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1 Introduction

We have a big question since the discovery of Muon

"Who orderd that ?” 1937 Isidor Issac Rabi

What is the principle to control flavors of quarks/leptons ?

The precise measurements of CKM mixing angles and CP violating
phase of quarks established the SM (3 families).

Now, the neutrino oscillation experiments are going on

observation of lepton mixing angles precisely.

Furthremore, CP violation of lepton sector is within reach
@T2K and Nova experiments T2HK, DUNE.

It may be an important clue for Beyond SM (flavor).



Symmeiry Approach

One of the few approaches to flavors, but with several obstacles

Predictivity ? Introduce gauge singlet scalars (flavons)

High number of free parameters in effective Lagrangian
wLowest order Lagrangian + higher dimensional operators
Yespontaneous breaking in scalar sector

Vacuuum alignment of flavons (Direction of breaking symmetry)?

choice of direction
in flavour space of

Feruglio FLASY2018



Prototype of A, Flavor model

A, group
E. Ma, 6. Rajasekaran 2001

Even permutation group of four objects (1234) /§

12 elements (order 12) are generated by ety
Sand T: S2=T3=(ST)=1 : 5=(14)(23), T=(123)

4 conjugacy classes Il x| x| xar | xs
Cl:1 h=1 Ciy 111 1 1 3
C3: S, T2ST, TST? h=2 e I N S N et
C4: T, ST, TS, STS h=3 Co 3] 1 |w w0
C4': T2, ST2, T2S, ST2S h=3 Cy 3|1 w ] w0

Irreducible representations: 1, 1°, 1, 3
The minimum group containing triplet without doublet.



Multiplication rule of A, group

Irreducible representations: 1,1°,1”, 3

-1 2 2 1 0
§=1 -1 2|, T=|0 w?
2 -1 0 0

2
2
ay bl
o X bg :((1153‘1 + EIQE)Q, -+ (Igbg)DS ({13{)3 + [111_?3‘2 + (I.le Jls

E oo

) ; w=e"/3 for triplet

5 (ﬂgbg + a1bs + (5-3531)1;:

1 2(:!-1{)1 — ﬂgbg — [13bg 1 ﬂ-gbg — (Igbg
& > 2(&-353 — Glbg — (I.gbl D 3 (i-lhg — (Igbl
? 2(!--2{)2 — Glbg — [13!1)1 3 - {1313'1 — (11!!]3 3

A, invariant Majorana neutrino mass term 1 0 0
0 0

(LL), = LiLy + LoLs + Ll Pl

3 % 3 0 1 0

A, invariant



Effective Lagrangian with A, flavor symmetry

Flavor symmetry A, is broken by flavon (SU, singlet scalors) VEV's.
Flavor symmetry A, controls Yukaw couplings
among leptons and flavons with special vacuum alignments.

Consider the minimal number of flavons in A, model

[G. Altarelli, F. Feruglio, Nucl.Phys. B720 (2005) 64 ]

Leptons flavons
: les
A4 fr"PleTS L (L€7 Ll“ LT) v (¢u17 Pv2, ¢V3) ::\:(:lgr'?rs\o :ecfor'
E(QbEl, ¢E2> ¢E3) couples to

charged lepton sector

A, singlets er:1 ug:1” 71
Mass matrices are given by A, invariant Yukawa couplings with flavons
L=y LL® HH/N +y, Le° P H/N+ Y, Lu® @ HyN+y, L1° @ H /N
3, %3,%x3 -1, 3p X 100 % 3p ion— 1

Majoran neutrino Charged lepton

flavon



Flavor symmetry A, is broken by VEV of flavons

3L X 3L X 3ﬂavon — 1 3 X 1R (lR’a 1 ”) ﬂavon
20) ~(6) (00 @ ye sz 0w
MyLL N@ (D) 2(dv2) —(Din) mg yu r2) Z/L Ops3)
—(dy2)  —{du1)  2{(d,3) Yr(OEs3) yT g5

Residual symmetries lead to specific Vacuum Alingnrnem‘s
Z, (1,S) in neutrinos  {(®,1) = (¢u2) = (¢u3)
Z,(1,T,T2) in charged leptons (¢0p2) = (¢p3) =0

4 1 1 1 1 )
= <¢u>~(17171>T7 <¢E>N(17070>T S(i)(i) ’ T(()) (O)
. ! ! J

me is a diagonal matrix, on the other hand, m,, is

1 0 0 1 1 1 two generated masses and
Mmyrr ~ 3Y ( 0 1 0\ ( \I one massless neutrinos !

