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Why Modify ΛCDM?

Extrapolation of general relativity to
cosmological scales.

Dominant dark sector in standard
picture.

Tentative tensions in data sets.

[1409.2769]
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FIG. 2: Constraints on the �8�⌦m plane for LSS data only with Planck priors on ⇥MC and nS to avoid over-fitting the data. 1
and 2� contours are shown for RSD (red), SZ clusters with 1� b = [0.7, 1.0] (gold) and lensing (blue). The joint LSS constraint
(LSSall, green) comes from combining the 3 di↵erent LSS probes.

FIG. 3: The putative tension between CMB and LSS measurements. The left-hand plot shows the constraint on �8�⌦m, where
the LSSall contour (green) is as shown in Fig. 2, and Planck+WP+BAO (orange) and WMAP+highL+BAO (purple). It is
clear that there is a discrepancy with the CMB and the joint LSS constraints on this parameter combination. The right-hand
plot shows the H0 � ⌦m plane for the same data, where the tension is even more apparent.

a resolution to this tension.

III. INCLUSION OF NEUTRINOS

The inclusion of a neutrino component in the cosmological model can reduce the amount of power on small scales
for a given large-scale normalisation, AS. This is true both in the case of active neutrinos that correspond to the
mass eigenstates of the standard three flavours and also for a sterile neutrino, which evades the strong bound on the
number of neutrino species from particle physics experiments by not being involved in weak interactions.
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Generality is useful ...

We want a general picture of gravity ....

... but must respect solar system tests → screening.
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Comparisons of Approaches to LSS Modelling

Fitting Formulae

[1607.03150,1704.05309,1804.05867]
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Generalised Perturbation Theory (PT) Predictions for
LSS

Core Ingredients:

1 Evolution of initial Gaussian perturbations to LSS in a flat
FRLW background.

2 Working in the Newtonian Regime, i.e. v,Φ << 1.
3 Loop corrections added to improve non-linear regime

modelling.
4 Additional modelling required to connect with observables.

[1104.1443]
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Eulerian Perturbation Theory

Conservation of energy and momentum lead to the Continuity
and Euler equations:

a
∂δ(k, a)

∂a
+ θ(k, a) = −

∫
d3k1d3k2

(2π)3
δD(k− k1 − k2)α(k1, k2) θ(k1, a)δ(k2, a),

a
∂θ(k, a)

∂a
+

(
2 +

[
???
]

+
aH′

H2

)
θ(k, a)−

(
k

aH

)2

Φ(k, a) =

−
1

2

∫
d3k1d3k2

(2π)3
δD(k− k1 − k2)β(k1, k2) θ(k1, a)θ(k2, a),

· · ·+ δq, θq equations, etc.

* δNL(k, a) =
∑∞

n=1 δn(k, a), θNL(k, a) =
∑∞

n=1 θn(k, a).

* δn(k; a) = 1
(2π)3(n−1)

∫
d3k1...d3knδD(k− k1...n)Fn(k1, ..., kn; a)δ0(k1)...δ0(kn).

Evolution equations solved numerically using MGCopter up to 4th
order in the perturbations.
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Gravitational Modelling

We can keep gravity general through Poisson equation in the
evolution equations

−
(

k

aH

)2

Φ =
3Ωm(a)

2
µ(k ; a) δ(k) + S(k; a),

where the non-linear interaction term is given by

S(k, a) =

∫
d3k1d3k2

(2π)3
δD(k− k12)γ2(k1, k2; a)δ(k1) δ(k2)

+

∫
d3k1d3k2d3k3

(2π)6
δD(k− k123)γ3(k1, k2, k3; a)δ(k1) δ(k2) δ(k3)

+

∫
d3k1d3k2d3k3d3k4

(2π)9
δD(k− k1234)γ4(k1, k2, k3, k4; a)δ(k1) δ(k2) δ(k3)δ(k4).

This term is responsible for screening.

