
  
•  B1,2	
  are	
  subsystems	
  of	
  A	
  

Chaos	
  and	
  the	
  emergent	
  light	
  cone	
  at	
  finite	
  temperature	
  

A

B1

B2

k[W (x, t), V (0, 0)]k
kWk kV k  c0 exp


�L

✓
t� x

vB

◆�

k[W (x, t), V (0, 0)]k2  c0 exp


�L

✓
t� x

vB

◆�

kOk2 ⌘ Tr

�
⇢O†O�

t

x



Rela9ons	
  between	
  the	
  three	
  veloci9es	
  
Using	
  the	
  fact	
  that	
  EE	
  is	
  the	
  property	
  of	
  causal	
  diamonds	
  one	
  can	
  show	
  that	
  [Casini,	
  
Liu,	
  MM;	
  Aihami-­‐Jeddi,	
  Hartman]	
  
	
  
	
  
Using	
  the	
  emergent	
  light	
  cones	
  with	
  speed	
  vB	
  we	
  can	
  strengthen	
  this	
  bound	
  to	
  
	
  
	
  
•  Define	
  thermal	
  relaOve	
  entropy	
  

•  Use	
  monotonicity	
  of	
  relaOve	
  entropy	
  for	
  
subregion	
  B1	
  of	
  A	
  to	
  obtain	
  
	
  
	
  
	
  
The	
  tsunami	
  wave	
  front	
  propagates	
  with	
  vB.	
  

•  Analogous	
  lower	
  bound	
  exists.	
  
•  The	
  inequality	
  between	
  the	
  speeds	
  follows.	
  

	
   	
   	
   	
   	
  	
  

vE , cE  1

vE , cE  vB

Srel(A) ⌘ S
⇣
⇢A

���⇢thA
⌘
= sth(�)VA � Ŝ(⇢A)

A

B1

B2

ŜA(t)  sth(�)Vtsunami(t)

⌃



Holographic	
  results	
  on	
  entanglement	
  

Holographic	
  models	
  of	
  quenches	
  
•  Dual	
  of	
  Cardy-­‐Calabrese	
  boundary	
  state	
  is	
  eternal	
  

BH	
  with	
  end	
  of	
  world	
  brane	
  [Hartman,	
  Maldacena]	
  
•  InjecOng	
  energy	
  density	
  is	
  dual	
  to	
  a	
  collapsing	
  shell.	
  

SaturaOon	
  happens	
  when	
  the	
  HRT	
  surface	
  touches	
  
the	
  shell	
  [Liu,	
  Suh]	
  

•  The	
  two	
  setups	
  are	
  equivalent	
  for	
  large	
  R	
  
•  vE	
  is	
  determined	
  by	
  behind	
  the	
  horizon	
  physics	
  
•  cE	
  is	
  determined	
  by	
  near	
  horizon	
  physics	
  
•  Using	
  the	
  NEC,	
  we	
  can	
  show	
  that	
  there	
  are	
  non-­‐

trivial	
  constraints	
  on	
  these	
  velociOes:	
  

tE =
�

4

t

|Bi

HRT	
  

End	
  of	
  the	
  world	
  brane	
  quench	
  

Vaidya	
  quench	
  

t

HRT	
  
vE  v(SBH)

E , cE  c(SBH)
E ,

vE  cE



Holographic	
  results	
  on	
  entanglement	
  

Detailed	
  understanding	
  of	
  how	
  HRT	
  surfaces	
  are	
  
behaving	
  
•  For	
  large	
  R,	
  we	
  can	
  understand	
  the	
  entropy	
  

analyOcally	
  
•  In	
  both	
  setups	
  the	
  minimal	
  surfaces	
  are	
  close	
  to	
  a	
  

criOcal	
  surface	
  determined	
  by	
  an	
  algebraic	
  
equa9on.	
  

•  They	
  shoot	
  out	
  to	
  the	
  boundary	
  exponenOally	
  fast.	
  