—yl1 1 1
\o 0 1/ \1 1 1) (O 3y, 3y)
Flavor mixing is not fixed !
Rank 2



Z, (1,5) is preserved
Adding A, singlet flavon £:1 m flavor mixing matrix is fixed.
G. Altarelli, F. Feruglio, Nucl.Phys. B720 (2005) 64 3% 30X Lgayen — 1
2<¢V1> _<§bl/3> _<¢1/2>
myrr ~ Y1 | —(v3)  2(du2) —(Pu1) | +y2(8)
_<¢u2> _<¢1/1> 2<¢1/3>
(Pu1) = (¢v2) = (¢v3) , which preserves S symmetry.

OO
_ O O
o = O
v

1 0 0 1 1 1 1 0 0
muyr,=3a |0 1 0)—all 1 1}+4+610 0 1
0 0 1 1 1 1 0 1 O
Flavor mixing is determined: Tri-bimaximal mixing
2 1
A -
L;TBI'-.-I — —E ﬁ —E 913-0 EXP . 613':0.14-0.16
1 1 1
Ve V32 m, =3a+b, b, 3a—b = m,, —m,, =2m,,

This is a minimal framework of A, symmetry predicting mixing angles and masses.

Prototype A, flavor model should be modified !
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Triplet flavon 1 flavon Additional 1' flavon

100 11 1 100 (/0 0 1\)
M,=a|0 1 0} +b|1 1 1) 4+c(0 0 1]+d{0 1 0
0 0 1 1 1 1 0O 1 0 1 0 0
N Y,
_ Yo _ Y500 . yiaev; g yE gy a = —3b
A 3N A A
4 , ) )
a—+ c —% 0 %d 75 0
M, = Vigin, ( 0 a+3b+c+d 0 ) Vi | Vaii= |~ & — 7
%d 0 (L—C—|—% —% % %
\_ J

Predictions are consistent with the data of mixing angles
for both normal and inverted mass hierarchies.

Predictability is reduced because of additional parameters.



Oce [']
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Prediction CP violating phase by using sum rules.

30 30
NuFIT 3.2 (2018)
150 | best|fit
100
50|
0 i ]
=50} \ i T2K 20
-100|
~150] | . \ | o 20
0.40 0.45 0.50 0.55 0.60 0.65
- 2
" 30: 0.272-0.346 | SiN“6y3
) 11 1 i 1 s
sin” By = gm > 3 cos O p tan 2095 ~ Josin 0 (1 — 7 sin 913)
. J




Another aspect of A, model building

New Approach

Flavor symmetry comes from a finite subgroup of the modular group.
Flavor symmetry acts non-linealy (Modular function).

Lepton masses and mixing depend on a modulus T,
which is selected by some unknown mechanism.

12



2 Modular Group

What is the origin of finite groups ?

It is well known that the superstring theory
on certain compactifications lead to
non-Abelian finite groups.

Indeed, torus compactification leads to Modular symmetery,
which includes S;, A,;, S,, A5 as its subgroup.

R.Toorop, F.Feruglio, C.Hagedorn, arXiv:1112.1340;
F.Feruglio, arXiv:1706.08749; A, J.C.Criado, F.Feruglio, arXiv:1807.01125; A,

J.T.Penedo, S.T.Petcov, arXiv:1806.11040;: S,
T.Kobayashi, K.Tanaka, T.H.Tatsuishi, arXiv:1803.10391; S,
T.Kobayashi,N.Omoto,Y.Shimizu,K.Takagi,M.T,T.H.Tatsuishi, arXiv:1808.03012; A,

P.P. Novichkov, J. T. Penedo, S. T. Petcov, A. V. Titov, arXiv : 1811.04933: S,
13
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Superstring theory 10D The extra 6D
Our universe is 4D - should be compactified.

Torus compactification

@@ @

We get 4D effective Lagrangian by integrating out over 6D.
5= fd4xd6y Liop = fd4x Lett

‘ L.sr depends on the structure of @

» 4D effective theory depends on internal space

Compactification
10D
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2D torus (T#) is equivalent to

parallelogram with identification of confronted sides.
T? [
T

~ Two-dimensional torus T2 is obtained
- as T2=R2/ A
A is two-dimensional lattice

o 1
The shape of torus is represented by a modulus 7 € C.

@ @ The different value of T
realize the different shape of T'?
T=T T=T;

- Legr dependson . eg) LoD Y (1) + -

» 4D effective theory depends on a modulus 1
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The different value of 7 realize the different shape of T4

T=Tq =1
However,

there are specific transformations of T which don’t change T

- Modular transformation
- & =&
T T’
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Modular transformation

The shape of a torus T? = The shape of a lattice on C-plane

T

12

o 1
Two-dimensional torus T2 is obtained as
T2=R2/ A

A is two-dimensional lattice,
which is spanned by two lattice vectors

(x,y)~(x,y)*+n,a,+n,a, o ,=2mR and «a,=2nR T

T =« , | @ | is a modulus parameter (complex).