[1606.02520]
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Dark Sector Modelling

We can incorporate general interactions within the dark sector
easily. Some examples:

Momentum exchange models:
(

2 + A(a) +
aH ′

H

)
θ(k ; a),

[1412.1080]

or NOT so easily ...
Clustering quintessence systems :

aθ′q +

[
2− 3w +

aH′

H

]
θq −

k2

a2H2
Φ−

c2
s k

2δq

(1 + w)a2H2
=∫

d3k1d
3k2δD(k − k1 − k2)

[
−
β(k1, k2)

2
θq(k1)θq(k2) +

3(c2
s − w)

(1 + w)
δq(k1)θq(k2)α(k1, k2)

−
ac2

s

(1 + w)
δ′q(k1)θq(k2)α(k1, k2) +

c2
s (1 + c2

s )

a2H2(1 + w)2
δq(k1)δq(k2)(k1k2µ− k2

2 )

]
.

[1106.0834]
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Information Extraction: 2-point Statistics:

The power spectrum or correlation function are Fourier doubles
of a 2-point correlation of the perturbations

〈δ(k)δ(k′)〉 = (2π)3δD(k + k′)P(k).

Has been well studied in perturbative regime. [ex.

1607.03150,1607.03148]

High precision measurements demand accurate theory.
There are many difficulties in this respect.

Information rich scales difficult to model in a useful way.
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Example: Relevance of Consistent Modelling for Future
Spectroscopic Surveys (z = 1)

0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21

kmax [h/Mpc]

0.84

0.86

0.88

0.90

0.92

0.94

f

DGP
GR

0.19 0.20
0.86

0.88

0.90

0.92

Vs = 20h−3Gpc3

* Screening effects on matter power spectrum in above
analysis ≤ 0.5%.

[1702.02348]
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Information Extraction: 3-point Statistics

Galaxy Survey CMB Lensing10 N. S. Sugiyama et al.
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Figure 3. Diagonal bispectrum multipoles Bℓ1ℓ2L (k, k) for the L = 0 mode (left panel) and the L ≥ 2 modes (right panel) measured
from CMASS NGC, with the shot noise terms subtracted. The error bars on the data points are the 1σ errors, ∆Bℓ1ℓ2L , estimated
from the MD-Patchy mocks. The shaded regions are the measurements from the MD-Patchy mocks with the 1σ errors. For comparison,
we plot the means of the shot noises measured from the MD-Patchy mocks for each bispectrum multipole (dashed lines). This figure
demonstrates reasonable agreement between the MD-Patchy mocks and the observed galaxy sample at large scales k ! 0.1 h Mpc−1. The
bottom parts in both the panels show the ratios of ∆Bℓ1ℓ2L to the mean values of the measured Bℓ1ℓ2L in the mocks.

where x is the observed galaxy position, and wcp, wnoz,
and wsystot denote the redshift failure weight, the collision
weight, and the angular systematics weight, respectively.
The details about the observational systematic weights
are described in Reid et al. (2016). Additionally, we use
a signal-to-noise weight, the so-called FKP weight, pro-
posed by Feldman et al. 1994, wFKP(x ) = 1/[1 + n̄(x )P0],
with P0 = 104 ( h−1 Mpc)3. For Gaussian errors, this weight
function works even for higher order statistics (Scoccimarro
2000). We investigate this weighting scheme in more detail
in Appendix D. By multiplying the completeness weight by
the FKP weight, we finally define the local weight function
that we use in our analysis:

w(x ) = wc(x )wFKP(x ). (54)

We adopt a k-range of 0.01 h Mpc−1 ≤ k ≤ 0.21 h Mpc−1

in bins of ∆k = 0.02 h Mpc−1. The number of k-bins is 11 and
the number of k-bin pairs for Bℓ1ℓ2L(k1, k2) is 11× (11+1)/2 =
66 if ℓ1 = ℓ2, otherwise 11 × 11 = 121.