•  Entropy	
  and	
  Ome	
  are	
  given	
  by	
  the	
  criOcal	
  surface	
   5 10 15 20 25

ρ

0.5

1.0

1.5

z(ρ)
CriOcal	
  surface	
  

0.2 0.4 0.6 0.8 1.0 1.2 1.4
t / R
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Holographic	
  results	
  on	
  chaos	
  
In	
  holography	
  we	
  find	
  that	
  	
  
•  That 	
   	
  	
  	
  	
  	
  	
  	
  in	
  Einstein	
  gravity	
  can	
  be	
  shown	
  using	
  explicit	
  computaOon.	
  Instead	
  

more	
  insighlul	
  derivaOon	
  based	
  on	
  entanglement	
  wedge	
  reconstrucOon.	
  
•  The	
  size	
  of	
  an	
  operator	
  can	
  be	
  measured	
  by	
  studying	
  its	
  commutator	
  with	
  other	
  

operators:	
  
•  It	
  can	
  also	
  be	
  defined	
  by	
  	
  the	
  smallest	
  ball	
  from	
  which	
  it	
  can	
  be	
  reconstructed.	
  
•  Holographic	
  setup:	
  	
  	
  

Ø  Thermal	
  state	
  is	
  represented	
  by	
  BH	
  
Ø  AcOng	
  with	
  V(0,0)	
  creates	
  a	
  parOcle	
  near	
  the	
  boundary	
  that	
  falls	
  into	
  the	
  BH	
  
Ø  Want	
  to	
  find	
  bulk	
  subregion	
  that	
  contains	
  the	
  parOcle	
  
Ø  By	
  subregion-­‐subregion	
  duality	
  this	
  corresponds	
  to	
  a	
  boundary	
  subregion	
  
Ø  Summary:	
  find	
  RT	
  surface	
  anchored	
  on	
  a	
  boundary	
  ball	
  that	
  contains	
  the	
  

infalling	
  parOcle	
  	
  
•  Infalling	
  parOcle’s	
  trajectory:	
  
•  Near	
  horizon	
  RT	
  surface	
  [Liu,	
  MM]:	
  

Reaches	
  boundary	
  at:	
  

•  Size	
  of	
  operator:	
  

•  This	
  is	
  the	
  same	
  RT	
  surface	
  that	
  we	
  needed	
  to	
  determine	
  cE	
  
•  Survives	
  Gauss-­‐Bonnet	
  correcOon	
  

cE = vB , vE  cE
cE = vB

z(t) ⇡ 1� f1/f2 e
�f1t

R ⇡ � log ✏

2

p
f1

k[W (x, t), V (0, 0)]k2

R = vB t =

p
f1
2

t

cE = vB

z(x) ⇡ 1� ✏ I0

⇣p
f1 x

⌘2
(d = 3)

t



ChaoOc	
  spin	
  chain	
  Hamiltonian:	
  
•  Entropy	
  growth	
  and	
  vE:	
  

•  Operator	
  growth	
  [Roberts,	
  Susskind,	
  Stanford]	
  

Spin	
  chain	
  results	
  on	
  entanglement	
  and	
  chaos	
  

0 1 2 3 4 5 6 7 8
0

1

0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

7

8
Weight of strings of length k Size of operator

tw tw

c k
(t w

)

si
te

s

0 2 4 6 8 10 12 14 16 18 20
time

0

1

2

3

4

5

6

7

8

9

10

en
tro

py
 / 

lo
g(

2)

spin chain N = 22, subsystem size 11

von Neumann
renyi 2
renyi 3
renyi 4
renyi 5
renyi 6
renyi 7
renyi 8
renyi 9
renyi 10

1 2 3 4 5 6 7 8 9 10
renyi index

0.75

0.8

0.85

0.9

0.95

1

1.05

v E

from fitting up to t = 7 in previous plot

0 2 4 6 8 10 12 14 16 18 20
time

0

1

2

3

4

5

6

7

8

9

10

en
tro

py
 / 

lo
g(

2)

spin chain N = 22, subsystem size 11

von Neumann
renyi 2
renyi 3
renyi 4
renyi 5
renyi 6
renyi 7
renyi 8
renyi 9
renyi 10