The same lattice is spanned by other bases under the transformation

ay \ [ a b (o ad-bc=1
o )\ c d aq a,b,c,d are integer SL(2,Z)
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N
at +b

Modular transformation
cT + d
y

T=azla| T—_:’Tf:
\_

Modular transf. does not change the lattice (torus)

-

4D effective theory (depends on 1)
must be invariant under modular transf.
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The modular transformation is generated by S and T .

[ , (YT—f-b]
T — T =

ct +d
1

G. = T:7—7174+1

—_

1

Dicrete shift symmetry

(c4)=G D

duality

(20)= (% o)




1
S:7T — ——

T S =1, (ST)? = 1.
T :7—714+1.

generate infinite discrete group
Modular group
['={S T|S?=1,(5T)° =1}
4D effective theory

" depends on a modulus T
- is independent under modular transformation

An example .
_[ f(1): coupling constant

Ly =f(@)p1P2 Pn ¢;: scalar fields

f(@) = (ct+ D*f(r) « Modular form with weight k

¢; = (ct+d)Fig, Dedekind eta-function

When k = )., k;, £, is modular invariant. —1/7) = v—imy(T




Another example

Ly =f(D)p1¢2 - Py

* f(7)and ¢; can be non-trivial representations of modular group I'

Modular transformation:
at + b

yerl
T_)cr+d’

ad —bc =1

k ] vanishing total modular weight
f(@) = (et +d)p(y)f () p x plt x ... x p' contains an invariant singlet

bl = (et + d) " pD (), R.epr'esen‘l'a’rlo.n ma1.'r'|x of I
L, is modular invariant.

2
Kinetic term is given by 6,9
(—it + iT)k

which is also invariant under modular transformation

= Superpotential should be invariant under modular transformation
in global SUSY model.
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Modular group has interesting subgroups

Modular group
I~ {S, T|52 = 1,(ST)3 =1} Infinite discrete group

Impose congruence condition
. a b e a b 1 0 ]
F(ﬁ-):{( . ) EbL(Z,Z}:( . ) - ( - ) (mod N)}
called principal congruence subgroups

WS F/T(N) quotient group finite group
F(N) = T[(N)/{x1} for N=1, 2
' = {STIS?=1,(T)2=1,T" =1}

[‘_2253 's ~Ay, T,=5, |_52/\5}




23

We can consider effective theories with 'y, symmetry.

Losf E@qb(l) ¢(n) £(1), D non-trivial rep. of N
In some cases, explicit form of function f(7) have been obtained.
Famous modular function : Dedekind eta-function

n(r) =g [(1—q")
n=1

2miT

q=c

n(=1/7) SWZimn(r) ol +1) = ém/i2y(r)

So called Modular weight 1/2

Modular transformation of chiral superfields in MSSM

o) = (e + d) H)

Modular weight Representation matrix
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4 Modular A, invariance in flavor

[ ={STIS?=1(ST)® =1T" =1}

Taking T3=1, we have

[, ~ A, group.

N | g | du(C(N)) | py | T
2 0] k+1 6 | S,
@0 [2k+1] | 12 |[4,
410| 4k+1 | 24| S,
510 10k+1 | 60 | As
6 |1 12k 72
T 13| 28k—2 | 168

2k is weight

l l Re

1] 1

Fundamental domain of T

There are 3 linealy independent
modular forms for 2k=2 (weight 2)

Dimension d,, ([ (3))=2k+I
Triplet !



How to find A, triplet modular functions.

Prepare 4 Dedekind eta-functions as Modular functions

n(=1/7) = V—itn(r),  n(t+1)=e"12y(r)

—IT \

n(37) — 3 n(T/3), S: 7 —>-1/T

+1)/3) = n((T +2)/3),

<
n(r/3) >l + 1)/3). T 7 — 741
(7
(7 +2)/3) = e7/12(7/3), y




Modular function with weight 2 by using Dedekind eta-function

Y(a,B,7,0|T) = % (alogn(T/3) + Blogn((T+1)/3) 4+ vlogn((T +2)/3) + dlogn(371))

a+pf+y+0=0
( )
ST =, S }f(ﬂ'r 5,7, 5‘?_) — TE};((S: Y, 3, &‘T):
T r—7+1 T: Y(a,B,7,0|7) = Y(7v,a,3,0|7).
\_ J