5.3 Lowest order of the bispectrum multipoles

We begin with measuring the lowest order of the bispectrum
multipoles B000(k1, k2), which is hereafter referred to“bispec-
trum monopole”, from the MD-Patchy mocks. In Fig. 2, we
show B000(k1, k2) measured using equation (41) after sub-
tracting the shot noise terms (equation 45). For displaying
purposes, we fix k1 to the value at each k1-bin: k1 = 0.01,
0.03, . . . , 0.21, and plot B000(k1, k2) as a function of k2. Each
line in the figure is the mean bispectra in the mocks. From
top (blue) to bottom (red) of the colored lines, the value of
the fixed k1 increases. For comparison, we also plot the mean
of the diagonal elements of B000(k1, k2), i.e., B000(k1 = k2, k2)

(black dashed), which intersects with B000(k1, k2) (colored
lines) at each k2-bin. In what follows, when we focus only
on the diagonal elements, i.e., Bℓ1ℓ2L(k1 = k2, k2), we refer to
them as “diagonal bispectrum multipoles”.

5.4 Higher multipoles

We next turn to the higher order bispectrum multipoles, es-
pecially the L ≥ 2 modes that characterize the anisotropic
signal, which is induced by the RSD or AP effects. Fig. 3
presents the measurements of the diagonal bispectrum mul-
tipoles from the CMASS NGC sample (data points). The
error bars on the data points are the 1σ errors estimated
from the MD-Patchy mocks (for details, see Section 5.5). The
solid lines denote the mean measured bispectrum multipoles
in the MD-Patchy mocks, and the shaded regions are the 1σ

errors on the mean values. As will be shown in Section 5.6,
the diagonal elements of the bispectrum monopole mainly
contribute to the S/N of the full bispectrum monopole. We
expect similar results for higher bispectrum multipoles, and
therefore, we focus on the diagonal bispectrum multipoles
in this subsection.

The left panel in Fig. 3 displays the first three bispec-
trum multipoles of the L = 0 mode: B000, B110, and B220,
where they correspond to the Legendre coefficients of the
bispectrum, Bℓ=0,1,2 (equation 19). While we find agreement
between the results from the galaxy sample and the mocks
at large scales (k ! 0.1 h Mpc−1), they start to significantly
depart from each other beyond the 1σ errors at small scales
(k " 0.1 h Mpc−1). We will ignore this tension in the subse-
quent analysis, and leave a more careful calibration of the
mock catalogs to the measure bispectra for future work.

In the right panel of Fig. 3, we plot three bispectrum

MNRAS 000, 1–22 ()
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TABLE I: Experimental specifications for CMB experiments
considered in this paper: the noise level in the polarization
map (�P) in unit of µK-arcmin, the beam size of FWHM (✓)
in unit of arcmin, and fractional sky coverage fsky.

�P [µK-arcmin] ✓ [arcmin] fsky

S3-wide 6 1 0.5
S3-deep 3 1 0.05
S4 1 3 0.5

FIG. 3: Expected cumulative signal to noise ratios of the
CMB lensing bispectrum with the S3-wide (such as Advanced
ACT and Simons Array), the S3-deep (such as SPT3G) and
the CMB Stage-IV. The dashed lines show the cases with
the noise spectra computed from the quadratic estimator of
Ref. [37].

nonlinear clustering beyond the tree level. Note that the
amplitude of the enfolded bispectrum is larger than that
of the equilateral bispectrum. This is because the matter
bispectrum at smaller scales (equivalent to low redshifts
for a given multipole) which produces most of the lensing
signals has large amplitudes in the enfolded configuration
[44, 45].

Figure 2 shows the contributions from z = 0 to zmax to
the enfolded lensing bispectrum. The lensing bispectrum
is mostly generated from lower redshifts z  3. The con-
tributions from higher redshifts z � 5 are negligible in
the lensing bispectrum. We also check that the equilat-
eral case has also similar zmax dependence.

III. COSMOLOGICAL FORECASTS

We next show the expected signal to noise of the lens-
ing bispectrum from the near future CMB experiments.

