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Conformal field theory (CFT)

Quantum field theory with
Conformal symmetry
(scaling symmetry)



Conformal symmetry: invariance under

conformal transformation

scaling

=

)

special
conformal
transformation




Motivation to study CFT

® Critical phenomena

® UV complete QFT R point

Renormalized
trajectory

® Worldsheet of string theory

® AdS/CFT correspondence



Eg. 3 dim free massless scalar theory

1
S = / d°x — S Oup"



Eg. 3 dim Ising CFT (Wilson-Fisher CFT)

A description (there are others)

1 1 A
S = /d3x (i(ﬁcp)z + —mp* + —¢*

2 4!
Euclidean
Choose m2 — m2 . critical value
critical
: 2 2
Symmetric phase m- > M_.iical

. 2 2
Sponteneous symmetry breaking phase m”™ < m_...

Low energy limit=» |sing CFT



T

free scalar

Symmetric
Ising CFT

" A

critical surface

SSB

Ising CFT is more universal than free scalar

m? = m? (Important) 1=0
2

critical

tuning one parameter m- = O

tuning two params



But Ising CFT Is difficult

Perturbation is not justified well.

In 2 dim, constraint from the conformal
symmetry completely solve the Ising CFT.

Does it work in 3dim ?

Naively it does not work in 3 dim

2 dim: infinite dim Virasoro symmetry
3 dim: finite dim symmetry



It was too naive



Recent progress in CFT

Numerical Bootstrap

[F. Kos, D. Poland, D. Simmons—Duffin and A. Vichi, arXiv:1603.04436]

Ising: Scaling Dimensions

Ac
T Monte Calo ; 3dimlising CFT
L a129) conformal symmetry
| +a
1.4128}

i >
1.4127} | 3

Lz mee THe theory is determined
T completely?

o

0.51808 0.51810 0.51812 0.51814 0.51816 0.51818



guestion

By conformal symmetry +a

® How completely Is the theory solved ?
® Why It Is so strong ?

\ 4

Need analytic method

An interesting approach :
[Rychkov,Tan '15] e-expansion

Will be reviewed later



Defect: Generalization of boundary

2 dim Boundary CFT

(open string)
D-brane

We also have a theory here v Genera I izatiOn

1 dim defectin 2 dim

generalization

D dim defectin d dim



Summary of the result

Analogue of SPectrum of open string

4- £ dim O(N) model Wilson-Fisher(WF) fixed point
(CFT)

Twist defect
local operators on the defect

Vs

Obtained the scaling dimensions
in Rychkov-Tan’ s framework.
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Conformal
Field
Theory
(CFT)



Conformal symmetry

dimension
+1 P, (translation)
0 M,y (rotation) ~ H (dilatation)

-1 K [ (special conformal transformation)



O,(x
Local operators a(x) Scaling dimension

!
H [H, Oa(o)] — AaOa(O)
“nrimary” (K, Oq(0)] =0

“descendant”  O,(0) = ,0/(0)



A 25— VIR

A

“Conformal family”

primary — N\

If you find the correlation functions
of primary fields, you will find all the
correlation function



Operator product expansion (OPE)

Oy(y) o — Z O.(y) e
Ou(x) @

0a(x)0p(y) = ), Co(xx = y)Oc(v)

You can replace this by this in
correlation functions



CFT

® Spectrum of local A”
operators (spin,

scaling dimension) COrrelatiOn
. OPE functions



primary and OPE

/ Prlmary

Oa(x)OB(y) = CEB(X y)(Oc(y) + €9 0"Oc(y) +---)

This coefficient is determined by spins and scaling
dimensions of 04, O, Oc and the form of H"

Independent of
the theory
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g-expansion by
Rychkov-Tan



Theory

4
4-g dim (,0 theory [Wilson, Fisher]

1 1 A
_ d. [+ 2, 1. 292 4
S—/d x(z((?qo) +2m ¢ +—4!<p

(Euclidean)

m2 . .
! WEF fixed point

free CFT interacting CFT

Symmetric

& critical surface

SSB




Theqryé

free

WF_

- d dimensions

3 4-¢ 4

In 4-edim, WF is close to free

&

Perturbation is good
Old e-expansion



Theory.

free

WF_

- d dimensions

3 4-I8 4

RT: Do not want to use Lagrangian as
far as pOSSIbIe' What you should take

Conformal symmetry +@)~



Strategy:

Put a few axioms and find
the consequence of them.

We will use conformal symmetry

Axiom I:
Theory at WF fixed pointis CFT



+a characterize WF CFT

Axiom I
In € —0
4 — edim WF CFT — free

Free CFT also satisfy this axiom.
We need more characterization.



relevant operators A < (d

In 4 — £ dim, free is close to WF :--

free ¢ 7, W, ¢

llllllll

WF Vi Vs v, irrelevant

(spin) (energy)



§03 <« V3 is adescendant of V| in WF

Equation of motion

3]
<P3 — 7(—’"2 )10,



notation 1/ (x) local operator
Ine—>0 V,(x) = ¢"(x)

(They exists from Axiom II)

Axiom Il a constant X

V1 — 0(V3




Idea
Determined by A, .1, A, A |

~ ;DVl(O)
Vn+1(x)Vn(O) =+ ‘(Vl(()) + O V3(()) 4 ... ) 4.