1 2 3 4 5 6 7 8 9 10
renyi index

0.75

0.8

0.85

0.9

0.95

1

1.05

v E

from fitting up to t = 7 in previous plot

H = �
X

i

(ZiZi+1 � 1.05Xi + 0.5Zi)

vB = 2.0 > vE , cE



Outline	
  

• Introduc9on	
  
• 	
  Entanglement	
  entropy	
  
• 	
  ThermalizaOon	
  in	
  subsystems	
  
• 	
  RelaOon	
  to	
  chaos	
  

Rela9ons	
  between	
  the	
  veloci9es	
  
• 	
  General	
  consideraOons	
  
• 	
  Holographic	
  results	
  
• 	
  Spin	
  chain	
  results	
  

Benchmarking	
  and	
  interpreta9on	
  
• 	
  Free	
  streaming	
  
• 	
  Free	
  scalar	
  theory	
  
• 	
  Operator	
  and	
  tensor	
  network	
  models	
  

Summary	
  and	
  open	
  ques9ons	
  



Calabrese-­‐Cardy	
  model:	
  energy	
  injecOon	
  from	
  quench	
  creates	
  a	
  finite	
  density	
  of	
  EPR	
  pairs,	
  
subsequently	
  travel	
  freely	
  at	
  the	
  speed	
  of	
  light	
  isotropically.	
  In	
  this	
  model	
  vB	
  is	
  not	
  captured.	
  
•  Leads	
  to	
  linear	
  growth	
  with	
  	
   	
   	
  in	
  2d 	
   	
   	
   	
  	
  

	
  
•  Higher	
  dimensions:	
  entanglement	
  spreading	
  depends	
  

on	
  entanglement	
  panern	
  on	
  the	
  light	
  cone	
  
ContribuOon	
  from	
  each	
  light	
  cone	
  has	
  to	
  be	
  added:	
  

	
  
•  ProperOes	
  of	
  the	
  measure:	
  

Ø  Purity:	
  
Ø  SSA:	
  
Ø  ThermalizaOon:	
  
Ø  	
  Upper	
  bound:	
  

•  Linear	
  growth	
  for	
  	
  

Free	
  streaming	
  model	
  for	
  entanglement	
  spread	
  

t

2t 2t

l

t

2t > l

2t < l

A
B B

A
BB

FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞

−∞

dx

∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(

x′′ − x − v(p′′)t
)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′)(v(−p′) + v(p′′)) H(ℓ− (v(−p′) + v(p′′))t) +

+ 2ℓ

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′) H((v(−p′) + v(p′′))t − ℓ) , (4.2)
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Examples	
  for	
  measures	
  
•  EPR	
  pairs	
  (for	
  small	
  A):	
  
•  2m	
  parOcle	
  GHZ	
  block: 	
   	
   	
   	
  	
  

•  Random	
  Pure	
  State	
  (RPS)	
  measure	
  inspired	
  by	
  [Page]	
  
	
  
	
  
Saturates	
  the	
  bound	
  

	
  
Bound	
  on	
  the	
  entanglement	
  velocity	
  
	
  

•  	
  Slower	
  than	
  holography:	
  

•  In	
  strongly	
  coupled	
  systems,	
  entanglement	
  propagates	
  faster	
  than	
  what’s	
  possible	
  for	
  
free	
  parOcles	
  streaming	
  at	
  the	
  speed	
  of	
  light!	
  