A. Detectability of the lensing bispectrum

We estimate the detectability of the lensing bispectrum
as [32]

✓
S

N

◆2

`

= fsky

X̀

`1`2`3

(B
`1`2`3

)2

�`1`2`3C`1C`2C`3

, (12)

where C` is the sum of the signal and noise power spec-
trum in the CMB lensing reconstruction. We define
�`1`2`3 = 1 if all `i are di↵erent, �`1`2`3 = 2 if two of `i

are equal, and �`1`2`3 = 6 if all of `i are equal, respec-
tively. The Gaussian covariance of the lensing bispec-
trum is assumed in the above equation. The noise power

spectrum of the lensing signals, N�
` , is computed based

on the iterative estimator developed in Refs. [29, 46].
To compute the noise power spectrum of the lensing

signals, N�
` , in Eq. (12), we assume a white noise with

a Gaussian beam. We employ the formula of the noise
power spectrum in Ref. [47] which is characterized by the
following two parameters; the noise level �P in unit of
µK-arcmin, and beam size of FWHM ✓ in unit of arcmin.
The summary of the experimental specifications are given
in Table. I. We denote “S3-wide” as a wide Stage-III class
experiment such as Advanced ACT and Simons Array,
and “S3-deep” as a deep Stage-III class experiment such
as SPT3G. We choose �P = 6µK-arcmin and ✓ = 1
arcmin for the S3-wide, �P = 3µK-arcmin and ✓ = 1
arcmin for the S3-deep, and �P = 1µK-arcmin and ✓ = 3
arcmin or the S4. For the S3-wide and S4 experiments,
we assume the fractional survey area as fsky = 0.5, while
we choose fsky = 0.05 for S3-deep. The CMB multipoles
up to ` = 4000 are used to estimate the noise power
spectrum.

Figure 3 shows the signal-to-noise ratio of the S3-wide,
S3-deep and S4 experiments. Even the Stage-III exper-
iments would detect the CMB lensing bispectrum. In
the case of S4, the lensing bispectrum will be detected
with high statistical significance (& 50�). Note that, for
S3-wide and S3-deep, the signal-to-noise ratio is almost
unchanged even if we use the quadratic estimator devel-
oped in Ref. [37]. On the other hand, the signal-to-noise
ratio with the quadratic estimator decreases by ⇠ 20%
for the S4 experiment.

We check that the most dominant contribution to the
signal-to-noise ratio comes from the enfolded bispectrum.
As shown in Fig. 1, the tree-level terms significantly con-
tribute to the enfolded configuration even at ` ⇠ 2000.
This fact indicates that terms beyond the tree level are
not so significant unless we include the lensing signals
only at ` . 2000.

B. Cosmological Parameter Constraints

A precisely measured bispectrum would be useful to
explore various issues in cosmology. As an example of

[1803.02132,1604.08578]
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The Matter Bispectrum

The bispectrum is a Fourier space 3-point correlation
measurement of the perturbations:

〈δ(k1)δ(k2)δ(k3)〉 = (2π)3δD(k1 + k2 + k3)B(k1, k2, k3).

To include non-linear information we can include loop corrections.
The 1-loop bispectrum is then given by

B1−loop(k1, k2, k3) = B112 + [ B222 + B321 + B411 ],

where
〈δ2(k1)δ2(k2)δ2(k3)〉 = (2π)3δD(k1 + k2 + k3)B222,

〈δ1(k1)δ2(k2)δ3(k3)〉 ∼ (2π)3δD(k1 + k2 + k3)B321,

〈δ1(k1)δ1(k2)δ4(k4)〉 ∼ (2π)3δD(k1 + k2 + k3)B411.
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1-loop Bispectrum: DGP
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1-loop Bispectrum: f(R)
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1-loop Bispectrum: Momentum Exchange
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Power of 3-point Statistics: DGP , Ωrc = 0.438.
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Power of 3-point Statistics: DGP , Ωrc = 0.438.
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Power of 3-point Statistics: f(R), |fR0| = 2.5× 10−6
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Power of 3-point Statistics: f(R), |fR0| = 2.5× 10−6
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Applications and Extensions: Galaxy Bispectrum

[0210215]Ben Bose @ IPMU

The one-loop matter bispectrum as a probe of gravity and dark energy



Usefulness of pipeline for next generation of spectroscopic surveys
where statistical errors will be tiny : EUCLID, DESI, WFIRST.

