
Predicting Proton Decay 
from low energy SUSY spectrum

Kazuki Sakurai

in collaboration with

Stefan Pokorski, Krzysztof Rolbiecki, Graham Ross

26/12/2018 Seminar @ IPMU

(University of Warsaw)



๏Motivation of SUSY

not well studied compared to the other two

‣How is the condition of GCU formulated?

‣ Is there an upper/lower limit on SUSY masses from GCU?

‣Any relation between low energy SUSY and proton decay?

- Fine-tuning Problem  

- Dark Matter 

- Gauge Coupling Unification

tension with LHC;

but better than non-SUSY

well studied; consistent if its pure Higgsino 
(~1TeV) or pure Wino (~3TeV)



Contents
• Derivation of analytical formulae for GCU including the bulk 2-

loop correction applicable for general SUSY and GUT spectra.

• Application:

- Minimal SU(5)
coloured Higgs mass as a function of general SUSY mass spectrum

=> prediction of D=5 proton decay from SUSY spectrum

- Orbifold SUSY SU(5)  [Hall-Nomula model]

X,Y gauge boson mass as a function of general SUSY mass spectrum

=> prediction of D=6 proton decay from SUSY spectrum
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<latexit sha1_base64="qXIAXgDUz8kpl0xm3XeFOuZUW98="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="gucV8l8X1rKJfcuxOkKy6pxmwi4="></latexit><latexit sha1_base64="5RAMA8PF2FqOeqK0yARKoUAO7ec="></latexit>

α̃−1
i ≡ 2πα−1

i
<latexit sha1_base64="dv7d3eVM7Sarxuy0G1Q9jIIL6w8="></latexit><latexit sha1_base64="ianS34/ar14CUaQ4lnprPacLTF0="></latexit><latexit sha1_base64="ianS34/ar14CUaQ4lnprPacLTF0="></latexit><latexit sha1_base64="ianS34/ar14CUaQ4lnprPacLTF0="></latexit><latexit sha1_base64="fXBdfd9zApnFF1loGjLQzjnq0PA="></latexit><latexit sha1_base64="tjum30EDbl3J82Q3gCGmsg2LSuc="></latexit>

t ≡ ln (Q/Q0)
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<latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit>

SM

Q = mZ
<latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="OBnuSyfyJRsY2XmuOu9Zpouqn/w=">AAAB2nicZVBNS8NAEJ3Urxqr1rOXxVLwVBIvehS8eKxgW6ENZbOZtEs3m7A7EUrpH/DiQRD/lyf/jdsPxLYPBh7vzTAzLy6UtBQEP15lb//g8Kh67J/U/NOz83qta/PSCOyIXOXmJeYWldTYIUkKXwqDPIsV9uLJw8LvvaKxMtfPNC0wyvhIy1QKTk5qD+uNoBUswXZJuCYNWGNY/x4kuSgz1CQUt7YfBgVFM25ICoVzf1BaLLiY8BH2HdU8QxvNlmfOWdMpCUtz40oTW6r/J2Y8s3aaxa4z4zS2295C/POaG6sovYtmUhcloRarTWmpGOVs8TRLpEFBauoIF0a6Y5kYc8MFuWh8F0K4/fIu6d60wqAVPgVQhUu4gmsI4Rbu4RHa0AEBCbzBhye9d+9zFVbFW6d2ARvwvn4BtGyKYg==</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="AseZmmxAvJ43QpuR0QL7RM3ZM6o=">AAAB7XicZVBNSwMxEJ31s9avqkcvwVLwVHY9qBeh6MVjC25bbJeSTbNtaJJdkqxQlv4GT4KCePUHefLfmLZbsfXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6G7qt56o0iyWD2ac0EDggWQRI9hYyW/ciN5jr1R2q+4M6D/xclKGHPVe6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTlDFKn0UxcqWNGim/p3IsNB6LELbKbAZ6lVvKv56laVVJroOMiaT1FBJ5puilCMTo+nrqM8UJYaPLcFEMXssIkOsMDE2oOIshcvF86tkkULzouq5Va/hlmu3eR4FOIUzOAcPrqAG91AHHwgweIZXeHNi58V5dz7mrWtOPnMCS3A+fwDhQ46W</latexit>

~+sL

~sL
bi =

∑

η

bηi
<latexit sha1_base64="bv0dcd+Poat+plkKy6d5OzldrGA="></latexit><latexit sha1_base64="MKiLebVl9uhw/uIzwOdi2mp6N6I="></latexit><latexit sha1_base64="MKiLebVl9uhw/uIzwOdi2mp6N6I="></latexit><latexit sha1_base64="MKiLebVl9uhw/uIzwOdi2mp6N6I="></latexit><latexit sha1_base64="Yo0v1KN97TkNur0DywWTJF8WCbE="></latexit><latexit sha1_base64="C71N3m+VS01KxYujeUhipd437cQ="></latexit>

lightest 
sparticle



d

dt
α̃−1
i = bi

<latexit sha1_base64="qXIAXgDUz8kpl0xm3XeFOuZUW98="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="gucV8l8X1rKJfcuxOkKy6pxmwi4="></latexit><latexit sha1_base64="5RAMA8PF2FqOeqK0yARKoUAO7ec="></latexit>

α̃−1
i ≡ 2πα−1

i
<latexit sha1_base64="dv7d3eVM7Sarxuy0G1Q9jIIL6w8="></latexit><latexit sha1_base64="ianS34/ar14CUaQ4lnprPacLTF0="></latexit><latexit sha1_base64="ianS34/ar14CUaQ4lnprPacLTF0="></latexit><latexit sha1_base64="ianS34/ar14CUaQ4lnprPacLTF0="></latexit><latexit sha1_base64="fXBdfd9zApnFF1loGjLQzjnq0PA="></latexit><latexit sha1_base64="tjum30EDbl3J82Q3gCGmsg2LSuc="></latexit>

t ≡ ln (Q/Q0)
<latexit sha1_base64="4KXg+2jPYgoaBiwemY4bH7QDcKQ=">AAACC3icZVA9SwNBEJ2L3/ErammzKoI28c5Gy6CNpQGjghfC3mYuWbK3d+7OBUJIbeV/8A9YCQpi6y+w8t+4SUQ0Phh4vDfDzLwoU9KS7396hanpmdm5+YXi4tLyymppbf3SprkRWBOpSs11xC0qqbFGkhReZwZ5Eim8ijqnQ/+qi8bKVF9QL8N6wltaxlJwclKjtEUsxNtcdlmotCuMaY9VD6oNn4VGttq03yjt+GV/BPafBN9kp7INhQcAOG+UPsJmKvIENQnFrb0J/IzqfW5ICoWDYphbzLjo8BbeOKp5grbeH70yYLtOabI4Na40sZH6e6LPE2t7SeQ6E05tO+kNxR9v988qio/rfamznFCL8aY4V4xSNgyGNaVBQarnCBdGumOZaHPDBbn4ii6FYPLn/+TysBz45aDq4jiBMeZhE7ZhDwI4ggqcwTnUQMAdPMIzvHj33pP36r2NWwve98wG/IH3/gWX0Joi</latexit><latexit sha1_base64="7+dbjqYUwzIOf7vPlTVstLMpq24=">AAACC3icZVDLSgNBEOyN7/iKCl70MCqCXuKuFz2KXjwmYKLghjA76U0GZ2fXmV4hBM+e/Aa/wIMICuLVL/Dk3zhJRHwUNBRV3XR3RZmSlnz/wyuMjI6NT0xOFadnZufmSwuLdZvmRmBNpCo1ZxG3qKTGGklSeJYZ5Emk8DS6OOr7p1dorEz1CXUzbCS8rWUsBScnNUtrxEK8zOUVC5V2hTFtsepOtemz0Mh2h7abpQ2/7A/A/pPgi2wcrEPhbvlhtdIsvYetVOQJahKKW3se+Bk1etyQFAqvi2FuMePigrfx3FHNE7SN3uCVa7bplBaLU+NKExuoPyd6PLG2m0SuM+HUsX+9vvjtbf5aRfF+oyd1lhNqMdwU54pRyvrBsJY0KEh1HeHCSHcsEx1uuCAXX9GlEPz9+T+p75YDvxxUXRyHMMQkrMA6bEEAe3AAx1CBGgi4gXt4gmfv1nv0XrzXYWvB+5pZgl/w3j4BxqWbBA==</latexit><latexit sha1_base64="7+dbjqYUwzIOf7vPlTVstLMpq24=">AAACC3icZVDLSgNBEOyN7/iKCl70MCqCXuKuFz2KXjwmYKLghjA76U0GZ2fXmV4hBM+e/Aa/wIMICuLVL/Dk3zhJRHwUNBRV3XR3RZmSlnz/wyuMjI6NT0xOFadnZufmSwuLdZvmRmBNpCo1ZxG3qKTGGklSeJYZ5Emk8DS6OOr7p1dorEz1CXUzbCS8rWUsBScnNUtrxEK8zOUVC5V2hTFtsepOtemz0Mh2h7abpQ2/7A/A/pPgi2wcrEPhbvlhtdIsvYetVOQJahKKW3se+Bk1etyQFAqvi2FuMePigrfx3FHNE7SN3uCVa7bplBaLU+NKExuoPyd6PLG2m0SuM+HUsX+9vvjtbf5aRfF+oyd1lhNqMdwU54pRyvrBsJY0KEh1HeHCSHcsEx1uuCAXX9GlEPz9+T+p75YDvxxUXRyHMMQkrMA6bEEAe3AAx1CBGgi4gXt4gmfv1nv0XrzXYWvB+5pZgl/w3j4BxqWbBA==</latexit><latexit sha1_base64="7+dbjqYUwzIOf7vPlTVstLMpq24=">AAACC3icZVDLSgNBEOyN7/iKCl70MCqCXuKuFz2KXjwmYKLghjA76U0GZ2fXmV4hBM+e/Aa/wIMICuLVL/Dk3zhJRHwUNBRV3XR3RZmSlnz/wyuMjI6NT0xOFadnZufmSwuLdZvmRmBNpCo1ZxG3qKTGGklSeJYZ5Emk8DS6OOr7p1dorEz1CXUzbCS8rWUsBScnNUtrxEK8zOUVC5V2hTFtsepOtemz0Mh2h7abpQ2/7A/A/pPgi2wcrEPhbvlhtdIsvYetVOQJahKKW3se+Bk1etyQFAqvi2FuMePigrfx3FHNE7SN3uCVa7bplBaLU+NKExuoPyd6PLG2m0SuM+HUsX+9vvjtbf5aRfF+oyd1lhNqMdwU54pRyvrBsJY0KEh1HeHCSHcsEx1uuCAXX9GlEPz9+T+p75YDvxxUXRyHMMQkrMA6bEEAe3AAx1CBGgi4gXt4gmfv1nv0XrzXYWvB+5pZgl/w3j4BxqWbBA==</latexit><latexit sha1_base64="+KtJYdorpaakgl097dMSEfVjLbc=">AAACC3icZVDLSgNBEOyN7/iKCl70MCqCXuKuB/UoevFowKjghjA76U0GZ2fXmV4hBM+e/Aa/wIMICuLVL/Dk3zhJVHwUNBRV3XR3RZmSlnz/3SsMDA4Nj4yOFccnJqemSzOzxzbNjcCqSFVqTiNuUUmNVZKk8DQzyJNI4Ul0vt/1Ty7RWJnqI2pnWEt4U8tYCk5OqpeWiIV4kctLFirtCmNaY5WNSt1noZHNFq3XSyt+2e+B/SfBJ1nZXYbC7fz94mG99BY2UpEnqEkobu1Z4GdU63BDUii8Koa5xYyLc97EM0c1T9DWOr1XrtiqUxosTo0rTayn/pzo8MTadhK5zoRTy/71uuK3t/prFcU7tY7UWU6oRX9TnCtGKesGwxrSoCDVdoQLI92xTLS44YJcfMVeCltfz/8lXykcb5YDvxxUXBx70McoLMAyrEEA27ALB3AIVRBwDXfwCE/ejffgPXsv/daC9zkzB7/gvX4AzS+bEw==</latexit><latexit sha1_base64="Ti4qwWE1WP1aViDO75jF4hyMg8A=">AAACC3icZVDLSgNBEJyNrxhfUY9eRoOgl7jrQT0GvXhMwDwgG8LspDcZMju7zvQKIXj25Kd4EhTEq1/gyb9x8hKjBQ1FVTfdXUEihUHX/XIyC4tLyyvZ1dza+sbmVn57p2biVHOo8ljGuhEwA1IoqKJACY1EA4sCCfWgfzXy63egjYjVDQ4SaEWsq0QoOEMrtfP7SH24TcUd9aWyBSEe0cpJpe1SX4tuD4/b+YJbdMeg/4k3JQUyRbmd//Q7MU8jUMglM6bpuQm2hkyj4BLuc35qIGG8z7rQtFSxCExrOH7lnh5apUPDWNtSSMfq74khi4wZRIHtjBj2zF9vJP54h3OrMLxoDYVKUgTFJ5vCVFKM6SgY2hEaOMqBJYxrYY+lvMc042jjy41TOJs9/5fMUqidFj236FXcQulymkeW7JEDckQ8ck5K5JqUSZVw8kCeyAt5dR6dZ+fNeZ+0ZpzpzC6Zg/PxDT5/mS0=</latexit>

> 0
<latexit sha1_base64="iN+omk8RaJ0VZ8gUtflCWB+dnDE=">AAAB63icZVDLSgMxFL3js9ZX1aUgwVJwVTJudKVFNy4r2ge0pWTSTBuaZIYkI5ShS5euBAVx63/4D678EdemD8S2By4czrmXc+8NYsGNxfjbW1peWV1bz2xkN7e2d3Zze/tVEyWasgqNRKTrATFMcMUqllvB6rFmRAaC1YL+9civPTBteKTu7SBmLUm6ioecEuukuwuE27k8LuIx0CLxpyR/+fN49AkA5Xbuq9mJaCKZslQQYxo+jm0rJdpyKtgw20wMiwntky5rOKqIZKaVjlcdooJTOiiMtCtl0Vj9P5ESacxABq5TEtsz895I/PMKM1E2PG+lXMWJZYpOksJEIBuh0eGowzWjVgwcIVRztyyiPaIJte49WfcFf/7mRVI9Lfq46N/ifOkKJsjAIRzDCfhwBiW4gTJUgEIXnuAFXj3pPXtv3vukdcmbzhzADLyPX1OLj+U=</latexit><latexit sha1_base64="vNU21WcBlojOUfUrnaPyzGwb5Y0=">AAAB63icZVC7SgNBFL0bXzG+opaCDIaAVZi10UqDNpYJmgckS5idzCZDZmeXmVkhhJQprQQFsfUf/A8rv8He2skDMcmBC4dz7uXce/1YcG0w/nJSK6tr6xvpzczW9s7uXnb/oKqjRFFWoZGIVN0nmgkuWcVwI1g9VoyEvmA1v3cz9msPTGkeyXvTj5kXko7kAafEWOnuEuFWNocLeAK0TNwZyV39jI4/yt+jUiv72WxHNAmZNFQQrRsujo03IMpwKtgw00w0iwntkQ5rWCpJyLQ3mKw6RHmrtFEQKVvSoIn6f2JAQq37oW87Q2K6etEbi39efi7KBBfegMs4MUzSaVKQCGQiND4ctbli1Ii+JYQqbpdFtEsUoca+J2O/4C7evEyqZwUXF9wyzhWvYYo0HMEJnIIL51CEWyhBBSh04BGe4cUJnSfn1Xmbtqac2cwhzMF5/wWiRJGe</latexit><latexit sha1_base64="vNU21WcBlojOUfUrnaPyzGwb5Y0=">AAAB63icZVC7SgNBFL0bXzG+opaCDIaAVZi10UqDNpYJmgckS5idzCZDZmeXmVkhhJQprQQFsfUf/A8rv8He2skDMcmBC4dz7uXce/1YcG0w/nJSK6tr6xvpzczW9s7uXnb/oKqjRFFWoZGIVN0nmgkuWcVwI1g9VoyEvmA1v3cz9msPTGkeyXvTj5kXko7kAafEWOnuEuFWNocLeAK0TNwZyV39jI4/yt+jUiv72WxHNAmZNFQQrRsujo03IMpwKtgw00w0iwntkQ5rWCpJyLQ3mKw6RHmrtFEQKVvSoIn6f2JAQq37oW87Q2K6etEbi39efi7KBBfegMs4MUzSaVKQCGQiND4ctbli1Ii+JYQqbpdFtEsUoca+J2O/4C7evEyqZwUXF9wyzhWvYYo0HMEJnIIL51CEWyhBBSh04BGe4cUJnSfn1Xmbtqac2cwhzMF5/wWiRJGe</latexit><latexit sha1_base64="vNU21WcBlojOUfUrnaPyzGwb5Y0=">AAAB63icZVC7SgNBFL0bXzG+opaCDIaAVZi10UqDNpYJmgckS5idzCZDZmeXmVkhhJQprQQFsfUf/A8rv8He2skDMcmBC4dz7uXce/1YcG0w/nJSK6tr6xvpzczW9s7uXnb/oKqjRFFWoZGIVN0nmgkuWcVwI1g9VoyEvmA1v3cz9msPTGkeyXvTj5kXko7kAafEWOnuEuFWNocLeAK0TNwZyV39jI4/yt+jUiv72WxHNAmZNFQQrRsujo03IMpwKtgw00w0iwntkQ5rWCpJyLQ3mKw6RHmrtFEQKVvSoIn6f2JAQq37oW87Q2K6etEbi39efi7KBBfegMs4MUzSaVKQCGQiND4ctbli1Ii+JYQqbpdFtEsUoca+J2O/4C7evEyqZwUXF9wyzhWvYYo0HMEJnIIL51CEWyhBBSh04BGe4cUJnSfn1Xmbtqac2cwhzMF5/wWiRJGe</latexit><latexit sha1_base64="3onYRq+LUkgQCWSvK/r6E0nnnv4=">AAAB63icZVDLSgMxFM3UV62vqktBgqXgqmRcqCstunHZon1AO5RMmmlDk8yQZIRSuuzSlaAgbv0H/8OV3+Detem0FVsPXDiccy/33uNHnGmD0KeTWlpeWV1Lr2c2Nre2d7K7e1UdxorQCgl5qOo+1pQzSSuGGU7rkaJY+JzW/N712K/dU6VZKO9MP6KewB3JAkawsdLtBUStbA4VUAL4n7hTkrv8Hh2+l79GpVb2o9kOSSyoNIRjrRsuiow3wMowwukw04w1jTDp4Q5tWCqxoNobJKcOYd4qbRiEypY0MFH/Tgyw0LovfNspsOnqRW8s/nr5uVUmOPcGTEaxoZJMNgUxhyaE48dhmylKDO9bgoli9lhIulhhYmw8mSSF09nzi2SWQvWk4KKCW0a54hWYIA0OwBE4Bi44A0VwA0qgAgjogAfwBJ4d4Tw6L87rpDXlTGf2wRyctx+ozpGt</latexit><latexit sha1_base64="hfAYS8m6/ppAyQmb2U1etYhu8GQ=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCp5L1oJ6k6MVjRfsB7VKyabYNTbJLkhXK0p/gSVAQr/4iT/4bt9ut2Ppg4PHeDDPz/EhwYzH+dgpr6xubW8Xt0s7u3v5B+fCoZcJYU9akoQh1xyeGCa5Y03IrWCfSjEhfsLY/vp357SemDQ/Vo51EzJNkqHjAKbGp9HCNcL9cwTWcAf0nbk4qkKPRL3/1BiGNJVOWCmJM18WR9RKiLaeCTUu92LCI0DEZsm5KFZHMeEl26hRVU2WAglCnpSzK1L8TCZHGTKSfdkpiR2bVm4m/XnVplQ2uvISrKLZM0fmmIBbIhmj2OBpwzagVk5QQqnl6LKIjogm1aTylLIWLxfOrZJFC67zm4pp7jyv1mzyPIpzAKZyBC5dQhztoQBMoDOEZXuHNkc6L8+58zFsLTj5zDEtwPn8A1fuNXA==</latexit>

α−1
i

<latexit sha1_base64="gY/pStnWC79hbG4lR5nJOnlih2o=">AAAB9XicZVDLSgNBEOz1GeMr0aOXwRjwYtj1osegF48RzAOSNfROJsmQ2dl1ZlYJS77Dk6AgXv0J/8CTf+PkgZikoKGo6qa7K4gF18Z1f5yV1bX1jc3MVnZ7Z3dvP5c/qOkoUZRVaSQi1QhQM8ElqxpuBGvEimEYCFYPBtdjv/7IlOaRvDPDmPkh9iTvcorGSn4LRdzHNr9Pz7xRO1dwS+4EZJl4M1Ion+S/ygBQaee+W52IJiGThgrUuum5sfFTVIZTwUbZVqJZjHSAPda0VGLItJ9Ojh6RolU6pBspW9KQifp/IsVQ62EY2M4QTV8vemPxzyvOrTLdSz/lMk4Mk3S6qZsIYiIyjoB0uGLUiKElSBW3xxLaR4XU2KCyNgVv8edlUjsveW7Ju7VxXMEUGTiCYzgFDy6gDDdQgSpQeIBneIU358l5cd6dj2nrijObOYQ5OJ+/6xeTeg==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="8Ux9at9kHAt5YnjkeGFOSPS4sXM=">AAAB9XicZVDLSgNBEJyNrxhfiR69DMaAF8NuDuox6MVjBPOAZA29k9lkyOzsOjOrhCXf4UlQEPHmT3jy6sm/cfISEwsaiqpuuru8iDOlbfvbSi0tr6yupdczG5tb2zvZ3G5NhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/GPn1OyoVC8W1HkTUDaArmM8IaCO5LeBRD9rsJjl2hu1s3i7aY+D/xJmSfPkw91H6rL9V2tmvVickcUCFJhyUajp2pN0EpGaE02GmFSsaAelDlzYNFRBQ5Sbjo4e4YJQO9kNpSmg8Vv9OJBAoNQg80xmA7qlFbyT+eoW5Vdo/cxMmolhTQSab/JhjHeJRBLjDJCWaDwwBIpk5FpMeSCDaBJUZp3Aye36RzFKolYqOXXSuTBznaII02kcH6Ag56BSV0SWqoCoi6BY9oCf0bN1bj9aL9TppTVnTmT00B+v9B0NhlUQ=</latexit><latexit sha1_base64="T3BGyxxBvLrBlc4I7v5RgVtRrBk=">AAAB9XicZVBNS8NAEJ3Ur1q/qh69LJaCF0viQT0WvXisYD+gjWWy3bZLN5u4u1FK6O/wJCiIV3+MJ/+NaZqKrQ8GHu/NMDPPCwXXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6CBSlNVpIALV8lAzwSWrG24Ea4WKoe8J1vRG11O/+ciU5oG8M+OQuT4OJO9ziiaR3A6KcIhdfh+fOpNusWRX7BTkP3EyUoIMtW7xq9MLaOQzaahArduOHRo3RmU4FWxS6ESahUhHOGDthEr0mXbj9OgJKSdKj/QDlZQ0JFX/TsToaz32vaTTRzPUy95U/PXKC6tM/9KNuQwjwySdbepHgpiATCMgPa4YNWKcEKSKJ8cSOkSF1CRBFdIUzufPL5N5Co2zimNXnFu7VL3K8sjDERzDCThwAVW4gRrUgcIDPMMrvFlP1ov1bn3MWnNWNnMIC7A+fwDzIJIQ</latexit>

t
<latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit>

SM

Q = mZ
<latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="OBnuSyfyJRsY2XmuOu9Zpouqn/w=">AAAB2nicZVBNS8NAEJ3Urxqr1rOXxVLwVBIvehS8eKxgW6ENZbOZtEs3m7A7EUrpH/DiQRD/lyf/jdsPxLYPBh7vzTAzLy6UtBQEP15lb//g8Kh67J/U/NOz83qta/PSCOyIXOXmJeYWldTYIUkKXwqDPIsV9uLJw8LvvaKxMtfPNC0wyvhIy1QKTk5qD+uNoBUswXZJuCYNWGNY/x4kuSgz1CQUt7YfBgVFM25ICoVzf1BaLLiY8BH2HdU8QxvNlmfOWdMpCUtz40oTW6r/J2Y8s3aaxa4z4zS2295C/POaG6sovYtmUhcloRarTWmpGOVs8TRLpEFBauoIF0a6Y5kYc8MFuWh8F0K4/fIu6d60wqAVPgVQhUu4gmsI4Rbu4RHa0AEBCbzBhye9d+9zFVbFW6d2ARvwvn4BtGyKYg==</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="AseZmmxAvJ43QpuR0QL7RM3ZM6o=">AAAB7XicZVBNSwMxEJ31s9avqkcvwVLwVHY9qBeh6MVjC25bbJeSTbNtaJJdkqxQlv4GT4KCePUHefLfmLZbsfXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6G7qt56o0iyWD2ac0EDggWQRI9hYyW/ciN5jr1R2q+4M6D/xclKGHPVe6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTlDFKn0UxcqWNGim/p3IsNB6LELbKbAZ6lVvKv56laVVJroOMiaT1FBJ5puilCMTo+nrqM8UJYaPLcFEMXssIkOsMDE2oOIshcvF86tkkULzouq5Va/hlmu3eR4FOIUzOAcPrqAG91AHHwgweIZXeHNi58V5dz7mrWtOPnMCS3A+fwDhQ46W</latexit>

MSSM

~sL
~sH

~+sL

lightest 
sparticle

heaviest 
sparticle

bi =
∑

η

bηi
<latexit sha1_base64="bv0dcd+Poat+plkKy6d5OzldrGA="></latexit><latexit sha1_base64="MKiLebVl9uhw/uIzwOdi2mp6N6I="></latexit><latexit sha1_base64="MKiLebVl9uhw/uIzwOdi2mp6N6I="></latexit><latexit sha1_base64="MKiLebVl9uhw/uIzwOdi2mp6N6I="></latexit><latexit sha1_base64="Yo0v1KN97TkNur0DywWTJF8WCbE="></latexit><latexit sha1_base64="C71N3m+VS01KxYujeUhipd437cQ="></latexit>



d

dt
α̃−1
i = bi

<latexit sha1_base64="qXIAXgDUz8kpl0xm3XeFOuZUW98="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="gucV8l8X1rKJfcuxOkKy6pxmwi4="></latexit><latexit sha1_base64="5RAMA8PF2FqOeqK0yARKoUAO7ec="></latexit>

α−1
i

<latexit sha1_base64="gY/pStnWC79hbG4lR5nJOnlih2o=">AAAB9XicZVDLSgNBEOz1GeMr0aOXwRjwYtj1osegF48RzAOSNfROJsmQ2dl1ZlYJS77Dk6AgXv0J/8CTf+PkgZikoKGo6qa7K4gF18Z1f5yV1bX1jc3MVnZ7Z3dvP5c/qOkoUZRVaSQi1QhQM8ElqxpuBGvEimEYCFYPBtdjv/7IlOaRvDPDmPkh9iTvcorGSn4LRdzHNr9Pz7xRO1dwS+4EZJl4M1Ion+S/ygBQaee+W52IJiGThgrUuum5sfFTVIZTwUbZVqJZjHSAPda0VGLItJ9Ojh6RolU6pBspW9KQifp/IsVQ62EY2M4QTV8vemPxzyvOrTLdSz/lMk4Mk3S6qZsIYiIyjoB0uGLUiKElSBW3xxLaR4XU2KCyNgVv8edlUjsveW7Ju7VxXMEUGTiCYzgFDy6gDDdQgSpQeIBneIU358l5cd6dj2nrijObOYQ5OJ+/6xeTeg==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="8Ux9at9kHAt5YnjkeGFOSPS4sXM=">AAAB9XicZVDLSgNBEJyNrxhfiR69DMaAF8NuDuox6MVjBPOAZA29k9lkyOzsOjOrhCXf4UlQEPHmT3jy6sm/cfISEwsaiqpuuru8iDOlbfvbSi0tr6yupdczG5tb2zvZ3G5NhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/GPn1OyoVC8W1HkTUDaArmM8IaCO5LeBRD9rsJjl2hu1s3i7aY+D/xJmSfPkw91H6rL9V2tmvVickcUCFJhyUajp2pN0EpGaE02GmFSsaAelDlzYNFRBQ5Sbjo4e4YJQO9kNpSmg8Vv9OJBAoNQg80xmA7qlFbyT+eoW5Vdo/cxMmolhTQSab/JhjHeJRBLjDJCWaDwwBIpk5FpMeSCDaBJUZp3Aye36RzFKolYqOXXSuTBznaII02kcH6Ag56BSV0SWqoCoi6BY9oCf0bN1bj9aL9TppTVnTmT00B+v9B0NhlUQ=</latexit><latexit sha1_base64="T3BGyxxBvLrBlc4I7v5RgVtRrBk=">AAAB9XicZVBNS8NAEJ3Ur1q/qh69LJaCF0viQT0WvXisYD+gjWWy3bZLN5u4u1FK6O/wJCiIV3+MJ/+NaZqKrQ8GHu/NMDPPCwXXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6CBSlNVpIALV8lAzwSWrG24Ea4WKoe8J1vRG11O/+ciU5oG8M+OQuT4OJO9ziiaR3A6KcIhdfh+fOpNusWRX7BTkP3EyUoIMtW7xq9MLaOQzaahArduOHRo3RmU4FWxS6ESahUhHOGDthEr0mXbj9OgJKSdKj/QDlZQ0JFX/TsToaz32vaTTRzPUy95U/PXKC6tM/9KNuQwjwySdbepHgpiATCMgPa4YNWKcEKSKJ8cSOkSF1CRBFdIUzufPL5N5Co2zimNXnFu7VL3K8sjDERzDCThwAVW4gRrUgcIDPMMrvFlP1ov1bn3MWnNWNnMIC7A+fwDzIJIQ</latexit>

t
<latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit>

SM

Q = mZ
<latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="OBnuSyfyJRsY2XmuOu9Zpouqn/w=">AAAB2nicZVBNS8NAEJ3Urxqr1rOXxVLwVBIvehS8eKxgW6ENZbOZtEs3m7A7EUrpH/DiQRD/lyf/jdsPxLYPBh7vzTAzLy6UtBQEP15lb//g8Kh67J/U/NOz83qta/PSCOyIXOXmJeYWldTYIUkKXwqDPIsV9uLJw8LvvaKxMtfPNC0wyvhIy1QKTk5qD+uNoBUswXZJuCYNWGNY/x4kuSgz1CQUt7YfBgVFM25ICoVzf1BaLLiY8BH2HdU8QxvNlmfOWdMpCUtz40oTW6r/J2Y8s3aaxa4z4zS2295C/POaG6sovYtmUhcloRarTWmpGOVs8TRLpEFBauoIF0a6Y5kYc8MFuWh8F0K4/fIu6d60wqAVPgVQhUu4gmsI4Rbu4RHa0AEBCbzBhye9d+9zFVbFW6d2ARvwvn4BtGyKYg==</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="AseZmmxAvJ43QpuR0QL7RM3ZM6o=">AAAB7XicZVBNSwMxEJ31s9avqkcvwVLwVHY9qBeh6MVjC25bbJeSTbNtaJJdkqxQlv4GT4KCePUHefLfmLZbsfXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6G7qt56o0iyWD2ac0EDggWQRI9hYyW/ciN5jr1R2q+4M6D/xclKGHPVe6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTlDFKn0UxcqWNGim/p3IsNB6LELbKbAZ6lVvKv56laVVJroOMiaT1FBJ5puilCMTo+nrqM8UJYaPLcFEMXssIkOsMDE2oOIshcvF86tkkULzouq5Va/hlmu3eR4FOIUzOAcPrqAG91AHHwgweIZXeHNi58V5dz7mrWtOPnMCS3A+fwDhQ46W</latexit>
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+ξ1 +ξ2
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ξH

SU(5)

MG
<latexit sha1_base64="27xUpaPzpz54uDTeYwmXJ4EF+uM=">AAAB63icZVDLSgNBEOyNrxhfUfHkZTAEPIVdL/EY9KAXIaJ5QLKE2clsMmRmdpmZFcIS8AP0JCiKV7/Ik3/j5IGYpKChqOqmuyuIOdPGdX+czMrq2vpGdjO3tb2zu5ffP6jrKFGE1kjEI9UMsKacSVozzHDajBXFIuC0EQwux37jgSrNInlvhjH1Be5JFjKCjZXubjpXnXzBLbkToGXizUihcvT+9AgA1U7+u92NSCKoNIRjrVueGxs/xcowwuko1040jTEZ4B5tWSqxoNpPJ6eOUNEqXRRGypY0aKL+n0ix0HooAtspsOnrRW8s/nnFuVUmPPdTJuPEUEmmm8KEIxOh8eOoyxQlhg8twUQxeywifawwMTaenE3BW/x5mdTPSp5b8m5tHBcwRRaO4QROwYMyVOAaqlADAj14hld4c4Tz4nw4n9PWjDObOYQ5OF+/FmqPrA==</latexit><latexit sha1_base64="HzNGvy7Umfyo5f3uZPVXo40s498=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoAe9CBHNA5IlzE4myZCZ2WVmVghL/AI9CYri1S/y5N84eSAmKWgoqrrp7goizrRx3R8ntbK6tr6R3sxkt7Z3dnN7+zUdxorQKgl5qBoB1pQzSauGGU4bkaJYBJzWg8Hl2K8/UKVZKO/NMKK+wD3JuoxgY6W7m/ZVO5d3S+4EaJl4M5IvH74/PRZPspV27rvVCUksqDSEY62bnhsZP8HKMMLpKNOKNY0wGeAebVoqsaDaTyanjlDBKh3UDZUtadBE/T+RYKH1UAS2U2DT14veWPzzCnOrTPfcT5iMYkMlmW7qxhyZEI0fRx2mKDF8aAkmitljEeljhYmx8WRsCt7iz8ukdlry3JJ3a+O4gCnScATHUAQPzqAM11CBKhDowTO8wpsjnBfnw/mctqac2cwBzMH5+gWIZpAB</latexit><latexit sha1_base64="HzNGvy7Umfyo5f3uZPVXo40s498=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoAe9CBHNA5IlzE4myZCZ2WVmVghL/AI9CYri1S/y5N84eSAmKWgoqrrp7goizrRx3R8ntbK6tr6R3sxkt7Z3dnN7+zUdxorQKgl5qBoB1pQzSauGGU4bkaJYBJzWg8Hl2K8/UKVZKO/NMKK+wD3JuoxgY6W7m/ZVO5d3S+4EaJl4M5IvH74/PRZPspV27rvVCUksqDSEY62bnhsZP8HKMMLpKNOKNY0wGeAebVoqsaDaTyanjlDBKh3UDZUtadBE/T+RYKH1UAS2U2DT14veWPzzCnOrTPfcT5iMYkMlmW7qxhyZEI0fRx2mKDF8aAkmitljEeljhYmx8WRsCt7iz8ukdlry3JJ3a+O4gCnScATHUAQPzqAM11CBKhDowTO8wpsjnBfnw/mctqac2cwBzMH5+gWIZpAB</latexit><latexit sha1_base64="HzNGvy7Umfyo5f3uZPVXo40s498=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoAe9CBHNA5IlzE4myZCZ2WVmVghL/AI9CYri1S/y5N84eSAmKWgoqrrp7goizrRx3R8ntbK6tr6R3sxkt7Z3dnN7+zUdxorQKgl5qBoB1pQzSauGGU4bkaJYBJzWg8Hl2K8/UKVZKO/NMKK+wD3JuoxgY6W7m/ZVO5d3S+4EaJl4M5IvH74/PRZPspV27rvVCUksqDSEY62bnhsZP8HKMMLpKNOKNY0wGeAebVoqsaDaTyanjlDBKh3UDZUtadBE/T+RYKH1UAS2U2DT14veWPzzCnOrTPfcT5iMYkMlmW7qxhyZEI0fRx2mKDF8aAkmitljEeljhYmx8WRsCt7iz8ukdlry3JJ3a+O4gCnScATHUAQPzqAM11CBKhDowTO8wpsjnBfnw/mctqac2cwBzMH5+gWIZpAB</latexit><latexit sha1_base64="dLDMTQocvuAp+o6kJqL0h/P1CKs=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aAegx70IkQ0D0iWMDuZJENmdpeZWSEs8Qv0JCiKV7/Ik3/jZJOIiQUNRVU33V1eyJnStv1tpZaWV1bX0uuZ7Mbm1nZuZ7emgkgSWiUBD2TDw4py5tOqZprTRigpFh6ndW9wMfbr91QqFvh3ehhSV+Cez7qMYG2k2+v2ZTuXt0t2AvSfOFOSL++/PT4Uj7KVdu6r1QlIJKivCcdKNR071G6MpWaE01GmFSkaYjLAPdo01MeCKjdOTh2hglE6qBtIU75Gifp3IsZCqaHwTKfAuq8WvbH46xXmVunumRszP4w09clkUzfiSAdo/DjqMEmJ5kNDMJHMHItIH0tMtIknk6RwMnt+kcxSqB2XHLvk3Jg4zmGCNBzAIRTBgVMowxVUoAoEevAEL/BqCevZerc+Jq0pazqzB3OwPn8AjvCQEA==</latexit><latexit sha1_base64="fs1XEfUgZXMiTForgn563Uvm1So=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WPehFqGg/oF1KNs22oUl2SbJCWfoTPAkK4tVf5Ml/Y7rditUHA4/3ZpiZF8ScaeO6X05hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxlczv/1IlWaRfDCTmPoCDyULGcHGSve3/et+ueLW3AzoP/FyUoEcjX75szeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPs1OnqGqVAQojZUsalKm/J1IstJ6IwHYKbEb6rzcTf7zq0ioTXvgpk3FiqCTzTWHCkYnQ7HE0YIoSwyeWYKKYPRaREVaYGBtPKUvhbPH8X7JIoXVa89yad+dW6pd5HkU4gmM4AQ/OoQ430IAmEBjCE7zAqyOcZ+fNeZ+3Fpx85hCW4Hx8A2/gjcE=</latexit>
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d

dt
α̃−1
i = bi

<latexit sha1_base64="qXIAXgDUz8kpl0xm3XeFOuZUW98="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="mNyWeksmqwP60ZPvL92xMwyr5go="></latexit><latexit sha1_base64="gucV8l8X1rKJfcuxOkKy6pxmwi4="></latexit><latexit sha1_base64="5RAMA8PF2FqOeqK0yARKoUAO7ec="></latexit>