•  	
  	
   	
   	
  	
  	
  	
  	
  	
  	
  is	
  achievable,	
  makes	
  free	
  streaming	
  look	
  even	
  less	
  effecOve	
  
•  Consider	
  the	
  effect	
  of	
  interacOons:	
  tensor	
  network	
  picture	
  emerging	
  from	
  scanering	
  

parOcles	
  is	
  natural	
  [Hartman,	
  Maldacena;	
  Casini,	
  Liu,	
  MM]	
  
	
  

Free	
  streaming	
  model	
  for	
  entanglement	
  spread	
  

t

⌃

L⌃

µ[A]  sth min(⇠A, ⇠Ā)

µEPR[A] = s ⇠A

µGHZ[A;m] =
sth
2m

[1� (1� 2⇠A)
m]

µRPS[A] = sth min(⇠A, ⇠Ā)

vE =
2

sth

Z 1

0
dxµcap(⇠(x))  2

Z 1

0
dx ⇠(x) ⌘ v

free
E

vfreeE =
�(d�1

2 )
p
⇡�(d2 )

< v(SBH)
E

cE = 1 > c(SBH)
E



In	
  a	
  free	
  theory	
  for	
  Gaussian	
  states	
  we	
  can	
  
use	
  the	
  correlaOon	
  matrix	
  to	
  compute	
  EE	
  
•  Time	
  evoluOon	
  of	
  a	
  Gaussian	
  iniOal	
  

state	
  is	
  Gaussian	
  (with	
  Ome	
  dependent	
  
complex	
  kernel)	
  

•  CorrelaOon	
  matrix	
  determines	
  all	
  
correlaOon	
  funcOons	
  due	
  to	
  Wick’s	
  
theorem	
  

	
  
•  The	
  symplecOc	
  eigenvalues	
  of	
  the	
  

correlaOon	
  matrix	
  give	
  the	
  eigenvalues	
  
of	
  the	
  reduced	
  density	
  matrix	
  

	
  
	
  
	
  	
  
•  Numerical	
  results	
  for	
  3d	
  mass	
  quench	
  

for	
  scalar	
  field	
  [Cotler,	
  Hertzberg,	
  MM,	
  
Mueller]	
  

Entanglement	
  spread	
  in	
  free	
  scalar	
  theory	
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Operator	
  counOng	
  model	
  [Abanin,	
  Ho]	
  	
  
•  Closer	
  in	
  spirit	
  to	
  spin	
  chains,	
  infinite	
  temperature	
  
•  The	
  reduced	
  density	
  matrix	
  is	
  an	
  operator,	
  so	
  it	
  also	
  spreads	
  	
  

	
  
•  Second	
  Rényi	
  entropy:	
  

	
  

•  Small	
  operators	
  contribuOon:	
  	
  
Big	
  operators	
  contribuOon:	
  probability	
  of	
  staying	
  inside	
  

•  PredicOons:	
  
Ø  d=2:	
  linear	
  growth	
  unOl	
  

saturaOon	
  with	
  
	
  
Can	
  measure	
  	
  	
  	
  	
  independently	
  
	
  
	
  
Precise	
  agreement	
  with	
  	
  

Operator	
  and	
  tensor	
  network	
  models	
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-0.65 t
size 4 or less
size 5 or less
size 6 or less

vE = min(vB ,↵)
↵

Tr⌃
�O(t)2⌃

�
= 2�↵A[O(0)](t�tdelay)

↵ =

0.65

log 2

= 0.94

S2(t)



•  PredicOons:	
  
Ø  d=2:	
  linear	
  growth	
  unOl	
  saturaOon	
  with	
  

	
  
Precise	
  agreement	
  with	
  spin	
  chain	
  numerics	
  

Ø  d>2:	
  three	
  regimes	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Middle	
  regime	
  in	
  good	
  agreement	
  with	
  holographic	
  theories	
  

	
  
Tensor	
  network	
  model	
  gives	
  idenOcal	
  predicOons	
  
•  Combines	
  insight	
  from	
  thermal	
  relaOve	
  entropy	
  and	
  cuts	
  in	
  tensor	
  networks	
  