In A, group, T3=1

-1 2 2
2 —1 2 |, D)=
2 2 -1

= O =
&
wf:'f::*

)

o £ ©
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F. Feruglio, arXiv:1706.08749

A, triplet of modular function with weight 2

Yi(—1/7) Y1(T) Yi(mr+1) Yi(7)
Ya(—=1/7) | =7%p(S) | Ya(r) |. Yo(r+1) | =p(T) | Ya(7)
Ys(—1/7) Y3(7) Y3(m+1) Y3(7)

(v 2 (Lef2) 0D o2 27?;%:%))\
= 2 e T 0A T e m a0 )
S (Gf) | (G ED/E) | (+2)/
nin = (?’}'(T/3) TGS VY2 (T+2)/3))’

/3

(
() — (?I’(T/3) (T +1)/3)  2n((T+2)/:
(

i} |
AR TR D) y

4 2 )
Yi(T) = 1+12q+36¢* +12¢° + - - | q= e
Yo(r) = —6¢"3(1+7q+8¢%+---). lq] <1

_ Ys(1) = —18¢**(1+2¢+5¢*+---). Yy +2Y1Y5 =0




Comment: Two special sets of T

T(7 — T+1) preserved: <T>=jo (q=0) (Y,,Y,,Y35)=(1,0,0)

S(t — -1/7) preserved : <7 >=i (qg=e?") (Y,,Y,, YQ@ -«/_3,@

Another eigenvector of S

Eigenvector of S: (1,1,1) cannot be realized

Yi(1) = 1+12¢+36¢* +12¢° + - -- .
Yo 7) = —6¢"3(1+7q+8¢2+---),
Ya(1) = —18¢*2(142¢+5¢*+---).

Y7 4+2Y1Y; =0

28



Simplest Model

left-handed leptons L(3) (L, L, L;)
right-handed leptons ey (1);ur (17);T (17)

-k; is weight

SU2)L x U(l)y | As | (p
ECRI (1. +1) 1 | ke
€h, (1.+1) 17 | koo
R, (L.+1) 1" | kg

L (2,—1/2) 3| kL
H, (2,—1/2) L | ky,
O (1.0) 3 | kg

Sum of weights should vanish
-2kL-2kHU+$ - 0, -kL-kel-kHd+$= 0

f@) = (ct+d)*p()f (@) k=1, k=1

’» Nej

D 5 (ct+d) FipDH)p® Ky, =kKya=0

/" Modular invariant super'pofenﬂal\
we = aepHy(LY )+ BurHa (LY ) + yTrHa(LY')
1.0%3 x 3, = 1

1
w, = _I( H,H,LLY){ Weinberg Operator

\_ 3,3, x3y —1 )
[ Yi Y3 Y5 \

ME= diagla, B,7] | Yo Y1 Y3
Yo Y, V)

a, B, v are fixed by the charged lepton masses

o (M Y -V
M,=2|-% 2, —%
S U ZS )

\_ J

Only source of breaking of the modular symmetry is the VEV of T.
29 Unfortunately, the predictionis too large 6 13!
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Seesaw model
Introduce right-handed neutrinos: A, Triplet

we = ECHy(LY)1 + 8 ESHy(L Y)y +~ ESHy(L Y )y

wy, = g(N°H,L'Y); + A(N°N°Y);  Sum of weights vanish.

Yi(T) 1+ 12+ 36¢° + 12¢° + . ..
Y=|Ya(r)| = 6621 +Tq+82+...) g = 2™

Y3(7) —18¢*2(1 + 29+ 5¢* + ...)
(" ] ] )
ME= &'ERHd(L}/ ) + SJURHd(L}F) + "}"TRHd(L}/ )
A, 1133 1”1 33 1’1 33
\_ J
4 . )
My= 9(vrH,LY ), M= A(vrrvrY )s
A, 3 133 A, 3 33
seesaw N[, = —M}My'M
- PN Y
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) = (a1b; + agbs + azbs), @ (asbs + a1by + azby),,
3
D (agbz + a1b; + agbl)l,,

2alb1 — a2b3 - 03b2 1 a2b3 - asbg
203b3 - albz - 02b1 b 5 a1b2 — agbl

202b2 — alba — agbl a1b3 — a3b1

D

o=

symmetric x 3, anti-symmetric x 3



Consider the case of Normal neutrino mass hierarchy
m; <m; <m;

A triplet 3(Le, Ly, LT) 3 ( Ver. Vir. Vip )
A,singlets e, 1 ; p, 1" ;1,1

aY; aY; aYs
Y.=| /Y, pBY, BY;

vYs vYe N
20:Y] (._Q'l T 92)}@ (—g1 — 9‘2)}5
Vo=1| (—g1 —32)Y3 2q1Y5 (—g1 + g2)Y1
(—g1 +32)Ys (=91 — 92)Y] 2g1Y3

. 21;1 —;«a —? 1 [Parameters: J
JVip = - fd 2 TZ - fJ. i —
_},2 _1;1 z}fd a, B, Y, gg/g1_g ’ 3

m., m, m fixa p,v.
32 Amzso| /Amza-rm Cmd 923, 912, 613 le 92/91 =g Cmd T.