α−1
i

<latexit sha1_base64="gY/pStnWC79hbG4lR5nJOnlih2o=">AAAB9XicZVDLSgNBEOz1GeMr0aOXwRjwYtj1osegF48RzAOSNfROJsmQ2dl1ZlYJS77Dk6AgXv0J/8CTf+PkgZikoKGo6qa7K4gF18Z1f5yV1bX1jc3MVnZ7Z3dvP5c/qOkoUZRVaSQi1QhQM8ElqxpuBGvEimEYCFYPBtdjv/7IlOaRvDPDmPkh9iTvcorGSn4LRdzHNr9Pz7xRO1dwS+4EZJl4M1Ion+S/ygBQaee+W52IJiGThgrUuum5sfFTVIZTwUbZVqJZjHSAPda0VGLItJ9Ojh6RolU6pBspW9KQifp/IsVQ62EY2M4QTV8vemPxzyvOrTLdSz/lMk4Mk3S6qZsIYiIyjoB0uGLUiKElSBW3xxLaR4XU2KCyNgVv8edlUjsveW7Ju7VxXMEUGTiCYzgFDy6gDDdQgSpQeIBneIU358l5cd6dj2nrijObOYQ5OJ+/6xeTeg==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="gAS45LfWm5O6Qla6kyHJJq87Egk=">AAAB9XicZVDJSgNBEK2JW4xbokcvjTHgxTCTix6DXjxGMAskY6jpdJImPYvdPUoY8h2eBAURb/6EJ6+e/Bs7C2KSBwWP96qoqudFgitt2z9WamV1bX0jvZnZ2t7Z3cvm9msqjCVlVRqKUDY8VEzwgFU114I1IsnQ9wSre4PLsV+/Z1LxMLjRw4i5PvYC3uUUtZHcFoqoj21+m5w6o3Y2bxftCcgycWYkXz7OfZa+6u+Vdva71Qlp7LNAU4FKNR070m6CUnMq2CjTihWLkA6wx5qGBugz5SaTo0ekYJQO6YbSVKDJRP0/kaCv1ND3TKePuq8WvbH45xXmVunuuZvwIIo1C+h0UzcWRIdkHAHpcMmoFkNDkEpujiW0jxKpNkFlTArO4s/LpFYqOnbRuTZxXMAUaTiEIzgBB86gDFdQgSpQuINHeIYX68F6sl6tt2lryprNHMAcrI9fPNeVNQ==</latexit><latexit sha1_base64="8Ux9at9kHAt5YnjkeGFOSPS4sXM=">AAAB9XicZVDLSgNBEJyNrxhfiR69DMaAF8NuDuox6MVjBPOAZA29k9lkyOzsOjOrhCXf4UlQEPHmT3jy6sm/cfISEwsaiqpuuru8iDOlbfvbSi0tr6yupdczG5tb2zvZ3G5NhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/GPn1OyoVC8W1HkTUDaArmM8IaCO5LeBRD9rsJjl2hu1s3i7aY+D/xJmSfPkw91H6rL9V2tmvVickcUCFJhyUajp2pN0EpGaE02GmFSsaAelDlzYNFRBQ5Sbjo4e4YJQO9kNpSmg8Vv9OJBAoNQg80xmA7qlFbyT+eoW5Vdo/cxMmolhTQSab/JhjHeJRBLjDJCWaDwwBIpk5FpMeSCDaBJUZp3Aye36RzFKolYqOXXSuTBznaII02kcH6Ag56BSV0SWqoCoi6BY9oCf0bN1bj9aL9TppTVnTmT00B+v9B0NhlUQ=</latexit><latexit sha1_base64="T3BGyxxBvLrBlc4I7v5RgVtRrBk=">AAAB9XicZVBNS8NAEJ3Ur1q/qh69LJaCF0viQT0WvXisYD+gjWWy3bZLN5u4u1FK6O/wJCiIV3+MJ/+NaZqKrQ8GHu/NMDPPCwXXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6CBSlNVpIALV8lAzwSWrG24Ea4WKoe8J1vRG11O/+ciU5oG8M+OQuT4OJO9ziiaR3A6KcIhdfh+fOpNusWRX7BTkP3EyUoIMtW7xq9MLaOQzaahArduOHRo3RmU4FWxS6ESahUhHOGDthEr0mXbj9OgJKSdKj/QDlZQ0JFX/TsToaz32vaTTRzPUy95U/PXKC6tM/9KNuQwjwySdbepHgpiATCMgPa4YNWKcEKSKJ8cSOkSF1CRBFdIUzufPL5N5Co2zimNXnFu7VL3K8sjDERzDCThwAVW4gRrUgcIDPMMrvFlP1ov1bn3MWnNWNnMIC7A+fwDzIJIQ</latexit>

t
<latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="ox0DBZAs/dAkFXnYjIgnnfOaljE=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1osegF48JmAckS5id9CZDZh/M9Aoh5As8CQri1U/y5N84SRYxpqChqOqmuytIlTTkut9OYWt7Z3evuF86ODw6PimfnrVNkmmBLZGoRHcDblDJGFskSWE31cijQGEnmNwv/M4TaiOT+JGmKfoRH8UylIKTlZo0KFfcmrsE2yReTiqQozEof/WHicgijEkobkzPc1PyZ1yTFArnpX5mMOViwkfYszTmERp/tjx0zqpWGbIw0bZiYkv178SMR8ZMo8B2RpzG5r+3EH+96toqCm/9mYzTjDAWq01hphglbPE2G0qNgtTUEi60tMcyMeaaC7LhlGwK3v+fN0n7uua5Na/pVup3eR5FuIBLuAIPbqAOD9CAFghAeIZXeHMmzovz7nysWgtOPnMOa3A+fwBdh40f</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit><latexit sha1_base64="3vHG2yVCkRcmqU5ZoA3kNw3cdYE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZbtqlm03YnQil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJFIYdN0vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3cLvPHJtRKwecJpwP6IjJULBKFqpiYNyxa25Gch/4uWkAjkag/JnfxizNOIKmaTG9Dw3QX9GNQom+bzUTw1PKJvQEe9ZqmjEjT/LDp2TqlWGJIy1LYUkU39PzGhkzDQKbGdEcWz+egvxx6uurcLwxp8JlaTIFVtuClNJMCaLt8lQaM5QTi2hTAt7LGFjqilDG04pS+Fq9fxfskqhfVnz3JrXdCv12zyPIpzBOVyAB9dQh3toQAsYcHiCF3h1Js6z8+a8L1sLTj5zCmtwPr4BZBGNLg==</latexit>

SM

Q = mZ
<latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="OBnuSyfyJRsY2XmuOu9Zpouqn/w=">AAAB2nicZVBNS8NAEJ3Urxqr1rOXxVLwVBIvehS8eKxgW6ENZbOZtEs3m7A7EUrpH/DiQRD/lyf/jdsPxLYPBh7vzTAzLy6UtBQEP15lb//g8Kh67J/U/NOz83qta/PSCOyIXOXmJeYWldTYIUkKXwqDPIsV9uLJw8LvvaKxMtfPNC0wyvhIy1QKTk5qD+uNoBUswXZJuCYNWGNY/x4kuSgz1CQUt7YfBgVFM25ICoVzf1BaLLiY8BH2HdU8QxvNlmfOWdMpCUtz40oTW6r/J2Y8s3aaxa4z4zS2295C/POaG6sovYtmUhcloRarTWmpGOVs8TRLpEFBauoIF0a6Y5kYc8MFuWh8F0K4/fIu6d60wqAVPgVQhUu4gmsI4Rbu4RHa0AEBCbzBhye9d+9zFVbFW6d2ARvwvn4BtGyKYg==</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="5G0BkwO4MNL+DK3RfsjlHvMt22A=">AAAB4nicZVBdSwJBFL1rX2ZW1msvQyL0JLu91EsQ9NKjQquSLjI7zurgfCwzs4Es/oaegoLoT/XUv2lWJVIPXDiccy/33hOnnBnr+z9eaWd3b/+gfFg5qh6fnNbOqh2jMk1oSBRXuhdjQzmTNLTMctpLNcUi5rQbTx8Kv/tCtWFKPtlZSiOBx5IljGDrpLB9J4bPw1rdb/oLoG0SrEgdVmgNa9+DkSKZoNISjo3pB35qoxxrywin88ogMzTFZIrHtO+oxIKaKF8cO0cNp4xQorQradFC/T+RY2HMTMSuU2A7MZteIf55jbVVNrmNcibTzFJJlpuSjCOrUPE6GjFNieUzRzDRzB2LyARrTKwLqOJSCDZ/3iad62bgN4O2D2W4gEu4ggBu4B4eoQUhEGDwCu/w4Snvzftc5lXyVsGdwxq8r1+28I0z</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="br7+hOzRrIB77LqoSdy1PcWFH3Q=">AAAB7XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ohch6MVjAm4STJYwO5kkQ+axzMwKYck3eBIUxKsf5Mm/cZIsYmJBQ1HVTXdXnHBmrO9/e4WNza3tneJuaW//4PCofHzSMirVhIZEcaU7MTaUM0lDyyynnURTLGJO2/Hkbu63n6g2TMkHO01oJPBIsiEj2DopbN6I/mO/XPFr/gLoPwlyUoEcjX75qzdQJBVUWsKxMd3AT2yUYW0Z4XRW6qWGJphM8Ih2HZVYUBNli2NnqOqUARoq7UpatFD/TmRYGDMVsesU2I7NujcXf73qyio7vI4yJpPUUkmWm4YpR1ah+etowDQllk8dwUQzdywiY6wxsS6gkkshWP/5P2ld1gK/FjT9Sv02z6MIZ3AOFxDAFdThHhoQAgEGz/AKb57yXrx372PZWvDymVNYgff5A9q5joc=</latexit><latexit sha1_base64="Etoe/csooVshvPMFBlKELNAQpF0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquF70IRS8eW3DbYruUbJptQ5PNkmSFsvQ3eBIUxKs/yJP/xnRbxLYPBh7vzTAzL0w408Z1f5zCxubW9k5xt7S3f3B4VD4+aWmZKkJ9IrlUnRBryllMfcMMp51EUSxCTtvh+H7mt5+p0kzGj2aS0EDgYcwiRrCxkt+8Ff2nfrni1twcaJ14C1Kpn0OORr/83RtIkgoaG8Kx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LY2xoDrI8mOnqGqVAYqkshUblKv/JzIstJ6I0HYKbEZ61ZuJf151aZWJboKMxUlqaEzmm6KUIyPR7HU0YIoSwyeWYKKYPRaREVaYGBtQyabgrf68TlpXNc+teU0bx908DijCGVzAJXhwDXV4gAb4QIDBC7zBuyOdV+fD+Zy3FpzFzCkswfn6BVgYjuM=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="vO1TRV+R8aSSEdnmdn7MgMqCNl0=">AAAB7XicZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/UiFL14bMFti+1SsmnahmaTJckKZelv8CQoiFd/kCf/jem2FVsfDDzem2FmXhhzpo3rfju5tfWNza38dmFnd2//oHh41NAyUYT6RHKpWiHWlDNBfcMMp61YURyFnDbD0d3Ubz5RpZkUD2Yc0yDCA8H6jGBjJb9+E3Ufu8WSW3EzoP/Em5NS9RQy1LrFr05PkiSiwhCOtW57bmyCFCvDCKeTQifRNMZkhAe0banAEdVBmh07QWWr9FBfKlvCoEz9O5HiSOtxFNrOCJuhXvWm4q9XXlpl+tdBykScGCrIbFM/4chINH0d9ZiixPCxJZgoZo9FZIgVJsYGVMhSuFw8v0oWKTQuKp5b8eo2jttZHJCHEziDc/DgCqpwDzXwgQCDZ3iFN0c6L8678zFrzTnzmWNYgvP5A16ijvI=</latexit><latexit sha1_base64="AseZmmxAvJ43QpuR0QL7RM3ZM6o=">AAAB7XicZVBNSwMxEJ31s9avqkcvwVLwVHY9qBeh6MVjC25bbJeSTbNtaJJdkqxQlv4GT4KCePUHefLfmLZbsfXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6G7qt56o0iyWD2ac0EDggWQRI9hYyW/ciN5jr1R2q+4M6D/xclKGHPVe6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTlDFKn0UxcqWNGim/p3IsNB6LELbKbAZ6lVvKv56laVVJroOMiaT1FBJ5puilCMTo+nrqM8UJYaPLcFEMXssIkOsMDE2oOIshcvF86tkkULzouq5Va/hlmu3eR4FOIUzOAcPrqAG91AHHwgweIZXeHNi58V5dz7mrWtOPnMCS3A+fwDhQ46W</latexit>
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SU(5)

MG
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]

2⇡

↵(⇤)
=

2⇡

↵i(mZ)
� bi ln

⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read
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X
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i
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mZ
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(2.2)

and

ri =
X
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b⇠
i
ln
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⌘
. (2.3)

The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij

bi
ln

�
↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as
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� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1
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P
i
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ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].
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[bulk 2-loop contribution]

one can find γi by iteratively updating α(Λ) and Λ

B.2.3 Above SUSY scale

By using the results presented in the previous section, we can readily obtain the two-loop RGEs
for the gauge coupling constants in the MSSM. The resultant expression is given as
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Similarly, the one-loop RGEs for the Yukawa matrices are given as
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B.2.4 Below SUSY scale

Below the SUSY breaking scale (MS), squarks, sleptons, higgsinos, and the heavy Higgs bosons
are decoupled so that the theory is regarded as the SM with gauginos. In such a case, we need
to exploit the results presented in Sec. B.2.1. Then, we find that the contribution of gauginos
and the SM particles to the coe�cients of the beta functions is given as
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• We trade 3 exp inputs with the 3 constants:

α∗−1
G = 25.5
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]
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⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read
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The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij

bi
ln

�
↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as
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where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections
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�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].
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arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
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for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the
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where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
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= 25.5, M⇤
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s = 2.08 TeV solves the first
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the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]
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where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read
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The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
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for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as
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⌘
� �i ln

⇣M⇤
s

mZ

⌘
+ �i +�i

si = C + bi ln⌦+ �i ln
⇣ T

mZ

⌘

ri = C̃ � bi ln
⇣ T̃

mZ

⌘
� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1

4⇡

P
i
bij
bi

ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].

2

degenerate SUSY 
without GUT thres

general solution

=
2π

α∗
G

+ bi ln
(M∗

G

Λ

)
− δi ln

(M∗
s

mZ

)
+ si + ri

<latexit sha1_base64="BtbKf1hxkwOKkKh7Qk5z1GlZ9K0="></latexit><latexit sha1_base64="EeJebhrpzpkCklclxjomrLv5TjU="></latexit><latexit sha1_base64="EeJebhrpzpkCklclxjomrLv5TjU="></latexit><latexit sha1_base64="EeJebhrpzpkCklclxjomrLv5TjU="></latexit><latexit sha1_base64="XEsrbBzDiwemYa5EkbPihHF4CgM="></latexit><latexit sha1_base64="lPBvxNHnqCj/+AFCWOKh2ZS0zDQ="></latexit>

2π

αi(mZ)
=

2π

α∗
G

+ bi ln
(M∗

G

mZ

)
− δi ln

(M∗
s
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)
− γi −∆i
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]

2⇡

↵(⇤)
=

2⇡

↵i(mZ)
� bi ln

⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read

si ⌘

X

⌘

b⌘
i
ln
⇣m⌘

mZ

⌘
(2.2)

and

ri =
X

⇠

b⇠
i
ln
⇣m⇠

⇤

⌘
. (2.3)

The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij

bi
ln
�

↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as

2⇡

↵i(mZ)
=

2⇡

↵⇤
G

+ bi ln
⇣M⇤

G

mZ

⌘
� �i ln

⇣M⇤
s

mZ

⌘
+ �i +�i

si = C + bi ln⌦+ �i ln
⇣ T

mZ

⌘

ri = C̃ � bi ln
⇣ T̃

mZ

⌘
� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1

4⇡

P
i
bij
bi

ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].

2

degenerate SUSY

general solution

Any 3D vector can be decomposed into a sum of 3 independent vectors: 1, bi, δi 

=
2π

α∗
G

+ bi ln
(M∗

G

Λ

)
− δi ln

(M∗
s

mZ

)
+ si + ri

<latexit sha1_base64="BtbKf1hxkwOKkKh7Qk5z1GlZ9K0="></latexit><latexit sha1_base64="EeJebhrpzpkCklclxjomrLv5TjU="></latexit><latexit sha1_base64="EeJebhrpzpkCklclxjomrLv5TjU="></latexit><latexit sha1_base64="EeJebhrpzpkCklclxjomrLv5TjU="></latexit><latexit sha1_base64="XEsrbBzDiwemYa5EkbPihHF4CgM="></latexit><latexit sha1_base64="lPBvxNHnqCj/+AFCWOKh2ZS0zDQ="></latexit>

2π

αi(mZ)
=

2π
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+ bi ln
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G

mZ

)
− δi ln

(M∗
s

mZ

)
− γi −∆i
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<latexit sha1_base64="KAbgBzN7OHyTIeEhUn8l1xUSuCs=">AAACBnicZZC7SgNBFIbPxluMt6ilFoMhECGGXYOYRgjaWEYwF0hCmJ3MJkNmL8zMBsKyjZWPYWklRBALG9/ByrdxckGM+WHg4z/ncOb8dsCZVKb5bSRWVtfWN5Kbqa3tnd299P5BTfqhILRKfO6Lho0l5cyjVcUUp41AUOzanNbtwc2kXh9SIZnv3atRQNsu7nnMYQQrbXXSx1FrSAmy46tcyxGYRMViHF3EeSt/VjztpDNmwZwKLYM1h0y5NP54AoBKJ/3V6vokdKmnCMdSNi0zUO0IC8UIp3GqFUoaYDLAPdrU6GGXynY0vSJGWe10keML/TyFpu7fiQi7Uo5cW3e6WPXl/9rE/K1lF1Ypp9SOmBeEinpktskJOVI+mmSCukxQovhIAyaC6c8i0sc6DaWTS+kUrP83L0PtvGBpvtNxXMNMSTiCE8iBBZdQhluoQBUIPMAzjOHVeDRejDfjfdaaMOYzh7Ag4/MHv5WZfA==</latexit><latexit sha1_base64="JeGTE2X5Hhd0pnp4vWYVjKksp/c=">AAACBnicZZC7SgNBFIZn4y3G26qlFoMhECGGXYOYRgjaWEYwF0iWMDuZTcbMXpiZDYRlGysfwsLSSoggFja+g5WPYufkgpjkh4GP/5zDmfPbAaNCGsa3llhaXlldS66nNja3tnf03b2q8EOOSQX7zOd1GwnCqEcqkkpG6gEnyLUZqdm9q1G91idcUN+7lYOAWC7qeNShGElltfTDqNknGNrxRbbpcISjQiGOzuKcmTspHLf0tJE3xoKLYE4hXSoOPx5/nu7KLf2r2fZx6BJPYoaEaJhGIK0IcUkxI3GqGQoSINxDHdJQ6CGXCCsaXxHDjHLa0PG5ep6EY/f/RIRcIQaurTpdJLtivjYy/2qZmVXSKVoR9YJQEg9PNjkhg9KHo0xgm3KCJRsoQJhT9VmIu0ilIVVyKZWCOX/zIlRP86biGxXHJZgoCQ7AEcgCE5yDErgGZVABGNyDZzAEr9qD9qK9ae+T1oQ2ndkHM9I+fwFs8pt7</latexit><latexit sha1_base64="JeGTE2X5Hhd0pnp4vWYVjKksp/c=">AAACBnicZZC7SgNBFIZn4y3G26qlFoMhECGGXYOYRgjaWEYwF0iWMDuZTcbMXpiZDYRlGysfwsLSSoggFja+g5WPYufkgpjkh4GP/5zDmfPbAaNCGsa3llhaXlldS66nNja3tnf03b2q8EOOSQX7zOd1GwnCqEcqkkpG6gEnyLUZqdm9q1G91idcUN+7lYOAWC7qeNShGElltfTDqNknGNrxRbbpcISjQiGOzuKcmTspHLf0tJE3xoKLYE4hXSoOPx5/nu7KLf2r2fZx6BJPYoaEaJhGIK0IcUkxI3GqGQoSINxDHdJQ6CGXCCsaXxHDjHLa0PG5ep6EY/f/RIRcIQaurTpdJLtivjYy/2qZmVXSKVoR9YJQEg9PNjkhg9KHo0xgm3KCJRsoQJhT9VmIu0ilIVVyKZWCOX/zIlRP86biGxXHJZgoCQ7AEcgCE5yDErgGZVABGNyDZzAEr9qD9qK9ae+T1oQ2ndkHM9I+fwFs8pt7</latexit><latexit sha1_base64="JeGTE2X5Hhd0pnp4vWYVjKksp/c=">AAACBnicZZC7SgNBFIZn4y3G26qlFoMhECGGXYOYRgjaWEYwF0iWMDuZTcbMXpiZDYRlGysfwsLSSoggFja+g5WPYufkgpjkh4GP/5zDmfPbAaNCGsa3llhaXlldS66nNja3tnf03b2q8EOOSQX7zOd1GwnCqEcqkkpG6gEnyLUZqdm9q1G91idcUN+7lYOAWC7qeNShGElltfTDqNknGNrxRbbpcISjQiGOzuKcmTspHLf0tJE3xoKLYE4hXSoOPx5/nu7KLf2r2fZx6BJPYoaEaJhGIK0IcUkxI3GqGQoSINxDHdJQ6CGXCCsaXxHDjHLa0PG5ep6EY/f/RIRcIQaurTpdJLtivjYy/2qZmVXSKVoR9YJQEg9PNjkhg9KHo0xgm3KCJRsoQJhT9VmIu0ilIVVyKZWCOX/zIlRP86biGxXHJZgoCQ7AEcgCE5yDErgGZVABGNyDZzAEr9qD9qK9ae+T1oQ2ndkHM9I+fwFs8pt7</latexit><latexit sha1_base64="GxXj3MLL+0/r85tIVl45rjeqtQA=">AAACBnicZZC7SgNBFIZn4y3G26qlFoMhECGGXYOaRgjaWEYwF0hCmJ3MJmNmL8zMBsKyjZUPYWFpJUQQCxvfwcpHsXNyExN/GPj4zzmcOb/lMyqkYXxpsYXFpeWV+GpibX1jc0vf3ikLL+CYlLDHPF61kCCMuqQkqWSk6nOCHIuRitW9HNYrPcIF9dwb2fdJw0Ftl9oUI6mspr4f1nsEQys6T9dtjnCYy0XhSZQxM0e5w6aeNLLGSPA/mBNIFvKD94fvx9tiU/+stzwcOMSVmCEhaqbhy0aIuKSYkShRDwTxEe6iNqkpdJFDRCMcXRHBlHJa0Pa4eq6EI/fvRIgcIfqOpTodJDtivjY0f2upmVXSzjdC6vqBJC4eb7IDBqUHh5nAFuUES9ZXgDCn6rMQd5BKQ6rkEqMUTqfHz8M0hfJx1lR8reK4AGPFwR44AGlggjNQAFegCEoAgzvwBAbgRbvXnrVX7W3cGtMmM7tgRtrHD3N8m4o=</latexit><latexit sha1_base64="sWhHGEXB+EvOPEnCt2N6xQbXLUY=">AAACBnicZZDLSsNAFIYn9VbrLepSF4OlUKGWxOJlIxTduKxgL9CEMplO2qGTCzOTQgnZuPJRXAkK4tZ3cOXbOE1TsfrDwMd/zuHM+Z2QUSEN40vLLS2vrK7l1wsbm1vbO/ruXksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndHNtN4eEy5o4N/LSUhsDw186lKMpLJ6+mFsjQmGTnJVtlyOcFyrJfFZUjErJ7Xjnl40qkYq+B/MDIogU6Onf1r9AEce8SVmSIiuaYTSjhGXFDOSFKxIkBDhERqQrkIfeUTYcXpFAkvK6UM34Or5Eqbu74kYeUJMPEd1ekgOxd/a1PyplRZWSffSjqkfRpL4eLbJjRiUAZxmAvuUEyzZRAHCnKrPQjxEKg2pkiukKZzPj/8L8xRap1VT8Z1RrF9neeTBATgCZWCCC1AHt6ABmgCDB/AEXsCr9qg9a2/a+6w1p2Uz+2BB2sc3XkmXBw==</latexit>

δ⃗ ≡ b⃗− b⃗SM = (
2

5
,
25

6
, 4)

<latexit sha1_base64="T9Lj7uaACxMFjPGSBvGyxjGGYUk="></latexit><latexit sha1_base64="k/ZvutgDN8oDFhl7e9BdIVIx19I="></latexit><latexit sha1_base64="k/ZvutgDN8oDFhl7e9BdIVIx19I="></latexit><latexit sha1_base64="k/ZvutgDN8oDFhl7e9BdIVIx19I="></latexit><latexit sha1_base64="qAA540kb/tf8j28WjzovCGU8jlw="></latexit><latexit sha1_base64="NprWWSvVHwcprhM4B5wdS4c49JM="></latexit>

2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]

2⇡

↵(⇤)
=

2⇡

↵i(mZ)
� bi ln

⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read

si ⌘

X
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b⌘
i
ln
⇣m⌘

mZ

⌘
(2.2)

and

ri =
X

⇠

b⇠
i
ln
⇣m⇠

⇤

⌘
. (2.3)

The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij
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ln
�

↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as
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si = C + bi ln⌦+ �i ln
⇣ T

mZ

⌘
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⇣ T̃
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� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1

4⇡

P
i
bij
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ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].
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degenerate SUSY

general solution

Any 3D vector can be decomposed into a sum of 3 independent vectors: 

=
2π

α∗
G

+ bi ln
(M∗

G

Λ

)
− δi ln

(M∗
s

mZ

)
+ si + ri
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2π

αi(mZ)
=
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α∗
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+ bi ln
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G
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)
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− γi −∆i
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i-independent

1⃗ = (1, 1, 1)
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b⃗ = (
33

5
, 1,−3)
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δ⃗ ≡ b⃗− b⃗SM = (
2

5
,
25

6
, 4)
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=
[ 2π
α∗
G

+ CS + CG

]
+ bi ln

(M∗
GΩS

TG

)
+ δi ln

( TS

M∗
sΩG

)
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]

2⇡

↵(⇤)
=

2⇡

↵i(mZ)
� bi ln

⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read

si ⌘

X

⌘

b⌘
i
ln
⇣m⌘

mZ

⌘
(2.2)

and

ri =
X

⇠

b⇠
i
ln
⇣m⇠

⇤

⌘
. (2.3)

The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij

bi
ln
�

↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as

2⇡

↵i(mZ)
=

2⇡

↵⇤
G

+ bi ln
⇣M⇤

G

mZ

⌘
� �i ln

⇣M⇤
s

mZ

⌘
+ �i +�i

si = C + bi ln⌦+ �i ln
⇣ T

mZ

⌘

ri = C̃ � bi ln
⇣ T̃

mZ

⌘
� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1

4⇡

P
i
bij
bi

ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].
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of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for
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2

= CG − bi ln
(TG

Λ

)
− δi lnΩG
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= CS + bi lnΩS + δi ln
( TS

mZ

)
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degenerate SUSY

general solution

=
2π

α∗
G

+ bi ln
(M∗

G

Λ

)
− δi ln

(M∗
s

mZ

)
+ si + ri
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2π

αi(mZ)
=

2π

α∗
G

+ bi ln
(M∗

G

mZ

)
− δi ln

(M∗
s

mZ

)
− γi −∆i
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i-independent

∩
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The condition of gauge coupling unification:

α∗−1
G = 25.5
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b1 δ11

⌘ B̃ W̃ g̃ h̃ A d̃R l̃ ũR q̃ ẽR
m⌘ M1 M2 M3 µ mA m

d̃R
m

l̃
mũR mq̃ mẽR

b⌘1 0 0 0 2
5

1
10

1
15

1
10

4
15

1
30

1
5

b⌘2 0 4
3 0 2

3
1
6 0 1

6 0 1
2 0

b⌘3 0 0 2 0 0 1
6 0 1

6
1
3 0

Table 1: Notation for the mass parameters and the values of �⌘
a .

Acknowledgments

We thank Hans Peter Nilles for useful discussion and comments on the manuscript. KS thanks

Zackaria Chacko, Kiwoon Choi and Shigeki Matsumoto for helpful discussion. KS thanks the TU

Munich for hospitality during the final stages of this work and has been partially supported by the

DFG cluster of excellence EXC 153 “Origin and Structure of the Universe”, by the Collaborative Re-

search Center SFB1258. The work of SP and KS is partially supported by the National Science Cen-

tre, Poland, under research grants DEC-2014/15/B/ST2/02157 and DEC-2015/18/M/ST2/00054.

The work of KR and KS is supported by the National Science Centre (Poland) under Grant

2015/19/D/ST2/03136.

A The condition of GCU

In the MSSM, the gauge couplings at scale Q are given at 1-loop level by the RG equations:

2⇡

↵a(Q)
=

2⇡

↵a(mZ)
� ba ln

⇣ Q

mZ

⌘
+ sa , (A.1)

where a = 1, .., 3 represents the SM gauge group, ba = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The SU(5) normalization, ↵1 ⌘
3
5↵Y , has been used. The last term

sa ⌘

X

⌘

b⌘a ln
⇣ m⌘

mZ

⌘
= �a ln

⇣ T

mZ

⌘
+ ba ln ⌦ + C (A.2)

are the threshold corrections due to SUSY particles, where m⌘ and b⌘a are the mass and the con-

tribution to ba of the particle ⌘. The notation for our mass parameters and the concrete val-

ues of b⌘a are shown in Table 1. The sa’s are to be understood as the components of a three

dimensional vector and expanded in terms of the three independent vectors �a, ba and (1, 1, 1),

where �a ⌘ ba � bSMa = (25 ,
25
6 , 4) is the di↵erence between ba and the SM �-function coe�cient,

bSMa = (4110 ,�
19
6 ,�7)[ Krippendorf et al]. By solving the linear equations, the expansion coe�cients

are obtained as

ln
⇣ T

mZ

⌘
= visi/D (A.3)

ln ⌦ = uisi/D (A.4)

C = ✏ijk�jbisk/D (A.5)

21

si =
∑

η=g̃,q̃,···
bηi ln

(mη

mZ

)
bi lnΩ+ δi ln

( T

mZ

)
+ C=

⎛

⎜⎜⎝

⎞

⎟⎟⎠

⎛

⎜⎜⎝

⎞

⎟⎟⎠

b1 δ1 1

b2

b3 δ3

δ2 1

1

ln
(∏

η

[mη

mZ

]bη1)
⎛

⎜⎜⎝

⎞

⎟⎟⎠ln
(∏

η

[mη

mZ

]bη2)

ln
(∏

η

[mη

mZ

]bη3)

=

C

ln
( T

mZ

)
lnΩ

⎛

⎜⎜⎝

⎞

⎟⎟⎠b2

b3 δ3

δ21

1

=

bi = (
33

5
, 1,−3)
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5
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where summation should be understood for the repeated indices and ✏ijk is the antisymmetric tensor.

Plugging in the values of bi, �i and b⌘
i

into these expressions, one gets
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h
M�28

3 M32
2 µ12m3

AXT

i 1
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, (A.7)

⌦ =
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M�100

3 M60
2 µ32m8
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i 1
288

, (A.8)
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i
. (A.9)

with

XT ⌘

Y
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⇣ m3
l̃i

m3
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⌘⇣ m7
q̃i
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ẽRi

m5
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⌘
, X⌦ ⌘
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l̃i

m8
d̃Ri

⌘⇣m6
q̃i

mẽRi

m7
ũRi

⌘
, (A.10)

where i = 1, .., 3 is the generation index. Note that if all masses are equal, we have ⌦ = 1 and C = 0.

The sfermion contributions to T and ⌦ are negligible for most realistic models (the dependence of T

and ⌦ on XT and X⌦ is very weak and moreover, XT ⇠ X⌦ ⇠ 1) . In particular, these contributions

vanish if the masses are degenerate within the SU(5) multiplets, 5̄i = (d̃c
R
, l̃)i, 10i = (q̃, ũc

R
, ẽc

R
)i.

To understand the meaning of T , ⌦ and C, we consider a special case in which the exact GCU

is achieved with the degenerate SUSY spectrum: m⌘ = M⇤
s for all ⌘. In this case Eqs. (A.1) and

(A.2) give

2⇡

↵⇤
G

�
2⇡

↵a(mZ)
+ ba ln

⇣Mdeg⇤
G

mZ

⌘
= �a ln

⇣M⇤
s

mZ

⌘
(A.11)

where ↵⇤
G

and Mdeg⇤
G

are the unified gauge coupling and the exact unification scale for the degenerate

SUSY case. Staring from Eq. (A.1) and eliminating the first term on the right-hand side by using

Eq. (A.11), one finds for a general case

2⇡

↵a(Q)
=

2⇡

↵⇤
G

� ba ln
⇣ Q

⌦Mdeg⇤
G

⌘
+ �a ln

⇣ T

M⇤
s

⌘
+ C, (A.12)

This expression clarifies the role of T , ⌦ and C. The exact GCU, ↵1(Q) = ↵2(Q) = ↵3(Q) = ↵G

at Q = MG, is realised when the right-hand side becomes independent of a, which happens at

MG = ⌦Mdeg⇤
G

when

T = M⇤
s . (A.13)
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where summation should be understood for the repeated indices and ✏ijk is the antisymmetric tensor.

Plugging in the values of bi, �i and b⌘
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R
, ẽc
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i
. (A.9)

with

XT ⌘

Y

i=1...3

⇣ m3
l̃i

m3
d̃Ri

⌘⇣ m7
q̃i

m2
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]

2⇡

↵(⇤)
=

2⇡

↵i(mZ)
� bi ln

⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read

si =
X

⌘

b⌘
i
ln
⇣m⌘

mZ

⌘
(2.2)

and

ri =
X

⇠

b⇠
i
ln
⇣m⇠

⇤

⌘
. (2.3)

The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij

bi
ln
�

↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as

2⇡

↵i(mZ)
=

2⇡

↵⇤
G

+ bi ln
⇣M⇤

G

mZ

⌘
� �i ln

⇣M⇤
s

mZ

⌘
+ �i +�i

si = C + bi ln⌦+ �i ln
⇣ T

mZ

⌘

ri = C̃ � bi ln
⇣ T̃

mZ

⌘
� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1

4⇡

P
i
bij
bi

ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].