•  New	
  way	
  of	
  bounding	
  the	
  entropy	
  introduced	
  by	
  a	
  cut	
  in	
  a	
  tensor	
  network	
  

Operator	
  and	
  tensor	
  network	
  models	
  

vE = min(vB ,↵)
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Outline	
  

• Introduc9on	
  
• 	
  Entanglement	
  entropy	
  
• 	
  ThermalizaOon	
  in	
  subsystems	
  
• 	
  RelaOon	
  to	
  chaos	
  

Rela9ons	
  between	
  the	
  veloci9es	
  
• 	
  General	
  consideraOons	
  
• 	
  Holographic	
  results	
  
• 	
  Spin	
  chain	
  results	
  

Benchmarking	
  and	
  interpreta9on	
  
• 	
  Free	
  streaming	
  
• 	
  Free	
  scalar	
  theory	
  
• 	
  Operator	
  and	
  tensor	
  network	
  models	
  

Summary	
  and	
  open	
  ques9ons	
  



Summary	
  and	
  open	
  ques9ons	
  
⌃

⌃

t⌃

t

Summary	
  	
  
•  Studied	
  EE	
  spread	
  in	
  a	
  global	
  quench	
  
•  Bound	
  from	
  chaos	
  and	
  thermal	
  relaOve	
  

entropy:	
  
•  In	
  holography:	
  
•  Can	
  solve	
  for	
  the	
  enOre	
  	
  	
  	
  	
  	
  	
  	
  	
  curve	
  

analyOcally	
  
•  In	
  chaoOc	
  spin	
  chain:	
  
•  Free	
  streaming	
  is	
  slower	
  than	
  holography	
  
•  Operator	
  and	
  tensor	
  network	
  models	
  

Open	
  ques9ons	
  
•  What	
  is	
  the	
  rela9on	
  between	
  vE	
  and	
  vB?	
  	
  
•  Can	
  the	
  bound	
  from	
  relaOve	
  entropy	
  be	
  realized	
  in	
  a	
  CFT?	
  Are	
  the	
  holographic	
  bounds

	
   	
   	
   	
   	
  	
   	
  	
  	
  	
  	
  	
  	
  	
  universal?	
  
•  The	
  three	
  velociOes	
  are	
  new	
  observables	
  in	
  a	
  QFT.	
  Are	
  they	
  calculable?	
  

Ø  What	
  are	
  they	
  in	
  weakly	
  coupled	
  theories?	
  [vB:	
  Stanford]	
  	
  
Ø  What	
  are	
  they	
  for	
  perturbed	
  2d	
  CFTs?	
  [vE:	
  Cardy]	
  	
  
Ø  What	
  is	
  vE	
  and	
  cE	
  for	
  free	
  theories?	
  [Cotler,	
  Hertzberg,	
  MM,	
  Mueller]	
  

vE , cE  vB
cE = vB

vE  v(SBH)
E , cE  c(SBH)

E

Ŝ⌃ = vE sthA⌃ t+ . . .

Ŝ(t)

vE = cE < vB



How	
  does	
  EE	
  of	
  A	
  change	
  in	
  a	
  scanering	
  event	
  
between	
  parOcles	
  2,3?	
  
a)  (1,2)	
  and	
  (3,4)	
  are	
  entangled	
  iniOally.	
  

Scanering	
  is	
  taken	
  into	
  account	
  as	
  a	
  unitary	
  
transformaOon	
  on	
   	
  	
  	
  	
  	
  	
  EE	
  can	
  change.	
  YES	
  

b)  1	
  is	
  not	
  affected,	
  scanering	
  is	
  a	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
change	
  of	
  basis	
  in 	
   	
   	
  .	
  NO	
  

Effect	
  of	
  interac9ons	
  

1 3 2 4

2 3

1 3 2 4

2 3

1 3 2 4

2 3

1 3 2 4

2 3

1 3 2 4

2 3

(a)"

(d)"

(c)"

(b)"

(e)"

A"

A"

A"

A"

A"