. CP violation best-fit
best-fit
150 A - 0.04
100 T, 0.02
—. 50 T
= S 0.00
5 0 ._EJJ .
© _s0
-0.02!
-100
-150 -0.04
040 0.45 0.65 040 045 050 055 060 0.65
5"12323
0.20 2.0
1.8 j
q _ e?mr
0.15 1.6
é—" .:.1.4
~ 0.10 T 1.2) 0 0 (
£ E
1.0
0.05 20 08
sy 0.6
0.00 2
0.130 0.135 0.140 0.145 0.150 -15 -10 -05 0.0 05 1.0 1.5

Zm [eV]

33 Planck 2018 results €0.12 eV@RACDM model ?

Re[7]



150
100
50

asq [°]
o

-50
-100
-150

34

Predicted Majorana Phases and <m,,>

/

-150 -100 -50

0

az [°]

50

100

150

0.05
0.04}
~ 0.03
2,
30.02 S
S0.
0.01 : ‘ ‘
0.030 0.035 0.040 0.045 0.050
m, [eV]

my ~ mey ~ 40meV and ms ~ 60meV
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How is the quark mass matrix in modular A, symmetry ?

Leptons T Quarks T’

| 4D
@@ x@&

Leptons T
Quarks T

Compactification
10D

Simple model: left-handed doublet 3, right-handed singlet 1,17, I’

Yi Y3 Y,
diagla, 5, | Yo Y1 Y3 for both up- and down-quarks
Ys Yo Vi) o)

Coefficients &, B, 7 are different for up- and down-quarks.

After fixing a/, B, Y by inputting quark masses, one can examine

CKM matrix elements by scanning modulus parameter T .

A, model (triplet)? but S; model (doublet+singlet) may be OK
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s
n

4 Modular S; and S, Symmetries

[, = S, group

Irreducible representations: 1, 1°, 2

T. Kobayashi, K.Tanaka, T.H.Tatsuishi, arXiv:1803.10391

There are 2 linealy independent modular forms for weight 2

because of Dimension 2.

Doublet!

Prepare 3 Dedekind eta-functions as Modular functions

(2r) = | Son(r/2),

n(7/2) — v —131n(27),

(4 1)/2) = e T WJ

T

n(2t) — Ei'”ffﬁr}[:}r),
n(r/2) = n((t+1)/2),

~

n((T+1)/2) — ™ n(1/2).

J
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~

-

Y(a,3,v|7) = % (alogn(7/2) + Blogn((T+1)/2) + vlogn(27)).

S: Y(a,B,9|1) = 7°Y (7,5, al7), a+B+7y=0
T: Y(a,8,9|7) = Y(v, a, g|T).

J

p(S)Zi(__\;g _I/E) p(T)Z((ll _01)'

2
Yi(=1/7) _ 2 Yi(7) Yifr+1) ) _ Yi(7)
(n(—lm)‘ P(Sj(m))’ (Yamn) P(T)(H(T))'
- ~
vy = (n’(’r/i‘) ((T+1)/2)_8n’(2f))
1 =\t TR e )
_ x/ﬁ- n(7/2)  n'((r+1)/2)
0 = (378~ w73 ) )

1 .
Yi(r) = §+3q+3q2+12q3+3q4--- ,

Ya(r) = V3¢'*(1+49+6q"+8¢°--).

Phenomenological analyses are not enough .
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4= S, group

Irreducible representations: 1, 1°, 2, 3, 3’

Modular S4
1: p(S)=1, p(T)=1 |
, o o ¥
0 w 0 1
2 08 = (o). o =(] o)
1 -1 2w? 2w 1 -1 2w  2w?
2 2
3: p(9) = 3 2w 2 —w* |, p(T)= 3 2w 2w® -1
2w?  —w 2 2w? -1 2w
L1 2wt 2w L1 2w 2
3 : p(S) = -3 2w 2 —w?|., p(T)= -3 2w 2w? -1
2w —w 2 2w? -1 2w
., g , _ 27i/3
we have adapted group theoretical results from Ww==¢€

Bazzocchi, Merlo, Morisi, 0901.2086

J. Penedo



J. Penedo, S.Petcov arXiv:1806.11040

There are 5 linealy independent modular forms for weight 2
because of Dimension 5. Doublet + Triplet !