2

= CS + bi lnΩS + δi ln
( TS

mZ

)
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<latexit sha1_base64="VneRQIOM776T++TCQqlNicYx9GA=">AAAB63icdVBdSwJBFL1rX2ZfVvTUy5AIPcmuidqb5EuPhvkBusjsOKuDsx/MzAayCP2AegqKotd+UU/9m2a1IoMOXDiccy/33uOEnEllmh9GamV1bX0jvZnZ2t7Z3cvuH7RlEAlCWyTggeg6WFLOfNpSTHHaDQXFnsNpx5nUE79zQ4VkgX+tpiG1PTzymcsIVlpq1gfNQTZnFs6r5WKpjMyCaVasopWQYqV0VkKWVhLkakfPd7cA0Bhk3/vDgEQe9RXhWMqeZYbKjrFQjHA6y/QjSUNMJnhEe5r62KPSjuenzlBeK0PkBkKXr9Bc/T0RY0/KqefoTg+rsfzrJeKPl19apdyqHTM/jBT1yWKTG3GkApQ8joZMUKL4VBNMBNPHIjLGAhOl48noFL5fRf+TdrFgaX6l47iABdJwDCdwChZUoAaX0IAWEBjBPTzCk+EZD8aL8bpoTRlfM4ewBOPtE3mzj/A=</latexit><latexit sha1_base64="qY6A7oQlwQk+3RYppSI0ChUTCPo=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTeJF96NEwNdJHZcVYHZ2eXmdlAFvsF9RQURa/9op76N81qRQYduHA4517uvccNGZXKND+M1Mrq2vpGejOT3dre2c3t7XdkEAlM2jhggbh2kSSMctJWVDFyHQqCfJeRrjtpJH73hghJA36lpiFxfDTi1KMYKS21GoPWIJc3S2e1il2uQLNkmlXLthJiV8unZWhpJUG+fvh8d1s8yTYHuff+MMCRT7jCDEnZs8xQOTESimJGZpl+JEmI8ASNSE9TjnwinXh+6gwWtDKEXiB0cQXn6u+JGPlSTn1Xd/pIjeVfLxF/vMLSKuXVnJjyMFKE48UmL2JQBTB5HA6pIFixqSYIC6qPhXiMBMJKx5PRKXy/Cv8nHbtkaX6p4zgHC6TBETgGRWCBKqiDC9AEbYDBCNyDR/Bk+MaD8WK8LlpTxtfMAViC8fYJ66+QRQ==</latexit><latexit sha1_base64="qY6A7oQlwQk+3RYppSI0ChUTCPo=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTeJF96NEwNdJHZcVYHZ2eXmdlAFvsF9RQURa/9op76N81qRQYduHA4517uvccNGZXKND+M1Mrq2vpGejOT3dre2c3t7XdkEAlM2jhggbh2kSSMctJWVDFyHQqCfJeRrjtpJH73hghJA36lpiFxfDTi1KMYKS21GoPWIJc3S2e1il2uQLNkmlXLthJiV8unZWhpJUG+fvh8d1s8yTYHuff+MMCRT7jCDEnZs8xQOTESimJGZpl+JEmI8ASNSE9TjnwinXh+6gwWtDKEXiB0cQXn6u+JGPlSTn1Xd/pIjeVfLxF/vMLSKuXVnJjyMFKE48UmL2JQBTB5HA6pIFixqSYIC6qPhXiMBMJKx5PRKXy/Cv8nHbtkaX6p4zgHC6TBETgGRWCBKqiDC9AEbYDBCNyDR/Bk+MaD8WK8LlpTxtfMAViC8fYJ66+QRQ==</latexit><latexit sha1_base64="qY6A7oQlwQk+3RYppSI0ChUTCPo=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTeJF96NEwNdJHZcVYHZ2eXmdlAFvsF9RQURa/9op76N81qRQYduHA4517uvccNGZXKND+M1Mrq2vpGejOT3dre2c3t7XdkEAlM2jhggbh2kSSMctJWVDFyHQqCfJeRrjtpJH73hghJA36lpiFxfDTi1KMYKS21GoPWIJc3S2e1il2uQLNkmlXLthJiV8unZWhpJUG+fvh8d1s8yTYHuff+MMCRT7jCDEnZs8xQOTESimJGZpl+JEmI8ASNSE9TjnwinXh+6gwWtDKEXiB0cQXn6u+JGPlSTn1Xd/pIjeVfLxF/vMLSKuXVnJjyMFKE48UmL2JQBTB5HA6pIFixqSYIC6qPhXiMBMJKx5PRKXy/Cv8nHbtkaX6p4zgHC6TBETgGRWCBKqiDC9AEbYDBCNyDR/Bk+MaD8WK8LlpTxtfMAViC8fYJ66+QRQ==</latexit><latexit sha1_base64="qh2PcteJGkeZwe5VsgfFBx4wGR8=">AAAB63icZVBdSwJBFJ21L9M+rOiplyETfJLdTdTeJF96NEwNdJHZcdTBmd1lZjaQxX5BPQVF0Wu/qKf+TbNrRdaBC4dz7uXee9yAUalM88NIrayurW+kNzPZre2d3dzefkf6ocCkjX3mi2sXScKoR9qKKkauA0EQdxnputNG7HdviJDU967ULCAOR2OPjihGSkutxqA1yOXN0lmtYpcr0CyZZtWyrZjY1fJpGVpaiZGvHz7f3RZPss1B7r0/9HHIiacwQ1L2LDNQToSEopiReaYfShIgPEVj0tPUQ5xIJ0pOncOCVoZw5AtdnoKJ+nsiQlzKGXd1J0dqIv96sfjjFZZWqVHNiagXhIp4eLFpFDKofBg/DodUEKzYTBOEBdXHQjxBAmGl48kkKVSSV+F/8p1Cxy5Zml/qOM7BAmlwBI5BEVigCurgAjRBG2AwBvfgETwZ3HgwXozXRWvK+Jo5AEsw3j4B8jmQVA==</latexit><latexit sha1_base64="l9msmwGIxHadjdIuU9SkIWsTEG0=">AAAB63icZVDLSgMxFM34rPVVdekmWAquysxY2rorduOyUvuAdiiZNNOGJpkhyQhl6Ce4EhTErV/kyr8xM61i9cCFwzn3cu89fsSo0rb9aW1sbm3v7Ob28vsHh0fHhZPTrgpjiUkHhyyUfR8pwqggHU01I/1IEsR9Rnr+rJn6vQciFQ3FvZ5HxONoImhAMdJGajdH7VGhaJev61W3UoV22bZrjuukxK1VrirQMUqKIlihNSp8DMchjjkRGjOk1MCxI+0lSGqKGVnkh7EiEcIzNCEDQwXiRHlJduoClowyhkEoTQkNM/X3RIK4UnPum06O9FT99VLxxyutrdJB3UuoiGJNBF5uCmIGdQjTx+GYSoI1mxuCsKTmWIinSCKsTTz5LIVq9ir8T75T6Lplx/A7u9i4WeWRA+fgAlwCB9RAA9yCFugADCbgETyDF4tbT9ar9bZs3bBWM2dgDdb7F9MpjgU=</latexit>

lnΩS
<latexit sha1_base64="LO2Z85kQK2vpl/HsUtk8iNNRfng=">AAACA3icZVDLSgMxFL3j2/oaFRfiJlgKrmTGjS5FN+6saB/QKSWT3rbBTGZIMkIZim7c+QN+gCtBQdz6Fa78G9MHYtsDgcM59+YkJ0wE18bzfpyZ2bn5hcWl5dzK6tr6hru5VdZxqhiWWCxiVQ2pRsEllgw3AquJQhqFAivh7Xnfr9yh0jyWN6abYD2ibclbnFFjpYa7GwhJgsE9mcJmjwSXEbZp45o03Lx36A1Apok/IvnTneenBwAoNtzvoBmzNEJpmKBa13wvMfWMKsOZwF4uSDUmlN3SNtYslTRCXc8G0T1SsEqTtGJljzRkoP7fyGikdTcK7WRETUdPen3xzyuMRZnWST3jMkkNSjZMaqWCmJj0CyFNrpAZ0bWEMsXtYwnrUEWZsbXlbAv+5J+nSfno0Lf8ytZxBkMswR7swwH4cAyncAFFKAGDe3iBN3h3Hp1X58P5HI7OOKOdbRiD8/ULxSCZAQ==</latexit><latexit sha1_base64="E/DZDH38PdsoJKEAJXtq1ko68Mw=">AAACA3icZVDLSgMxFM3UV219jIoLcROsha7KjBtdFt24s6J9QKeUTHrbhmYyQ5IRylBdufMH/ABXgoK49Stc+TemD8S2BwKHc+7NSY4fcaa04/xYqaXlldW19Homu7G5tW3v7FZVGEsKFRryUNZ9ooAzARXNNId6JIEEPoea378Y+bU7kIqF4lYPImgGpCtYh1GijdSyDzwusDe+J5HQHmLvKoAuad3glp1zis4YeJG4U5Ir7T8/3ReOs+WW/e21QxoHIDTlRKmG60S6mRCpGeUwzHixgojQPulCw1BBAlDNZBw9xHmjtHEnlOYIjcfq/42EBEoNAt9MBkT31Lw3Ev+8/EyU7pw1EyaiWIOgk6ROzLEO8agQ3GYSqOYDQwiVzDwW0x6RhGpTW8a04M7/eZFUT4qu4demjnM0QRodoiNUQC46RSV0icqogih6QC/oDb1bj9ar9WF9TkZT1nRnD83A+voFNyuZVg==</latexit><latexit sha1_base64="E/DZDH38PdsoJKEAJXtq1ko68Mw=">AAACA3icZVDLSgMxFM3UV219jIoLcROsha7KjBtdFt24s6J9QKeUTHrbhmYyQ5IRylBdufMH/ABXgoK49Stc+TemD8S2BwKHc+7NSY4fcaa04/xYqaXlldW19Homu7G5tW3v7FZVGEsKFRryUNZ9ooAzARXNNId6JIEEPoea378Y+bU7kIqF4lYPImgGpCtYh1GijdSyDzwusDe+J5HQHmLvKoAuad3glp1zis4YeJG4U5Ir7T8/3ReOs+WW/e21QxoHIDTlRKmG60S6mRCpGeUwzHixgojQPulCw1BBAlDNZBw9xHmjtHEnlOYIjcfq/42EBEoNAt9MBkT31Lw3Ev+8/EyU7pw1EyaiWIOgk6ROzLEO8agQ3GYSqOYDQwiVzDwW0x6RhGpTW8a04M7/eZFUT4qu4demjnM0QRodoiNUQC46RSV0icqogih6QC/oDb1bj9ar9WF9TkZT1nRnD83A+voFNyuZVg==</latexit><latexit sha1_base64="E/DZDH38PdsoJKEAJXtq1ko68Mw=">AAACA3icZVDLSgMxFM3UV219jIoLcROsha7KjBtdFt24s6J9QKeUTHrbhmYyQ5IRylBdufMH/ABXgoK49Stc+TemD8S2BwKHc+7NSY4fcaa04/xYqaXlldW19Homu7G5tW3v7FZVGEsKFRryUNZ9ooAzARXNNId6JIEEPoea378Y+bU7kIqF4lYPImgGpCtYh1GijdSyDzwusDe+J5HQHmLvKoAuad3glp1zis4YeJG4U5Ir7T8/3ReOs+WW/e21QxoHIDTlRKmG60S6mRCpGeUwzHixgojQPulCw1BBAlDNZBw9xHmjtHEnlOYIjcfq/42EBEoNAt9MBkT31Lw3Ev+8/EyU7pw1EyaiWIOgk6ROzLEO8agQ3GYSqOYDQwiVzDwW0x6RhGpTW8a04M7/eZFUT4qu4demjnM0QRodoiNUQC46RSV0icqogih6QC/oDb1bj9ar9WF9TkZT1nRnD83A+voFNyuZVg==</latexit><latexit sha1_base64="UMzz+tGHqLYR3SxEq7spGlpF4g8=">AAACA3icZVDLTgIxFO3gC8EHalwYN41IwooMLtQl0Y07McojYQjplAs0dDqTtmNCJujKnT/gB7gy0cS49Stc+TeWAYzgSZqcnHNvT3vcgDOlbfvbSiwsLi2vJFdT6bX1jc3M1nZV+aGkUKE+92XdJQo4E1DRTHOoBxKI53Kouf3zkV+7BamYL270IICmR7qCdRgl2kitzJ7DBXbieyIJ7SF2Lj3oktY1bmWydsGOgf+T4oRkS7tPj3f5w3S5lfly2j4NPRCacqJUo2gHuhkRqRnlMEw5oYKA0D7pQsNQQTxQzSiOHuKcUdq440tzhMax+ncjIp5SA881kx7RPTXvjcRfLzcTpTunzYiJINQg6DipE3KsfTwqBLeZBKr5wBBCJTOPxbRHJKHa1JaKWziefn6eTFuoHhWKhl+ZOs7QGEm0jw5QHhXRCSqhC1RGFUTRPXpGr+jNerBerHfrYzyasCY7O2gG1ucPPbWZZQ==</latexit><latexit sha1_base64="tFdgG1/E7PNkR/FEgIsf0PpO484=">AAACA3icZVDLSgMxFM34rPVVdSVugqXgqkxdqMuiG3dWtA/olCGTuW1Dk8yQZIQyFFd+iitBQdz6Fa78G9NpK7YeCBzOuTcnOUHMmTau++0sLa+srq3nNvKbW9s7u4W9/YaOEkWhTiMeqVZANHAmoW6Y4dCKFRARcGgGg6ux33wApVkk780who4gPcm6jBJjJb9w6HGJveyeVEE4wt6NgB7x77BfKLplNwP+TypTUkRT1PzClxdGNBEgDeVE63bFjU0nJcowymGU9xINMaED0oO2pZII0J00ix7hklVC3I2UPdLgTP27kRKh9VAEdlIQ09eL3lj89UpzUaZ70UmZjBMDkk6SugnHJsLjQnDIFFDDh5YQqph9LKZ9ogg1trZ81sLZ7POLZNZC47RcsfzWLVYvp33k0BE6Rieogs5RFV2jGqojih7RM3pFb86T8+K8Ox+T0SVnunOA5uB8/gAepZcW</latexit>
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)

<latexit sha1_base64="Wpcu/RcQjg4k0h+VwTYVRk4/D/8="></latexit><latexit sha1_base64="3QeumFEwpxe5uJMDJ0USQTGFO1Y=">AAACGHicZVC7SsRAFJ34dn2tWqnNoAjaLImNlqs2loq7KpolTGZvdgcnkzBzIywhfyEINmLpL1gJCmKrlX/j7APxcWDgcM59zQlTKQy67qczNDwyOjY+MVmamp6ZnSvPL5yYJNMc6jyRiT4LmQEpFNRRoISzVAOLQwmn4eV+1z+9Am1EomrYSaERs5YSkeAMrRSUK75U1JcQ4Qb1I8147veG5hqaBa0Fx0UeB+cF9bVotXEzKK+5FbcH+p94A7JW3V16uLtfvjkMyh9+M+FZDAq5ZMZceG6KjZxpFFxCUfIzAynjl6wFF5YqFoNp5L0TCrpulSaNEm2fQtpTf3bkLDamE4e2MmbYNn+9rvjtrf9ahdFOIxcqzRAU72+KMkkxod2UaFNo4Cg7ljCuhT2W8jaz8aDNsmRT8P7++T852ap4lh/ZOPZIHxNkhaySDeKRbVIlB+SQ1Akn1+SRPJMX59Z5cl6dt37pkDPoWSS/4Lx/AcdLoxw=</latexit><latexit sha1_base64="3QeumFEwpxe5uJMDJ0USQTGFO1Y=">AAACGHicZVC7SsRAFJ34dn2tWqnNoAjaLImNlqs2loq7KpolTGZvdgcnkzBzIywhfyEINmLpL1gJCmKrlX/j7APxcWDgcM59zQlTKQy67qczNDwyOjY+MVmamp6ZnSvPL5yYJNMc6jyRiT4LmQEpFNRRoISzVAOLQwmn4eV+1z+9Am1EomrYSaERs5YSkeAMrRSUK75U1JcQ4Qb1I8147veG5hqaBa0Fx0UeB+cF9bVotXEzKK+5FbcH+p94A7JW3V16uLtfvjkMyh9+M+FZDAq5ZMZceG6KjZxpFFxCUfIzAynjl6wFF5YqFoNp5L0TCrpulSaNEm2fQtpTf3bkLDamE4e2MmbYNn+9rvjtrf9ahdFOIxcqzRAU72+KMkkxod2UaFNo4Cg7ljCuhT2W8jaz8aDNsmRT8P7++T852ap4lh/ZOPZIHxNkhaySDeKRbVIlB+SQ1Akn1+SRPJMX59Z5cl6dt37pkDPoWSS/4Lx/AcdLoxw=</latexit><latexit sha1_base64="3QeumFEwpxe5uJMDJ0USQTGFO1Y=">AAACGHicZVC7SsRAFJ34dn2tWqnNoAjaLImNlqs2loq7KpolTGZvdgcnkzBzIywhfyEINmLpL1gJCmKrlX/j7APxcWDgcM59zQlTKQy67qczNDwyOjY+MVmamp6ZnSvPL5yYJNMc6jyRiT4LmQEpFNRRoISzVAOLQwmn4eV+1z+9Am1EomrYSaERs5YSkeAMrRSUK75U1JcQ4Qb1I8147veG5hqaBa0Fx0UeB+cF9bVotXEzKK+5FbcH+p94A7JW3V16uLtfvjkMyh9+M+FZDAq5ZMZceG6KjZxpFFxCUfIzAynjl6wFF5YqFoNp5L0TCrpulSaNEm2fQtpTf3bkLDamE4e2MmbYNn+9rvjtrf9ahdFOIxcqzRAU72+KMkkxod2UaFNo4Cg7ljCuhT2W8jaz8aDNsmRT8P7++T852ap4lh/ZOPZIHxNkhaySDeKRbVIlB+SQ1Akn1+SRPJMX59Z5cl6dt37pkDPoWSS/4Lx/AcdLoxw=</latexit><latexit sha1_base64="4FN33wlt9TScXnkccM30S0/KuHY="></latexit><latexit sha1_base64="s7EBVFjd38UFb+zcpmOYre/dZrM=">AAACGHicZVDLSsNAFJ34tr6qLt0MFkE3JXWhLotuXCr2haaEyfSmHZxMwsyNUEL+wpWf4kpQELe68m+cplWsHhg4nHNfc4JECoOu++nMzM7NLywuLZdWVtfWN8qbWy0Tp5pDk8cy1p2AGZBCQRMFSugkGlgUSGgHt2cjv30H2ohYNXCYQDdifSVCwRlayS9XPamoJyHEfeqFmvHMK4ZmGno5bfhXeRb51zn1tOgP8MAvV9yqW4D+J7UJqZAJLvzyh9eLeRqBQi6ZMTc1N8FuxjQKLiEveamBhPFb1ocbSxWLwHSz4oSc7lmlR8NY26eQFurvjoxFxgyjwFZGDAfmrzcSf7y9qVUYnnQzoZIUQfHxpjCVFGM6Son2hAaOcmgJ41rYYykfMBsP2ixLRQpH35//S75TaB1Wa5ZfupX66SSPJbJDdsk+qZFjUifn5II0CSf35JE8kxfnwXlyXp23cemMM+nZJlNw3r8AfIGf9w==</latexit>

TS
<latexit sha1_base64="xOePBJLgi1zMqV5t+tnsHsdkMSM=">AAAB63icdVDLSgNBEOyNrxhfUfHkZTAEPIXdGJJ4C3rxGMkTkiXMTmaTIbMPZmaFsAT8AD0JiuLVL/Lk3zibqBjBgoaiqpvuLifkTCrT/DBSK6tr6xvpzczW9s7uXnb/oC2DSBDaIgEPRNfBknLm05ZiitNuKCj2HE47zuQy8Ts3VEgW+E01Dant4ZHPXEaw0lKjOWgMsjmzcF4tF0tlZBZMs2IVrYQUK6WzErK0kiBXO3q+uwWA+iD73h8GJPKorwjHUvYsM1R2jIVihNNZph9JGmIywSPa09THHpV2PD91hvJaGSI3ELp8hebq74kYe1JOPUd3eliN5V8vEX+8/NIq5VbtmPlhpKhPFpvciCMVoORxNGSCEsWnmmAimD4WkTEWmCgdT0an8P0q+p+0iwVL82sdxwUskIZjOIFTsKACNbiCOrSAwAju4RGeDM94MF6M10VryviaOYQlGG+fk6qQAQ==</latexit><latexit sha1_base64="HbyBofIs2JmHYE4WUKzTrGs0pEs=">AAAB63icdVDLSsNAFJ3UV219VMWVm8Fa6KoksbR1V3TjstKX0IYymU7aoZNJmJkIJdQv0JWgKG79Ilf+jZNWxQoeuHA4517uvccNGZXKND+M1Mrq2vpGejOT3dre2c3t7XdkEAlM2jhggbh2kSSMctJWVDFyHQqCfJeRrju5SPzuDRGSBrylpiFxfDTi1KMYKS01W4PmIJc3S2e1il2uQLNkmlXLthJiV8unZWhpJUG+fvh8d1s8yTYGuff+MMCRT7jCDEnZs8xQOTESimJGZpl+JEmI8ASNSE9TjnwinXh+6gwWtDKEXiB0cQXn6u+JGPlSTn1Xd/pIjeVfLxF/vMLSKuXVnJjyMFKE48UmL2JQBTB5HA6pIFixqSYIC6qPhXiMBMJKx5PRKXy/Cv8nHbtkaX6l4zgHC6TBETgGRWCBKqiDS9AAbYDBCNyDR/Bk+MaD8WK8LlpTxtfMAViC8fYJBbWQVg==</latexit><latexit sha1_base64="HbyBofIs2JmHYE4WUKzTrGs0pEs=">AAAB63icdVDLSsNAFJ3UV219VMWVm8Fa6KoksbR1V3TjstKX0IYymU7aoZNJmJkIJdQv0JWgKG79Ilf+jZNWxQoeuHA4517uvccNGZXKND+M1Mrq2vpGejOT3dre2c3t7XdkEAlM2jhggbh2kSSMctJWVDFyHQqCfJeRrju5SPzuDRGSBrylpiFxfDTi1KMYKS01W4PmIJc3S2e1il2uQLNkmlXLthJiV8unZWhpJUG+fvh8d1s8yTYGuff+MMCRT7jCDEnZs8xQOTESimJGZpl+JEmI8ASNSE9TjnwinXh+6gwWtDKEXiB0cQXn6u+JGPlSTn1Xd/pIjeVfLxF/vMLSKuXVnJjyMFKE48UmL2JQBTB5HA6pIFixqSYIC6qPhXiMBMJKx5PRKXy/Cv8nHbtkaX6l4zgHC6TBETgGRWCBKqiDS9AAbYDBCNyDR/Bk+MaD8WK8LlpTxtfMAViC8fYJBbWQVg==</latexit><latexit sha1_base64="HbyBofIs2JmHYE4WUKzTrGs0pEs=">AAAB63icdVDLSsNAFJ3UV219VMWVm8Fa6KoksbR1V3TjstKX0IYymU7aoZNJmJkIJdQv0JWgKG79Ilf+jZNWxQoeuHA4517uvccNGZXKND+M1Mrq2vpGejOT3dre2c3t7XdkEAlM2jhggbh2kSSMctJWVDFyHQqCfJeRrju5SPzuDRGSBrylpiFxfDTi1KMYKS01W4PmIJc3S2e1il2uQLNkmlXLthJiV8unZWhpJUG+fvh8d1s8yTYGuff+MMCRT7jCDEnZs8xQOTESimJGZpl+JEmI8ASNSE9TjnwinXh+6gwWtDKEXiB0cQXn6u+JGPlSTn1Xd/pIjeVfLxF/vMLSKuXVnJjyMFKE48UmL2JQBTB5HA6pIFixqSYIC6qPhXiMBMJKx5PRKXy/Cv8nHbtkaX6l4zgHC6TBETgGRWCBKqiDS9AAbYDBCNyDR/Bk+MaD8WK8LlpTxtfMAViC8fYJBbWQVg==</latexit><latexit sha1_base64="gZp4E+OniFTRjB0bXCqbwddlojM=">AAAB63icZVDLSsNAFJ3UV219VMWVm8Fa6KoksbR1V3TjstKX0IYymU7boTNJmJkIJdQv0JWgKG79Ilf+jZNUxeqBC4dz7uXee9yAUalM88NIrayurW+kNzPZre2d3dzefkf6ocCkjX3mi2sXScKoR9qKKkauA0EQdxnputOL2O/eECGp77XULCAOR2OPjihGSkvN1qA5yOXN0lmtYpcr0CyZZtWyrZjY1fJpGVpaiZGvHz7f3RZPso1B7r0/9HHIiacwQ1L2LDNQToSEopiReaYfShIgPEVj0tPUQ5xIJ0pOncOCVoZw5AtdnoKJ+nsiQlzKGXd1J0dqIv96sfjjFZZWqVHNiagXhIp4eLFpFDKofBg/DodUEKzYTBOEBdXHQjxBAmGl48kkKVSSV+F/8p1Cxy5Zml/pOM7BAmlwBI5BEVigCurgEjRAG2AwBvfgETwZ3HgwXozXRWvK+Jo5AEsw3j4BDD+QZQ==</latexit><latexit sha1_base64="sugNBCCSVXkrd/gbyUZ41/W+7v0=">AAAB63icZVDLSgMxFM34rPVVdekmWAquysxY2rorunFZ6RPaoWTSTBuaZIYkI5Shn+BKUBC3fpEr/8bMtIrVAxcO59zLvff4EaNK2/antbG5tb2zm9vL7x8cHh0XTk67KowlJh0cslD2faQIo4J0NNWM9CNJEPcZ6fmz29TvPRCpaCjaeh4Rj6OJoAHFSBup1R61RoWiXb6uV91KFdpl2645rpMSt1a5qkDHKCmKYIXmqPAxHIc45kRozJBSA8eOtJcgqSlmZJEfxopECM/QhAwMFYgT5SXZqQtYMsoYBqE0JTTM1N8TCeJKzblvOjnSU/XXS8Ufr7S2Sgd1L6EiijUReLkpiBnUIUwfh2MqCdZsbgjCkppjIZ4iibA28eSzFKrZq/A/+U6h65Ydw+/tYuNmlUcOnIMLcAkcUAMNcAeaoAMwmIBH8AxeLG49Wa/W27J1w1rNnIE1WO9f7SCOFg==</latexit>

ΩS
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2 The formalism

The main assumption in this paper is that the SM gauge couplings unify at some scale ⇤. The interpreta-

tion of that scale may depend on the considered scenario, for instance it is di↵erent for the classical GUT

theories in four dimensions and in extra dimensional models, as it will be discussed later on. The relation

of the gauge couplings at mZ and ⇤ is given by solving the renormalization group equations (RGEs). We

use the two-loop RGEs. The solution can be written as [?]

2⇡

↵(⇤)
=

2⇡

↵i(mZ)
� bi ln

⇣ ⇤

mZ

⌘
+ si + ri + �i +�i. (2.1)

where ↵1 ⌘
5
3↵Y , i = 1, 2, 3 represents the gauge group and bi = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The quantities si and ri represent the low energy supersymmetric and GUT

scale threshold corrections, respectively. They read

si ⌘

X

⌘

b⌘
i
ln
⇣m⌘

mZ

⌘
(2.2)

and

ri =
X

⇠

b⇠
i
ln
⇣m⇠

⇤

⌘
. (2.3)

The parameters m⌘ and b⌘
i
denote the mass and the contribution to bi from the superpartiner ⌘. The

parameters m⇠ and b⇠
i
are the corresponding parameters for the GUT scale particle ⇠. Both spectra are

arbitrary at this point. Clearly, the assumed gauge coupling unification puts strong constraints on the

sums si + ri that we are going to quantify in the following. The �i ⌘ �
1
2

P
i

bij

bi
ln
�

↵j(⇤)
↵j(mZ)

�
accounts

for the two-loop contribution with bij being the two-loop �-function coe�cients.1 The �i represents the

e↵ect of the top Yukawa coupling and the conversion factor between MS and DR schemes.2

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (2.1) can be expanded as

2⇡

↵i(mZ)
=

2⇡

↵⇤
G

+ bi ln
⇣M⇤

G

mZ

⌘
� �i ln

⇣M⇤
s

mZ

⌘
+ �i +�i

si = C + bi ln⌦+ �i ln
⇣ T

mZ

⌘

ri = C̃ � bi ln
⇣ T̃

mZ

⌘
� �i ln ⌦̃ (2.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi � bSM
i

is the di↵erence between those and the

SM ones. We know numerically that ↵⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first

set of equations for the experimental values of the gauge couplings at mZ . It is convenient to trade the

three experimental numbers for the three new parameters ↵⇤
G
,M⇤

G
,M⇤

s which have a clear interpretation

of the unified gauge coupling, the unification scale and the supersymmetric mass scale, respectively, for

the idealistic case of degenerate supersymmetric spectrum and absent GUT scale threshold corrections

1
At the unification scale (⇤), it can be approximated as �i = 1

4⇡

P
i
bij
bi

ln
�
1 +

bj↵⇤

2⇡ ln
⇤

mZ

�
. One can solve �i iteratively

by updating ⇤ and ↵⇤.
2
For the treatment of �i, see for example [?].

2

= CG − bi ln
(TG

Λ

)
− δi lnΩG
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The condition of gauge coupling unification:

The unified coupling at Λ

TS = M∗
sΩG

<latexit sha1_base64="9c5w5x8u9uua0s2SJUEB7Am3CAY="></latexit><latexit sha1_base64="8VCniGHa1W+qYdv1SthZXC01rh4="></latexit><latexit sha1_base64="8VCniGHa1W+qYdv1SthZXC01rh4="></latexit><latexit sha1_base64="8VCniGHa1W+qYdv1SthZXC01rh4="></latexit><latexit sha1_base64="UgPK9uueEgewgmT25mdS/DwLKcQ="></latexit><latexit sha1_base64="HMIoTks8WrYyzSJ+XnfXSzuMJQQ="></latexit>

TG = M∗
GΩS

<latexit sha1_base64="pgK5gr72LIoewWXtM/XPL7ddTas="></latexit><latexit sha1_base64="NRDpN8fcu3flaxQhqE3q03FOJHQ="></latexit><latexit sha1_base64="NRDpN8fcu3flaxQhqE3q03FOJHQ="></latexit><latexit sha1_base64="NRDpN8fcu3flaxQhqE3q03FOJHQ="></latexit><latexit sha1_base64="LAnRKHqzKwnWfO14XopxnQhgZUU="></latexit><latexit sha1_base64="MSctUNPaYuFUKLP7o1uxC5GxaVE="></latexit>

α−1(Λ) = α∗−1
G +

1

2π

(
CS + CG

)
<latexit sha1_base64="NfvVhpCtUDshdNwyU+4QNxTzRGk="></latexit><latexit sha1_base64="z75pPg4hWKOp/jWejFY2NnicS6w="></latexit><latexit sha1_base64="z75pPg4hWKOp/jWejFY2NnicS6w="></latexit><latexit sha1_base64="z75pPg4hWKOp/jWejFY2NnicS6w="></latexit><latexit sha1_base64="jGNKUpPEErp4zls86GB7GApgOY8="></latexit><latexit sha1_base64="Ma1TeBQZ0iY96ncfMz6KnEZsoYU="></latexit>

ln
(TG

Λ

)
=
∑

ξ

(
− 5

288
bξ1 −

15

76
bξ2 +

25

114
bξ3

)
ln
(mξ

Λ

)

<latexit sha1_base64="dxNr8TWqElRkdu8Fd7Y6Wy7h17o="></latexit><latexit sha1_base64="4l+f8IqvKRhduSYcEgf9FQ3SWis="></latexit><latexit sha1_base64="4l+f8IqvKRhduSYcEgf9FQ3SWis="></latexit><latexit sha1_base64="4l+f8IqvKRhduSYcEgf9FQ3SWis="></latexit><latexit sha1_base64="plXzn21H4A3NQqkrosKVM7k7D3U="></latexit><latexit sha1_base64="5kU1yuo1Qfer9NKrBGuorA24EQg="></latexit>

CG =
∑

ξ

(165
76

bξ1 −
339

76
bξ2 +

125

38
bξ3

)
ln
(mξ

Λ

)

<latexit sha1_base64="DOd1KZHZGjTwRLQB7pMKqWZdZxQ="></latexit><latexit sha1_base64="WRUPsFzJ672x+6tVIqDS/oJZWyU="></latexit><latexit sha1_base64="WRUPsFzJ672x+6tVIqDS/oJZWyU="></latexit><latexit sha1_base64="WRUPsFzJ672x+6tVIqDS/oJZWyU="></latexit><latexit sha1_base64="QOh4ogh0Hjb9kZuG8LBdJTiGac0="></latexit><latexit sha1_base64="auWAWaBTt3TJUCmAnOKI5p/NWBM="></latexit>

lnΩG =
∑

ξ

(10
19

bξ1 −
24

19
bξ2 +

14

19
bξ3

)
ln
(mξ

Λ

)

<latexit sha1_base64="/AVHzMNQQGZbbyfu9IObqT5gbQo="></latexit><latexit sha1_base64="XanfxAJMc4rdAlUYkZ8T4cz+KiE="></latexit><latexit sha1_base64="XanfxAJMc4rdAlUYkZ8T4cz+KiE="></latexit><latexit sha1_base64="XanfxAJMc4rdAlUYkZ8T4cz+KiE="></latexit><latexit sha1_base64="gkOKaZ+VJUWLGnnR7jIX2B7XIX4="></latexit><latexit sha1_base64="u/gMtoHQRCjtTduqdLhI2eT/PPE="></latexit>



M∗
s

<latexit sha1_base64="ssdpGTd/E5llRyqkL1tBrpb7qnY=">AAAB7XicdVBNS0JBFL3Pvsy+rJZtpkSIFvLeS9R2Ups2gUFPBTWZN446OO+DmXmBPPwNrYKCaNsP6G+0a9Wun9I8rcigAxcO59zLvfe4IWdSmea7kVpYXFpeSa9m1tY3Nrey2zt1GUSCUIcEPBBNF0vKmU8dxRSnzVBQ7LmcNtzRWeI3bqiQLPCv1DikHQ8PfNZnBCstORddeX3UzebMwkmlZBdLyCyYZtmyrYTY5eJxEVlaSZCr7r++fABArZt9a/cCEnnUV4RjKVuWGapOjIVihNNJph1JGmIywgPa0tTHHpWdeHrsBOW10kP9QOjyFZqqvydi7Ek59lzd6WE1lH+9RPzx8nOrVL/SiZkfRor6ZLapH3GkApS8jnpMUKL4WBNMBNPHIjLEAhOlA8roFL5fRf+Tul2wNL/UcZzCDGnYgwM4BAvKUIVzqIEDBBjcwj08GIFxZzwaT7PWlPE1swtzMJ4/AeBWkXw=</latexit><latexit sha1_base64="JerDlP48B51HEeShc+xCzzM3zNY=">AAAB7XicdVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6bYdOJmFmIpTQb3AlKIhbP8DfcOfKD/A/nLQqVvDAhcM593LvPV7IqFSm+W6k5uYXFpfSy5mV1bX1jezmVl0GkcDEwQELRNNDkjDKiaOoYqQZCoJ8j5GGNzxL/MYNEZIG/EqNQuL6qM9pj2KktORcdOT1QSebMwtHlZJdLEGzYJply7YSYpeLh0VoaSVBrrr7+vIRHZ/UOtm3djfAkU+4wgxJ2bLMULkxEopiRsaZdiRJiPAQ9UlLU458It14cuwY5rXShb1A6OIKTtTfEzHypRz5nu70kRrIv14i/nj5mVWqV3FjysNIEY6nm3oRgyqAyeuwSwXBio00QVhQfSzEAyQQVjqgjE7h+1X4P6nbBUvzSx3HKZgiDXbAHtgHFiiDKjgHNeAADCi4BffgwQiMO+PReJq2poyvmW0wA+P5EyZJkm8=</latexit><latexit sha1_base64="JerDlP48B51HEeShc+xCzzM3zNY=">AAAB7XicdVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6bYdOJmFmIpTQb3AlKIhbP8DfcOfKD/A/nLQqVvDAhcM593LvPV7IqFSm+W6k5uYXFpfSy5mV1bX1jezmVl0GkcDEwQELRNNDkjDKiaOoYqQZCoJ8j5GGNzxL/MYNEZIG/EqNQuL6qM9pj2KktORcdOT1QSebMwtHlZJdLEGzYJply7YSYpeLh0VoaSVBrrr7+vIRHZ/UOtm3djfAkU+4wgxJ2bLMULkxEopiRsaZdiRJiPAQ9UlLU458It14cuwY5rXShb1A6OIKTtTfEzHypRz5nu70kRrIv14i/nj5mVWqV3FjysNIEY6nm3oRgyqAyeuwSwXBio00QVhQfSzEAyQQVjqgjE7h+1X4P6nbBUvzSx3HKZgiDXbAHtgHFiiDKjgHNeAADCi4BffgwQiMO+PReJq2poyvmW0wA+P5EyZJkm8=</latexit><latexit sha1_base64="JerDlP48B51HEeShc+xCzzM3zNY=">AAAB7XicdVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6bYdOJmFmIpTQb3AlKIhbP8DfcOfKD/A/nLQqVvDAhcM593LvPV7IqFSm+W6k5uYXFpfSy5mV1bX1jezmVl0GkcDEwQELRNNDkjDKiaOoYqQZCoJ8j5GGNzxL/MYNEZIG/EqNQuL6qM9pj2KktORcdOT1QSebMwtHlZJdLEGzYJply7YSYpeLh0VoaSVBrrr7+vIRHZ/UOtm3djfAkU+4wgxJ2bLMULkxEopiRsaZdiRJiPAQ9UlLU458It14cuwY5rXShb1A6OIKTtTfEzHypRz5nu70kRrIv14i/nj5mVWqV3FjysNIEY6nm3oRgyqAyeuwSwXBio00QVhQfSzEAyQQVjqgjE7h+1X4P6nbBUvzSx3HKZgiDXbAHtgHFiiDKjgHNeAADCi4BffgwQiMO+PReJq2poyvmW0wA+P5EyZJkm8=</latexit><latexit sha1_base64="GNbjxCq/FHMA3cRE/VJbgW+XDNg=">AAAB7XicZVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6aYdOHsxMhBL6Da4EBXHrB/gb7lz5Af6Hk1TF6oELh3Pu5d57nJBRIXX9XcvMzS8sLmWXcyura+sb+c2tpggijomFAxbwtoMEYdQnlqSSkXbICfIcRlrO6CzxWzeECxr4V3IcEttDA5+6FCOpJOuiJ64PevmCXjqqVcxyBeolXa8appEQs1o+LENDKQkK9d3Xl4/o+KTRy791+wGOPOJLzJAQHUMPpR0jLilmZJLrRoKECI/QgHQU9ZFHhB2nx05gUSl96AZclS9hqv6eiJEnxNhzVKeH5FD89RLxxyvOrJJuzY6pH0aS+Hi6yY0YlAFMXod9ygmWbKwIwpyqYyEeIo6wVAHl0hQq6avwP/lOoWmWDMUvVRynYIos2AF7YB8YoArq4Bw0gAUwoOAW3IMHLdDutEftadqa0b5mtsEMtOdPLNOSfg==</latexit><latexit sha1_base64="CvODOPvaqXVDaCx3NliK54deT8s=">AAAB7XicZVBNSwMxEM36WetX1aOXYCmIh7JbS1tvRS9ehApuW2jXkk2zbWg2WZKsUJb+Bk+Cgnj1B3ny35jdVrH6YODx3gwz8/yIUaVt+9NaWV1b39jMbeW3d3b39gsHh20lYomJiwUTsusjRRjlxNVUM9KNJEGhz0jHn1ylfueBSEUFv9PTiHghGnEaUIy0kdybgbo/GxSKdvmiUatUa9Au23bdqTgpqdSr51XoGCVFESzQGhQ++kOB45BwjRlSqufYkfYSJDXFjMzy/ViRCOEJGpGeoRyFRHlJduwMlowyhIGQpriGmfp7IkGhUtPQN50h0mP110vFH6+0tEoHDS+hPIo14Xi+KYgZ1AKmr8MhlQRrNjUEYUnNsRCPkURYm4DyWQq17FX4n3yn0K6UHcNv7WLzcpFHDhyDE3AKHFAHTXANWsAFGFDwCJ7BiyWsJ+vVepu3rliLmSOwBOv9Cy5Fjss=</latexit>