FIG. 8. The e↵ect of one scattering event on the entanglement of region A. The scattering is

represented as the red dot, where a unitary operator U acts on the Hilbert space of particles

(2, 3). The labeling of the indistinguishable particles (2, 3) after the scattering is arbitrary, but it

is convenient to choose that the particles maintain their original directions. For a single interval

A we show all the nontrivial scenarios, and we analyze the consequences of each configuration in

the text. fig:scattering

(a) In this case the relevant quantity is S13, i.e. the entropy for the reduced density matrix

⇢13 from tracing over particles 2 and 4. We will denote the corresponding quantities

for (6.3) and (6.5) as S
(i)
13 and S

(f)
13 respectively; S(i)

13 = 2⌫. Clearly for |↵| = 1, i.e.

28

H23

HĀ = H234

Assume	
  that	
  the	
  mean	
  free	
  path	
  
•  Scanerings	
  that	
  happen	
  in 	
   	
  or	
   	
   	
  	
  	
  don’t	
  maner	
  for	
  EE	
  
•  Scanerings	
  like	
  (a)	
  are	
  effecOve	
  scanerings,	
  only	
  parOcles	
  that	
  originate	
  in	
  

	
  
parOcipate	
  in	
  them.	
  	
  

•  One	
  interval	
  in	
  2d	
  
	
  
	
  
	
  
	
  

•  Infinitely	
  many	
  scanering	
  leads	
  to	
  loss	
  of	
  memory	
  of	
  the	
  iniOal	
  state,	
  postulate	
  RPS	
  
•  Leads	
  to	
  tsunami,	
  caveat	
  for	
  concave	
  regions.	
  [Casini,	
  Liu,	
  MM;	
  Leichenauer,	
  Moosa]	
  

` ⌧ R, t

D�(Ā) D�(A)

N (t) ⌘ M� (D�(A) \M)� (D�(Ā) \M) A	
  

A	
  

N1(t)N1(t) N2(t)



The	
  scanering	
  picture	
  can	
  be	
  reinterpreted	
  as	
  a	
  tensor	
  network:	
  
	
   	
   	
   	
   	
   	
   	
   	
  	
  	
  [also:	
  Hartman,	
  Maldacena]	
  	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
•  Bound	
  on	
  entropy	
  from	
  minimal	
  cut:	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

•  Reproduces	
  holography	
  for	
  2d	
  for	
  mulOple	
  intervals.	
  Higher	
  dimensions?	
  

Reinterpre9ng	
  the	
  infinite	
  scaJering	
  model	
  ●●
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Want	
  an	
  entropy	
  funcOon	
  that	
  saOsfies	
  all	
  known	
  criteria	
  for	
  a	
  (relaOvisOc)	
  CFT:	
  
•  RotaOonal	
  invariance	
  and	
  scaling	
  property	
  	
  
•  SSA	
  even	
  for	
  boosted	
  regions	
  
•  Linear	
  regime	
  and	
  saturaOon	
  
The	
  model	
  is	
  defined	
  by	
  
•  SpaceOme	
  ends	
  at	
  t=0	
  
•  Entropy	
  is	
  given	
  by	
  a	
  minimal	
  surface	
  area:	
  

Ø  Area	
  is	
  measured	
  using	
  the	
  metric	
  
Many	
  degenerate	
  surfaces	
  

Ø  Slope	
  is	
  bounded	
  

Ø  Proof	
  of	
  SSA	
  is	
  similar	
  to	
  [Headrick,	
  
	
  Takayanagi]	
  

•  Tsunami	
  velocity	
  
Choosing	
  	
   	
  	
  	
  	
  	
  	
  	
  	
  saturates	
  the	
  bound	
  obtained	
  from	
  
thermal	
  relaOve	
  entropy	
  
ReinterpretaOon	
  of	
  this	
  model	
  is	
  the	
  next	
  task.	
  

Geometric	
  model	
  inspired	
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  tensor	
  networks	
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