Prepare 6 Dedekind eta-functions as Modular functions

1 T+ 2 .

) ) (e - el

n(4r) — —1f—iTT}‘(—) < ndr) — elm/3 n (47)

2 4

< T T r‘/T—i—l\\

1(Z) = 2v=matn (T = ()

. | W(T—i_l) — f'_m“flEi —?'T-}}(T—'_g) " {<"—'?(le_1) — N (T—.'_Q\

19 1 <'??(T+2) . _??(T-i—3\

?}( 1 ) — ﬁv/——h-?;(ir—l—a) 4 \ 4 )

T+3 - T

() - ) OER)

39
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6
d
Y(ay,..., ag|t) = e (; a; log m(’r)) > Q= 0
LSSV TN (T 1 PR T
= ai +4(12 + —|as
n(r+1/2) ndr) 4] " n(r/4)
n'((r+1)/4) ' ((r+2)/4) ?7’((’T+3)/4)]
4 + as + ag
n((r+1)/4) n((7+2)/4) n((r+3)/4)
S: Y(ay,..., ag|T) — Y(ay,as,a3,aq, a5, a6|—1/7) = TQY(a.g,a.gﬁa.g,agﬂa.l,aﬂ‘r}?
T: Y(ay,..., ag|T) — Y(ay,as,as,aq,a5,a6|7 +1) = Y(ay,a9,a¢,as, a4, az|7) .




0 w 0 1
[z. o) = (5 5). v = (] O)]
1 —1 2w? 2w —1 2w 22
3: p9)= 3 2w 2 —w? p(T) == 2w 2w? -1
2w?  —w 2 2w? —1 2w
1 —1 2w? 2w 1 —1 2w 22
3: pS)=—[ 20w 2 —uw? p(T) = —= | 2w 2w? -1
22 —w 2 202 —1 2w
8i ,
(—1’- = 1 — 24y — 72y° + 288y + 216" + ... | \
3 1(7) yo Y Y | _ (Yi(7)
8i Yo(1) = v
—5-Ya(r) = 1+24y - 7247 — 288y° + 2169 + ... | 2(7)
4 1 3 | o4 5 _ k19,7 8 Y3(7)
;Yg(?’) = 1—824+642"+322"+ 1922 — 512" + 384" +..., Y (1) = (Yll(’r))
' Y:
% [Ya(r) +Y5(7)] = 144z —322° +322% — 962° + 25627 + 38425 + ..., 5(7)
. 0
% Va(r) = Ya(r)] = 2V32 (14822 — 242" — 6425+ .. ), 3

&E i\/q/3, z = €™/ (q/4)1/*, and as usual g = €277,
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No solution of weight 2

for S, triplet



S, Triplet appears in Weight 4
3x3 — 3 J. Penedo
Modular forms of higher weight

From tensor products of Ya(7) and Y3/ (7): Non-zero
| arises only at
‘ ‘ ‘ Ylm =Nt ~1 weight 6
Y2(4) - (Yiz?a le)T ~ 2

ﬁ‘ :SE Y3E4j = (NMY; - YaYs, Y1V — YoVs, V1Y — YoVy)' ~ 3

Yol = (VY + Va5, iYs + VaYs, V1Vs + YoV))T ~ 3

2.00

1.80

Phenomenological implications are seen in |
1811.04933 (Novichkov, Penedo, Petcov, Titov) S|

1.40

42 1.20

0.50 0.556 0.0

hillz".‘.‘
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5 Summary

Footprint of the non-Abelian discrete symmetry is expected
to be seen in the neutrino mixing matrix.
It is an imprint of generators of finite groups. A, S,....

A, is a subgroup of the modular group,
which may come from superstring theory on certain
compactifications.

Mass matrices of A, model are determined
essentially by the modular parameter 7.

There is a consistent neutrino mass matrix with NH (no IH).
Predictions are sharp and testable in the future.

Is Modulus 7 common in both quarks and leptons ?

S; and S, are also subgroups of the modular group.

We need more phenomenological discussions.



Need additional flavons in A, model

A, model realizes non-vanishing 9, .
Y. Simizu, M. Tanimoto, A. Watanabe, PTP 126, 81(2011)

Add 1°' or 1" flavon which couples to neutrinos.