M∗
G

<latexit sha1_base64="Kq2kyqaPrQBF1ozOuPoEl1YYIdA=">AAAB7XicdVBNS0JBFL3Pvsy+rJZtpkSIFvLGRepOalGbwKCngr5k3jjq4LwPZuYFIv6GVkFBtO0H9DfatWrXT2meVmTQgQuHc+7l3nu8SHClbfvdSi0sLi2vpFcza+sbm1vZ7Z26CmNJmUNDEcqmRxQTPGCO5lqwZiQZ8T3BGt7wNPEbN0wqHgZXehQx1yf9gPc4JdpIzkXn7Pqok83ZBdu2McYoIbh0bBtSqZSLuIxwYhnkqvuvLx8AUOtk39rdkMY+CzQVRKkWtiPtjonUnAo2ybRjxSJCh6TPWoYGxGfKHU+PnaC8UbqoF0pTgUZT9ffEmPhKjXzPdPpED9RfLxF/vPzcKt0ru2MeRLFmAZ1t6sUC6RAlr6Mul4xqMTKEUMnNsYgOiCRUm4AyJoXvV9H/pF4sYMMvTRwnMEMa9uAADgFDCapwDjVwgAKHW7iHByu07qxH62nWmrK+ZnZhDtbzJ4n9kUQ=</latexit><latexit sha1_base64="Z866rb57RLQ+YomwNcVJJjh+a2o=">AAAB7XicdVDLSgMxFM3UV62vqks30VIQF2XShW3dWHShG6GC0xbasWTStA3NZIYkI5Sh3+BKUBC3foC/4c6VH+B/mGlVrOCBC4dz7uXee7yQM6Vt+91Kzc0vLC6llzMrq2vrG9nNrboKIkmoQwIeyKaHFeVMUEczzWkzlBT7HqcNb3ia+I0bKhULxJUehdT1cV+wHiNYG8m56JxdH3SyObtg2zZCCCYElQ5tQyqVchGVIUosg1x19/XlIzo6rnWyb+1uQCKfCk04VqqF7FC7MZaaEU7HmXakaIjJEPdpy1CBfarceHLsGOaN0oW9QJoSGk7U3xMx9pUa+Z7p9LEeqL9eIv54+ZlVuld2YybCSFNBppt6EYc6gMnrsMskJZqPDMFEMnMsJAMsMdEmoIxJ4ftV+D+pFwvI8EsTxwmYIg12wB7YBwiUQBWcgxpwAAEM3IJ78GAF1p31aD1NW1PW18w2mIH1/AnP4ZI3</latexit><latexit sha1_base64="Z866rb57RLQ+YomwNcVJJjh+a2o=">AAAB7XicdVDLSgMxFM3UV62vqks30VIQF2XShW3dWHShG6GC0xbasWTStA3NZIYkI5Sh3+BKUBC3foC/4c6VH+B/mGlVrOCBC4dz7uXee7yQM6Vt+91Kzc0vLC6llzMrq2vrG9nNrboKIkmoQwIeyKaHFeVMUEczzWkzlBT7HqcNb3ia+I0bKhULxJUehdT1cV+wHiNYG8m56JxdH3SyObtg2zZCCCYElQ5tQyqVchGVIUosg1x19/XlIzo6rnWyb+1uQCKfCk04VqqF7FC7MZaaEU7HmXakaIjJEPdpy1CBfarceHLsGOaN0oW9QJoSGk7U3xMx9pUa+Z7p9LEeqL9eIv54+ZlVuld2YybCSFNBppt6EYc6gMnrsMskJZqPDMFEMnMsJAMsMdEmoIxJ4ftV+D+pFwvI8EsTxwmYIg12wB7YBwiUQBWcgxpwAAEM3IJ78GAF1p31aD1NW1PW18w2mIH1/AnP4ZI3</latexit><latexit sha1_base64="Z866rb57RLQ+YomwNcVJJjh+a2o=">AAAB7XicdVDLSgMxFM3UV62vqks30VIQF2XShW3dWHShG6GC0xbasWTStA3NZIYkI5Sh3+BKUBC3foC/4c6VH+B/mGlVrOCBC4dz7uXee7yQM6Vt+91Kzc0vLC6llzMrq2vrG9nNrboKIkmoQwIeyKaHFeVMUEczzWkzlBT7HqcNb3ia+I0bKhULxJUehdT1cV+wHiNYG8m56JxdH3SyObtg2zZCCCYElQ5tQyqVchGVIUosg1x19/XlIzo6rnWyb+1uQCKfCk04VqqF7FC7MZaaEU7HmXakaIjJEPdpy1CBfarceHLsGOaN0oW9QJoSGk7U3xMx9pUa+Z7p9LEeqL9eIv54+ZlVuld2YybCSFNBppt6EYc6gMnrsMskJZqPDMFEMnMsJAMsMdEmoIxJ4ftV+D+pFwvI8EsTxwmYIg12wB7YBwiUQBWcgxpwAAEM3IJ78GAF1p31aD1NW1PW18w2mIH1/AnP4ZI3</latexit><latexit sha1_base64="XEEgZuSvFPo+Gs+FvZos9lsROZQ=">AAAB7XicZVDLSgMxFM34rPVVdekmWgrioky66MONRRe6ESo4baEdSybNtKGZB0lGKEO/wZWgIG79AH/DnSs/wP8wM1WxeuDC4Zx7ufceJ+RMKtN8N+bmFxaXljMr2dW19Y3N3NZ2UwaRINQiAQ9E28GScuZTSzHFaTsUFHsOpy1ndJr4rRsqJAv8KzUOqe3hgc9cRrDSknXRO7s+7OXyZtE0TYQQTAiqlE1NarVqCVUhSiyNfH3v9eUjOjpu9HJv3X5AIo/6inAsZQeZobJjLBQjnE6y3UjSEJMRHtCOpj72qLTj9NgJLGilD91A6PIVTNXfEzH2pBx7ju70sBrKv14i/niFmVXKrdox88NIUZ9MN7kRhyqAyeuwzwQlio81wUQwfSwkQywwUTqgbJpCOX0V/iffKTRLRaT5pY7jBEyRAbtgHxwABCqgDs5BA1iAAAZuwT14MALjzng0nqatc8bXzA6YgfH8CdZrkkY=</latexit><latexit sha1_base64="tQ0bvbCLMv+1I1v1YvVUqtbbxWQ=">AAAB7XicZVDLSgMxFM3UV62vqks3wVIQFyXpoo9d0YVuhApOW2jHkkkzbWjmQZIRytBvcCUoiFs/yJV/Y2ZaxeqBC4dz7uXee9xIcKUR+rRya+sbm1v57cLO7t7+QfHwqKPCWFJm01CEsucSxQQPmK25FqwXSUZ8V7CuO71M/e4Dk4qHwZ2eRczxyTjgHqdEG8m+GV7dnw+LJVRBCGGMYUpwvYYMaTYbVdyAOLUMSmCJ9rD4MRiFNPZZoKkgSvUxirSTEKk5FWxeGMSKRYROyZj1DQ2Iz5STZMfOYdkoI+iF0lSgYab+nkiIr9TMd02nT/RE/fVS8ccrr6zSXsNJeBDFmgV0scmLBdQhTF+HIy4Z1WJmCKGSm2MhnRBJqDYBFbIUatmr8D/5TqFTrWDDb1GpdbHMIw9OwCk4AxjUQQtcgzawAQUcPIJn8GKF1pP1ar0tWnPWcuYYrMB6/wLX3Y6T</latexit>

α∗
G

<latexit sha1_base64="VWrTgWoAaAnjEK18PS6jHhoq0Us=">AAAB8nicdVBNS0JBFL3Pvsy+rJZtpkSIFjJPeuVSalFLg/wgNZk3jjo4b95jZl4g4r9oFRRE23b9jXat2vVTGrUigw5cOJxzL/fe40eCa4Pxu5OYm19YXEoup1ZW19Y30ptbFR3GirIyDUWoaj7RTHDJyoYbwWqRYiTwBav6/dOxX71hSvNQXppBxJoB6Ure4ZQYK101iIh6pHV2fdBKZ3AOH3mHbgHhnIfdgutZkvdcjPPIzeEJMsXd15cPACi10m+NdkjjgElDBdG67uLINIdEGU4FG6UasWYRoX3SZXVLJQmYbg4nF49Q1ipt1AmVLWnQRP09MSSB1oPAt50BMT391xuLP152ZpXpFJpDLqPYMEmnmzqxQCZE4/9RmytGjRhYQqji9lhEe0QRamxKKZvC96vof1LJ51zLL2wcJzBFEnZgD/bBhWMowjmUoAwUJNzCPTw4xrlzHp2naWvC+ZrZhhk4z598rZOL</latexit><latexit sha1_base64="XXrg9p19aqFM6wjMuoHp2ZkQ0dc=">AAAB8nicdVDLSgMxFM3UV62vqks30VIQF0OmOFrcWHShywr2ge1YMmnahmYyQ5IRytC/cCUoiFt3/oY7V36A/2HaqljBAxcO59zLvff4EWdKI/RupWZm5+YX0ouZpeWV1bXs+kZVhbEktEJCHsq6jxXlTNCKZprTeiQpDnxOa37/dOTXbqhULBSXehBRL8BdwTqMYG2kqybmUQ+3zq73WtkcstGBu+8UIbJd5BQd15CC6yBUgI6NxsiVtl9fPuKj43Ir+9ZshyQOqNCEY6UaDoq0l2CpGeF0mGnGikaY9HGXNgwVOKDKS8YXD2HeKG3YCaUpoeFY/T2R4ECpQeCbzgDrnvrrjcQfLz+1SneKXsJEFGsqyGRTJ+ZQh3D0P2wzSYnmA0MwkcwcC0kPS0y0SSljUvh+Ff5PqgXbMfzCxHECJkiDLbADdoEDDkEJnIMyqAACBLgF9+DB0tad9Wg9TVpT1tfMJpiC9fwJwpGUfg==</latexit><latexit sha1_base64="XXrg9p19aqFM6wjMuoHp2ZkQ0dc=">AAAB8nicdVDLSgMxFM3UV62vqks30VIQF0OmOFrcWHShywr2ge1YMmnahmYyQ5IRytC/cCUoiFt3/oY7V36A/2HaqljBAxcO59zLvff4EWdKI/RupWZm5+YX0ouZpeWV1bXs+kZVhbEktEJCHsq6jxXlTNCKZprTeiQpDnxOa37/dOTXbqhULBSXehBRL8BdwTqMYG2kqybmUQ+3zq73WtkcstGBu+8UIbJd5BQd15CC6yBUgI6NxsiVtl9fPuKj43Ir+9ZshyQOqNCEY6UaDoq0l2CpGeF0mGnGikaY9HGXNgwVOKDKS8YXD2HeKG3YCaUpoeFY/T2R4ECpQeCbzgDrnvrrjcQfLz+1SneKXsJEFGsqyGRTJ+ZQh3D0P2wzSYnmA0MwkcwcC0kPS0y0SSljUvh+Ff5PqgXbMfzCxHECJkiDLbADdoEDDkEJnIMyqAACBLgF9+DB0tad9Wg9TVpT1tfMJpiC9fwJwpGUfg==</latexit><latexit sha1_base64="XXrg9p19aqFM6wjMuoHp2ZkQ0dc=">AAAB8nicdVDLSgMxFM3UV62vqks30VIQF0OmOFrcWHShywr2ge1YMmnahmYyQ5IRytC/cCUoiFt3/oY7V36A/2HaqljBAxcO59zLvff4EWdKI/RupWZm5+YX0ouZpeWV1bXs+kZVhbEktEJCHsq6jxXlTNCKZprTeiQpDnxOa37/dOTXbqhULBSXehBRL8BdwTqMYG2kqybmUQ+3zq73WtkcstGBu+8UIbJd5BQd15CC6yBUgI6NxsiVtl9fPuKj43Ir+9ZshyQOqNCEY6UaDoq0l2CpGeF0mGnGikaY9HGXNgwVOKDKS8YXD2HeKG3YCaUpoeFY/T2R4ECpQeCbzgDrnvrrjcQfLz+1SneKXsJEFGsqyGRTJ+ZQh3D0P2wzSYnmA0MwkcwcC0kPS0y0SSljUvh+Ff5PqgXbMfzCxHECJkiDLbADdoEDDkEJnIMyqAACBLgF9+DB0tad9Wg9TVpT1tfMJpiC9fwJwpGUfg==</latexit><latexit sha1_base64="S+uaTeQSR3+ShmkPw8c7e+Juhhw=">AAAB8nicZVDLSgMxFM3UV62vqks30VIQFyVTnFrcWHShywq2FduxZNK0Dc1khiQjlKF/4UpQELfu/A13rvwA/8N0qmL1wIXDOfdy7z1eyJnSCL1bqZnZufmF9GJmaXlldS27vlFXQSQJrZGAB/LSw4pyJmhNM83pZSgp9j1OG97gZOw3bqhULBAXehhS18c9wbqMYG2kqxbmYR+3T6/32tkcKqCSs2+XISo4yC7bjiFFx0aoCO0CSpCrbL++fESHR9V29q3VCUjkU6EJx0o1bRRqN8ZSM8LpKNOKFA0xGeAebRoqsE+VGycXj2DeKB3YDaQpoWGi/p6Isa/U0PdMp491X/31xuKPl59apbtlN2YijDQVZLKpG3GoAzj+H3aYpETzoSGYSGaOhaSPJSbapJRJUiglr8L/5DuFerFgG35u4jgGE6TBFtgBu8AGB6ACzkAV1AABAtyCe/BgaevOerSeJq0p62tmE0zBev4EyRuUjQ==</latexit><latexit sha1_base64="L5r/8o48nG5AsKgZSxRdCDBB1Dk=">AAAB8nicZVDLSgMxFM3UV62vqks3wVIQF0OmOLXLogtdVrAPbMeSSTNtaCYzJBmhDP0LV4KCuPVvXPk3ptMqVg9cOJxzL/fe48ecKY3Qp5VbWV1b38hvFra2d3b3ivsHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3748uZ336gUrFI3OpJTL0QDwULGMHaSHc9zOMR7l/dn/aLJWSjqnvm1CCyXeTUHNeQiusgVIGOjTKUwAKNfvGjN4hIElKhCcdKdR0Uay/FUjPC6bTQSxSNMRnjIe0aKnBIlZdmF09h2SgDGETSlNAwU39PpDhUahL6pjPEeqT+ejPxxysvrdJBzUuZiBNNBZlvChIOdQRn/8MBk5RoPjEEE8nMsZCMsMREm5QKWQrV7FX4n3yn0KrYjuE3qFS/WOSRB0fgGJwAB5yDOrgGDdAEBAjwCJ7Bi6WtJ+vVepu35qzFzCFYgvX+BcqNkNo=</latexit>

SM MSSM

Uncertainty of αs(mZ)
<latexit sha1_base64="Nlkgk42zOqXuDLmc7EtzbuFywbQ=">AAAB9XicZZDLSgMxFIbP1Futt6pLN6GlUDdlxo0ui25cVrAXbIchk2baYJIZk4xShj6HK6GCuPVhXPk2phfEtj8EPv5zDufkDxPOtHHdHye3sbm1vZPfLeztHxweFY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2HjzfTevuZKs1ieW9GCfUFHkgWMYKNtfwe5skQB7oqgofzoFh2a+5MaB28BZTrJchNAKARFL97/ZikgkpDONa667mJ8TOsDCOcjgu9VNMEk0c8oF2LEguq/Wx29BhVrNNHUazskwbN3P8TGRZaj0RoOwU2Q71am5p/tcrSKhNd+RmTSWqoJPNNUcqRidE0AtRnihLDRxYwUcwei8gQK0yMDapgU/BW/7wOrYuaZ/nOxnENc+XhDEpQBQ8uoQ630IAmEHiCV5jAu/PivDkfzue8NecsZk5hSc7XL/6xktI=</latexit><latexit sha1_base64="/xtqfcdYC6LMRDiZ5SdMXYE6Flo=">AAAB9XicZZDLSgMxFIbP1Futt6rgRhehpVA3ZcaNLotuXFawF2yHIZNm2tBkZkwyShn6HK5EBXErPosr38b0gtj2h8DHf87hnPx+zJnStv1jZVZW19Y3spu5re2d3b38/kFDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7galxvPlCpWBTe6mFMXYF7IQsYwdpYbgfzuI89VRbe3amXL9oVeyK0DM4MitUCZF6Ovk5qXv67041IImioCcdKtR071m6KpWaE01GukygaYzLAPdo2GGJBlZtOjh6hknG6KIikeaFGE/f/RIqFUkPhm06BdV8t1sbmX600t0oHF27KwjjRNCTTTUHCkY7QOALUZZISzYcGMJHMHItIH0tMtAkqZ1JwFv+8DI2zimP4xsRxCVNl4RgKUAYHzqEK11CDOhC4hyd4hTfr0Xq23q2PaWvGms0cwpysz18tlZO0</latexit><latexit sha1_base64="/xtqfcdYC6LMRDiZ5SdMXYE6Flo=">AAAB9XicZZDLSgMxFIbP1Futt6rgRhehpVA3ZcaNLotuXFawF2yHIZNm2tBkZkwyShn6HK5EBXErPosr38b0gtj2h8DHf87hnPx+zJnStv1jZVZW19Y3spu5re2d3b38/kFDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7galxvPlCpWBTe6mFMXYF7IQsYwdpYbgfzuI89VRbe3amXL9oVeyK0DM4MitUCZF6Ovk5qXv67041IImioCcdKtR071m6KpWaE01GukygaYzLAPdo2GGJBlZtOjh6hknG6KIikeaFGE/f/RIqFUkPhm06BdV8t1sbmX600t0oHF27KwjjRNCTTTUHCkY7QOALUZZISzYcGMJHMHItIH0tMtAkqZ1JwFv+8DI2zimP4xsRxCVNl4RgKUAYHzqEK11CDOhC4hyd4hTfr0Xq23q2PaWvGms0cwpysz18tlZO0</latexit><latexit sha1_base64="/xtqfcdYC6LMRDiZ5SdMXYE6Flo=">AAAB9XicZZDLSgMxFIbP1Futt6rgRhehpVA3ZcaNLotuXFawF2yHIZNm2tBkZkwyShn6HK5EBXErPosr38b0gtj2h8DHf87hnPx+zJnStv1jZVZW19Y3spu5re2d3b38/kFDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7galxvPlCpWBTe6mFMXYF7IQsYwdpYbgfzuI89VRbe3amXL9oVeyK0DM4MitUCZF6Ovk5qXv67041IImioCcdKtR071m6KpWaE01GukygaYzLAPdo2GGJBlZtOjh6hknG6KIikeaFGE/f/RIqFUkPhm06BdV8t1sbmX600t0oHF27KwjjRNCTTTUHCkY7QOALUZZISzYcGMJHMHItIH0tMtAkqZ1JwFv+8DI2zimP4xsRxCVNl4RgKUAYHzqEK11CDOhC4hyd4hTfr0Xq23q2PaWvGms0cwpysz18tlZO0</latexit><latexit sha1_base64="TdnSICngwKxrMEnnK6ERU+BNocc=">AAAB9XicZZDLSsNAFIZP6q3WW1Vwo4vQUqibkrhQl0U3LivYC7YhTKaTduhkEmcmSgl9DleigrgVn8WVb+M0bcXWHwY+/nMO58zvRYxKZVnfRmZpeWV1Lbue29jc2t7J7+41ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNLsf15j0Rkob8Rg0j4gSox6lPMVLacjqIRX3kynLg3h67+aJVsVKZ/8GeQrFagMzzwedRzc1/dbohjgPCFWZIyrZtRcpJkFAUMzLKdWJJIoQHqEfaGjkKiHSS9OiRWdJO1/RDoR9XZur+nUhQIOUw8HRngFRfLtbG5m+tNLdK+edOQnkUK8LxZJMfM1OF5jgCs0sFwYoNNSAsqD7WxH0kEFY6qFyawuns84swS6FxUrE1X+s4LmCiLBxCAcpgwxlU4QpqUAcMd/AIL/BqPBhPxpvxPmnNGNOZfZiT8fEDNB+Tww==</latexit><latexit sha1_base64="Y39cGNE5f4uKETedt6N1YGOnvgo=">AAAB9XicZZDLSsNAFIYnXmu9VV26GSyFuimJC3VZdOOygr1gG8LJdNIOnUnizEQpoc/hSlAQtz6MK9/GaZqKrT8MfPznHM6Z3485U9q2v62V1bX1jc3CVnF7Z3dvv3Rw2FJRIgltkohHsuODopyFtKmZ5rQTSwrC57Ttj66n9fYjlYpF4Z0ex9QVMAhZwAhoY7k94PEQPFUV3v2pVyrbNTsT/g9ODmWUq+GVvnr9iCSChppwUKrr2LF2U5CaEU4nxV6iaAxkBAPaNRiCoMpNs6MnuGKcPg4iaV6oceb+nUhBKDUWvukUoIdquTY1f2uVhVU6uHRTFsaJpiGZbQoSjnWEpxHgPpOUaD42AEQycywmQ5BAtAmqmKVwPv/8MsxTaJ3VHMO3drl+ledRQMfoBFWRgy5QHd2gBmoigh7QM3pFb9aT9WK9Wx+z1hUrnzlCC7I+fwClYJHd</latexit>

M∗
G ∈ [1.17, 1.35] · 1016 GeV

<latexit sha1_base64="g8xtHUM+CBxkNacldEa+fpqk3Bk="></latexit><latexit sha1_base64="ltdttWyVA6PFS0XtLtiQzyhyXF0="></latexit><latexit sha1_base64="ltdttWyVA6PFS0XtLtiQzyhyXF0="></latexit><latexit sha1_base64="ltdttWyVA6PFS0XtLtiQzyhyXF0="></latexit><latexit sha1_base64="9VUXerpwW6viAOiQFmC/XeM5oJk="></latexit><latexit sha1_base64="GzebbNpxdC1egQop1/2OI3tgBqA="></latexit>

M∗
s ∈ [2.69, 1.72] TeV

<latexit sha1_base64="1ulvW+ZnVW4oq86KR4JQJCNlJKE="></latexit><latexit sha1_base64="q8jBfKyrXhaWpK7mMMTk57KjPwM="></latexit><latexit sha1_base64="q8jBfKyrXhaWpK7mMMTk57KjPwM="></latexit><latexit sha1_base64="q8jBfKyrXhaWpK7mMMTk57KjPwM="></latexit><latexit sha1_base64="uA1asG23NIk+1jpcwc84b5IDlsM="></latexit><latexit sha1_base64="9xwWz5qfgu46Q45zE/fX4LhYZ1s="></latexit>

α∗−1
G ∈ [25.7, 25.4]

<latexit sha1_base64="wXO5dX5ZyaIECYQHyLK20zTPwv8="></latexit><latexit sha1_base64="fek1oE1wf7tl6FwQFqPuHWjs1A8="></latexit><latexit sha1_base64="fek1oE1wf7tl6FwQFqPuHWjs1A8="></latexit><latexit sha1_base64="fek1oE1wf7tl6FwQFqPuHWjs1A8="></latexit><latexit sha1_base64="uomTqsM2XPT4qeH6qpXJIH3I6To="></latexit><latexit sha1_base64="ObaIGc372F7/OQvwf3XkiEV/Xgw="></latexit>

those constants can be approximately written in terms of ↵s(mZ) as

M⇤
s
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=

2.13
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· exp
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✓
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s

�↵s

◆�
,

↵⇤�1
G

= 25.5� 0.172

✓
↵s � ↵0

s

�↵s

◆
. (2.5)

It is convenient to trade the three experimental numbers, ↵i(mZ), by the three new parameters

↵⇤
G
,M⇤

G
,M⇤

s . Substituting Eq. (2.4) into Eq. (2.1), we get

2⇡

↵(⇤)
=

h 2⇡
↵⇤
G

+ CS + CG

i
+ bi ln

⇣M⇤
G
⌦S

TG

⌘
+ �i ln

⇣ TS

M⇤
s⌦G

⌘
(2.6)

Since the three basis-vectors of this expansion are independent, in order for the left-hand-side to be i-

independent the two logarithms in the right-hand-side must vanish. This is the condition of the gauge

coupling unification. Namely, the GUT and SUSY spectra must satisfy the following simultaneously con-

ditions:

TS = M⇤
s⌦G \ TG = M⇤

G⌦S (2.7)

The inverse of unified gauge coupling is then given by:

↵�1(⇤) = ↵⇤�1
G

+
CS + CG

2⇡
(2.8)

The second and third equations in Eq. (2.4) can easily be solved. The general solutions can be written

as

ln
TS

mZ

= visi/D

ln⌦S = uisi/D

CS = �✏ijkbi�jsk/D

ln⌦G = �viri/D

ln
TG

⇤
= �uiri/D

CG = �✏ijkbi�jrk/D (2.9)

where

v =

0

B@
b2 � b3
�b1 + b3
b1 � b2

1

CA =

0

B@
4

�48
5

28
5

1

CA , u =

0

B@
��2 + �3
�1 � �3
��1 + �2

1

CA =

0

B@
�1

6

�3
2

5
3

1

CA ,

D = b2�1 � b3�1 � b1�2 + b3�2 + b1�3 � b2�3 = �38

5
, (2.10)

4

α∗−1
G

<latexit sha1_base64="86GXjpiXfHED+ZSwe45Y8G5lKgs=">AAAB9nicdVDLSkMxEJ1bX7W+qi7dBEuhCJakWO2y6EKXFewD+iI3TdvQ3AdJrlgu/Q9XgoK49V9c6deYtipW8MDA4ZwZZua4oRTaYPzuJJaWV1bXkuupjc2t7Z307l5NB5FivMoCGaiGSzWXwudVI4zkjVBx6rmS193RxdSv33KlReDfmHHI2x4d+KIvGDVW6rSoDIe0e9mJj47JpJvO4Dw+LZ6QEsL5IiYlUrSkUCQYFxDJ4xky5WzuowwAlW76rdULWORx3zBJtW4SHJp2TJURTPJJqhVpHlI2ogPetNSnHtfteHb1BGWt0kP9QNnyDZqpvydi6mk99lzb6VEz1H+9qfjjZRdWmX6pHQs/jAz32XxTP5LIBGiaAeoJxZmRY0soU8Iei9iQKsqMTSplU/h+Ff1PaoU8sfzaxnEOcyThAA4hBwTOoAxXUIEqMFBwD4/w5Nw5D86z8zJvTThfM/uwAOf1E60Zk/A=</latexit><latexit sha1_base64="bvoPbwyzmeasQNYBBuCh3/CnWus=">AAAB9nicdVDLSgMxFM3UV62vqhvBTbQUiuCQFKtduCi60GUF+4C+yKSZNjTzIMmIZajf4UpQELf+iyv9GtNWxQoeuHA4517uvccJBVcaoXcrMTe/sLiUXE6trK6tb6Q3t6oqiCRlFRqIQNYdopjgPqtorgWrh5IRzxGs5gzOx37thknFA/9aD0PW8kjP5y6nRBup3SQi7JPORTs+OMSjTjqDbHRcOMJFiOwCwkVcMCRfwAjlIbbRBJlSNvdxurdzV+6k35rdgEYe8zUVRKkGRqFuxURqTgUbpZqRYiGhA9JjDUN94jHViidXj2DWKF3oBtKUr+FE/T0RE0+poeeYTo/ovvrrjcUfLzuzSrvFVsz9MNLMp9NNbiSgDuA4A9jlklEthoYQKrk5FtI+kYRqk1TKpPD9KvyfVPM2NvzKxHEGpkiCXbAPcgCDE1ACl6AMKoACCe7BI3iybq0H69l6mbYmrK+ZbTAD6/UTnJiUow==</latexit><latexit sha1_base64="bvoPbwyzmeasQNYBBuCh3/CnWus=">AAAB9nicdVDLSgMxFM3UV62vqhvBTbQUiuCQFKtduCi60GUF+4C+yKSZNjTzIMmIZajf4UpQELf+iyv9GtNWxQoeuHA4517uvccJBVcaoXcrMTe/sLiUXE6trK6tb6Q3t6oqiCRlFRqIQNYdopjgPqtorgWrh5IRzxGs5gzOx37thknFA/9aD0PW8kjP5y6nRBup3SQi7JPORTs+OMSjTjqDbHRcOMJFiOwCwkVcMCRfwAjlIbbRBJlSNvdxurdzV+6k35rdgEYe8zUVRKkGRqFuxURqTgUbpZqRYiGhA9JjDUN94jHViidXj2DWKF3oBtKUr+FE/T0RE0+poeeYTo/ovvrrjcUfLzuzSrvFVsz9MNLMp9NNbiSgDuA4A9jlklEthoYQKrk5FtI+kYRqk1TKpPD9KvyfVPM2NvzKxHEGpkiCXbAPcgCDE1ACl6AMKoACCe7BI3iybq0H69l6mbYmrK+ZbTAD6/UTnJiUow==</latexit><latexit sha1_base64="bvoPbwyzmeasQNYBBuCh3/CnWus=">AAAB9nicdVDLSgMxFM3UV62vqhvBTbQUiuCQFKtduCi60GUF+4C+yKSZNjTzIMmIZajf4UpQELf+iyv9GtNWxQoeuHA4517uvccJBVcaoXcrMTe/sLiUXE6trK6tb6Q3t6oqiCRlFRqIQNYdopjgPqtorgWrh5IRzxGs5gzOx37thknFA/9aD0PW8kjP5y6nRBup3SQi7JPORTs+OMSjTjqDbHRcOMJFiOwCwkVcMCRfwAjlIbbRBJlSNvdxurdzV+6k35rdgEYe8zUVRKkGRqFuxURqTgUbpZqRYiGhA9JjDUN94jHViidXj2DWKF3oBtKUr+FE/T0RE0+poeeYTo/ovvrrjcUfLzuzSrvFVsz9MNLMp9NNbiSgDuA4A9jlklEthoYQKrk5FtI+kYRqk1TKpPD9KvyfVPM2NvzKxHEGpkiCXbAPcgCDE1ACl6AMKoACCe7BI3iybq0H69l6mbYmrK+ZbTAD6/UTnJiUow==</latexit><latexit sha1_base64="J9ebFcVFxClg08URlDShO1jGsXw=">AAAB9nicZVDLSgMxFM3UV62vqhvBTbQUimBJilO7cFF0ocsKthb6IpOmbWjmQZIRy1C/w5WgIG79F1f6NaZTFasHLhzOuZd773ECwZVG6N1KzM0vLC4ll1Mrq2vrG+nNrZryQ0lZlfrCl3WHKCa4x6qaa8HqgWTEdQS7doZnE//6hknFfe9KjwLWcknf4z1OiTZSu0lEMCCd83Z0cIjHnXQG5VHRPsIliPI2wiVsG1KwMUIFiPMoRqaczX2c7O3cVTrpt2bXp6HLPE0FUaqBUaBbEZGaU8HGqWaoWEDokPRZw1CPuEy1ovjqMcwapQt7vjTlaRirvyci4io1ch3T6RI9UH+9ifjjZWdW6V6pFXEvCDXz6HRTLxRQ+3CSAexyyagWI0MIldwcC+mASEK1SSoVp1CMX4X/yXcKtUIeG35p4jgFUyTBLtgHOYDBMSiDC1ABVUCBBPfgETxZt9aD9Wy9TFsT1tfMNpiB9foJoyKUsg==</latexit><latexit sha1_base64="u/oEDFdm1KPWxDIBgAnNEM9qZN4=">AAAB9nicZVDLSgMxFM3UV62vqks3wVIQwSEpTu2y6EKXFewD2mnJpGkbmnmQZMQy9D9cCQri1n9x5d+YTqtYPXDhcM693HuPFwmuNEKfVmZldW19I7uZ29re2d3L7x80VBhLyuo0FKFseUQxwQNW11wL1ookI74nWNMbX8385j2TiofBnZ5EzPXJMOADTok2UrdDRDQivetucnqGp718Admo7JzjCkS2g3AFO4aUHIxQCWIbpSiABWq9/EenH9LYZ4GmgijVxijSbkKk5lSwaa4TKxYROiZD1jY0ID5TbpJePYVFo/ThIJSmAg1T9fdEQnylJr5nOn2iR+qvNxN/vOLSKj2ouAkPolizgM43DWIBdQhnGcA+l4xqMTGEUMnNsZCOiCRUm6RyaQrl9FX4n3yn0CjZ2PBbVKheLvLIgiNwDE4ABhegCm5ADdQBBRI8gmfwYj1YT9ar9TZvzViLmUOwBOv9C3bdklg=</latexit>

M∗
G

<latexit sha1_base64="Kq2kyqaPrQBF1ozOuPoEl1YYIdA=">AAAB7XicdVBNS0JBFL3Pvsy+rJZtpkSIFvLGRepOalGbwKCngr5k3jjq4LwPZuYFIv6GVkFBtO0H9DfatWrXT2meVmTQgQuHc+7l3nu8SHClbfvdSi0sLi2vpFcza+sbm1vZ7Z26CmNJmUNDEcqmRxQTPGCO5lqwZiQZ8T3BGt7wNPEbN0wqHgZXehQx1yf9gPc4JdpIzkXn7Pqok83ZBdu2McYoIbh0bBtSqZSLuIxwYhnkqvuvLx8AUOtk39rdkMY+CzQVRKkWtiPtjonUnAo2ybRjxSJCh6TPWoYGxGfKHU+PnaC8UbqoF0pTgUZT9ffEmPhKjXzPdPpED9RfLxF/vPzcKt0ru2MeRLFmAZ1t6sUC6RAlr6Mul4xqMTKEUMnNsYgOiCRUm4AyJoXvV9H/pF4sYMMvTRwnMEMa9uAADgFDCapwDjVwgAKHW7iHByu07qxH62nWmrK+ZnZhDtbzJ4n9kUQ=</latexit><latexit sha1_base64="Z866rb57RLQ+YomwNcVJJjh+a2o=">AAAB7XicdVDLSgMxFM3UV62vqks30VIQF2XShW3dWHShG6GC0xbasWTStA3NZIYkI5Sh3+BKUBC3foC/4c6VH+B/mGlVrOCBC4dz7uXee7yQM6Vt+91Kzc0vLC6llzMrq2vrG9nNrboKIkmoQwIeyKaHFeVMUEczzWkzlBT7HqcNb3ia+I0bKhULxJUehdT1cV+wHiNYG8m56JxdH3SyObtg2zZCCCYElQ5tQyqVchGVIUosg1x19/XlIzo6rnWyb+1uQCKfCk04VqqF7FC7MZaaEU7HmXakaIjJEPdpy1CBfarceHLsGOaN0oW9QJoSGk7U3xMx9pUa+Z7p9LEeqL9eIv54+ZlVuld2YybCSFNBppt6EYc6gMnrsMskJZqPDMFEMnMsJAMsMdEmoIxJ4ftV+D+pFwvI8EsTxwmYIg12wB7YBwiUQBWcgxpwAAEM3IJ78GAF1p31aD1NW1PW18w2mIH1/AnP4ZI3</latexit><latexit sha1_base64="Z866rb57RLQ+YomwNcVJJjh+a2o=">AAAB7XicdVDLSgMxFM3UV62vqks30VIQF2XShW3dWHShG6GC0xbasWTStA3NZIYkI5Sh3+BKUBC3foC/4c6VH+B/mGlVrOCBC4dz7uXee7yQM6Vt+91Kzc0vLC6llzMrq2vrG9nNrboKIkmoQwIeyKaHFeVMUEczzWkzlBT7HqcNb3ia+I0bKhULxJUehdT1cV+wHiNYG8m56JxdH3SyObtg2zZCCCYElQ5tQyqVchGVIUosg1x19/XlIzo6rnWyb+1uQCKfCk04VqqF7FC7MZaaEU7HmXakaIjJEPdpy1CBfarceHLsGOaN0oW9QJoSGk7U3xMx9pUa+Z7p9LEeqL9eIv54+ZlVuld2YybCSFNBppt6EYc6gMnrsMskJZqPDMFEMnMsJAMsMdEmoIxJ4ftV+D+pFwvI8EsTxwmYIg12wB7YBwiUQBWcgxpwAAEM3IJ78GAF1p31aD1NW1PW18w2mIH1/AnP4ZI3</latexit><latexit sha1_base64="Z866rb57RLQ+YomwNcVJJjh+a2o=">AAAB7XicdVDLSgMxFM3UV62vqks30VIQF2XShW3dWHShG6GC0xbasWTStA3NZIYkI5Sh3+BKUBC3foC/4c6VH+B/mGlVrOCBC4dz7uXee7yQM6Vt+91Kzc0vLC6llzMrq2vrG9nNrboKIkmoQwIeyKaHFeVMUEczzWkzlBT7HqcNb3ia+I0bKhULxJUehdT1cV+wHiNYG8m56JxdH3SyObtg2zZCCCYElQ5tQyqVchGVIUosg1x19/XlIzo6rnWyb+1uQCKfCk04VqqF7FC7MZaaEU7HmXakaIjJEPdpy1CBfarceHLsGOaN0oW9QJoSGk7U3xMx9pUa+Z7p9LEeqL9eIv54+ZlVuld2YybCSFNBppt6EYc6gMnrsMskJZqPDMFEMnMsJAMsMdEmoIxJ4ftV+D+pFwvI8EsTxwmYIg12wB7YBwiUQBWcgxpwAAEM3IJ78GAF1p31aD1NW1PW18w2mIH1/AnP4ZI3</latexit><latexit sha1_base64="XEEgZuSvFPo+Gs+FvZos9lsROZQ=">AAAB7XicZVDLSgMxFM34rPVVdekmWgrioky66MONRRe6ESo4baEdSybNtKGZB0lGKEO/wZWgIG79AH/DnSs/wP8wM1WxeuDC4Zx7ufceJ+RMKtN8N+bmFxaXljMr2dW19Y3N3NZ2UwaRINQiAQ9E28GScuZTSzHFaTsUFHsOpy1ndJr4rRsqJAv8KzUOqe3hgc9cRrDSknXRO7s+7OXyZtE0TYQQTAiqlE1NarVqCVUhSiyNfH3v9eUjOjpu9HJv3X5AIo/6inAsZQeZobJjLBQjnE6y3UjSEJMRHtCOpj72qLTj9NgJLGilD91A6PIVTNXfEzH2pBx7ju70sBrKv14i/niFmVXKrdox88NIUZ9MN7kRhyqAyeuwzwQlio81wUQwfSwkQywwUTqgbJpCOX0V/iffKTRLRaT5pY7jBEyRAbtgHxwABCqgDs5BA1iAAAZuwT14MALjzng0nqatc8bXzA6YgfH8CdZrkkY=</latexit><latexit sha1_base64="tQ0bvbCLMv+1I1v1YvVUqtbbxWQ=">AAAB7XicZVDLSgMxFM3UV62vqks3wVIQFyXpoo9d0YVuhApOW2jHkkkzbWjmQZIRytBvcCUoiFs/yJV/Y2ZaxeqBC4dz7uXee9xIcKUR+rRya+sbm1v57cLO7t7+QfHwqKPCWFJm01CEsucSxQQPmK25FqwXSUZ8V7CuO71M/e4Dk4qHwZ2eRczxyTjgHqdEG8m+GV7dnw+LJVRBCGGMYUpwvYYMaTYbVdyAOLUMSmCJ9rD4MRiFNPZZoKkgSvUxirSTEKk5FWxeGMSKRYROyZj1DQ2Iz5STZMfOYdkoI+iF0lSgYab+nkiIr9TMd02nT/RE/fVS8ccrr6zSXsNJeBDFmgV0scmLBdQhTF+HIy4Z1WJmCKGSm2MhnRBJqDYBFbIUatmr8D/5TqFTrWDDb1GpdbHMIw9OwCk4AxjUQQtcgzawAQUcPIJn8GKF1pP1ar0tWnPWcuYYrMB6/wLX3Y6T</latexit>