Compare

¥
Relation between

An-l—la Ana Al
freeine—0

" (x)p"(0) =+ @ (p(0) +® @’ (0) + ) + -

e

Calculated by Wick’s theorem



Results

€ 62

Al=1-=+—+0(
1 > 708 T O
e 1

Ay, =n-nz -+ 6n(n—1)e+O(62), n=273,4,...
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Twist defect



Defect: Generalization of boundary

We also have a theory here

2 dim Boundary CFT
(open string)

D-brane

N Generalization

1 dim defectin 2 dim

generalization

D dim defectin d dim



Defect: generalization of Wilson line

Wilson line: Introduce a test particle which
couples to the gauge field electorically.

N generalization

Introduce external test object



Example of defect: “Twist defect”

[Billo, Caselle, Gaiotto, Gliozzi, Meineril, [Gaiotto, Mazac, Paulos]

codimension 2, monodromy

Eg.: 3dim Ising
spin operator ¢
defect
( cf 2dim orbifold CFT
vertex operators In
¢ == the twisted sector.



bulk-defect OPE

0,(x) ® — ZOi(O) (

S

Ou(x) = Z Cai(x)0;(0)

Local operators on the defect



Bulk 2 point function includes some

information on the operators on the defect.

0
codim 2 defect Qe =
eiSi91
@(Xl) — Z rAqo_A Ol(yl)
L
15 0 613162
(pba)e(x2)) = ZC‘P’ Yy Coina; =y (Oi(y1)0;(12))
i,j 1 r,
pisi(01-02) 1
— Z |C<pz|2rA —A; 7'2A —A; (|y1 —y2|2Ai + (descendants)) 02
P ot




4 dim free theory |Gaiotto, Mazac, Paulos]

Calculate cf bulk-to-bulk
<€0(X1)€0(X2)>defect propagator in AdS

(p(x1)p(x2))defect = Z Go(x1, X2, S)

sEZ+1/2 g0091 ,
4
pis(01-6) %
Go(x1,x2,8) =
o driry 1+ (\/_+ JT+ £)2ls
02
U S s oo |v

drir



Read the information of local operators 01

on the defect Qo
ly1 —y2| = 00 (& — o)
pis(01-62) 1
Go(x1,x2,$ 5
O( 1> A2 ) (7’17'2)_|s| |y1 _y2|2(|s|+1) 0,
0ol

local operators on the defect
Ys(y) seZ+1/2 exist

scaling dimensions |s| + 1
eis@

bulk-defect OPE  ¢(x) =+ + —=5(0) + -

r_|3|

Y1

Y2



local operators on the defect
Ys(y) seZ+1/2 exist

scaling dimensions [s| + 1

How about WF CFT ?



Employ Rychkov-Tan’s framework.

4 dim free CFT bulk-defect OPE




4- £ dim WF theoy, bulk-defect OPE

6230

Vl(ili) — ...+ ClSTA1—A3 ¢S<O) 4.

Vi(e) == OVi(a)

1 6z'30
=7 aclsDrAl_As %(O) T

—s% 4+ (A — As)z L

— ... _I_ 5 Cls TAl_l_Q_AS wS(O) _I_ « ..

Compare this in € —0 with free CFT

:>AS



Result

1 1
2 24|s]|

AS:|s|+1+( )€+O(€2)

*Agree with Feynman diagrammatic calculation
|Gaiotto, Mazac, Paulos]



O(N) mode

Ag = |s| + 1 + : N+2 + O(€?)
s = s —— - € €
2 8(N + 8)|s]

*Agree with Feynman diagrammatic calculation
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Summary of the result

4- £ dim O(N) model Wilson-Fisher(WF) fixed point
(CFT)

Twist defect

local operators on the defect
/8

Obtained the scaling dimensions
in Rychkov-Tan’ s framework.



Prospects: validity of various methods

Study O(N) model by

Large N
Numerical bootstrap
Monte Carlo

Large s ?

Experiments ?



Question : Free from Lagrangian?

Axiom |l is a “equation of
motion” though it is scheme
iIndependent.

We can derive Feynman rule
from equation of motion.

The framework of Rychkov-Tan is at
least a nice short-cut.



Non-unitarity of the CFT in
non-integer dimensions

Extra null state in d=integer.

Can it be a hint to solve?
Analogy to 2 dim CFT



Is the defect CFT a miniature of AAS/CFT?

flat space + defect AdS,;_1 x St

Weyl transf

S
Local operator w
on the defect S SOS Each KK mode

In the large N limit 2+~ \/—“”2
Same as AdS/CFT correspondence
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