3x3=1 =ai;*xby+asxbs+ as*bs
LL3><3:)>1’:al*bg+a2*bl+a3*bg
LL[3><3$1”]:al*bg+a2*b2+63*bl

©

1><1:>1, 1" x1' =1
1 0 0 /0 0 1\
0 0 1 0 1 0
0 1 0 \1 0 0/,

44
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In 2012, ©,; was measured by Daya Bay, RENO,
Double Chooz, T2K, MINOS,

Tri-bimaximal mixing was ruled out!

013 ~9°~0./v2

Rather large 6,; promoted to search for CP violation !

Jop = $93C23512C12513C13 51 0cP ~ (0.0327 sind

Jop (quark)~3x10-°

CP violating phase 8., is a key parameter to understand
flavors as well as two large mixing angles ©,, and 6,;.



Neutrino mixing matrix
V .= (Upyns) o1 V

a=e, U, T i=1,2,3
flavor eigenstates mass eigenstates
C12C13 _ $12C13 _ 513~ 0cP 1 .921 0
Upnns = | —S12623 — 012323513'?15‘3? C12C23 — 312523513516_‘3? §93C13 0 e E
$12593 — C12€23513€9CP  —C19893 — $12C23513€CP  Cy3C13 0 0 e

cij and s;; denote cos f;; and sin 6;;, respectively.

m, <m, <m;, m; <m,<m,
observable 3o range for NH 3 o range for IH
Am?2, (2.399 ~ 2.593) x 10~%eV* (—2.562 ~ —2.369) x 10~%eV?
Am? (6.80 ~ 8.02) x 10~%eV* (6.80 ~ 8.02) x 10~%eV?
sin” fyg 0.418 ~ 0.613 0.435 ~ 0.616
sin? 6, 0.272 ~ 0.346 0.272 ~ 0.346
sin® 6,3 0.01981 ~ 0.02436 0.02006 ~ 0.02452
46 NuFIT3.2 (2018) Am?Z, =m;>m,? , Am? = m,2-m,?



Neutrino 2018

DATA FIT with reactor constraint

F&C 20 confidence intervals | T2K Runl-9c Preliminary

| -
u - |
30:_ — Normal —:
25/~  — Inverted E
2 20 E
C :
RN |
10 E
5P \ |
O:I\J—‘M(" T T l:
-3 -2 90° -1 0 1 2 3
6cp

47 e CP conserving values of écp lie outside 2o region.



3.0

Am2, (10° eV?)

2.0

NOVA Preliminary

I

- Normal

]

'

J

T [ ' | v
Hierarchy 90% CL

|

|

- —— NOVA — - MINOS 2014
— - --.T2K 2017 - lceCube 2017
BN SK 2017

b—

— o Best fit

! L

L




If O, is rather less than 45°
it could be related neutrino masses.

For example,

4 N
- | Amg,
S11 923 ~ 2 — 0.40 ~ 0.43 FTY(2003), FSTY(2012)
Arrn’a,tm
\§ J
Just like 6ST relation GST 1968 Weinberg 1977
0 A My

My = =y
d (A B) - m.

However, the closer 6,; =45° or > 45°
the more likely that some symmetry/structure behind it.

49



80

2 Towards Non-Abelian Flavor Symmetry

Footprint of the non-Abelian discrete symmetry
is expected to be seen in the neutrino mixing matrix.

How to find an imprint of generators of finite groups

Generators of 6 (S,T,U) determine Direct Approach

the flavor mixing directly. S,

Suppose group G for flavors S.F.King

at hlgh energy. S,U broken but \T broken but

T preserved S,U preserved
At low energy,

different subgroups of 6 { Charged J [ Neutrino J
are preserved in Yukawa Lefpoon Decins Sector
sectors of Neutrinos l o 1 O
and Charged leptons, l ,

. o~ ren e~ rH,LH
respectively. LA ~ qaLH.LH.
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Consider the case of A, flavor symmetry:
A, has subgroups:
three Z,, four Z,, one Z,xZ, (klein four-group)

Z,: {1,5}, {1,T25T}, {1,TST?} S2=T3=(ST)3:=1
Z,: {1, 7,74, {1,sT,T2s}, {1,TS, sT4}, {1,STS,ST2S}
K,: {1,5,T2ST,TST?)

Suppose A, is spontaneously broken to one of subgroups:
Neutrino sector preserves Z,: {1,S}
Charged lepton sector preserves Z;: {1,T,T?}

STmy S=mYy,, TV YT =Y)Y]
s
S,my =0, [T, YeYeT] =0

Mixing matrices diagonalise m’,;, Y.Y) also diagonalize
S and T, respectively |
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For the triplet, the representations are given as

-1 2 2 1 0 0
S:% 2 -1 2|, T=[0 w? 0]; w=e2m/3
2 2 -1 0 0 w

VISV, = diag(@, 1, @

2/vV6  1/V/3 0
V,=1-1/v6 1/v/3 —1/v/2| Tri-bimaximal Mixing
~1/v6 1/V3  1/v2

Independent of mass eigenvalues !
Freedom of the rotation between 1s* and 3" column
because a column corresponds to a mass eigenvalue.