M∗
s

<latexit sha1_base64="ssdpGTd/E5llRyqkL1tBrpb7qnY=">AAAB7XicdVBNS0JBFL3Pvsy+rJZtpkSIFvLeS9R2Ups2gUFPBTWZN446OO+DmXmBPPwNrYKCaNsP6G+0a9Wun9I8rcigAxcO59zLvfe4IWdSmea7kVpYXFpeSa9m1tY3Nrey2zt1GUSCUIcEPBBNF0vKmU8dxRSnzVBQ7LmcNtzRWeI3bqiQLPCv1DikHQ8PfNZnBCstORddeX3UzebMwkmlZBdLyCyYZtmyrYTY5eJxEVlaSZCr7r++fABArZt9a/cCEnnUV4RjKVuWGapOjIVihNNJph1JGmIywgPa0tTHHpWdeHrsBOW10kP9QOjyFZqqvydi7Ek59lzd6WE1lH+9RPzx8nOrVL/SiZkfRor6ZLapH3GkApS8jnpMUKL4WBNMBNPHIjLEAhOlA8roFL5fRf+Tul2wNL/UcZzCDGnYgwM4BAvKUIVzqIEDBBjcwj08GIFxZzwaT7PWlPE1swtzMJ4/AeBWkXw=</latexit><latexit sha1_base64="JerDlP48B51HEeShc+xCzzM3zNY=">AAAB7XicdVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6bYdOJmFmIpTQb3AlKIhbP8DfcOfKD/A/nLQqVvDAhcM593LvPV7IqFSm+W6k5uYXFpfSy5mV1bX1jezmVl0GkcDEwQELRNNDkjDKiaOoYqQZCoJ8j5GGNzxL/MYNEZIG/EqNQuL6qM9pj2KktORcdOT1QSebMwtHlZJdLEGzYJply7YSYpeLh0VoaSVBrrr7+vIRHZ/UOtm3djfAkU+4wgxJ2bLMULkxEopiRsaZdiRJiPAQ9UlLU458It14cuwY5rXShb1A6OIKTtTfEzHypRz5nu70kRrIv14i/nj5mVWqV3FjysNIEY6nm3oRgyqAyeuwSwXBio00QVhQfSzEAyQQVjqgjE7h+1X4P6nbBUvzSx3HKZgiDXbAHtgHFiiDKjgHNeAADCi4BffgwQiMO+PReJq2poyvmW0wA+P5EyZJkm8=</latexit><latexit sha1_base64="JerDlP48B51HEeShc+xCzzM3zNY=">AAAB7XicdVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6bYdOJmFmIpTQb3AlKIhbP8DfcOfKD/A/nLQqVvDAhcM593LvPV7IqFSm+W6k5uYXFpfSy5mV1bX1jezmVl0GkcDEwQELRNNDkjDKiaOoYqQZCoJ8j5GGNzxL/MYNEZIG/EqNQuL6qM9pj2KktORcdOT1QSebMwtHlZJdLEGzYJply7YSYpeLh0VoaSVBrrr7+vIRHZ/UOtm3djfAkU+4wgxJ2bLMULkxEopiRsaZdiRJiPAQ9UlLU458It14cuwY5rXShb1A6OIKTtTfEzHypRz5nu70kRrIv14i/nj5mVWqV3FjysNIEY6nm3oRgyqAyeuwSwXBio00QVhQfSzEAyQQVjqgjE7h+1X4P6nbBUvzSx3HKZgiDXbAHtgHFiiDKjgHNeAADCi4BffgwQiMO+PReJq2poyvmW0wA+P5EyZJkm8=</latexit><latexit sha1_base64="JerDlP48B51HEeShc+xCzzM3zNY=">AAAB7XicdVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6bYdOJmFmIpTQb3AlKIhbP8DfcOfKD/A/nLQqVvDAhcM593LvPV7IqFSm+W6k5uYXFpfSy5mV1bX1jezmVl0GkcDEwQELRNNDkjDKiaOoYqQZCoJ8j5GGNzxL/MYNEZIG/EqNQuL6qM9pj2KktORcdOT1QSebMwtHlZJdLEGzYJply7YSYpeLh0VoaSVBrrr7+vIRHZ/UOtm3djfAkU+4wgxJ2bLMULkxEopiRsaZdiRJiPAQ9UlLU458It14cuwY5rXShb1A6OIKTtTfEzHypRz5nu70kRrIv14i/nj5mVWqV3FjysNIEY6nm3oRgyqAyeuwSwXBio00QVhQfSzEAyQQVjqgjE7h+1X4P6nbBUvzSx3HKZgiDXbAHtgHFiiDKjgHNeAADCi4BffgwQiMO+PReJq2poyvmW0wA+P5EyZJkm8=</latexit><latexit sha1_base64="GNbjxCq/FHMA3cRE/VJbgW+XDNg=">AAAB7XicZVDLSsNAFJ3UV62vqks3o6UgLkoSS1vdWHTjRqhg2kIby2Q6aYdOHsxMhBL6Da4EBXHrB/gb7lz5Af6Hk1TF6oELh3Pu5d57nJBRIXX9XcvMzS8sLmWXcyura+sb+c2tpggijomFAxbwtoMEYdQnlqSSkXbICfIcRlrO6CzxWzeECxr4V3IcEttDA5+6FCOpJOuiJ64PevmCXjqqVcxyBeolXa8appEQs1o+LENDKQkK9d3Xl4/o+KTRy791+wGOPOJLzJAQHUMPpR0jLilmZJLrRoKECI/QgHQU9ZFHhB2nx05gUSl96AZclS9hqv6eiJEnxNhzVKeH5FD89RLxxyvOrJJuzY6pH0aS+Hi6yY0YlAFMXod9ygmWbKwIwpyqYyEeIo6wVAHl0hQq6avwP/lOoWmWDMUvVRynYIos2AF7YB8YoArq4Bw0gAUwoOAW3IMHLdDutEftadqa0b5mtsEMtOdPLNOSfg==</latexit><latexit sha1_base64="CvODOPvaqXVDaCx3NliK54deT8s=">AAAB7XicZVBNSwMxEM36WetX1aOXYCmIh7JbS1tvRS9ehApuW2jXkk2zbWg2WZKsUJb+Bk+Cgnj1B3ny35jdVrH6YODx3gwz8/yIUaVt+9NaWV1b39jMbeW3d3b39gsHh20lYomJiwUTsusjRRjlxNVUM9KNJEGhz0jHn1ylfueBSEUFv9PTiHghGnEaUIy0kdybgbo/GxSKdvmiUatUa9Au23bdqTgpqdSr51XoGCVFESzQGhQ++kOB45BwjRlSqufYkfYSJDXFjMzy/ViRCOEJGpGeoRyFRHlJduwMlowyhIGQpriGmfp7IkGhUtPQN50h0mP110vFH6+0tEoHDS+hPIo14Xi+KYgZ1AKmr8MhlQRrNjUEYUnNsRCPkURYm4DyWQq17FX4n3yn0K6UHcNv7WLzcpFHDhyDE3AKHFAHTXANWsAFGFDwCJ7BiyWsJ+vVepu3rliLmSOwBOv9Cy5Fjss=</latexit>

α
s
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Z
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<latexit sha1_base64="Nlkgk42zOqXuDLmc7EtzbuFywbQ=">AAAB9XicZZDLSgMxFIbP1Futt6pLN6GlUDdlxo0ui25cVrAXbIchk2baYJIZk4xShj6HK6GCuPVhXPk2phfEtj8EPv5zDufkDxPOtHHdHye3sbm1vZPfLeztHxweFY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2HjzfTevuZKs1ieW9GCfUFHkgWMYKNtfwe5skQB7oqgofzoFh2a+5MaB28BZTrJchNAKARFL97/ZikgkpDONa667mJ8TOsDCOcjgu9VNMEk0c8oF2LEguq/Wx29BhVrNNHUazskwbN3P8TGRZaj0RoOwU2Q71am5p/tcrSKhNd+RmTSWqoJPNNUcqRidE0AtRnihLDRxYwUcwei8gQK0yMDapgU/BW/7wOrYuaZ/nOxnENc+XhDEpQBQ8uoQ630IAmEHiCV5jAu/PivDkfzue8NecsZk5hSc7XL/6xktI=</latexit><latexit sha1_base64="/xtqfcdYC6LMRDiZ5SdMXYE6Flo=">AAAB9XicZZDLSgMxFIbP1Futt6rgRhehpVA3ZcaNLotuXFawF2yHIZNm2tBkZkwyShn6HK5EBXErPosr38b0gtj2h8DHf87hnPx+zJnStv1jZVZW19Y3spu5re2d3b38/kFDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7galxvPlCpWBTe6mFMXYF7IQsYwdpYbgfzuI89VRbe3amXL9oVeyK0DM4MitUCZF6Ovk5qXv67041IImioCcdKtR071m6KpWaE01GukygaYzLAPdo2GGJBlZtOjh6hknG6KIikeaFGE/f/RIqFUkPhm06BdV8t1sbmX600t0oHF27KwjjRNCTTTUHCkY7QOALUZZISzYcGMJHMHItIH0tMtAkqZ1JwFv+8DI2zimP4xsRxCVNl4RgKUAYHzqEK11CDOhC4hyd4hTfr0Xq23q2PaWvGms0cwpysz18tlZO0</latexit><latexit sha1_base64="/xtqfcdYC6LMRDiZ5SdMXYE6Flo=">AAAB9XicZZDLSgMxFIbP1Futt6rgRhehpVA3ZcaNLotuXFawF2yHIZNm2tBkZkwyShn6HK5EBXErPosr38b0gtj2h8DHf87hnPx+zJnStv1jZVZW19Y3spu5re2d3b38/kFDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7galxvPlCpWBTe6mFMXYF7IQsYwdpYbgfzuI89VRbe3amXL9oVeyK0DM4MitUCZF6Ovk5qXv67041IImioCcdKtR071m6KpWaE01GukygaYzLAPdo2GGJBlZtOjh6hknG6KIikeaFGE/f/RIqFUkPhm06BdV8t1sbmX600t0oHF27KwjjRNCTTTUHCkY7QOALUZZISzYcGMJHMHItIH0tMtAkqZ1JwFv+8DI2zimP4xsRxCVNl4RgKUAYHzqEK11CDOhC4hyd4hTfr0Xq23q2PaWvGms0cwpysz18tlZO0</latexit><latexit sha1_base64="/xtqfcdYC6LMRDiZ5SdMXYE6Flo=">AAAB9XicZZDLSgMxFIbP1Futt6rgRhehpVA3ZcaNLotuXFawF2yHIZNm2tBkZkwyShn6HK5EBXErPosr38b0gtj2h8DHf87hnPx+zJnStv1jZVZW19Y3spu5re2d3b38/kFDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7galxvPlCpWBTe6mFMXYF7IQsYwdpYbgfzuI89VRbe3amXL9oVeyK0DM4MitUCZF6Ovk5qXv67041IImioCcdKtR071m6KpWaE01GukygaYzLAPdo2GGJBlZtOjh6hknG6KIikeaFGE/f/RIqFUkPhm06BdV8t1sbmX600t0oHF27KwjjRNCTTTUHCkY7QOALUZZISzYcGMJHMHItIH0tMtAkqZ1JwFv+8DI2zimP4xsRxCVNl4RgKUAYHzqEK11CDOhC4hyd4hTfr0Xq23q2PaWvGms0cwpysz18tlZO0</latexit><latexit sha1_base64="TdnSICngwKxrMEnnK6ERU+BNocc=">AAAB9XicZZDLSsNAFIZP6q3WW1Vwo4vQUqibkrhQl0U3LivYC7YhTKaTduhkEmcmSgl9DleigrgVn8WVb+M0bcXWHwY+/nMO58zvRYxKZVnfRmZpeWV1Lbue29jc2t7J7+41ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNLsf15j0Rkob8Rg0j4gSox6lPMVLacjqIRX3kynLg3h67+aJVsVKZ/8GeQrFagMzzwedRzc1/dbohjgPCFWZIyrZtRcpJkFAUMzLKdWJJIoQHqEfaGjkKiHSS9OiRWdJO1/RDoR9XZur+nUhQIOUw8HRngFRfLtbG5m+tNLdK+edOQnkUK8LxZJMfM1OF5jgCs0sFwYoNNSAsqD7WxH0kEFY6qFyawuns84swS6FxUrE1X+s4LmCiLBxCAcpgwxlU4QpqUAcMd/AIL/BqPBhPxpvxPmnNGNOZfZiT8fEDNB+Tww==</latexit><latexit sha1_base64="Y39cGNE5f4uKETedt6N1YGOnvgo=">AAAB9XicZZDLSsNAFIYnXmu9VV26GSyFuimJC3VZdOOygr1gG8LJdNIOnUnizEQpoc/hSlAQtz6MK9/GaZqKrT8MfPznHM6Z3485U9q2v62V1bX1jc3CVnF7Z3dvv3Rw2FJRIgltkohHsuODopyFtKmZ5rQTSwrC57Ttj66n9fYjlYpF4Z0ex9QVMAhZwAhoY7k94PEQPFUV3v2pVyrbNTsT/g9ODmWUq+GVvnr9iCSChppwUKrr2LF2U5CaEU4nxV6iaAxkBAPaNRiCoMpNs6MnuGKcPg4iaV6oceb+nUhBKDUWvukUoIdquTY1f2uVhVU6uHRTFsaJpiGZbQoSjnWEpxHgPpOUaD42AEQycywmQ5BAtAmqmKVwPv/8MsxTaJ3VHMO3drl+ledRQMfoBFWRgy5QHd2gBmoigh7QM3pFb9aT9WK9Wx+z1hUrnzlCC7I+fwClYJHd</latexit>

αs(mZ) = 0.1183± 0.0008
<latexit sha1_base64="Rbw2zOyzWi2OE95G/RJGBpU/OE0=">AAACC3icZZDLSgMxFIbP1Futt1GXbmJLoW7KjC7sRii6cVnBXrAtQybNtMFkZkgyQhm6duU7+AKuBAVx6xO48m1ML4htfwh8/OccTs7vx5wp7Tg/VmZldW19I7uZ29re2d2z9w8aKkokoXUS8Ui2fKwoZyGta6Y5bcWSYuFz2vTvr8b15gOVikXhrR7GtCtwP2QBI1gby7OPO5jHA+ypkvDuTtAFcsquWzlDnVgYdByn4tmFCRihZXBnUKjmIfMMADXP/u70IpIIGmrCsVJt14l1N8VSM8LpKNdJFI0xucd92jYYYkFVN52cMkJF4/RQEEnzQo0m7v+JFAulhsI3nQLrgVqsjc2/WnFulQ4q3ZSFcaJpSKabgoQjHaFxMKjHJCWaDw1gIpn5LCIDLDHRJr6cScFdvHkZGqcmvbJzY+K4hKmycAR5KIEL51CFa6hBHQg8wgu8wbv1ZL1aH9bntDVjzWYOYU7W1y9izpgS</latexit><latexit sha1_base64="dFBbrEy/A23nWOZ6jGj8XziSSCA=">AAACC3icZZDLSgMxFIbP1Futt1HBjS5iS6Fuyowu7EYounFZwV6wLUMmTdvQZGZIMkIpXbvyGXwCFyIoiFufwJVvY3pBbPtD4OM/53Byfj/iTGnH+bESS8srq2vJ9dTG5tb2jr27V1FhLAktk5CHsuZjRTkLaFkzzWktkhQLn9Oq37sa1av3VCoWBre6H9GmwJ2AtRnB2liefdzAPOpiT+WEd3eCLpCTd93CGWpEwqDjOAXPzozBCC2CO4VMMQ2Jp4OXo5JnfzdaIYkFDTThWKm660S6OcBSM8LpMNWIFY0w6eEOrRsMsKCqORifMkRZ47RQO5TmBRqN3f8TAyyU6gvfdAqsu2q+NjL/atmZVbpdaA5YEMWaBmSyqR1zpEM0Cga1mKRE874BTCQzn0WkiyUm2sSXMim48zcvQuXUpJd3bkwclzBREg4hDTlw4RyKcA0lKAOBB3iGN3i3Hq1X68P6nLQmrOnMPszI+voFkaOY9A==</latexit><latexit sha1_base64="dFBbrEy/A23nWOZ6jGj8XziSSCA=">AAACC3icZZDLSgMxFIbP1Futt1HBjS5iS6Fuyowu7EYounFZwV6wLUMmTdvQZGZIMkIpXbvyGXwCFyIoiFufwJVvY3pBbPtD4OM/53Byfj/iTGnH+bESS8srq2vJ9dTG5tb2jr27V1FhLAktk5CHsuZjRTkLaFkzzWktkhQLn9Oq37sa1av3VCoWBre6H9GmwJ2AtRnB2liefdzAPOpiT+WEd3eCLpCTd93CGWpEwqDjOAXPzozBCC2CO4VMMQ2Jp4OXo5JnfzdaIYkFDTThWKm660S6OcBSM8LpMNWIFY0w6eEOrRsMsKCqORifMkRZ47RQO5TmBRqN3f8TAyyU6gvfdAqsu2q+NjL/atmZVbpdaA5YEMWaBmSyqR1zpEM0Cga1mKRE874BTCQzn0WkiyUm2sSXMim48zcvQuXUpJd3bkwclzBREg4hDTlw4RyKcA0lKAOBB3iGN3i3Hq1X68P6nLQmrOnMPszI+voFkaOY9A==</latexit><latexit sha1_base64="dFBbrEy/A23nWOZ6jGj8XziSSCA=">AAACC3icZZDLSgMxFIbP1Futt1HBjS5iS6Fuyowu7EYounFZwV6wLUMmTdvQZGZIMkIpXbvyGXwCFyIoiFufwJVvY3pBbPtD4OM/53Byfj/iTGnH+bESS8srq2vJ9dTG5tb2jr27V1FhLAktk5CHsuZjRTkLaFkzzWktkhQLn9Oq37sa1av3VCoWBre6H9GmwJ2AtRnB2liefdzAPOpiT+WEd3eCLpCTd93CGWpEwqDjOAXPzozBCC2CO4VMMQ2Jp4OXo5JnfzdaIYkFDTThWKm660S6OcBSM8LpMNWIFY0w6eEOrRsMsKCqORifMkRZ47RQO5TmBRqN3f8TAyyU6gvfdAqsu2q+NjL/atmZVbpdaA5YEMWaBmSyqR1zpEM0Cga1mKRE874BTCQzn0WkiyUm2sSXMim48zcvQuXUpJd3bkwclzBREg4hDTlw4RyKcA0lKAOBB3iGN3i3Hq1X68P6nLQmrOnMPszI+voFkaOY9A==</latexit><latexit sha1_base64="fWfVxXBl3GMMmqdoQKiQHBRn+9U=">AAACC3icZZDLSgMxFIbP1Futt6rgRhexpVA3ZUZBuxGKblxWsBdsy5BJ0zY0mRmSjFBK1658Bp/AhQgK4tYncOXbmN7E1h8CH/85h5PzeyFnStv2txVbWFxaXomvJtbWNza3kts7ZRVEktASCXggqx5WlDOfljTTnFZDSbHwOK143cthvXJHpWKBf6N7IW0I3PZZixGsjeUmD+uYhx3sqqxwb4/QObJzjpM/QfVQGLRtO+8m0yMwQv/BmUC6kILY497zQdFNftWbAYkE9TXhWKmaY4e60cdSM8LpIFGPFA0x6eI2rRn0saCq0R+dMkAZ4zRRK5Dm+RqN3L8TfSyU6gnPdAqsO2q+NjR/a5mZVbqVb/SZH0aa+mS8qRVxpAM0DAY1maRE854BTCQzn0WkgyUm2sSXGKVwOj1+HqYplI9Nejn72sRxAWPFYR9SkAUHzqAAV1CEEhC4hyd4hTfrwXqx3q2PcWvMmszswoyszx+YLZkD</latexit><latexit sha1_base64="kHO/ee5ilIUPBh43QftHZTvDozg=">AAACC3icZZDLSgMxFIYz9VbrbdSlm2gp1E3JKGg3QtGNywr2gp0yZNJMG5rMDElGKKVrVz6KK0FB3PoErnwb0+lUrP4Q+PjPOZyc3485UxqhLyu3tLyyupZfL2xsbm3v2Lt7TRUlktAGiXgk2z5WlLOQNjTTnLZjSbHwOW35w6tpvXVPpWJReKtHMe0K3A9ZwAjWxvLsQxfzeIA9VRbe3TG8gKjiONVT6MbCIEKo6tnFFIzgf3AyKIJMdc/+dHsRSQQNNeFYqY6DYt0dY6kZ4XRScBNFY0yGuE87BkMsqOqO01MmsGScHgwiaV6oYer+nhhjodRI+KZTYD1Qf2tT86dWWlilg2p3zMI40TQks01BwqGO4DQY2GOSEs1HBjCRzHwWkgGWmGgTXyFN4Wx+/F+Yp9A8MelV0A0q1i6zPPLgAByBMnDAOaiBa1AHDUDAA3gCL+DVerSerTfrfdaas7KZfbAg6+MbCX2XHQ==</latexit>
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where we used bi = (335 , 1,�3), bSM
i

= (4110 ,�
19
6 ,�7) and �i = bi � bSM

i
= (52 ,

25
6 , 4). Substituting these

numbers the solutions become [4]
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with
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ẽRi

m5
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for the MSSM sparticles and
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⌘
ln
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(2.13)

for the GUT scale particles. In Eq. (2.11) the parameters M2, M3, mA and µ denote the wino, gluino,

the CP-odd scalar soft masses and the higgsino mass, respectively, each at the corresponding decoupling

(threshold) scale.

The condition Eq. (2.7) with Eqs. (2.11) and (2.13) have to be satisfied for arbitrary supersymmetric

and GUT scale spectra to ensure the gauge coupling unification at the scale ⇤. Those compact relations

can be used, for instance, to discuss the patterns of the supersymmetric spectra consistent with the

unification in various concrete GUT models; e.g. conventional models in 4d or in extra dimensional

models, with the present and future limits on the proton decay imposed. They quantify a non-trivial

interconnection between collider and proton decay experiments. In the following we shall discuss the

implications of the gauge coupling unification, i.e. Eq. (2.7), in several concrete GUT models.

3 Application to the minimal SU(5)

The first example in which we apply our formula and study an interplay between the low energy SUSY

and GUT spectra is the minimal SU(5) model. The Higgs sector of this model contains the adjoint chiral

multiplet ⌃(24) = (⌃8,⌃(2,3),⌃(2,3̄),⌃3,⌃1) and the (anti-)fundamental chiral multipletH(5) = (HC , Hu)

(H(5) = (HC , ✏Hd)). In the above notation, ⌃i are the component of ⌃ under GSM = U(1) ⇥ SU(2) ⇥
SU(3) decomposition, HC (HC) is the colour (anti-)triplet Higgs field and Hu/d are the doublet Higgs

fields in the MSSM. The Higgs superpotential is given by

WH =
1

2
MTr⌃2 +

1

3
�⌃Tr⌃

3 + �HH(⌃+ 3V )⌃H, (3.1)

5

Minimal SU(5)
mass (U(1)⇥SU(2)⇥SU(3)) (b1, b2, b3)

MHC (�1
3 ,1,3), (13 ,1,3) (25 , 0, 1)

MV (�5
6 ,2,3), (56 ,2,3) (�10,�6,�4)

M⌃ (0,3,1), (0,1,8) (0, 2, 3)

Table 1: The GUT mass spectrum and the contribution to the �-function coe�cients in the Minimal SU(5) model.

where the dimensionfull parameter V is related to the VEV of ⌃ as

h⌃i = V · diag(2, 2, 2,�3,�3). (3.2)

such that the MSSM Higgs fields become massless by the cancellation in the last term of Eq. (3.1). This

cancellation is called doublet-triplet splitting problem since it requires an enormous fine-tuning. The

mass of colour triplet Higgses reads

MHC = 5�HV . (3.3)

The direction of the VEV in Eq. (3.2) breaks the SU(5) gauge symmetry to GSM, giving masses to the

X,Y gauge bosons

MV = 5
p
2g5V (3.4)

with g5 being the SU(5) gauge coupling. While the Goldstone components ⌃(3,2),⌃(3̄,2) in the ⌃ field are

eaten by the X,Y fields, the ⌃8 and ⌃3 components have the mass

M⌃ =
5

2
M (3.5)

and contribute to the GUT threshold correction together with the X,Y and HC , HC fields. The singlet

field ⌃1 has the mass 1
2M but does not contribute to the GUT threshold correction, thus is irrelevant to

our discussion.

We summarise the field components that contribute to the GUT threshold correction in Table 1. By

plugging the masses and �-function coe�cients into the formula (2.13), we find

⌦G = M
18
19
HC

M
� 12

19
V

M
� 6

19
⌃

TG = M
4
19
HC

M
10
19
V

M
5
19
⌃

CG = 3 ln
⇤

M⇤
G

+
79

19
ln

MHC

M⇤
G

� 154

19
ln

MV

M⇤
G

+
18

19
ln

M⌃

M⇤
G

(3.6)

where we have used bG = (�3,�3,�3) for the full Minimal SU(5) �-function coe�cients. Using the

unification conditions Eq. (2.7), one obtains

MHC = M⇤
G⌦S

✓
TS

M⇤
s

◆ 5
6

, (3.7)

(M2
V M⌃)

1
3 = M⇤

G⌦S

✓
TS

M⇤
s

◆� 2
9

. (3.8)

These equations are remarkable in the sense that they allow to analytically calculate the masses of

superheavy particles in terms of the low energy SUSY spectrum through TS and ⌦S given in Eq. (2.11).

6

H(5) =
(
HC , Hd

)
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Higgs and gage fields

mass (U(1)⇥SU(2)⇥SU(3)) (b1, b2, b3)

MHC (�1
3 ,1,3), (13 ,1,3) (25 , 0, 1)

MV (�5
6 ,2,3), (56 ,2,3) (�10,�6,�4)

M⌃ (0,3,1), (0,1,8) (0, 2, 3)

Table 1: The GUT mass spectrum and the contribution to the �-function coe�cients in the Minimal SU(5) model.

where the dimensionfull parameter V is related to the VEV of ⌃ as

h⌃i = V · diag(2, 2, 2,�3,�3). (3.2)

such that the MSSM Higgs fields become massless by the cancellation in the last term of Eq. (3.1). This

cancellation is called doublet-triplet splitting problem since it requires an enormous fine-tuning. The

mass of colour triplet Higgses reads

MHC = 5�HV . (3.3)

The direction of the VEV in Eq. (3.2) breaks the SU(5) gauge symmetry to GSM, giving masses to the

X,Y gauge bosons

MV = 5
p
2g5V (3.4)

with g5 being the SU(5) gauge coupling. While the Goldstone components ⌃(3,2),⌃(3̄,2) in the ⌃ field are

eaten by the X,Y fields, the ⌃8 and ⌃3 components have the mass

M⌃ =
5

2
M (3.5)

and contribute to the GUT threshold correction together with the X,Y and HC , HC fields. The singlet

field ⌃1 has the mass 1
2M but does not contribute to the GUT threshold correction, thus is irrelevant to

our discussion.

We summarise the field components that contribute to the GUT threshold correction in Table 1. By

plugging the masses and �-function coe�cients into the formula (2.13), we find
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(3.6)

where we have used bG = (�3,�3,�3) for the full Minimal SU(5) �-function coe�cients. Using the

unification conditions Eq. (2.7), one obtains

MHC = M⇤
G⌦S

✓
TS

M⇤
s

◆ 5
6

, (3.7)

(M2
V M⌃)

1
3 = M⇤

G⌦S

✓
TS

M⇤
s

◆� 2
9

. (3.8)

These equations are remarkable in the sense that they allow to analytically calculate the masses of

superheavy particles in terms of the low energy SUSY spectrum through TS and ⌦S given in Eq. (2.11).
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Table 1: The GUT mass spectrum and the contribution to the �-function coe�cients in the Minimal SU(5) model.
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where we have used bG = (�3,�3,�3) for the full Minimal SU(5) �-function coe�cients. Using the

unification conditions Eq. (2.7), one obtains

MHC = M⇤
G⌦S

✓
TS

M⇤
s

◆ 5
6

, (3.7)

(M2
V M⌃)

1
3 = M⇤

G⌦S

✓
TS

M⇤
s

◆� 2
9

. (3.8)

These equations are remarkable in the sense that they allow to analytically calculate the masses of

superheavy particles in terms of the low energy SUSY spectrum through TS and ⌦S given in Eq. (2.11).
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the SUSY particles and for the scalar component of one of the Higgs doublets. A mass

of the other doublet Higgs boson is taken at mZ . By eliminating α−1
5 from the above

equations, we obtain simple relations:

(3α−1
2 − 2α−1

3 − α−1
1 )(mZ) =

1

2π

{

12

5
ln

MHC

mZ
− 2 ln

mSUSY

mZ

}

, (4.4)

(5α−1
1 − 3α−1

2 − 2α−1
3 )(mZ) =

1

2π

{

12 ln
M2

V MΣ

m3
Z

+ 8 ln
mSUSY

mZ

}

. (4.5)

The Eqs. (4.4), (4.5) imply that we can probe the GUT-scale mass spectrum from the

weak-scale parameters (i.e., gauge coupling constants and mass spectrum of the SUSY

particles).§ Especially, MHC
is determined independently of MV and MΣ. Eq. (4.5)

determines a combination of the vector and adjoint-Higgs masses (M2
V MΣ)1/3, and we

will call it as “GUT-scale” MGUT = (M2
V MΣ)1/3, hereafter.¶

So far we have assumed a common mass mSUSY for the SUSY particles, but the mass

splitting among the SUSY particles is also important to determine the GUT-scale mass

spectrum. To avoid unnecessary complications, we restrict ourselves to the minimal

supergravity model [17], where the SUSY-breaking mass parameters at the weak-scale

can be determined from a small number of parameters at the Planck scale, by using the

RG equations [28]. Therefore, the squark and the slepton masses are given by

m2
ũ = m2 + 6.28M2 + 0.35m2

Z cos 2βH ,

m2
d̃ = m2 + 6.28M2 − 0.42m2

Z cos 2βH ,

m2
ũc = m2 + 5.87M2 + 0.16m2

Z cos 2βH ,

m2
d̃c = m2 + 5.82M2 − 0.08m2

Z cos 2βH , (4.6)

m2
ẽ = m2 + 0.52M2 − 0.27m2

Z cos 2βH ,

§It was claimed in Ref. [27] that the threshold corrections at the GUT-scale is so large that one cannot

predict the SUSY-breaking scale even if measurements on α3 become much more precise. This high

sensitivity on GUT-scale mass spectrum implies that one can probe it through precision measurements

on the weak-scale parameters. Therefore, our result is consistent with their claim.
¶This “GUT-scale” MGUT does not necessarily correspond to the scale where all three gauge coupling

constants meet.
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Figure 3: Lifetime of p → K+ν̄ mode as functions of MS = µH . Wino mass is set to
be 3 TeV and MHC

= 1.0 × 1016 GeV. Solid lines correspond to tan β = 3, 5, 10, 30, and
50 from left-top to right-bottom, respectively. Shaded region is excluded by the current
experimental bound, τ(p → K+ν̄) > 4.0× 1033 yrs [13].

Let us investigate it in detail. To begin with, we consider the mass of the color-triplet
Higgs multiplets, MHC

. As mentioned to in Sec. 2, through the RGE analysis discussed
in Refs. [57,61] with requiring the gauge coupling unification, one finds that MHC

may be
around the GUT scale in the case of high-scale SUSY [34]. The prediction is, however,
quite sensitive to the mass spectrum below the GUT scale, especially to the masses of
higgsinos and gauginos. Thus, in the following discussion, we just fix MHC

to be around
the GUT scale. One easily obtains proton lifetimes corresponding to other values of MHC

by using the power law given in Eq. (19).
In Fig. 3, we present the lifetime of the p → K+ν̄ mode as functions ofMS = µH . Here,

the wino mass is set to be 3 TeV, while the result scarcely depends on the mass as long as
M2 ≪ MS. The color-triplet Higgs mass is fixed to MHC

= 1.0×1016 GeV. The solid lines
are for tan β = 3, 5, 10, 30, and 50 from left-top to right-bottom, respectively. The shaded
region is excluded by the current experimental bound, τ(p → K+ν̄) > 4.0× 1033 yrs [13].
The figure illustrates the behavior presented in Eq. (19). Moreover, it is found that
the proton decay lifetime in the high-scale SUSY scenario may evade the experimental
constraints, especially for small tanβ and high SUSY breaking scales. We also show a
similar plot for a relatively small value of MHC

in Fig. 4, where the mass is taken to
be 1.0 × 1015 GeV. The wino mass is again set to be M2 = 3 TeV, and the solid lines
correspond to tanβ = 3, 5, 10, and 30 from left-top to right-bottom, respectively. We see
that the relation between the results presented in Figs. 3 and 4 is well explained by the
simple power law in Eq. (19), though the renormalization factors may also be changed
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where summation should be understood for the repeated indices and ✏ijk is the antisymmetric tensor.

Plugging in the values of bi, �i and b⌘
i

into these expressions, one gets
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ũRi

⌘
, X⌦ ⌘

Y

i=1...3

⇣ m8
l̃i

m8
d̃Ri

⌘⇣m6
q̃i

mẽRi
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where i = 1, .., 3 is the generation index. Note that if all masses are equal, we have ⌦ = 1 and C = 0.

The sfermion contributions to T and ⌦ are negligible for most realistic models (the dependence of T

and ⌦ on XT and X⌦ is very weak and moreover, XT ⇠ X⌦ ⇠ 1) . In particular, these contributions

vanish if the masses are degenerate within the SU(5) multiplets, 5̄i = (d̃c
R
, l̃)i, 10i = (q̃, ũc

R
, ẽc

R
)i.

To understand the meaning of T , ⌦ and C, we consider a special case in which the exact GCU

is achieved with the degenerate SUSY spectrum: m⌘ = M⇤
s for all ⌘. In this case Eqs. (A.1) and

(A.2) give

2⇡

↵⇤
G

�
2⇡

↵a(mZ)
+ ba ln

⇣Mdeg⇤
G

mZ

⌘
= �a ln

⇣M⇤
s

mZ

⌘
(A.11)

where ↵⇤
G

and Mdeg⇤
G

are the unified gauge coupling and the exact unification scale for the degenerate

SUSY case. Staring from Eq. (A.1) and eliminating the first term on the right-hand side by using

Eq. (A.11), one finds for a general case

2⇡

↵a(Q)
=

2⇡

↵⇤
G

� ba ln
⇣ Q

⌦Mdeg⇤
G

⌘
+ �a ln

⇣ T

M⇤
s

⌘
+ C, (A.12)

This expression clarifies the role of T , ⌦ and C. The exact GCU, ↵1(Q) = ↵2(Q) = ↵3(Q) = ↵G

at Q = MG, is realised when the right-hand side becomes independent of a, which happens at

MG = ⌦Mdeg⇤
G

when

T = M⇤
s . (A.13)
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ũRi

⌘
, X⌦ ⌘

Y

i=1...3

⇣ m8
l̃i

m8
d̃Ri

⌘⇣m6
q̃i

mẽRi
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where i = 1, .., 3 is the generation index. Note that if all masses are equal, we have ⌦ = 1 and C = 0.