* Redshift space galaxy bispectrum can complement power
spectrum analyses of galaxy data sets: improve constraints
(factor of up to 5) and break degeneracies.
[1705.04392,1606.00439]

* Velocity kernels already computed by algorithm but additional
integral required for multipoles.

* Requires galaxy bias and redshift space modelling so
constraints may be weaker and/or biased....

* Total model parameters for a redshift space, biased tracer
bispectrum prediction at 1-loop order is ≥ 10!
[1705.02574,1806.04015]

* Convergence spectra has great scope to constrain
gravitational theories but non-linear modelling must be
accurate + intrinsic alignments, z-distribution.
[1801.01741,1805.10567]
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Applications and Extensions: CMB Lensing Bispectrum

Direct application to CMB experiments:

* CMB lensing very clean but currently offers weaker constraints
than convergence spectra.

* Next generation CMB experiments may be able to offer
competitive constraints on gravity and dark energy. 1805.10567

Equilateral Folded 6

FIG. 1. The CMB lensing bi-spectrum in GR and modified theories of gravity (⇠� = 1 or ⇠ = 1) with error bars expected from
a future CMB experiment (S4) and in the cosmic-variance limit (CV), see specifications in Table I. The left and right panel
show the case for an equilateral and folded configuration with, respectively, `1 = `2 = `3 ⌘ ` and `1 = 2`2 = 2`3 ⌘ `.

FIG. 2. Left: Expected constraints on ⇠� as a function of `max and experimental specifications, with and without the nonlinear
correction (see text). The constraints are derived by marginalizing only ⇠� as a free parameter. Right: Same as Left but for
⇠. Note that the curves labeled “tree” correspond to Eq. (19) and those labeled “GM” to Eq. (21).

the two parameters is clearly seen. It does not change
with `max, nor is it really broken by the non-linear cor-
rections. This degeneracy comes from the first term of
the kernel F2 in Eq. (21).

Fig. 4 shows the dependence of the statistical error of
⇠� (left) and ⇠ (right) on `max, when the two parame-
ters are simultaneously constrained. By comparing Fig. 4
with Fig. 2, due to the parameter degeneracy, the 1� un-
certainty in each constrained parameter becomes much
larger compared to that in the absence of the degener-
acy.

It is worth stressing that the correction due to the non-
linear growth beyond tree level significantly increases the
total signal-to-noise of the bi-spectrum [15]. Correspond-
ingly, the constraints on the parameters become signifi-
cantly tighter.
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Summary

SPT at 1-loop order plus some redshift space model (ex. TNS) seems to be a
promising framework for upcoming survey analyses (see Fonseca et al.
1805.12394 for example).

Extremely adaptable and suitable for statistical parameter inference analyses.

Upcoming surveys offer a different approach to constrain gravity and cosmology
other than pushing into the non-linear regime: higher order statistics.

The 1-loop matter bispectrum performs very well, competitive with current
fitting formulas for modified gravity.

The 1-loop bispectrum offers relatively large non-linear signatures of
modification (from screening for example). This greatly depends on triangle
configuration and scales considered.

Code has been validated against analytic results and simulation results and is
ready for application to survey data.

Redshift space extension is available but introduces many free parameters and
numerically challenging in general case.

CMB lensing offers clean measurement but may not have strong enough signal
even at stage 4 plus added complication of post-born modelling.
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SPT at 1-loop order plus some redshift space model (ex. TNS) seems to be a
promising framework for upcoming survey analyses (see Fonseca et al.
1805.12394 for example).

Extremely adaptable and suitable for statistical parameter inference analyses.

Upcoming surveys offer a different approach to constrain gravity and cosmology
other than pushing into the non-linear regime: higher order statistics.

The 1-loop matter bispectrum performs very well, competitive with current
fitting formulas for modified gravity.

The 1-loop bispectrum offers relatively large non-linear signatures of
modification (from screening for example). This greatly depends on triangle
configuration and scales considered.

Code has been validated against analytic results and simulation results and is
ready for application to survey data.

Redshift space extension is available but introduces many free parameters and
numerically challenging in general case.

CMB lensing offers clean measurement but may not have strong enough signal
even at stage 4 plus added complication of post-born modelling.
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Thanks for listening!
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