Finally, we obtain PMNS matrix.

20/\/6 28/\/6
V, = | —c/V6+5/v2 —5//6 —c/\/2
—c/\V6 — 5/V/2 —5/V6 4+ c/V/2

[c = cosf s=sin _95;—1'0] CP violating phase appears accidentally.

Tri-maximal mixing : so called TM,

© and o are not fixed.

Since two parameters appear, there are two relations
among mixing angles and CP violating phase.

Mixing sum rules

TV N dcp tan 20 ! (1 5"’0)

S~ U9 = — ‘ Z =, COS O p tan 2093 =~ : — —SIn" U3
3 cos? 913 3 \/55111 913 4
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Direct Approach

Y¢ Flavor Structure of Yukawa Interactions is directly related
with the Generators of Finite groups. Predictions are testable.

% One cannot discuss the related phenomena without Lagrangian.
Leptogenesis, Quark CP violation, Lepton flavor violation

Model building is required.

3¢ Conventional model building :
Introduce flavons (gauge singlet scalars) to discuss dynamics of
flavors. Write down an effective Lagrangian including flavons.
Flavor symmetry is broken spontaneously by VEV of flavons.

% The number of parameters of Yukawa interactions increases.
Predictability of model is considerably reduced.
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s on Yukawa interactions and /N=1 global SUSY
ension to N=1 SUGRA straightforward]

= /d4:1:d20d25 K(®,®)+ /d4:cd29 w(®) + h.c.

w(®) = w(P)

S invariant if
{ K(®,®) - K(®,®) + f(®) + f(®)

B i(2.9) = ~hlog(~ir +i7) + Y _(~ir +ir)M]p" > It minime

1

B .o->v.. el felddepen
n Yukawa coug

invariance of w(®) guaranteed by an hold’f:‘;i phic

Yi,..1.(y7) = (er + &) ™p(v) Y1, .1.(7)

. the weights sum to zero: ky(n) +k; + - +k =0
l the pr'ocEc‘l' pxpltx ... xpn contains an invariant singlet

55 : F ST : :
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J. Penedo, S.Petcov arXiv:1806.11040

Normal hierarchy

aYs aYs aYy f
M} = vy [ B(V1Ys - YaY5) B(YV1Ys —YaYy) B(V1Ys — YoY3)
y(Y1Yi+YoYs) ~ (V1Y +YaYy) ~(Y1Ys + YaoYs)

—

g2 [ (WY Y Yy
M, = A - Yy Yy (9/9")'1Y>
YP (9/9")Y1Y> Yy
1 g" 201V, — YoYs) —(Y1Ys — YY) —(YiYs — YaYs)
+ 5 g —(Y; =YoYy) 2(ViYs —YoY3) —(YiYy—YoYs)

o6

—(Ys - YoY¥3) —(ViYy —YoY5) 2(Ys — YaoY))



2
Kinetic term of the modulus T |0,7|
(=it +1i7)?
Modular transformation - Sziz,ad —bc=1

B numerator
B (ad,t)(ct + d) — (at + b)(ca,7) _(ad—=bc)o,t Oyt

d, 7" = — — K
(ct + d)? (ct + d)? (cT + d)?

B denominator
_(at+b)(ct+d)—(aTt+b)(ct+d) (ad—bc)(t—7T) 1—7
) ez +d]* T Jer+dr v +df?

! ff

2 2
|auT!| _ |6#T| . .
(—it' + iT')2 — (—iT + iT)2 Modular invariant

o7



How to find the concrete form of modular form with weight 2 and
non-trivial rep. of I'(IV)

* Suppose functions f;(7) to be modular forms with weight k;
* Also suppose },;k; =0

—> %Zi log f; () is a modular form with weight 2

at+ b

Proof | Modular transformation: 7’ = ,ad — bc =1
ct+d
d dr d d
= = 2 (") = ki £
dT’ dT’ dT (CT + d) dT' f-l(r ) (CT + d) f;(r)

d d
EZ log f; (t") = (ct + d)? EZ[logfi(T) + ki(CT(‘;' d)]

d
= (c1 + d)? Ez log f; (1)

» When we find a set of f; (1),
we can construct modular form with weight 2