The sfermion contributions to T and ⌦ are negligible for most realistic models (the dependence of T

and ⌦ on XT and X⌦ is very weak and moreover, XT ⇠ X⌦ ⇠ 1) . In particular, these contributions

vanish if the masses are degenerate within the SU(5) multiplets, 5̄i = (d̃c
R
, l̃)i, 10i = (q̃, ũc

R
, ẽc

R
)i.

To understand the meaning of T , ⌦ and C, we consider a special case in which the exact GCU

is achieved with the degenerate SUSY spectrum: m⌘ = M⇤
s for all ⌘. In this case Eqs. (A.1) and

(A.2) give
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where ↵⇤
G

and Mdeg⇤
G

are the unified gauge coupling and the exact unification scale for the degenerate

SUSY case. Staring from Eq. (A.1) and eliminating the first term on the right-hand side by using

Eq. (A.11), one finds for a general case
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This expression clarifies the role of T , ⌦ and C. The exact GCU, ↵1(Q) = ↵2(Q) = ↵3(Q) = ↵G

at Q = MG, is realised when the right-hand side becomes independent of a, which happens at

MG = ⌦Mdeg⇤
G

when

T = M⇤
s . (A.13)
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where i = 1, .., 3 is the generation index. Note that if all masses are equal, we have ⌦ = 1 and C = 0.

The sfermion contributions to T and ⌦ are negligible for most realistic models (the dependence of T

and ⌦ on XT and X⌦ is very weak and moreover, XT ⇠ X⌦ ⇠ 1) . In particular, these contributions

vanish if the masses are degenerate within the SU(5) multiplets, 5̄i = (d̃c
R
, l̃)i, 10i = (q̃, ũc
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, ẽc

R
)i.

To understand the meaning of T , ⌦ and C, we consider a special case in which the exact GCU

is achieved with the degenerate SUSY spectrum: m⌘ = M⇤
s for all ⌘. In this case Eqs. (A.1) and
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where ↵⇤
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and Mdeg⇤
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are the unified gauge coupling and the exact unification scale for the degenerate

SUSY case. Staring from Eq. (A.1) and eliminating the first term on the right-hand side by using

Eq. (A.11), one finds for a general case
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This expression clarifies the role of T , ⌦ and C. The exact GCU, ↵1(Q) = ↵2(Q) = ↵3(Q) = ↵G

at Q = MG, is realised when the right-hand side becomes independent of a, which happens at
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when
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i
. (A.9)

with

XT ⌘

Y

i=1...3

⇣ m3
l̃i

m3
d̃Ri

⌘⇣ m7
q̃i

m2
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u
<latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="Df5uRJcQ/EFP9sn0nbm4aB7EgwM=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J6UI9FLx5bsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJnnx4Jr47pfTmFjc2t7p7hb2ts/ODwqH590dJQohm0WiUj1fKpRcIltw43AXqyQhr7Arj+9W/jdR1SaR/LBzGL0QjqWPOCMGiu1kmG54tbcDOQ/qeekAjmaw/LnYBSxJERpmKBa9+tubLyUKsOZwHlpkGiMKZvSMfYtlTRE7aXZoXNStcqIBJGyJQ3J1N8TKQ21noW+7Qypmei/3kL88aprq0xw46VcxolByZabgkQQE5HF22TEFTIjZpZQprg9lrAJVZQZG04pS+Fq9fxfskqhc1mrW95yK43bPI8inME5XEAdrqEB99CENjBAeIIXeHWmzrPz5rwvWwtOPnMKa3A+vgFlmI0v</latexit><latexit sha1_base64="Df5uRJcQ/EFP9sn0nbm4aB7EgwM=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J6UI9FLx5bsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJnnx4Jr47pfTmFjc2t7p7hb2ts/ODwqH590dJQohm0WiUj1fKpRcIltw43AXqyQhr7Arj+9W/jdR1SaR/LBzGL0QjqWPOCMGiu1kmG54tbcDOQ/qeekAjmaw/LnYBSxJERpmKBa9+tubLyUKsOZwHlpkGiMKZvSMfYtlTRE7aXZoXNStcqIBJGyJQ3J1N8TKQ21noW+7Qypmei/3kL88aprq0xw46VcxolByZabgkQQE5HF22TEFTIjZpZQprg9lrAJVZQZG04pS+Fq9fxfskqhc1mrW95yK43bPI8inME5XEAdrqEB99CENjBAeIIXeHWmzrPz5rwvWwtOPnMKa3A+vgFlmI0v</latexit>

y
<latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="9bqrrJfRgJStU9hvdypdLnABQYY=">AAAB6XicZVDLSgNBEOyNrxhfUY96GAwBT2HXg3oMevGYgHlAsoTZSW8yZPbBzKywLPkCT4KCePWTPPk3TjaJmFjQUFR1093lxYIrbdvfVmFjc2t7p7hb2ts/ODwqH5+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yP/M7TygVj8JHncboBnQUcp8zqo3UTAflil2zc5D/xFmQSv0ccjQG5a/+MGJJgKFmgirVc+xYuxmVmjOB01I/URhTNqEj7Bka0gCVm+WHTknVKEPiR9JUqEmu/p3IaKBUGnimM6B6rNa9mfjrVVdWaf/WzXgYJxpDNt/kJ4LoiMzeJkMukWmRGkKZ5OZYwsZUUqZNOKU8hevl8+tkmUL7quYY3jRx3M3jgCKcwQVcggM3UIcHaEALGCA8wyu8WRPrxXq3PuatBWsxcworsD5/AOj8jY8=</latexit><latexit sha1_base64="3EIP/gbhprs5X6YbgYt6+5e+ias=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjwmYB6QLGF20psMmX0wMyssS77Ak6AgXv0kT/6Nk81GjBY0FFXddHd5seBK2/aXVdrY3NreKe9W9vYPDo+qxyddFSWSYYdFIpJ9jyoUPMSO5lpgP5ZIA09gz5vdLfzeI0rFo/BBpzG6AZ2E3OeMaiO101G1ZjfsHOQ/cQpSgwKtUfVzOI5YEmComaBKDRw71m5GpeZM4LwyTBTGlM3oBAeGhjRA5Wb5oXNSN8qY+JE0FWqSq78nMhoolQae6Qyonqq/3kL88eprq7R/42Y8jBONIVtu8hNBdEQWb5Mxl8i0SA2hTHJzLGFTKinTJpxKnsLV6vm/ZJVC97LhGN62a83bIo8ynME5XIAD19CEe2hBBxggPMELvFoz69l6s96XrSWrmDmFNVgf32usjTM=</latexit>

y
<latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="9bqrrJfRgJStU9hvdypdLnABQYY=">AAAB6XicZVDLSgNBEOyNrxhfUY96GAwBT2HXg3oMevGYgHlAsoTZSW8yZPbBzKywLPkCT4KCePWTPPk3TjaJmFjQUFR1093lxYIrbdvfVmFjc2t7p7hb2ts/ODwqH5+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yP/M7TygVj8JHncboBnQUcp8zqo3UTAflil2zc5D/xFmQSv0ccjQG5a/+MGJJgKFmgirVc+xYuxmVmjOB01I/URhTNqEj7Bka0gCVm+WHTknVKEPiR9JUqEmu/p3IaKBUGnimM6B6rNa9mfjrVVdWaf/WzXgYJxpDNt/kJ4LoiMzeJkMukWmRGkKZ5OZYwsZUUqZNOKU8hevl8+tkmUL7quYY3jRx3M3jgCKcwQVcggM3UIcHaEALGCA8wyu8WRPrxXq3PuatBWsxcworsD5/AOj8jY8=</latexit><latexit sha1_base64="3EIP/gbhprs5X6YbgYt6+5e+ias=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjwmYB6QLGF20psMmX0wMyssS77Ak6AgXv0kT/6Nk81GjBY0FFXddHd5seBK2/aXVdrY3NreKe9W9vYPDo+qxyddFSWSYYdFIpJ9jyoUPMSO5lpgP5ZIA09gz5vdLfzeI0rFo/BBpzG6AZ2E3OeMaiO101G1ZjfsHOQ/cQpSgwKtUfVzOI5YEmComaBKDRw71m5GpeZM4LwyTBTGlM3oBAeGhjRA5Wb5oXNSN8qY+JE0FWqSq78nMhoolQae6Qyonqq/3kL88eprq7R/42Y8jBONIVtu8hNBdEQWb5Mxl8i0SA2hTHJzLGFTKinTJpxKnsLV6vm/ZJVC97LhGN62a83bIo8ynME5XIAD19CEe2hBBxggPMELvFoz69l6s96XrSWrmDmFNVgf32usjTM=</latexit>

h̃/W̃
<latexit sha1_base64="zPBpqesS3G9w6G28hPcuyt+nBLc=">AAAB+3icZZDJSgNBEIZr4hbjNtGjlyYh4CnOeNFj0IvHCGaBZAg9PTVJk56F7h4lDHkUQRAUxKtP4sm3sbMgxvzQ8PFXFVX9+6ngSjvOt1XY2Nza3inulvb2Dw6P7PJxWyWZZNhiiUhk16cKBY+xpbkW2E0l0sgX2PHHN7N65wGl4kl8rycpehEdxjzkjGpjDexyX3MRIBmdL6EzsKtO3ZmLrIO7hGqjAoVnAGgO7K9+kLAswlgzQZXquU6qvZxKzZnAaamfKUwpG9Mh9gzGNELl5fPTp6RmnICEiTQv1mTu/p3IaaTUJPJNZ0T1SP2vzczfWm1llQ6vvJzHaaYxZotNYSaITsgsCBJwiUyLiQHKJDfHEjaikjJt4iqZFNz/f16H9kXdNXxn4riGhYpwChU4AxcuoQG30IQWMHiEJ3iFN2tqvVjv1seitWAtZ05gRdbnDzSUlIo=</latexit><latexit sha1_base64="cFFV9GPYKG22X3bthK9/0TZmhX4=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTdzosujGZQV7gTaUyWTSDp1MwsxEKaGPIi4EBXHjwidx5ds4vSC2/WHg4z/ncM78fsKZ0o7zY+XW1jc2t/LbhZ3dvf0Du3jYVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJnUWw9UKhaLez1KqBfhvmAhI1gbq2cXu5rxgKLB+RxaPbvsVJ2p0Cq4cyjXSpB7Pv48rffs724QkzSiQhOOleq4TqK9DEvNCKfjQjdVNMFkiPu0Y1DgiCovm54+RhXjBCiMpXlCo6n7fyLDkVKjyDedEdYDtVybmH+1ysIqHV55GRNJqqkgs01hypGO0SQIFDBJieYjA5hIZo5FZIAlJtrEVTApuMt/XoXmRdU1fGfiuIaZ8nACJTgDFy6hBrdQhwYQeIQneIU3a2y9WO/Wx6w1Z81njmBB1tcvY2mVbA==</latexit><latexit sha1_base64="cFFV9GPYKG22X3bthK9/0TZmhX4=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTdzosujGZQV7gTaUyWTSDp1MwsxEKaGPIi4EBXHjwidx5ds4vSC2/WHg4z/ncM78fsKZ0o7zY+XW1jc2t/LbhZ3dvf0Du3jYVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJnUWw9UKhaLez1KqBfhvmAhI1gbq2cXu5rxgKLB+RxaPbvsVJ2p0Cq4cyjXSpB7Pv48rffs724QkzSiQhOOleq4TqK9DEvNCKfjQjdVNMFkiPu0Y1DgiCovm54+RhXjBCiMpXlCo6n7fyLDkVKjyDedEdYDtVybmH+1ysIqHV55GRNJqqkgs01hypGO0SQIFDBJieYjA5hIZo5FZIAlJtrEVTApuMt/XoXmRdU1fGfiuIaZ8nACJTgDFy6hBrdQhwYQeIQneIU3a2y9WO/Wx6w1Z81njmBB1tcvY2mVbA==</latexit><latexit sha1_base64="cFFV9GPYKG22X3bthK9/0TZmhX4=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTdzosujGZQV7gTaUyWTSDp1MwsxEKaGPIi4EBXHjwidx5ds4vSC2/WHg4z/ncM78fsKZ0o7zY+XW1jc2t/LbhZ3dvf0Du3jYVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJnUWw9UKhaLez1KqBfhvmAhI1gbq2cXu5rxgKLB+RxaPbvsVJ2p0Cq4cyjXSpB7Pv48rffs724QkzSiQhOOleq4TqK9DEvNCKfjQjdVNMFkiPu0Y1DgiCovm54+RhXjBCiMpXlCo6n7fyLDkVKjyDedEdYDtVybmH+1ysIqHV55GRNJqqkgs01hypGO0SQIFDBJieYjA5hIZo5FZIAlJtrEVTApuMt/XoXmRdU1fGfiuIaZ8nACJTgDFy6hBrdQhwYQeIQneIU3a2y9WO/Wx6w1Z81njmBB1tcvY2mVbA==</latexit><latexit sha1_base64="zQFp5wl25IbA07rFMJaBzWjf9cc=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTVyoy6IblxXsBdpQJpNJO3RyYWailNBHEReCgrhx4ZO48m2cpq3Y+sPAx3/O4Zz53ZgzqSzr28itrK6tb+Q3C1vbO7t7ZnG/KaNEENogEY9E28WSchbShmKK03YsKA5cTlvu8HpSb91TIVkU3qlRTJ0A90PmM4KVtnpmsasY9yganM6g1TPLVtXKhP6DPYNyrQS5p8OP43rP/Op6EUkCGirCsZQd24qVk2KhGOF0XOgmksaYDHGfdjSGOKDSSbPTx6iiHQ/5kdAvVChz/06kOJByFLi6M8BqIJdrE/O3VllYpfxLJ2VhnCgakukmP+FIRWgSBPKYoETxkQZMBNPHIjLAAhOl4ypkKZzPP78M8xSaZ1Vb862O4wqmysMRlOAEbLiAGtxAHRpA4AEe4QVejbHxbLwZ79PWnDGbOYAFGZ8/afOVew==</latexit><latexit sha1_base64="51lGlUHs8YqQQV7OZ0sNVCMpGSA=">AAAB+3icZZDLSsNAFIYnXmu9pbp0M1gKrmriQl0W3bisYC/QhjKZnLRDJ5MwM1FK6KO4EhTErU/iyrdxmqZi6w8DH/85h3Pm9xPOlHacb2ttfWNza7u0U97d2z84tCtHbRWnkkKLxjyWXZ8o4ExASzPNoZtIIJHPoeOPb2f1ziNIxWLxoCcJeBEZChYySrSxBnalrxkPAI/OC+gM7KpTd3Lh/+AWUEWFmgP7qx/ENI1AaMqJUj3XSbSXEakZ5TAt91MFCaFjMoSeQUEiUF6Wnz7FNeMEOIyleULj3P07kZFIqUnkm86I6JFarc3M31ptaZUOr72MiSTVIOh8U5hyrGM8CwIHTALVfGKAUMnMsZiOiCRUm7jKeQqXi8+vwiKF9kXdNXzvVBs3RR4ldIJO0Rly0RVqoDvURC1E0RN6Rq/ozZpaL9a79TFvXbOKmWO0JOvzB9s0k5U=</latexit>

Hc
<latexit sha1_base64="oD1ROoYYSTRLSA4R34UXY92+H0c=">AAAB63icZVBNSwMxEJ2tX7V+VcWTl2ApeCq7XvRY9NJjRfsB7VKyabYNTbJLkhXKUvAH6ElQFK/+Ik/+G9NtEds+GHi8N8PMvCDmTBvX/XFya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q0HqjSL5L0Zx9QXeCBZyAg2Vrqr9UivWHIrbga0Srw5KVVP3p8eAaDeK353+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU+2l26gSVrdJHYaRsSYMy9f9EioXWYxHYToHNUC97U/HPKy+sMuGVnzIZJ4ZKMtsUJhyZCE0fR32mKDF8bAkmitljERlihYmx8RRsCt7yz6ukeVHxLL+1cVzDDHk4hTM4Bw8uoQo1qEMDCAzgGV7hzRHOi/PhfM5ac8585hgW4Hz9AjlVj8M=</latexit><latexit sha1_base64="Ffvw0vy7RMC5YdRFTJbB3ru41V4=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoJccI5oHJEuYncwmQ2Zml5lZISzxC/QkKIpXv8iTf+PkgZhY0FBUddPdFcScaeO6305mbX1jcyu7ncvv7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up37qnSrNI3plxTH2BB5KFjGBjpdtaj/QKRbfizoD+E29BitXjt8eH8lm+3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3kuommMSYjPKAdSyUWVPvp7NQJKlmlj8JI2ZIGzdS/EykWWo9FYDsFNkO96k3FX6+0tMqEl37KZJwYKsl8U5hwZCI0fRz1maLE8LElmChmj0VkiBUmxsaTsyl4qz//J83zimf5jY3jCubIwgmcQhk8uIAq1KAODSAwgCd4gVdHOM/Ou/Mxb804i5kjWILz+QOrUZAY</latexit><latexit sha1_base64="Ffvw0vy7RMC5YdRFTJbB3ru41V4=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoJccI5oHJEuYncwmQ2Zml5lZISzxC/QkKIpXv8iTf+PkgZhY0FBUddPdFcScaeO6305mbX1jcyu7ncvv7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up37qnSrNI3plxTH2BB5KFjGBjpdtaj/QKRbfizoD+E29BitXjt8eH8lm+3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3kuommMSYjPKAdSyUWVPvp7NQJKlmlj8JI2ZIGzdS/EykWWo9FYDsFNkO96k3FX6+0tMqEl37KZJwYKsl8U5hwZCI0fRz1maLE8LElmChmj0VkiBUmxsaTsyl4qz//J83zimf5jY3jCubIwgmcQhk8uIAq1KAODSAwgCd4gVdHOM/Ou/Mxb804i5kjWILz+QOrUZAY</latexit><latexit sha1_base64="Ffvw0vy7RMC5YdRFTJbB3ru41V4=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoJccI5oHJEuYncwmQ2Zml5lZISzxC/QkKIpXv8iTf+PkgZhY0FBUddPdFcScaeO6305mbX1jcyu7ncvv7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up37qnSrNI3plxTH2BB5KFjGBjpdtaj/QKRbfizoD+E29BitXjt8eH8lm+3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3kuommMSYjPKAdSyUWVPvp7NQJKlmlj8JI2ZIGzdS/EykWWo9FYDsFNkO96k3FX6+0tMqEl37KZJwYKsl8U5hwZCI0fRz1maLE8LElmChmj0VkiBUmxsaTsyl4qz//J83zimf5jY3jCubIwgmcQhk8uIAq1KAODSAwgCd4gVdHOM/Ou/Mxb804i5kjWILz+QOrUZAY</latexit><latexit sha1_base64="YMm0vG413spPKsWfsnT3KyTfBKs=">AAAB63icZVBNS8NAEJ3Ur9r6URVPXhZroaeSeFCPRS89VrQfUEPZbDft0s0m7G6EEuov0JOgKF79RZ78N27TVmx9MPB4b4aZeV7EmdK2/W1lVlbX1jeym7n81vbObmFvv6nCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3g18Vv3VCoWils9iqgb4L5gPiNYG+mm1iXdQtGu2CnQf+LMSLF6+Pb4UD7J17uFr7teSOKACk04Vqrj2JF2Eyw1I5yOc3exohEmQ9ynHUMFDqhyk/TUMSoZpYf8UJoSGqXq34kEB0qNAs90BlgP1LI3EX+90sIq7V+4CRNRrKkg001+zJEO0eRx1GOSEs1HhmAimTkWkQGWmGgTTy5N4Wz+/DKZp9A8rTiGX5s4LmGKLBzBMZTBgXOoQg3q0AACfXiCF3i1AuvZerc+pq0ZazZzAAuwPn8AsduQJw==</latexit><latexit sha1_base64="uzORTwcZsqsgeTR9aVqFI8bQeRY=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvfRY0X5Au5Rsmm1Dk+ySZIWy9Cd4EhTEq7/Ik//GdLsVWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3M39zhNVmkXy0Uxj6gs8kixkBBsrPTQGZFCuuDU3A/pPvJxUIEdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs1BmqWmWIwkjZkgZl6t+JFAutpyKwnQKbsV735uKvV11ZZcIbP2UyTgyVZLEpTDgyEZo/joZMUWL41BJMFLPHIjLGChNj4yllKVwtn18nyxTalzXP8nu3Ur/N8yjCGZzDBXhwDXVoQBNaQGAEz/AKb45wXpx352PRWnDymVNYgfP5A5LLjdg=</latexit>

Hc
<latexit sha1_base64="+jQEuzM5tzvDcS05aI3OeVOIPrg=">AAAB9XicZVDLSgMxFL3js9ZXVVy5CZaCqzLjRpdFN11WsA9oh5JJM21oJhmTjFKGgh/gXlwICuLWj3Hl35hpi9j2QOBwzj3cmxPEnGnjuj/Oyura+sZmbiu/vbO7t184OGxomShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsPrzG/eU6WZFLdmFFM/wn3BQkawsZLfkdbMsqjaJd1C0S27E6Bl4s1IsXL88vQIALVu4bvTkySJqDCEY63bnhsbP8XKMMLpON9JNI0xGeI+bVsqcES1n06OHqOSVXoolMo+YdBE/Z9IcaT1KArsZITNQC96mfjnleZWmfDST5mIE0MFmW4KE46MRFkFqMcUJYaPLMFEMXssIgOsMDG2qLxtwVv88zJpnJc9y29sHVcwRQ5O4BTOwIMLqEAValAHAnfwDG/w7jw4r86H8zkdXXFmmSOYg/P1C6zklAc=</latexit><latexit sha1_base64="PQJUVuYgJdpVNWi/6+YZvjPRAUk=">AAAB9XicZVDLSgMxFL1TX7X1URVXboK10FWZcaPLopsuK9gHtEPJpJk2NJMZk4xShvoF7sWFoCBu/RhX/o2ZtohtDwQO59zDvTlexJnStv1jZdbWNza3stu5/M7u3n7h4LCpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90nfqteyoVC8WtHkfUDfBAMJ8RrI3kdkNjpllU65FeoWhX7CnQKnHmpFg9fnl6LJ/l673Cd7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMj16gkpG6SM/lOYJjabq/0SCA6XGgWcmA6yHatlLxT+vtLBK+5duwkQUayrIbJMfc6RDlFaA+kxSovnYEEwkM8ciMsQSE22KypkWnOU/r5LmecUx/MbUcQUzZOEETqEMDlxAFWpQhwYQuINneIN368F6tT6sz9loxppnjmAB1tcvHu+UXA==</latexit><latexit sha1_base64="PQJUVuYgJdpVNWi/6+YZvjPRAUk=">AAAB9XicZVDLSgMxFL1TX7X1URVXboK10FWZcaPLopsuK9gHtEPJpJk2NJMZk4xShvoF7sWFoCBu/RhX/o2ZtohtDwQO59zDvTlexJnStv1jZdbWNza3stu5/M7u3n7h4LCpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90nfqteyoVC8WtHkfUDfBAMJ8RrI3kdkNjpllU65FeoWhX7CnQKnHmpFg9fnl6LJ/l673Cd7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMj16gkpG6SM/lOYJjabq/0SCA6XGgWcmA6yHatlLxT+vtLBK+5duwkQUayrIbJMfc6RDlFaA+kxSovnYEEwkM8ciMsQSE22KypkWnOU/r5LmecUx/MbUcQUzZOEETqEMDlxAFWpQhwYQuINneIN368F6tT6sz9loxppnjmAB1tcvHu+UXA==</latexit><latexit sha1_base64="PQJUVuYgJdpVNWi/6+YZvjPRAUk=">AAAB9XicZVDLSgMxFL1TX7X1URVXboK10FWZcaPLopsuK9gHtEPJpJk2NJMZk4xShvoF7sWFoCBu/RhX/o2ZtohtDwQO59zDvTlexJnStv1jZdbWNza3stu5/M7u3n7h4LCpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90nfqteyoVC8WtHkfUDfBAMJ8RrI3kdkNjpllU65FeoWhX7CnQKnHmpFg9fnl6LJ/l673Cd7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMj16gkpG6SM/lOYJjabq/0SCA6XGgWcmA6yHatlLxT+vtLBK+5duwkQUayrIbJMfc6RDlFaA+kxSovnYEEwkM8ciMsQSE22KypkWnOU/r5LmecUx/MbUcQUzZOEETqEMDlxAFWpQhwYQuINneIN368F6tT6sz9loxppnjmAB1tcvHu+UXA==</latexit><latexit sha1_base64="gNJ1pS6hEQazhmuPco28QgvCbKs=">AAAB9XicZVDLSgMxFM3UV219VMWVm2AtdFVmXKjLopsuK9gHtEPJpJk2NJOMSUYpQ/0C9+JCUBC3fowr/8bMtBVbDwQO59zDvTleyKjStv1tZVZW19Y3spu5/Nb2zm5hb7+pRCQxaWDBhGx7SBFGOWloqhlph5KgwGOk5Y2uEr91R6Sigt/ocUjcAA049SlG2khuVxgzycJaD/cKRbtip4D/iTMjxerh8+ND+SRf7xW+un2Bo4BwjRlSquPYoXZjJDXFjExy3UiREOERGpCOoRwFRLlxevQElozSh76Q5nENU/VvIkaBUuPAM5MB0kO17CXir1daWKX9CzemPIw04Xi6yY8Y1AImFcA+lQRrNjYEYUnNsRAPkURYm6JyaQtn888vk3kLzdOKY/i1qeMSTJEFR+AYlIEDzkEV1EAdNAAGt+AJvII36956sd6tj+loxpplDsACrM8fJXmUaw==</latexit><latexit sha1_base64="3/Oo06Katq4hC2Wc3hqM60qwRUM=">AAAB9XicZVDLSgMxFL3js9ZX1aWbYCm4KlMX6rLopssK9gHtUDJppg3NJGOSUcrQ73AlKIhbP8aVf2NmOhVbDwQO59zDvTl+xJk2rvvtrK1vbG5tF3aKu3v7B4elo+O2lrEitEUkl6rrY005E7RlmOG0GymKQ5/Tjj+5Tf3OI1WaSXFvphH1QjwSLGAEGyt5fWnNNIsaAzIold2qmwH9J7WclCFHc1D66g8liUMqDOFY617NjYyXYGUY4XRW7MeaRphM8Ij2LBU4pNpLsqNnqGKVIQqksk8YlKl/EwkOtZ6Gvp0MsRnrVS8Vf73K0ioTXHsJE1FsqCDzTUHMkZEorQANmaLE8KklmChmj0VkjBUmxhZVzFq4XHx+lSxaaF9Ua5bfueX6Td5HAU7hDM6hBldQhwY0oQUEHuAZXuHNeXJenHfnYz665uSZE1iC8/kDBmmSHA==</latexit>

t̃L
<latexit sha1_base64="S6YLKX9BN3hNDi/X1HRvZlMn0yE=">AAAB8nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMevHgIYJ5YLKE2ckkGTI7u8z0CmEJ+AEevSgoiFf/xpN/4+SBmKSgoajqprsriKUw6Lo/TmZldW19I7uZ29re2d3L7x/UTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweDq7Fff+DaiEjd4TDmfkh7SnQFo2il+xYK2eEE2zftfMEtuROQZeLNSKF89PL0CACVdv671YlYEnKFTFJjmp4bo59SjYJJPsq1EsNjyga0x5uWKhpy46eTi0ekaJUO6UbalkIyUf9PpDQ0ZhgGtjOk2DeL3lj884pzq7B74adCxQlyxaabuokkGJHx/6QjNGcoh5ZQpoU9lrA+1ZShTSlnU/AWf14mtbOSZ/mtjeMSpsjCMZzAKXhwDmW4hgpUgYGCZ3iDdwedV+fD+Zy2ZpzZzCHMwfn6BU5bkqw=</latexit><latexit sha1_base64="AzcvPSVwAOJ+TJPf0/bT9AFSnJc=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByZLmJ10kiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e4KYikMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8HlxK/fgzYiUrc4jMEPWU+JruAMrXTXQiE7QLF93c7l3ZI7Bf1PvDnJlw+fHx+KJ9lKO/fV6kQ8CUEhl8yYpufG6I+YRsEljDOtxEDM+ID1oGmpYiEYfzS9eEwLVunQbqRtKaRT9e/EiIXGDMPAdoYM+2bZm4i/XmFhFXbP/ZFQcYKg+GxTN5EUIzr5n3aEBo5yaAnjWthjKe8zzTjalDI2BW/55/+kdlryLL+xcVyQGdLkiByTIvHIGSmTK1IhVcKJIk/klbw56Lw4787HrDXlzGcOyAKczx/AV5MB</latexit><latexit sha1_base64="AzcvPSVwAOJ+TJPf0/bT9AFSnJc=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByZLmJ10kiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e4KYikMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8HlxK/fgzYiUrc4jMEPWU+JruAMrXTXQiE7QLF93c7l3ZI7Bf1PvDnJlw+fHx+KJ9lKO/fV6kQ8CUEhl8yYpufG6I+YRsEljDOtxEDM+ID1oGmpYiEYfzS9eEwLVunQbqRtKaRT9e/EiIXGDMPAdoYM+2bZm4i/XmFhFXbP/ZFQcYKg+GxTN5EUIzr5n3aEBo5yaAnjWthjKe8zzTjalDI2BW/55/+kdlryLL+xcVyQGdLkiByTIvHIGSmTK1IhVcKJIk/klbw56Lw4787HrDXlzGcOyAKczx/AV5MB</latexit><latexit sha1_base64="AzcvPSVwAOJ+TJPf0/bT9AFSnJc=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByZLmJ10kiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e4KYikMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8HlxK/fgzYiUrc4jMEPWU+JruAMrXTXQiE7QLF93c7l3ZI7Bf1PvDnJlw+fHx+KJ9lKO/fV6kQ8CUEhl8yYpufG6I+YRsEljDOtxEDM+ID1oGmpYiEYfzS9eEwLVunQbqRtKaRT9e/EiIXGDMPAdoYM+2bZm4i/XmFhFXbP/ZFQcYKg+GxTN5EUIzr5n3aEBo5yaAnjWthjKe8zzTjalDI2BW/55/+kdlryLL+xcVyQGdLkiByTIvHIGSmTK1IhVcKJIk/klbw56Lw4787HrDXlzGcOyAKczx/AV5MB</latexit><latexit sha1_base64="QlF0WH/VnDSnYguKFEuUUcm1rt4=">AAAB8nicZVA9SwNBEN2LXzHxIypWNosxkCpcLNQyaGNhEcF8oDnC3t5esmRv79idE8IRf4GljYKC2PpvrPw3bi6JmPhg4PHeDDPz3EhwDbb9bWWWlldW17LrufzG5tZ2YWe3qcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXIz91j1TmofyBoYRcwLSk9znlICRbjvAhccwdK+6haJdsVPg/6Q6JcXa/vPjQ/koX+8WvjpeSOOASaCCaH1XtSNwEqKAU8FGuU6sWUTogPTYnaGSBEw7SXrxCJeM4mE/VKYk4FT9O5GQQOth4JrOgEBfL3pj8dcrza0C/8xJuIxiYJJONvmxwBDi8f/Y44pREENDCFXcHItpnyhCwaSUS1M4mT2/SGYpNI8rVcOvTRznaIIsOkCHqIyq6BTV0CWqowaiSKIn9IreLLBerHfrY9KasaYze2gO1ucPxuGTEA==</latexit><latexit sha1_base64="qknXTktWs+3iYCwT/wRqaSQKbyY=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkPAU9h4UI9BLx48RDAPTJYwOzubDJmdXWZ6hbDkLzwJCuLVv/Hk3zh5iYkFDUVVN91dfiKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx126eGS6F4AwVK3k40p5Evecsf3kz81hPXRsTqAUcJ9yLaVyIUjKKVHrsoZMAJ9u56xZJbcacg/0l1TkowR71X/OoGMUsjrpBJakyn6iboZVSjYJKPC93U8ISyIe3zjqWKRtx42fTiMSlbJSBhrG0pJFP170RGI2NGkW87I4oDs+pNxF+vvLQKwysvEypJkSs22xSmkmBMJv+TQGjOUI4soUwLeyxhA6opQ5tSYZrCxeL5VbJIoXleqVp+75Zq1/M88nACp3AGVbiEGtxCHRrAQMEzvMKbg86L8+58zFpzznzmGJbgfP4Ap9GQwQ==</latexit>

Vtd
<latexit sha1_base64="29Zim6bFm0qZ2dkMrq2TKu5eZ3Q=">AAAB7nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMevEYwWwCyRJmZ2eTMbMPZnqFsAT8AA+ehAji1f/x5N84eSDGFDQUVd10d/mpFBpt+9sqrK1vbG4Vt0s7u3v7B+XDI1cnmWK8yRKZqLZPNZci5k0UKHk7VZxGvuQtf3gz9VuPXGmRxPc4SrkX0X4sQsEoGsl1ezkG4165YtfsGcgqcRakUj+ZPD8BQKNX/uoGCcsiHiOTVOuOY6fo5VShYJKPS91M85SyIe3zjqExjbj28tm1Y1I1SkDCRJmKkczUvxM5jbQeRb7pjCgO9H9vKv561aVVGF55uYjTDHnM5pvCTBJMyPR3EgjFGcqRIZQpYY4lbEAVZWgSKpkUnP8/rxL3ouYYfmfiuIY5inAKZ3AODlxCHW6hAU1g8AAvMIE3K7VerXfrY95asBYzx7AE6/MH7RORXA==</latexit><latexit sha1_base64="P09C1yUw3nct36KRZXCc74z+Iyc=">AAAB7nicZVBNS8NAEN3Ur9r6URVPXhZroaeSeNFj0YvHCjYttKFsNpt27WYTdidCCfUXePAkVBCv/h9P/hu3H4htHww83pthZp6fCK7Btn+s3Mbm1vZOfrdQ3Ns/OCwdHbs6ThVlTRqLWLV9opngkjWBg2DtRDES+YK1/OHt1G89MaV5LB9glDAvIn3JQ04JGMl1exkE416pbNfsGfA6cRakXD+dvDxXL4qNXum7G8Q0jZgEKojWHcdOwMuIAk4FGxe6qWYJoUPSZx1DJYmY9rLZtWNcMUqAw1iZkoBn6v+JjERajyLfdEYEBnrVm4p/XmVpFYTXXsZlkgKTdL4pTAWGGE9/xwFXjIIYGUKo4uZYTAdEEQomoYJJwVn9eZ24lzXH8HsTxw2aI4/O0DmqIgddoTq6Qw3URBQ9olc0Qe9WYr1ZH9bnvDVnLWZO0BKsr19fHpGx</latexit><latexit sha1_base64="P09C1yUw3nct36KRZXCc74z+Iyc=">AAAB7nicZVBNS8NAEN3Ur9r6URVPXhZroaeSeNFj0YvHCjYttKFsNpt27WYTdidCCfUXePAkVBCv/h9P/hu3H4htHww83pthZp6fCK7Btn+s3Mbm1vZOfrdQ3Ns/OCwdHbs6ThVlTRqLWLV9opngkjWBg2DtRDES+YK1/OHt1G89MaV5LB9glDAvIn3JQ04JGMl1exkE416pbNfsGfA6cRakXD+dvDxXL4qNXum7G8Q0jZgEKojWHcdOwMuIAk4FGxe6qWYJoUPSZx1DJYmY9rLZtWNcMUqAw1iZkoBn6v+JjERajyLfdEYEBnrVm4p/XmVpFYTXXsZlkgKTdL4pTAWGGE9/xwFXjIIYGUKo4uZYTAdEEQomoYJJwVn9eZ24lzXH8HsTxw2aI4/O0DmqIgddoTq6Qw3URBQ9olc0Qe9WYr1ZH9bnvDVnLWZO0BKsr19fHpGx</latexit><latexit sha1_base64="P09C1yUw3nct36KRZXCc74z+Iyc=">AAAB7nicZVBNS8NAEN3Ur9r6URVPXhZroaeSeNFj0YvHCjYttKFsNpt27WYTdidCCfUXePAkVBCv/h9P/hu3H4htHww83pthZp6fCK7Btn+s3Mbm1vZOfrdQ3Ns/OCwdHbs6ThVlTRqLWLV9opngkjWBg2DtRDES+YK1/OHt1G89MaV5LB9glDAvIn3JQ04JGMl1exkE416pbNfsGfA6cRakXD+dvDxXL4qNXum7G8Q0jZgEKojWHcdOwMuIAk4FGxe6qWYJoUPSZx1DJYmY9rLZtWNcMUqAw1iZkoBn6v+JjERajyLfdEYEBnrVm4p/XmVpFYTXXsZlkgKTdL4pTAWGGE9/xwFXjIIYGUKo4uZYTAdEEQomoYJJwVn9eZ24lzXH8HsTxw2aI4/O0DmqIgddoTq6Qw3URBQ9olc0Qe9WYr1ZH9bnvDVnLWZO0BKsr19fHpGx</latexit><latexit sha1_base64="mBJU8OUFSZdhQdtFpoKkOl1tePM=">AAAB7nicZVBNS8NAEJ3Ur9r6URVPXoK10FNJPKjHohePFWxaaEPZbDbt2s0m7G6EEuov8OBJqCBe/T+e/Ddu01ZsfTDweG+GmXlezKhUlvVt5NbWNza38tuF4s7u3n7p4NCRUSIwaeKIRaLtIUkY5aSpqGKkHQuCQo+Rlje8mfqtRyIkjfi9GsXEDVGf04BipLTkOL1U+eNeqWzVrAzmf2LPSbl+PHl+qp4VG73SV9ePcBISrjBDUnZsK1ZuioSimJFxoZtIEiM8RH3S0ZSjkEg3za4dmxWt+GYQCV1cmZn6dyJFoZSj0NOdIVIDuepNxV+vsrRKBVduSnmcKMLxbFOQMFNF5vR306eCYMVGmiAsqD7WxAMkEFY6oUKWwsXi+VWySME5r9ma3+k4rmGGPJzAKVTBhkuowy00oAkYHuAFJvBmxMar8W58zFpzxnzmCJZgfP4AZaiRwA==</latexit><latexit sha1_base64="R0DNhmlB7ZwqXX4gToNoXL5jr0k=">AAAB7nicZVBNS8NAEJ3Ur1q/qh69BEvBU0k9qMeiF48VbCq0oWw2m3btZhN2J0IJ/Q+eBAXx6v/x5L9xm6Zi64OBx3szzMzzE8E1Os63VVpb39jcKm9Xdnb39g+qh0eujlNFWYfGIlYPPtFMcMk6yFGwh0QxEvmCdf3xzczvPjGleSzvcZIwLyJDyUNOCRrJdQcZBtNBteY0nBz2f9IsSA0KtAfVr34Q0zRiEqkgWveaToJeRhRyKti00k81SwgdkyHrGSpJxLSX5ddO7bpRAjuMlSmJdq7+nchIpPUk8k1nRHCkV72Z+OvVl1ZheOVlXCYpMknnm8JU2Bjbs9/tgCtGUUwMIVRxc6xNR0QRiiahSp7CxeL5VbJIwT1vNA2/c2qt6yKPMpzAKZxBEy6hBbfQhg5QeIRneIU3K7FerHfrY95asoqZY1iC9fkDRpiPcQ==</latexit>

d
<latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="SP/A3i8+t8xZV+pwuwokiJyvmvY=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qMeiF48t2A9oQ9lsJu3SzSbsboQS+gs8CQri1Z/kyX/jNk3F6oOBx3szzMzzE86Udpwvq7SxubW9U96t7O0fHB5Vj0+6Kk4lxQ6NeSz7PlHImcCOZppjP5FIIp9jz5/eLfzeI0rFYvGgZwl6ERkLFjJKtJHawahacxpODvs/cQtSgwKtUfVzGMQ0jVBoyolSA9dJtJcRqRnlOK8MU4UJoVMyxoGhgkSovCw/dG7XjRLYYSxNCW3n6u+JjERKzSLfdEZET9RfbyH+ePW1VTq88TImklSjoMtNYcptHduLt+2ASaSazwwhVDJzrE0nRBKqTTiVPIWr1fN/ySqF7mXDNbzt1Jq3RR5lOINzuAAXrqEJ99CCDlBAeIIXeLWm1rP1Zr0vW0tWMXMKa7A+vgFLw40e</latexit><latexit sha1_base64="SP/A3i8+t8xZV+pwuwokiJyvmvY=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qMeiF48t2A9oQ9lsJu3SzSbsboQS+gs8CQri1Z/kyX/jNk3F6oOBx3szzMzzE86Udpwvq7SxubW9U96t7O0fHB5Vj0+6Kk4lxQ6NeSz7PlHImcCOZppjP5FIIp9jz5/eLfzeI0rFYvGgZwl6ERkLFjJKtJHawahacxpODvs/cQtSgwKtUfVzGMQ0jVBoyolSA9dJtJcRqRnlOK8MU4UJoVMyxoGhgkSovCw/dG7XjRLYYSxNCW3n6u+JjERKzSLfdEZET9RfbyH+ePW1VTq88TImklSjoMtNYcptHduLt+2ASaSazwwhVDJzrE0nRBKqTTiVPIWr1fN/ySqF7mXDNbzt1Jq3RR5lOINzuAAXrqEJ99CCDlBAeIIXeLWm1rP1Zr0vW0tWMXMKa7A+vgFLw40e</latexit>

ντ
<latexit sha1_base64="6Gspdqqzz2tdL8Ta4bUMaHBYnUQ=">AAAB/HicZVDLSsNAFL3xWesrVly5GSwFVyVxo8uiG5cV7AOaUCbTSTt0MgkzE7GEih/gD7hxJSiIW3/ElX/jpC1i2wMDh3Pu4d45QcKZ0o7zY62srq1vbBa2its7u3v79kGpqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geJX7rTsqFYvFrR4l1I9wX7CQEayN1LVLXmzsPI08kXY9jdOuXXaqzgRombgzUq4dPT89AkC9a397vZikERWacKxUx3US7WdYakY4HRe9VNEEkyHu046hAkdU+dnk9jGqGKWHwliaJzSaqP8TGY6UGkWBmYywHqhFLxf/vMrcKh1e+BkTSaqpINNNYcqRjlHeBOoxSYnmI0Mwkcwci8gAS0y06atoWnAX/7xMmmdV1/AbU8clTFGAYziBU3DhHGpwDXVoAIF7eIE3eLcerFfrw/qcjq5Ys8whzMH6+gVeMpak</latexit><latexit sha1_base64="OlgXXJjfGtlYKpqEH57JIDpljCY=">AAAB/HicZVDLSgMxFM3UV219jBVXboK10FWZcaPLohuXFewDOmXIpJk2NJMMSUYsQ/sF/oAbV4KCuPVHXPk3Ztoitj0QOJxzD/fmBDGjSjvOj5Xb2Nza3snvFop7+weH9lGppUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbjK//UCkooLf63FMehEacBpSjLSRfLvkCWNnaejxxPc0Sny77NScGeA6cRekXD95fppWz4sN3/72+gInEeEaM6RU13Vi3UuR1BQzMil4iSIxwiM0IF1DOYqI6qWz2yewYpQ+DIU0j2s4U/8nUhQpNY4CMxkhPVSrXib+eZWlVTq86qWUx4kmHM83hQmDWsCsCdinkmDNxoYgLKk5FuIhkghr01fBtOCu/nmdtC5qruF3po5rMEcenIIzUAUuuAR1cAsaoAkweAQv4A28W1Pr1fqwPuejOWuROQZLsL5+AdAulvk=</latexit><latexit sha1_base64="OlgXXJjfGtlYKpqEH57JIDpljCY=">AAAB/HicZVDLSgMxFM3UV219jBVXboK10FWZcaPLohuXFewDOmXIpJk2NJMMSUYsQ/sF/oAbV4KCuPVHXPk3Ztoitj0QOJxzD/fmBDGjSjvOj5Xb2Nza3snvFop7+weH9lGppUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbjK//UCkooLf63FMehEacBpSjLSRfLvkCWNnaejxxPc0Sny77NScGeA6cRekXD95fppWz4sN3/72+gInEeEaM6RU13Vi3UuR1BQzMil4iSIxwiM0IF1DOYqI6qWz2yewYpQ+DIU0j2s4U/8nUhQpNY4CMxkhPVSrXib+eZWlVTq86qWUx4kmHM83hQmDWsCsCdinkmDNxoYgLKk5FuIhkghr01fBtOCu/nmdtC5qruF3po5rMEcenIIzUAUuuAR1cAsaoAkweAQv4A28W1Pr1fqwPuejOWuROQZLsL5+AdAulvk=</latexit><latexit sha1_base64="OlgXXJjfGtlYKpqEH57JIDpljCY=">AAAB/HicZVDLSgMxFM3UV219jBVXboK10FWZcaPLohuXFewDOmXIpJk2NJMMSUYsQ/sF/oAbV4KCuPVHXPk3Ztoitj0QOJxzD/fmBDGjSjvOj5Xb2Nza3snvFop7+weH9lGppUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbjK//UCkooLf63FMehEacBpSjLSRfLvkCWNnaejxxPc0Sny77NScGeA6cRekXD95fppWz4sN3/72+gInEeEaM6RU13Vi3UuR1BQzMil4iSIxwiM0IF1DOYqI6qWz2yewYpQ+DIU0j2s4U/8nUhQpNY4CMxkhPVSrXib+eZWlVTq86qWUx4kmHM83hQmDWsCsCdinkmDNxoYgLKk5FuIhkghr01fBtOCu/nmdtC5qruF3po5rMEcenIIzUAUuuAR1cAsaoAkweAQv4A28W1Pr1fqwPuejOWuROQZLsL5+AdAulvk=</latexit><latexit sha1_base64="6r+AnDM/ih6IWA8GEK5FjOjn7lQ=">AAAB/HicZVDLSsNAFJ3UV219xIorN4O10FVJXajLohuXFewDmhAm00k7dDIJMxOxhPYL/AE3rgQFceuPuPJvnKSt2Hpg4HDOPdw7x4sYlcqyvo3c2vrG5lZ+u1Dc2d3bNw9KbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4o+vU79wTIWnI79Q4Ik6ABpz6FCOlJdcs2aG20zS0eezaCsWuWbZqVgb4n9TnpNw4enqcVk+LTdf8svshjgPCFWZIyl7dipSTIKEoZmRSsGNJIoRHaEB6mnIUEOkk2e0TWNFKH/qh0I8rmKl/EwkKpBwHnp4MkBrKVS8Vf73K0irlXzoJ5VGsCMezTX7MoAph2gTsU0GwYmNNEBZUHwvxEAmEle6rkLVwvvj8Klm00D6r1TW/1XVcgRny4BicgCqogwvQADegCVoAgwfwDF7BmzE1Xox342M2mjPmmUOwBOPzB9a4lwg=</latexit><latexit sha1_base64="R800Ump4ySPtnjgDUY5RHRVfGDo=">AAAB/HicZVDLSsNAFJ34rPUV69LNYCm4KokLdVl047KCfUATwmQ6aYdOZsLMRCyhfoorQUHc+iOu/BsnaSq2Hhg4nHMP984JE0aVdpxva219Y3Nru7JT3d3bPzi0j2pdJVKJSQcLJmQ/RIowyklHU81IP5EExSEjvXByk/u9ByIVFfxeTxPix2jEaUQx0kYK7JonjJ2nocfTwNMoDey603QKwP/ELUkdlGgH9pc3FDiNCdeYIaUGrpNoP0NSU8zIrOqliiQIT9CIDAzlKCbKz4rbZ7BhlCGMhDSPa1iofxMZipWaxqGZjJEeq1UvF3+9xtIqHV35GeVJqgnH801RyqAWMG8CDqkkWLOpIQhLao6FeIwkwtr0VS1auFh8fpUsWuieN13D75x667rsowJOwCk4Ay64BC1wC9qgAzB4BM/gFbxZT9aL9W59zEfXrDJzDJZgff4At6iUuQ==</latexit>

s̄L
<latexit sha1_base64="1P0BLLmyxtn1rqBrAkgEf8UohEU=">AAAB8HicZVDLSgNBEOz1GeMrKp68DIaAp7DrRY9BLx48RDAPSJYwO5lNhszOLjO9QlgCfoAnT4qCePV3PPk3Th6ISQoaiqpuuruCRAqDrvvjrKyurW9s5rby2zu7e/uFg8O6iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwPfYbD1wbEat7HCbcj2hPiVAwilZqtgOqiencdgpFt+xOQJaJNyPFyvHr0yMAVDuF73Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTe4dkZJVuiSMtS2FZKL+n8hoZMwwCmxnRLFvFr2x+OeV5lZheOlnQiUpcsWmm8JUEozJ+HvSFZozlENLKNPCHktYn2rK0GaUtyl4iz8vk/p52bP8zsZxBVPk4ARO4Qw8uIAK3EAVasBAwjO8wbujnRfnw/mctq44s5kjmIPz9Qurr5G6</latexit><latexit sha1_base64="KUILMx8Eh/0wCgpKnzK8tOO4YSw=">AAAB8HicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByRLmJ3MJkNmZpeZWSEs8Qs8eVIUxKu/48m/cfJATFLQUFR1090VxJxp47o/TmZtfWNzK7udy+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKBKs0jem1FMfYH7koWMYGOlVifACunubbdQdCvuFGiVeHNSrB6/Pj2Wz/K1buG704tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1bKrGg2k+n945RySo9FEbKljRoqv6fSLHQeiQC2ymwGehlbyL+eaWFVSa89FMm48RQSWabwoQjE6HJ96jHFCWGjyzBRDF7LCIDrDAxNqOcTcFb/nmVNM4rnuV3No4rmCELJ3AKZfDgAqpwAzWoAwEOz/AG745yXpwP53PWmnHmM0ewAOfrFx26kg8=</latexit><latexit sha1_base64="KUILMx8Eh/0wCgpKnzK8tOO4YSw=">AAAB8HicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByRLmJ3MJkNmZpeZWSEs8Qs8eVIUxKu/48m/cfJATFLQUFR1090VxJxp47o/TmZtfWNzK7udy+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKBKs0jem1FMfYH7koWMYGOlVifACunubbdQdCvuFGiVeHNSrB6/Pj2Wz/K1buG704tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1bKrGg2k+n945RySo9FEbKljRoqv6fSLHQeiQC2ymwGehlbyL+eaWFVSa89FMm48RQSWabwoQjE6HJ96jHFCWGjyzBRDF7LCIDrDAxNqOcTcFb/nmVNM4rnuV3No4rmCELJ3AKZfDgAqpwAzWoAwEOz/AG745yXpwP53PWmnHmM0ewAOfrFx26kg8=</latexit><latexit sha1_base64="KUILMx8Eh/0wCgpKnzK8tOO4YSw=">AAAB8HicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByRLmJ3MJkNmZpeZWSEs8Qs8eVIUxKu/48m/cfJATFLQUFR1090VxJxp47o/TmZtfWNzK7udy+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKBKs0jem1FMfYH7koWMYGOlVifACunubbdQdCvuFGiVeHNSrB6/Pj2Wz/K1buG704tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1bKrGg2k+n945RySo9FEbKljRoqv6fSLHQeiQC2ymwGehlbyL+eaWFVSa89FMm48RQSWabwoQjE6HJ96jHFCWGjyzBRDF7LCIDrDAxNqOcTcFb/nmVNM4rnuV3No4rmCELJ3AKZfDgAqpwAzWoAwEOz/AG745yXpwP53PWmnHmM0ewAOfrFx26kg8=</latexit><latexit sha1_base64="ECqDHCJBOZLYamPdcYXX4Ev3wq8=">AAAB8HicZVA9SwNBEJ2LXzHxIypWNosxkCrcWahl0MbCIoL5gOQIe5u9ZMne3rG7J4Qj/gIrK0VBbP07Vv4bN5dETHww8Hhvhpl5XsSZ0rb9bWVWVtfWN7KbufzW9s5uYW+/ocJYElonIQ9ly8OKciZoXTPNaSuSFAcep01veDXxm/dUKhaKOz2KqBvgvmA+I1gbqdXxsESqe9MtFO2KnQL9J86MFKuHL48P5ZN8rVv46vRCEgdUaMKxUm3HjrSbYKkZ4XSc68SKRpgMcZ+2DRU4oMpN0nvHqGSUHvJDaUpolKp/JxIcKDUKPNMZYD1Qy95E/PVKC6u0f+EmTESxpoJMN/kxRzpEk+9Rj0lKNB8Zgolk5lhEBlhiok1GuTSFs/nzy2SeQuO04hh+a+K4hCmycATHUAYHzqEK11CDOhDg8ASv8GZJ69l6tz6mrRlrNnMAC7A+fwAkRJIe</latexit><latexit sha1_base64="hrk00xjhVTwJK3JRObAxty/BGwg=">AAAB8HicZVBNS8NAEJ34WetX1aOXxVLwVFIP6rHoxYOHCvYD2lA220m7dLMJuxuhhP4JT4KCePXvePLfuE1TsfXBwOO9GWbm+bHg2rjut7O2vrG5tV3YKe7u7R8clo6OWzpKFMMmi0SkOj7VKLjEpuFGYCdWSENfYNsf38789hMqzSP5aCYxeiEdSh5wRo2VOj2fKqL79/1S2a26Gch/UstJGXI0+qWv3iBiSYjSMEG17tbc2HgpVYYzgdNiL9EYUzamQ+xaKmmI2kuze6ekYpUBCSJlSxqSqX8nUhpqPQl92xlSM9Kr3kz89SpLq0xw7aVcxolByeabgkQQE5HZ92TAFTIjJpZQprg9lrARVZQZm1ExS+Fy8fwqWaTQuqjWLH9wy/WbPI8CnMIZnEMNrqAOd9CAJjAQ8Ayv8OYo58V5dz7mrWtOPnMCS3A+fwAFNI/P</latexit>
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d̃L
<latexit sha1_base64="Sui1yW2aSKlFqverhDAJkDSqsBA=">AAAB8nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMevHgIYJ5YBLC7OwkGTI7u8z0CmEJ+AEevSgoiFf/xpN/4+SBmKSgoajqprvLj6Uw6Lo/TmZldW19I7uZ29re2d3L7x/UTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uDq7Fff+DaiEjd4TDm7ZD2lOgKRtFK9y0UMuAk6Nx08gW35E5Alok3I4Xy0cvTIwBUOvnvVhCxJOQKmaTGND03xnZKNQom+SjXSgyPKRvQHm9aqmjITTudXDwiRasEpBtpWwrJRP0/kdLQmGHo286QYt8semPxzyvOrcLuRTsVKk6QKzbd1E0kwYiM/yeB0JyhHFpCmRb2WML6VFOGNqWcTcFb/HmZ1M5KnuW3No5LmCILx3ACp+DBOZThGipQBQYKnuEN3h10Xp0P53PamnFmM4cwB+frFzXrkpw=</latexit><latexit sha1_base64="dd81zQdvT2XptAq8MH+ScDKIddM=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByYhzM5OkiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e7yYykMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNeJVFMtINnxouheJVFCh5I9achr7kdX9wOfHr91wbEalbHMa8HdKeEl3BKFrproVCBpwEnetOLu+W3CnIf+LNSb58+Pz4UDzJVjq5r1YQsSTkCpmkxjQ9N8b2iGoUTPJxppUYHlM2oD3etFTRkJv2aHrxmBSsEpBupG0pJFP178SIhsYMQ992hhT7ZtmbiL9eYWEVds/bI6HiBLlis03dRBKMyOR/EgjNGcqhJZRpYY8lrE81ZWhTytgUvOWf/5Paacmz/MbGcQEzpOEIjqEIHpxBGa6gAlVgoOAJXuHNQefFeXc+Zq0pZz5zAAtwPn8Ap+eS8Q==</latexit><latexit sha1_base64="dd81zQdvT2XptAq8MH+ScDKIddM=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByYhzM5OkiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e7yYykMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNeJVFMtINnxouheJVFCh5I9achr7kdX9wOfHr91wbEalbHMa8HdKeEl3BKFrproVCBpwEnetOLu+W3CnIf+LNSb58+Pz4UDzJVjq5r1YQsSTkCpmkxjQ9N8b2iGoUTPJxppUYHlM2oD3etFTRkJv2aHrxmBSsEpBupG0pJFP178SIhsYMQ992hhT7ZtmbiL9eYWEVds/bI6HiBLlis03dRBKMyOR/EgjNGcqhJZRpYY8lrE81ZWhTytgUvOWf/5Paacmz/MbGcQEzpOEIjqEIHpxBGa6gAlVgoOAJXuHNQefFeXc+Zq0pZz5zAAtwPn8Ap+eS8Q==</latexit><latexit sha1_base64="dd81zQdvT2XptAq8MH+ScDKIddM=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByYhzM5OkiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e7yYykMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNeJVFMtINnxouheJVFCh5I9achr7kdX9wOfHr91wbEalbHMa8HdKeEl3BKFrproVCBpwEnetOLu+W3CnIf+LNSb58+Pz4UDzJVjq5r1YQsSTkCpmkxjQ9N8b2iGoUTPJxppUYHlM2oD3etFTRkJv2aHrxmBSsEpBupG0pJFP178SIhsYMQ992hhT7ZtmbiL9eYWEVds/bI6HiBLlis03dRBKMyOR/EgjNGcqhJZRpYY8lrE81ZWhTytgUvOWf/5Paacmz/MbGcQEzpOEIjqEIHpxBGa6gAlVgoOAJXuHNQefFeXc+Zq0pZz5zAAtwPn8Ap+eS8Q==</latexit><latexit sha1_base64="RK0YG3np6mc6fKOt7ai0uPon/iI=">AAAB8nicZVA9SwNBEN2LXzHxIypWNosxkCpcLNQyaGNhEcF8oDnC3t5esmRv79idE8IRf4GljYKC2PpvrPw3bi6JmPhg4PHeDDPz3EhwDbb9bWWWlldW17LrufzG5tZ2YWe3qcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXIz91j1TmofyBoYRcwLSk9znlICRbjvAhcew173qFop2xU6B/5PqlBRr+8+PD+WjfL1b+Op4IY0DJoEKovVd1Y7ASYgCTgUb5TqxZhGhA9Jjd4ZKEjDtJOnFI1wyiof9UJmSgFP170RCAq2HgWs6AwJ9veiNxV+vNLcK/DMn4TKKgUk62eTHAkOIx/9jjytGQQwNIVRxcyymfaIIBZNSLk3hZPb8Ipml0DyuVA2/NnGcowmy6AAdojKqolNUQ5eojhqIIome0Ct6s8B6sd6tj0lrxprO7KE5WJ8/rnGTAA==</latexit><latexit sha1_base64="VIYlJZU+TnMCtmTi4YyiLmYUu4I=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkPAU9h4UI9BLx48RDAPTJYwOztJhszOLjO9Qgj5C0+Cgnj1bzz5N042GzGxoKGo6qa7y4+lMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbvvUcCkUb6BAydux5jT0JW/5o5uZ33ri2ohIPeA45l5IB0r0BaNopccuChlwEvTuesWSW3FTkP+kmpESZKj3il/dIGJJyBUySY3pVN0YvQnVKJjk00I3MTymbEQHvGOpoiE33iS9eErKVglIP9K2FJJU/TsxoaEx49C3nSHFoVn1ZuKvV15ahf0rbyJUnCBXbL6pn0iCEZn9TwKhOUM5toQyLeyxhA2ppgxtSoU0hYvF86tkkULzvFK1/N4t1a6zPPJwAqdwBlW4hBrcQh0awEDBM7zCm4POi/PufMxbc042cwxLcD5/AI9hkLE=</latexit>p

K+
<latexit sha1_base64="Rqv7jqt7Bbq+Bq/2Ov3VrUexTW8=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdL3osehG8VLQf0K4lm2bb0CS7JFmhLP0JngQF8eov8uS/MdsuYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336mSrNIPppJTH2Bh5KFjGBjpYe7p/N+ueLW3BnQKvFyUoEcjX75uzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ6dOUdUqAxRGypY0aKb+n0ix0HoiAtspsBnpZS8T/7zqwioTXvkpk3FiqCTzTWHCkYlQ9jgaMEWJ4RNLMFHMHovICCtMjI2nZFPwln9eJa2Lmmf5vVupX+d5FOEETuEMPLiEOtxCA5pAYAgv8AbvjnBenQ/nc95acPKZY1iA8/ULOjiNkw==</latexit><latexit sha1_base64="Rqv7jqt7Bbq+Bq/2Ov3VrUexTW8=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdL3osehG8VLQf0K4lm2bb0CS7JFmhLP0JngQF8eov8uS/MdsuYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336mSrNIPppJTH2Bh5KFjGBjpYe7p/N+ueLW3BnQKvFyUoEcjX75uzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ6dOUdUqAxRGypY0aKb+n0ix0HoiAtspsBnpZS8T/7zqwioTXvkpk3FiqCTzTWHCkYlQ9jgaMEWJ4RNLMFHMHovICCtMjI2nZFPwln9eJa2Lmmf5vVupX+d5FOEETuEMPLiEOtxCA5pAYAgv8AbvjnBenQ/nc95acPKZY1iA8/ULOjiNkw==</latexit><latexit sha1_base64="Rqv7jqt7Bbq+Bq/2Ov3VrUexTW8=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdL3osehG8VLQf0K4lm2bb0CS7JFmhLP0JngQF8eov8uS/MdsuYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336mSrNIPppJTH2Bh5KFjGBjpYe7p/N+ueLW3BnQKvFyUoEcjX75uzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ6dOUdUqAxRGypY0aKb+n0ix0HoiAtspsBnpZS8T/7zqwioTXvkpk3FiqCTzTWHCkYlQ9jgaMEWJ4RNLMFHMHovICCtMjI2nZFPwln9eJa2Lmmf5vVupX+d5FOEETuEMPLiEOtxCA5pAYAgv8AbvjnBenQ/nc95acPKZY1iA8/ULOjiNkw==</latexit><latexit sha1_base64="Rqv7jqt7Bbq+Bq/2Ov3VrUexTW8=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdL3osehG8VLQf0K4lm2bb0CS7JFmhLP0JngQF8eov8uS/MdsuYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336mSrNIPppJTH2Bh5KFjGBjpYe7p/N+ueLW3BnQKvFyUoEcjX75uzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ6dOUdUqAxRGypY0aKb+n0ix0HoiAtspsBnpZS8T/7zqwioTXvkpk3FiqCTzTWHCkYlQ9jgaMEWJ4RNLMFHMHovICCtMjI2nZFPwln9eJa2Lmmf5vVupX+d5FOEETuEMPLiEOtxCA5pAYAgv8AbvjnBenQ/nc95acPKZY1iA8/ULOjiNkw==</latexit><latexit sha1_base64="EwNC6LhrdaIJhYQRCe3D21A0g0g=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJStB/VY9CJ4qWg/oF1LNs22oUl2SbJCWfoTPAkK4tVf5Ml/Y7rdiq0PBh7vzTAzz48408Z1v53cyura+kZ+s7C1vbO7V9w/aOowVoQ2SMhD1faxppxJ2jDMcNqOFMXC57Tlj66nfuuJKs1C+WDGEfUEHkgWMIKNle5vH097xZJbcVOg/6SakRJkqPeKX91+SGJBpSEca92pupHxEqwMI5xOCt1Y0wiTER7QjqUSC6q9JD11gspW6aMgVLakQan6dyLBQuux8G2nwGaol72p+OuVF1aZ4NJLmIxiQyWZbQpijkyIpo+jPlOUGD62BBPF7LGIDLHCxNh4CmkK5/Pnl8k8heZZpWr5nVuqXWV55OEIjuEEqnABNbiBOjSAwACe4RXeHOG8OO/Ox6w152Qzh7AA5/MHQMKNog==</latexit><latexit sha1_base64="EwNC6LhrdaIJhYQRCe3D21A0g0g=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJStB/VY9CJ4qWg/oF1LNs22oUl2SbJCWfoTPAkK4tVf5Ml/Y7rdiq0PBh7vzTAzz48408Z1v53cyura+kZ+s7C1vbO7V9w/aOowVoQ2SMhD1faxppxJ2jDMcNqOFMXC57Tlj66nfuuJKs1C+WDGEfUEHkgWMIKNle5vH097xZJbcVOg/6SakRJkqPeKX91+SGJBpSEca92pupHxEqwMI5xOCt1Y0wiTER7QjqUSC6q9JD11gspW6aMgVLakQan6dyLBQuux8G2nwGaol72p+OuVF1aZ4NJLmIxiQyWZbQpijkyIpo+jPlOUGD62BBPF7LGIDLHCxNh4CmkK5/Pnl8k8heZZpWr5nVuqXWV55OEIjuEEqnABNbiBOjSAwACe4RXeHOG8OO/Ox6w152Qzh7AA5/MHQMKNog==</latexit>

D=5 proton decay

Hisano, Kobayashi, 
Kuwahara, Nagata ‘13



Figure 1: The low energy SUSY parameter space (m
f̃
versus µ plane) for three di↵erent scenarios: Right;

“vanilla” SUSY with M3 = 3M2 = mA = m
f̃
and tan� = 2. Centre; UGM scenario with M3 = M2 = µ,mA = m

f̃

and tan� = 2. Left; Wino DM scenario with M2 = 3 TeV, M3 = 7M2, mA = m
f̃
and tan� = 2. The light red

region is excluded due to the current limit, ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red
region represents the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the
limit obtained from ↵s(mZ) = ↵0

s
± �↵s, respectively. The dashed black, green and blue contours represent the

values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region is disfavoured because MHC is close to
the Planck scale.

The Eq. (3.7) is particularly interesting since it allows to predict the D = 5 proton decay rate purely

from the low energy SUSY spectrum. In the calculation of the D = 5 proton decay, we closely follow

Ref. [5]. We show a low energy SUSY parameter plane, (m
f̃
, µ), of three scenarios in Fig. 1 (Left;

“Vanilla” SUSY, Centre; Universal Gaugino Mass (UGM) scenario, Right; Wino DM scenario), where

m
f̃
is the universal sfermion mass. In the plots, the light red region is excluded by the current proton

decay limit ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red region represents

the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit
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is disfavoured because MHC is very close to the Planck scale.

We also compute (M2
V
M⌃)

1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:

Vanilla SUSY : 3.77 · 1015GeV < (M2
V M⌃)

1
3 < 1.83 · 1016GeV

UGM : 3.14 · 1015GeV < (M2
V M⌃)

1
3 < 1.52 · 1016GeV

Wino DM : 8.90 · 1015GeV < (M2
V M⌃)

1
3 < 1.19 · 1016GeV

Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found
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Vanilla SUSY

MHC/GeV
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Figure 1: The low energy SUSY parameter space (m
f̃
versus µ plane) for three di↵erent scenarios: Right;

“vanilla” SUSY with M3 = 3M2 = mA = m
f̃
and tan� = 2. Centre; UGM scenario with M3 = M2 = µ,mA = m

f̃

and tan� = 2. Left; Wino DM scenario with M2 = 3 TeV, M3 = 7M2, mA = m
f̃
and tan� = 2. The light red

region is excluded due to the current limit, ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red
region represents the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the
limit obtained from ↵s(mZ) = ↵0

s
± �↵s, respectively. The dashed black, green and blue contours represent the

values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region is disfavoured because MHC is close to
the Planck scale.

The Eq. (3.7) is particularly interesting since it allows to predict the D = 5 proton decay rate purely

from the low energy SUSY spectrum. In the calculation of the D = 5 proton decay, we closely follow

Ref. [5]. We show a low energy SUSY parameter plane, (m
f̃
, µ), of three scenarios in Fig. 1 (Left;

“Vanilla” SUSY, Centre; Universal Gaugino Mass (UGM) scenario, Right; Wino DM scenario), where

m
f̃
is the universal sfermion mass. In the plots, the light red region is excluded by the current proton

decay limit ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red region represents

the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit

obtained from the upper and lower 1-� variations of ↵s(mZ), respectively. The dashed black, green and

blue contours represent the values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region

is disfavoured because MHC is very close to the Planck scale.

We also compute (M2
V
M⌃)

1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:

Vanilla SUSY : 3.77 · 1015GeV < (M2
V M⌃)

1
3 < 1.83 · 1016GeV

UGM : 3.14 · 1015GeV < (M2
V M⌃)

1
3 < 1.52 · 1016GeV

Wino DM : 8.90 · 1015GeV < (M2
V M⌃)

1
3 < 1.19 · 1016GeV

Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found
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in the region of the plots:

Vanilla SUSY : 24.7 < ↵�1(⇤) < 31.8

UGM : 25.0 < ↵�1(⇤) < 33.0

Wino DM : 25.3 < ↵�1(⇤) < 29.5

As can be seen, ↵�1(⇤) is always in a perturbative regime within the region of interest.

In the left panel of Fig. 1, we show the (m
f̃
, µ) plane in the “Vanilla” SUSY scenario, where a low

energy gaugino mass ratio M3/M2 = 3 is taken. This ratio typically arises in the scenarios where the

gaugino masses are unified around the GUT scale, e.g. in the Constrained MSSM (CMSSM) or in the

Gauge Mediated SUSY Breaking (GMSB) scenario. For simplicity we also assume all sfermion masses

are degenerate at their mass scale, m
f̃
, and M3 = mA = m

f̃
. We take tan� = 2 for all three scenarios

in Fig. 1. For larger values of tan�, the proton decay constraint is more constraining since the D = 5

proton decay rate scales as ⇠ tan4 �. In the left plot, we see that in the Vanilla SUSY scenario the proton

decay constraint requires M3 > 500 TeV for µ ⇠ 1 TeV and M3 > 20 TeV for µ ⇠ 103 TeV.

The central panel of Fig. 1 shows the (m
f̃
, M3) plane in the Universal Gaugino Mass (UGM) scenario,

where the low energy gaugino mass ratio M2/M3 = 1 is postulated. Such a gaugino mass ratio may arise

in the gaugino focus point scenario [6–8]. For other parameters we take M3 = µ and mA = m
f̃
as an

example. We see that light SUSY spectra are allowed by the proton decay limit except for the sfermion

masses, with mf > 30 TeV.

The right panel of Fig. 1 shows the (m
f̃
, µ) plane in the Wino DM scenario. It has been known

that the thermal Wino with a ⇠ 3 TeV mass can account for the observed energy density of the DM

in the present Universe. Since the Wino becomes the lightest gaugino in the Anomaly Mediated SUSY

Breaking (AMSB) scenario, we assume the low energy gaugino mass relation |M3/M2| = 7 predicted by

the AMSB. We further assume a universal sfermion mass and mA = m
f̃
for simplicity. In the plot, the

shaded grey region is disfavoured since the sfermions are lighter than the Wino. Below the horizontal grey

line, |µ| < M2 but we take this region into our consideration, since the thermal Higgsino may account

for the DM relic density in this region. We see in this plot that the current proton decay limit demands

the sfermions to be heavier than 200 TeV for µ ⇠ 1 TeV and heavier than 40 TeV for µ ⇠ 103 TeV. This

means that the split SUSY scenarios with both Wino and Higgsino DM are consistent with the minimal

SU(5) model. In particular, many such scenarios predict loop suppressed gaugino masses compared to the

sfermion mass, m�/mf̃
⇠ 1/100. Therefore, with wino or higgsino DM these models predict the proton

decay lifetime that is around the corner of discovery in the next generation experiments if the minimal

SU(5) is also assumed.

4 Application to a missing partner SU(5) model

4.1 Hagiwara-Yamada Model

We now study a model presented in Ref. [9]. The field content in the Higgs sector is given in Table 2.

The superpotential of the Higgs sector is given by

WH = W1 +W2 . (4.1)

The first term is the superpotential containing only ⌃:

W1 = M⌃⌃
2 � 1

3
�75⌃

3, (4.2)
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f̃
and tan� = 2. Centre; UGM scenario with M3 = M2 = µ,mA = m

f̃

and tan� = 2. Left; Wino DM scenario with M2 = 3 TeV, M3 = 7M2, mA = m
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region is excluded due to the current limit, ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red
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± �↵s, respectively. The dashed black, green and blue contours represent the
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The Eq. (3.7) is particularly interesting since it allows to predict the D = 5 proton decay rate purely

from the low energy SUSY spectrum. In the calculation of the D = 5 proton decay, we closely follow

Ref. [5]. We show a low energy SUSY parameter plane, (m
f̃
, µ), of three scenarios in Fig. 1 (Left;

“Vanilla” SUSY, Centre; Universal Gaugino Mass (UGM) scenario, Right; Wino DM scenario), where

m
f̃
is the universal sfermion mass. In the plots, the light red region is excluded by the current proton

decay limit ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red region represents

the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit

obtained from the upper and lower 1-� variations of ↵s(mZ), respectively. The dashed black, green and

blue contours represent the values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region

is disfavoured because MHC is very close to the Planck scale.

We also compute (M2
V
M⌃)

1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:

Vanilla SUSY : 3.77 · 1015GeV < (M2
V M⌃)

1
3 < 1.83 · 1016GeV

UGM : 3.14 · 1015GeV < (M2
V M⌃)

1
3 < 1.52 · 1016GeV

Wino DM : 8.90 · 1015GeV < (M2
V M⌃)

1
3 < 1.19 · 1016GeV

Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found

7

(MV = MΣ)
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the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit
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We also compute (M2
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1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:
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Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found
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and tan� = 2. Centre; UGM scenario with M3 = M2 = µ,mA = m

f̃

and tan� = 2. Left; Wino DM scenario with M2 = 3 TeV, M3 = 7M2, mA = m
f̃
and tan� = 2. The light red

region is excluded due to the current limit, ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red
region represents the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the
limit obtained from ↵s(mZ) = ↵0

s
± �↵s, respectively. The dashed black, green and blue contours represent the

values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region is disfavoured because MHC is close to
the Planck scale.

The Eq. (3.7) is particularly interesting since it allows to predict the D = 5 proton decay rate purely

from the low energy SUSY spectrum. In the calculation of the D = 5 proton decay, we closely follow

Ref. [5]. We show a low energy SUSY parameter plane, (m
f̃
, µ), of three scenarios in Fig. 1 (Left;

“Vanilla” SUSY, Centre; Universal Gaugino Mass (UGM) scenario, Right; Wino DM scenario), where

m
f̃
is the universal sfermion mass. In the plots, the light red region is excluded by the current proton

decay limit ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red region represents

the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit

obtained from the upper and lower 1-� variations of ↵s(mZ), respectively. The dashed black, green and

blue contours represent the values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region

is disfavoured because MHC is very close to the Planck scale.

We also compute (M2
V
M⌃)

1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:

Vanilla SUSY : 3.77 · 1015GeV < (M2
V M⌃)

1
3 < 1.83 · 1016GeV

UGM : 3.14 · 1015GeV < (M2
V M⌃)

1
3 < 1.52 · 1016GeV

Wino DM : 8.90 · 1015GeV < (M2
V M⌃)

1
3 < 1.19 · 1016GeV

Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found
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in the region of the plots:

Vanilla SUSY : 24.7 < ↵�1(⇤) < 31.8

UGM : 25.0 < ↵�1(⇤) < 33.0

Wino DM : 25.3 < ↵�1(⇤) < 29.5

As can be seen, ↵�1(⇤) is always in a perturbative regime within the region of interest.

In the left panel of Fig. 1, we show the (m
f̃
, µ) plane in the “Vanilla” SUSY scenario, where a low

energy gaugino mass ratio M3/M2 = 3 is taken. This ratio typically arises in the scenarios where the

gaugino masses are unified around the GUT scale, e.g. in the Constrained MSSM (CMSSM) or in the

Gauge Mediated SUSY Breaking (GMSB) scenario. For simplicity we also assume all sfermion masses

are degenerate at their mass scale, m
f̃
, and M3 = mA = m

f̃
. We take tan� = 2 for all three scenarios

in Fig. 1. For larger values of tan�, the proton decay constraint is more constraining since the D = 5

proton decay rate scales as ⇠ tan4 �. In the left plot, we see that in the Vanilla SUSY scenario the proton

decay constraint requires M3 > 500 TeV for µ ⇠ 1 TeV and M3 > 20 TeV for µ ⇠ 103 TeV.

The central panel of Fig. 1 shows the (m
f̃
, M3) plane in the Universal Gaugino Mass (UGM) scenario,

where the low energy gaugino mass ratio M2/M3 = 1 is postulated. Such a gaugino mass ratio may arise

in the gaugino focus point scenario [6–8]. For other parameters we take M3 = µ and mA = m
f̃
as an

example. We see that light SUSY spectra are allowed by the proton decay limit except for the sfermion

masses, with mf > 30 TeV.

The right panel of Fig. 1 shows the (m
f̃
, µ) plane in the Wino DM scenario. It has been known

that the thermal Wino with a ⇠ 3 TeV mass can account for the observed energy density of the DM

in the present Universe. Since the Wino becomes the lightest gaugino in the Anomaly Mediated SUSY

Breaking (AMSB) scenario, we assume the low energy gaugino mass relation |M3/M2| = 7 predicted by

the AMSB. We further assume a universal sfermion mass and mA = m
f̃
for simplicity. In the plot, the

shaded grey region is disfavoured since the sfermions are lighter than the Wino. Below the horizontal grey

line, |µ| < M2 but we take this region into our consideration, since the thermal Higgsino may account

for the DM relic density in this region. We see in this plot that the current proton decay limit demands

the sfermions to be heavier than 200 TeV for µ ⇠ 1 TeV and heavier than 40 TeV for µ ⇠ 103 TeV. This

means that the split SUSY scenarios with both Wino and Higgsino DM are consistent with the minimal

SU(5) model. In particular, many such scenarios predict loop suppressed gaugino masses compared to the

sfermion mass, m�/mf̃
⇠ 1/100. Therefore, with wino or higgsino DM these models predict the proton

decay lifetime that is around the corner of discovery in the next generation experiments if the minimal

SU(5) is also assumed.

4 Application to a missing partner SU(5) model

4.1 Hagiwara-Yamada Model

We now study a model presented in Ref. [9]. The field content in the Higgs sector is given in Table 2.

The superpotential of the Higgs sector is given by

WH = W1 +W2 . (4.1)

The first term is the superpotential containing only ⌃:

W1 = M⌃⌃
2 � 1

3
�75⌃

3, (4.2)
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MHC/GeV
<latexit sha1_base64="o/5g68O2+ptC1mrNwFh1iIaV69o=">AAAB+3icZZDLSsNAFIZP6q3GW6pLN0NLwVVN3OhGKHZhN0IFe4E2hMl02g6dXJiZKCUEfBFXgoK49Ulc+TZOL4htfxj4+M85nDO/H3MmlW3/GLmNza3tnfyuubd/cHhkFY5bMkoEoU0S8Uh0fCwpZyFtKqY47cSC4sDntO2Pa9N6+5EKyaLwQU1i6gZ4GLIBI1hpy7MKd15a92rZedoTAbqlrcyzSnbFngmtg7OAUrVoXj8DQMOzvnv9iCQBDRXhWMquY8fKTbFQjHCamb1E0hiTMR7SrsYQB1S66ez0DJW100eDSOgXKjRz/0+kOJByEvi6M8BqJFdrU/OvVl5apQZXbsrCOFE0JPNNg4QjFaFpEKjPBCWKTzRgIpg+FpERFpgoHZepU3BW/7wOrYuKo/lex3EDc+XhFIpwBg5cQhXq0IAmEHiCF3iDdyMzXo0P43PemjMWMyewJOPrF3DrlLc=</latexit><latexit sha1_base64="S1a0wb73R7N5Mb84TEEjbPrml74=">AAAB+3icZZDLSgMxFIYzXut4m+rSTWgpuKozbnQjFLuwG6GCvUA7DJk0bUOTzJBklDLMo7gqKIhbn8SF+DamF8S2PwQ+/nMO5+QPY0aVdt0fa2Nza3tnN7dn7x8cHh07+ZOmihKJSQNHLJLtECnCqCANTTUj7VgSxENGWuGoOq23nohUNBKPehwTn6OBoH2KkTZW4OTvg7QWVLOLtCs5vCPNLHCKbtmdCa6Dt4BipWDfxJNvux44X91ehBNOhMYMKdXx3Fj7KZKaYkYyu5soEiM8QgPSMSgQJ8pPZ6dnsGScHuxH0jyh4cz9P5EirtSYh6aTIz1Uq7Wp+VcrLa3S/Ws/pSJONBF4vqmfMKgjOA0C9qgkWLOxAYQlNcdCPEQSYW3isk0K3uqf16F5WfYMP5g4bsFcOXAGCuAceOAKVEAN1EEDYPAMXsAreLMya2K9Wx/z1g1rMXMKlmR9/gJj7pYr</latexit><latexit sha1_base64="S1a0wb73R7N5Mb84TEEjbPrml74=">AAAB+3icZZDLSgMxFIYzXut4m+rSTWgpuKozbnQjFLuwG6GCvUA7DJk0bUOTzJBklDLMo7gqKIhbn8SF+DamF8S2PwQ+/nMO5+QPY0aVdt0fa2Nza3tnN7dn7x8cHh07+ZOmihKJSQNHLJLtECnCqCANTTUj7VgSxENGWuGoOq23nohUNBKPehwTn6OBoH2KkTZW4OTvg7QWVLOLtCs5vCPNLHCKbtmdCa6Dt4BipWDfxJNvux44X91ehBNOhMYMKdXx3Fj7KZKaYkYyu5soEiM8QgPSMSgQJ8pPZ6dnsGScHuxH0jyh4cz9P5EirtSYh6aTIz1Uq7Wp+VcrLa3S/Ws/pSJONBF4vqmfMKgjOA0C9qgkWLOxAYQlNcdCPEQSYW3isk0K3uqf16F5WfYMP5g4bsFcOXAGCuAceOAKVEAN1EEDYPAMXsAreLMya2K9Wx/z1g1rMXMKlmR9/gJj7pYr</latexit><latexit sha1_base64="S1a0wb73R7N5Mb84TEEjbPrml74=">AAAB+3icZZDLSgMxFIYzXut4m+rSTWgpuKozbnQjFLuwG6GCvUA7DJk0bUOTzJBklDLMo7gqKIhbn8SF+DamF8S2PwQ+/nMO5+QPY0aVdt0fa2Nza3tnN7dn7x8cHh07+ZOmihKJSQNHLJLtECnCqCANTTUj7VgSxENGWuGoOq23nohUNBKPehwTn6OBoH2KkTZW4OTvg7QWVLOLtCs5vCPNLHCKbtmdCa6Dt4BipWDfxJNvux44X91ehBNOhMYMKdXx3Fj7KZKaYkYyu5soEiM8QgPSMSgQJ8pPZ6dnsGScHuxH0jyh4cz9P5EirtSYh6aTIz1Uq7Wp+VcrLa3S/Ws/pSJONBF4vqmfMKgjOA0C9qgkWLOxAYQlNcdCPEQSYW3isk0K3uqf16F5WfYMP5g4bsFcOXAGCuAceOAKVEAN1EEDYPAMXsAreLMya2K9Wx/z1g1rMXMKlmR9/gJj7pYr</latexit><latexit sha1_base64="V8aBk4GBodKHFSxfzQnGJVHeVas=">AAAB+3icZZDLSsNAFIYn9VbjLdWlm6Gl4KqmLtSNUOzCboQK9gJtCJPppB06mYSZiVJCHsVVQUHc+iQuxLdxmrZi9YeBj/+cwznzexGjUtn2l5FbW9/Y3Mpvmzu7e/sHVuGwLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vXJ/VOw9ESBryezWJiBOgIac+xUhpy7UKt27ScOvpadIXAbwh7dS1SnbFzgT/Q3UBpVrRvIqmn2bTtT76gxDHAeEKMyRlr2pHykmQUBQzkpr9WJII4TEakp5GjgIinSQ7PYVl7QygHwr9uIKZ+3siQYGUk8DTnQFSI/m3NjN/auWVVcq/dBLKo1gRjueb/JhBFcJZEHBABcGKTTQgLKg+FuIREggrHZeZpXC+/PxfWKbQPqtUNd/pOK7BXHlwDIrgBFTBBaiBBmiCFsDgETyBZ/BipMbUeDXe5q05YzFzBFZkvH8DaniWOg==</latexit><latexit sha1_base64="NhzVAkKDfCHhWxNCT8j1aaO4mBE=">AAAB+3icZZDLSgMxFIYz9VbrbapLN8FScFVnXKjLYhd2I1SwF2iHIZNm2tAkMyQZpQzzKK4EBXHrk7jybUynrVj9IfDxn3M4J38QM6q043xZhbX1jc2t4nZpZ3dv/8AuH3ZUlEhM2jhikewFSBFGBWlrqhnpxZIgHjDSDSaNWb37QKSikbjX05h4HI0EDSlG2li+Xb7106bfyM7SgeTwhnQy3644NScX/A/uAipgoZZvfw6GEU44ERozpFTfdWLtpUhqihnJSoNEkRjhCRqRvkGBOFFemp+ewapxhjCMpHlCw9z9PZEirtSUB6aTIz1Wf2sz86dWXVmlwysvpSJONBF4vilMGNQRnAUBh1QSrNnUAMKSmmMhHiOJsDZxlfIULpaf/wvLFDrnNdfwnVOpXy/yKIJjcAJOgQsuQR00QQu0AQaP4Am8gFcrs56tN+t93lqwFjNHYEXWxzflX5Od</latexit>

TS/TeV
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τ(p → K+ν̄)/yrs
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Figure 1: The low energy SUSY parameter space (m
f̃
versus µ plane) for three di↵erent scenarios: Right;

“vanilla” SUSY with M3 = 3M2 = mA = m
f̃
and tan� = 2. Centre; UGM scenario with M3 = M2 = µ,mA = m

f̃

and tan� = 2. Left; Wino DM scenario with M2 = 3 TeV, M3 = 7M2, mA = m
f̃
and tan� = 2. The light red

region is excluded due to the current limit, ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red
region represents the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the
limit obtained from ↵s(mZ) = ↵0

s
± �↵s, respectively. The dashed black, green and blue contours represent the

values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region is disfavoured because MHC is close to
the Planck scale.

The Eq. (3.7) is particularly interesting since it allows to predict the D = 5 proton decay rate purely

from the low energy SUSY spectrum. In the calculation of the D = 5 proton decay, we closely follow

Ref. [5]. We show a low energy SUSY parameter plane, (m
f̃
, µ), of three scenarios in Fig. 1 (Left;

“Vanilla” SUSY, Centre; Universal Gaugino Mass (UGM) scenario, Right; Wino DM scenario), where

m
f̃
is the universal sfermion mass. In the plots, the light red region is excluded by the current proton

decay limit ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red region represents

the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit

obtained from the upper and lower 1-� variations of ↵s(mZ), respectively. The dashed black, green and

blue contours represent the values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region

is disfavoured because MHC is very close to the Planck scale.

We also compute (M2
V
M⌃)

1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:

Vanilla SUSY : 3.77 · 1015GeV < (M2
V M⌃)

1
3 < 1.83 · 1016GeV

UGM : 3.14 · 1015GeV < (M2
V M⌃)

1
3 < 1.52 · 1016GeV

Wino DM : 8.90 · 1015GeV < (M2
V M⌃)

1
3 < 1.19 · 1016GeV

Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found
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MHC/GeV
<latexit sha1_base64="o/5g68O2+ptC1mrNwFh1iIaV69o=">AAAB+3icZZDLSsNAFIZP6q3GW6pLN0NLwVVN3OhGKHZhN0IFe4E2hMl02g6dXJiZKCUEfBFXgoK49Ulc+TZOL4htfxj4+M85nDO/H3MmlW3/GLmNza3tnfyuubd/cHhkFY5bMkoEoU0S8Uh0fCwpZyFtKqY47cSC4sDntO2Pa9N6+5EKyaLwQU1i6gZ4GLIBI1hpy7MKd15a92rZedoTAbqlrcyzSnbFngmtg7OAUrVoXj8DQMOzvnv9iCQBDRXhWMquY8fKTbFQjHCamb1E0hiTMR7SrsYQB1S66ez0DJW100eDSOgXKjRz/0+kOJByEvi6M8BqJFdrU/OvVl5apQZXbsrCOFE0JPNNg4QjFaFpEKjPBCWKTzRgIpg+FpERFpgoHZepU3BW/7wOrYuKo/lex3EDc+XhFIpwBg5cQhXq0IAmEHiCF3iDdyMzXo0P43PemjMWMyewJOPrF3DrlLc=</latexit><latexit sha1_base64="S1a0wb73R7N5Mb84TEEjbPrml74=">AAAB+3icZZDLSgMxFIYzXut4m+rSTWgpuKozbnQjFLuwG6GCvUA7DJk0bUOTzJBklDLMo7gqKIhbn8SF+DamF8S2PwQ+/nMO5+QPY0aVdt0fa2Nza3tnN7dn7x8cHh07+ZOmihKJSQNHLJLtECnCqCANTTUj7VgSxENGWuGoOq23nohUNBKPehwTn6OBoH2KkTZW4OTvg7QWVLOLtCs5vCPNLHCKbtmdCa6Dt4BipWDfxJNvux44X91ehBNOhMYMKdXx3Fj7KZKaYkYyu5soEiM8QgPSMSgQJ8pPZ6dnsGScHuxH0jyh4cz9P5EirtSYh6aTIz1Uq7Wp+VcrLa3S/Ws/pSJONBF4vqmfMKgjOA0C9qgkWLOxAYQlNcdCPEQSYW3isk0K3uqf16F5WfYMP5g4bsFcOXAGCuAceOAKVEAN1EEDYPAMXsAreLMya2K9Wx/z1g1rMXMKlmR9/gJj7pYr</latexit><latexit sha1_base64="S1a0wb73R7N5Mb84TEEjbPrml74=">AAAB+3icZZDLSgMxFIYzXut4m+rSTWgpuKozbnQjFLuwG6GCvUA7DJk0bUOTzJBklDLMo7gqKIhbn8SF+DamF8S2PwQ+/nMO5+QPY0aVdt0fa2Nza3tnN7dn7x8cHh07+ZOmihKJSQNHLJLtECnCqCANTTUj7VgSxENGWuGoOq23nohUNBKPehwTn6OBoH2KkTZW4OTvg7QWVLOLtCs5vCPNLHCKbtmdCa6Dt4BipWDfxJNvux44X91ehBNOhMYMKdXx3Fj7KZKaYkYyu5soEiM8QgPSMSgQJ8pPZ6dnsGScHuxH0jyh4cz9P5EirtSYh6aTIz1Uq7Wp+VcrLa3S/Ws/pSJONBF4vqmfMKgjOA0C9qgkWLOxAYQlNcdCPEQSYW3isk0K3uqf16F5WfYMP5g4bsFcOXAGCuAceOAKVEAN1EEDYPAMXsAreLMya2K9Wx/z1g1rMXMKlmR9/gJj7pYr</latexit><latexit sha1_base64="S1a0wb73R7N5Mb84TEEjbPrml74=">AAAB+3icZZDLSgMxFIYzXut4m+rSTWgpuKozbnQjFLuwG6GCvUA7DJk0bUOTzJBklDLMo7gqKIhbn8SF+DamF8S2PwQ+/nMO5+QPY0aVdt0fa2Nza3tnN7dn7x8cHh07+ZOmihKJSQNHLJLtECnCqCANTTUj7VgSxENGWuGoOq23nohUNBKPehwTn6OBoH2KkTZW4OTvg7QWVLOLtCs5vCPNLHCKbtmdCa6Dt4BipWDfxJNvux44X91ehBNOhMYMKdXx3Fj7KZKaYkYyu5soEiM8QgPSMSgQJ8pPZ6dnsGScHuxH0jyh4cz9P5EirtSYh6aTIz1Uq7Wp+VcrLa3S/Ws/pSJONBF4vqmfMKgjOA0C9qgkWLOxAYQlNcdCPEQSYW3isk0K3uqf16F5WfYMP5g4bsFcOXAGCuAceOAKVEAN1EEDYPAMXsAreLMya2K9Wx/z1g1rMXMKlmR9/gJj7pYr</latexit><latexit sha1_base64="V8aBk4GBodKHFSxfzQnGJVHeVas=">AAAB+3icZZDLSsNAFIYn9VbjLdWlm6Gl4KqmLtSNUOzCboQK9gJtCJPppB06mYSZiVJCHsVVQUHc+iQuxLdxmrZi9YeBj/+cwznzexGjUtn2l5FbW9/Y3Mpvmzu7e/sHVuGwLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vXJ/VOw9ESBryezWJiBOgIac+xUhpy7UKt27ScOvpadIXAbwh7dS1SnbFzgT/Q3UBpVrRvIqmn2bTtT76gxDHAeEKMyRlr2pHykmQUBQzkpr9WJII4TEakp5GjgIinSQ7PYVl7QygHwr9uIKZ+3siQYGUk8DTnQFSI/m3NjN/auWVVcq/dBLKo1gRjueb/JhBFcJZEHBABcGKTTQgLKg+FuIREggrHZeZpXC+/PxfWKbQPqtUNd/pOK7BXHlwDIrgBFTBBaiBBmiCFsDgETyBZ/BipMbUeDXe5q05YzFzBFZkvH8DaniWOg==</latexit><latexit sha1_base64="NhzVAkKDfCHhWxNCT8j1aaO4mBE=">AAAB+3icZZDLSgMxFIYz9VbrbapLN8FScFVnXKjLYhd2I1SwF2iHIZNm2tAkMyQZpQzzKK4EBXHrk7jybUynrVj9IfDxn3M4J38QM6q043xZhbX1jc2t4nZpZ3dv/8AuH3ZUlEhM2jhikewFSBFGBWlrqhnpxZIgHjDSDSaNWb37QKSikbjX05h4HI0EDSlG2li+Xb7106bfyM7SgeTwhnQy3644NScX/A/uAipgoZZvfw6GEU44ERozpFTfdWLtpUhqihnJSoNEkRjhCRqRvkGBOFFemp+ewapxhjCMpHlCw9z9PZEirtSUB6aTIz1Wf2sz86dWXVmlwysvpSJONBF4vilMGNQRnAUBh1QSrNnUAMKSmmMhHiOJsDZxlfIULpaf/wvLFDrnNdfwnVOpXy/yKIJjcAJOgQsuQR00QQu0AQaP4Am8gFcrs56tN+t93lqwFjNHYEXWxzflX5Od</latexit>

TS/TeV
<latexit sha1_base64="hrq9ONdaHlIzG67wOGH7k82fV8k=">AAAB+XicZZDLSsNAFIZP6q3WS6Mu3QwtBVc1caPLohuXFXuDNoTJdNIOnUzCzEQoIU/iRkFB3PoornwbpxfEtj8MfPznHM6ZP0g4U9pxfqzC1vbO7l5xv3RweHRctk9OOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJnezeveJSsVi0dLThHoRHgkWMoK1sXy73PKzx/wyG8gItWgn9+2qU3fmQpvgLqHaqEDhBQCavv09GMYkjajQhGOl+q6TaC/DUjPCaV4apIommEzwiPYNChxR5WXzw3NUM84QhbE0T2g0d/9PZDhSahoFpjPCeqzWazPzr1ZbWaXDGy9jIkk1FWSxKUw50jGaxYCGTFKi+dQAJpKZYxEZY4mJNmGVTAru+p83oXNVdw0/mDhuYaEinEMFLsCFa2jAPTShDQRSeIY3eLcy69X6sD4XrQVrOXMGK7K+fgEkLpP7</latexit><latexit sha1_base64="TXHANsaRaBQJEWM3tkHOlqXcLKw=">AAAB+XicZZDLSsNAFIZP6q3WS6uCG10MLQVXNXGjy6IblxV7gzaEyXTSDp1MwsxEKCFP4kIEBXEnPoor38bpBbH2h4GP/5zDOfP7MWdK2/a3lVtb39jcym8Xdnb39oulg8O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxzbTeeaBSsUg09SSmboiHggWMYG0sr1Rseul9dp72ZYiatJ15pYpds2dCq+AsoFIvQ+7p+OO04ZW++oOIJCEVmnCsVM+xY+2mWGpGOM0K/UTRGJMxHtKeQYFDqtx0dniGqsYZoCCS5gmNZu7fiRSHSk1C33SGWI/U/9rU/K1Vl1bp4MpNmYgTTQWZbwoSjnSEpjGgAZOUaD4xgIlk5lhERlhiok1YBZOC8//Pq9C+qDmG70wc1zBXHk6gDGfgwCXU4RYa0AICCTzCC7xaqfVsvVnv89actZg5giVZnz9TA5Td</latexit><latexit sha1_base64="TXHANsaRaBQJEWM3tkHOlqXcLKw=">AAAB+XicZZDLSsNAFIZP6q3WS6uCG10MLQVXNXGjy6IblxV7gzaEyXTSDp1MwsxEKCFP4kIEBXEnPoor38bpBbH2h4GP/5zDOfP7MWdK2/a3lVtb39jcym8Xdnb39oulg8O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxzbTeeaBSsUg09SSmboiHggWMYG0sr1Rseul9dp72ZYiatJ15pYpds2dCq+AsoFIvQ+7p+OO04ZW++oOIJCEVmnCsVM+xY+2mWGpGOM0K/UTRGJMxHtKeQYFDqtx0dniGqsYZoCCS5gmNZu7fiRSHSk1C33SGWI/U/9rU/K1Vl1bp4MpNmYgTTQWZbwoSjnSEpjGgAZOUaD4xgIlk5lhERlhiok1YBZOC8//Pq9C+qDmG70wc1zBXHk6gDGfgwCXU4RYa0AICCTzCC7xaqfVsvVnv89actZg5giVZnz9TA5Td</latexit><latexit sha1_base64="TXHANsaRaBQJEWM3tkHOlqXcLKw=">AAAB+XicZZDLSsNAFIZP6q3WS6uCG10MLQVXNXGjy6IblxV7gzaEyXTSDp1MwsxEKCFP4kIEBXEnPoor38bpBbH2h4GP/5zDOfP7MWdK2/a3lVtb39jcym8Xdnb39oulg8O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxzbTeeaBSsUg09SSmboiHggWMYG0sr1Rseul9dp72ZYiatJ15pYpds2dCq+AsoFIvQ+7p+OO04ZW++oOIJCEVmnCsVM+xY+2mWGpGOM0K/UTRGJMxHtKeQYFDqtx0dniGqsYZoCCS5gmNZu7fiRSHSk1C33SGWI/U/9rU/K1Vl1bp4MpNmYgTTQWZbwoSjnSEpjGgAZOUaD4xgIlk5lhERlhiok1YBZOC8//Pq9C+qDmG70wc1zBXHk6gDGfgwCXU4RYa0AICCTzCC7xaqfVsvVnv89actZg5giVZnz9TA5Td</latexit><latexit sha1_base64="k8N+mTzYZjLqGIWm2IXJYGOuLi0=">AAAB+XicZZDLSsNAFIZP6q3WS6OCG10MLQVXNXGhLotuXFbsDdoQJtNJO3RyYWYilJAncSGCgrgTH8WVb+P0JlZ/GPj4zzmcM78XcyaVZX0ZuZXVtfWN/GZha3tnt2ju7bdklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdT+rteyoki8KGGsfUCfAgZD4jWGnLNYsNN73LTtOeCFCDtjLXLFtVayr0H+w5lGslyD0evh/XXfOz149IEtBQEY6l7NpWrJwUC8UIp1mhl0gaYzLCA9rVGOKASiedHp6hinb6yI+EfqFCU/f3RIoDKceBpzsDrIbyb21i/tQqS6uUf+mkLIwTRUMy2+QnHKkITWJAfSYoUXysARPB9LGIDLHAROmwCtMUzhef/wuLFFpnVVvzrY7jCmbKwxGU4ARsuIAa3EAdmkAggQd4hhcjNZ6MV+Nt1poz5jMHsCTj4xtZjZTs</latexit><latexit sha1_base64="2fs6Ngi5kz/0iOMmDEN368NzfJ8=">AAAB+XicZZDLSsNAFIYn9VbrpVGXbgZLwVVNXKjLohuXFXuDNoTJdNIOnZmEmYlQQp7ElaAgbn0UV76N0zQVW38Y+PjPOZwzfxAzqrTjfFuljc2t7Z3ybmVv/+Cwah8dd1WUSEw6OGKR7AdIEUYF6WiqGenHkiAeMNILpnfzeu+JSEUj0dazmHgcjQUNKUbaWL5dbfvpY3aRDiWHbdLNfLvmNJxc8D+4BdRAoZZvfw1HEU44ERozpNTAdWLtpUhqihnJKsNEkRjhKRqTgUGBOFFemh+ewbpxRjCMpHlCw9z9O5EirtSMB6aTIz1R67W5+Vurr6zS4Y2XUhEnmgi82BQmDOoIzmOAIyoJ1mxmAGFJzbEQT5BEWJuwKnkKV8vPr8Myhe5lwzX84NSat0UeZXAKzsA5cME1aIJ70AIdgEECnsEreLNS68V6tz4WrSWrmDkBK7I+fwDKzpMG</latexit>

τ(p → K+ν̄)/yrs
<latexit sha1_base64="3cOl9UcnFaz4yjJCfolwmITw2AI=">AAACDHicZVDLSgMxFL1TX7W+Rl26CS2FilBn3Oiy6EZwU8E+oFNLJk3b0ExmSDLCMHTvym/wC1wJCuLWH3Dl35g+ENseCBzOuZebc/yIM6Ud58fKrKyurW9kN3Nb2zu7e/b+QV2FsSS0RkIeyqaPFeVM0JpmmtNmJCkOfE4b/vBq7DceqFQsFHc6iWg7wH3BeoxgbaSOnfc0jksR8nSIbu5PkOdjiTwRH5+mngxQItWoYxecsjMBWibujBQqecg8A0C1Y3973ZDEARWacKxUy3Ui3U6x1IxwOsp5saIRJkPcpy1DBQ6oaqeTLCNUNEoX9UJpntBoov7fSHGgVBL4ZjLAeqAWvbH45xXnTuneRTtlIoo1FWR6qRdzZJKPm0FdJinRPDEEE8nMZxEZYImJNv3lTAvuYuZlUj8ru4bfmjouYYosHEEeSuDCOVTgGqpQAwKP8AJv8G49Wa/Wh/U5Hc1Ys51DmIP19QvBYZrU</latexit><latexit sha1_base64="WH5DRRwbjU9kx+zEJCYekVEzPiM=">AAACDHicZVDLSgMxFL1TX7W+RgU3uggthYpQZ9zosuhGcFPBPqBTSyZN29BMZkgyQhm6d+Uv+AeCICiIW3/AlX9j+kCsPRA4nHMvN+f4EWdKO863lVpYXFpeSa9m1tY3Nrfs7Z2qCmNJaIWEPJR1HyvKmaAVzTSn9UhSHPic1vz+xciv3VGpWChu9CCizQB3BeswgrWRWnbW0zguRMjTIbq6PUKejyXyRHx4nHgyQAOphi075xSdMdA8cackV8pC6nHv+aDcsr+8dkjigApNOFaq4TqRbiZYakY4HWa8WNEIkz7u0oahAgdUNZNxliHKG6WNOqE0T2g0Vv9uJDhQahD4ZjLAuqf+eyPx18vPnNKds2bCRBRrKsjkUifmyCQfNYPaTFKi+cAQTCQzn0WkhyUm2vSXMS24/zPPk+pJ0TX82tRxDhOkYR+yUAAXTqEEl1CGChC4hyd4hTfrwXqx3q2PyWjKmu7swgyszx/wNpu2</latexit><latexit sha1_base64="WH5DRRwbjU9kx+zEJCYekVEzPiM=">AAACDHicZVDLSgMxFL1TX7W+RgU3uggthYpQZ9zosuhGcFPBPqBTSyZN29BMZkgyQhm6d+Uv+AeCICiIW3/AlX9j+kCsPRA4nHMvN+f4EWdKO863lVpYXFpeSa9m1tY3Nrfs7Z2qCmNJaIWEPJR1HyvKmaAVzTSn9UhSHPic1vz+xciv3VGpWChu9CCizQB3BeswgrWRWnbW0zguRMjTIbq6PUKejyXyRHx4nHgyQAOphi075xSdMdA8cackV8pC6nHv+aDcsr+8dkjigApNOFaq4TqRbiZYakY4HWa8WNEIkz7u0oahAgdUNZNxliHKG6WNOqE0T2g0Vv9uJDhQahD4ZjLAuqf+eyPx18vPnNKds2bCRBRrKsjkUifmyCQfNYPaTFKi+cAQTCQzn0WkhyUm2vSXMS24/zPPk+pJ0TX82tRxDhOkYR+yUAAXTqEEl1CGChC4hyd4hTfrwXqx3q2PyWjKmu7swgyszx/wNpu2</latexit><latexit sha1_base64="WH5DRRwbjU9kx+zEJCYekVEzPiM=">AAACDHicZVDLSgMxFL1TX7W+RgU3uggthYpQZ9zosuhGcFPBPqBTSyZN29BMZkgyQhm6d+Uv+AeCICiIW3/AlX9j+kCsPRA4nHMvN+f4EWdKO863lVpYXFpeSa9m1tY3Nrfs7Z2qCmNJaIWEPJR1HyvKmaAVzTSn9UhSHPic1vz+xciv3VGpWChu9CCizQB3BeswgrWRWnbW0zguRMjTIbq6PUKejyXyRHx4nHgyQAOphi075xSdMdA8cackV8pC6nHv+aDcsr+8dkjigApNOFaq4TqRbiZYakY4HWa8WNEIkz7u0oahAgdUNZNxliHKG6WNOqE0T2g0Vv9uJDhQahD4ZjLAuqf+eyPx18vPnNKds2bCRBRrKsjkUifmyCQfNYPaTFKi+cAQTCQzn0WkhyUm2vSXMS24/zPPk+pJ0TX82tRxDhOkYR+yUAAXTqEEl1CGChC4hyd4hTfrwXqx3q2PyWjKmu7swgyszx/wNpu2</latexit><latexit sha1_base64="lYN5UGxvVvXVRQNJKRvlRdfDUzU=">AAACDHicZVDLSgMxFL1TX7W+qoIbXYSWQkWoMy7UZdGN4KaCfUCnlkyatqGZzJBkhDJ078pf8A8EQVAQt/6AK//G9CVWDwQO59zLzTleyJnStv1lJebmFxaXksupldW19Y305lZFBZEktEwCHsiahxXlTNCyZprTWigp9j1Oq17vfOhXb6lULBDXuh/Sho87grUZwdpIzXTG1TjKh8jVAbq8OUCuhyVyRbR/GLvSR32pBs101i7YI6D/xJmQbDEDiYedp71SM/3ptgIS+VRowrFSdccOdSPGUjPC6SDlRoqGmPRwh9YNFdinqhGPsgxQzigt1A6keUKjkfp7I8a+Un3fM5M+1l311xuKP15u5pRunzZiJsJIU0HGl9oRRyb5sBnUYpISzfuGYCKZ+SwiXSwx0aa/1KiF42n4v2TaQuWo4Bh+Zeo4gzGSsAsZyIMDJ1CECyhBGQjcwSO8wKt1bz1bb9b7eDRhTXa2YQbWxzf2wJvF</latexit><latexit sha1_base64="k1/a1d0pZHMSXMqgMSIsHoyGakA=">AAACDHicZVDLSsNAFJ3UV62vqEs3Q0uhItTEhbosuhHcVLAPaGKZTCft0MkkzEyEELp35ae4EhTErT/gyr9xmkax9cDA4Zx7uXOOFzEqlWV9GYWl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX079zj0Rkob8ViURcQM05NSnGCkt9c2yo1Bci6CjQnh9dwQdDwno8PjwOHVEABMhJ32zYtWtDPA/sXNSATmaffPTGYQ4DghXmCEpe7YVKTdFQlHMyKTkxJJECI/RkPQ05Sgg0k2zLBNY1coA+qHQjyuYqX83UhRImQSengyQGslFbyr+etW5U8o/d1PKo1gRjmeX/JhBnXzaDBxQQbBiiSYIC6o/C/EICYSV7q+UtXD6E36R/LTQPqnbmt9YlcZF3kcRHIAyqAEbnIEGuAJN0AIYPIAn8AJejUfj2Xgz3mejBSPf2QdzMD6+AWgQmd8=</latexit>

τ(p → K+ν̄) > 4.0× 1033 yrs
<latexit sha1_base64="kwoNBR3N39QphSibsxnNnCBMrZk="></latexit><latexit sha1_base64="wceE6eYT1QxpLQ8sBRo0ODNF8gI="></latexit><latexit sha1_base64="wceE6eYT1QxpLQ8sBRo0ODNF8gI="></latexit><latexit sha1_base64="wceE6eYT1QxpLQ8sBRo0ODNF8gI="></latexit><latexit sha1_base64="9icqkFg6J5odvR2ksizYNZ10/sc="></latexit><latexit sha1_base64="BOz5dNzJyNb83FQw9bGBY39lDDU="></latexit>

αs(mZ) = 0.1183± 0.0008
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in the region of the plots:

Vanilla SUSY : 24.7 < ↵�1(⇤) < 31.8

UGM : 25.0 < ↵�1(⇤) < 33.0

Wino DM : 25.3 < ↵�1(⇤) < 29.5

As can be seen, ↵�1(⇤) is always in a perturbative regime within the region of interest.

In the left panel of Fig. 1, we show the (m
f̃
, µ) plane in the “Vanilla” SUSY scenario, where a low

energy gaugino mass ratio M3/M2 = 3 is taken. This ratio typically arises in the scenarios where the

gaugino masses are unified around the GUT scale, e.g. in the Constrained MSSM (CMSSM) or in the

Gauge Mediated SUSY Breaking (GMSB) scenario. For simplicity we also assume all sfermion masses

are degenerate at their mass scale, m
f̃
, and M3 = mA = m

f̃
. We take tan� = 2 for all three scenarios

in Fig. 1. For larger values of tan�, the proton decay constraint is more constraining since the D = 5

proton decay rate scales as ⇠ tan4 �. In the left plot, we see that in the Vanilla SUSY scenario the proton

decay constraint requires M3 > 500 TeV for µ ⇠ 1 TeV and M3 > 20 TeV for µ ⇠ 103 TeV.

The central panel of Fig. 1 shows the (m
f̃
, M3) plane in the Universal Gaugino Mass (UGM) scenario,

where the low energy gaugino mass ratio M2/M3 = 1 is postulated. Such a gaugino mass ratio may arise

in the gaugino focus point scenario [6–8]. For other parameters we take M3 = µ and mA = m
f̃
as an

example. We see that light SUSY spectra are allowed by the proton decay limit except for the sfermion

masses, with mf > 30 TeV.

The right panel of Fig. 1 shows the (m
f̃
, µ) plane in the Wino DM scenario. It has been known

that the thermal Wino with a ⇠ 3 TeV mass can account for the observed energy density of the DM

in the present Universe. Since the Wino becomes the lightest gaugino in the Anomaly Mediated SUSY

Breaking (AMSB) scenario, we assume the low energy gaugino mass relation |M3/M2| = 7 predicted by

the AMSB. We further assume a universal sfermion mass and mA = m
f̃
for simplicity. In the plot, the

shaded grey region is disfavoured since the sfermions are lighter than the Wino. Below the horizontal grey

line, |µ| < M2 but we take this region into our consideration, since the thermal Higgsino may account

for the DM relic density in this region. We see in this plot that the current proton decay limit demands

the sfermions to be heavier than 200 TeV for µ ⇠ 1 TeV and heavier than 40 TeV for µ ⇠ 103 TeV. This

means that the split SUSY scenarios with both Wino and Higgsino DM are consistent with the minimal

SU(5) model. In particular, many such scenarios predict loop suppressed gaugino masses compared to the

sfermion mass, m�/mf̃
⇠ 1/100. Therefore, with wino or higgsino DM these models predict the proton

decay lifetime that is around the corner of discovery in the next generation experiments if the minimal

SU(5) is also assumed.

4 Application to a missing partner SU(5) model

4.1 Hagiwara-Yamada Model

We now study a model presented in Ref. [9]. The field content in the Higgs sector is given in Table 2.

The superpotential of the Higgs sector is given by

WH = W1 +W2 . (4.1)

The first term is the superpotential containing only ⌃:

W1 = M⌃⌃
2 � 1

3
�75⌃

3, (4.2)
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Figure 1: The low energy SUSY parameter space (m
f̃
versus µ plane) for three di↵erent scenarios: Right;

“vanilla” SUSY with M3 = 3M2 = mA = m
f̃
and tan� = 2. Centre; UGM scenario with M3 = M2 = µ,mA = m

f̃

and tan� = 2. Left; Wino DM scenario with M2 = 3 TeV, M3 = 7M2, mA = m
f̃
and tan� = 2. The light red

region is excluded due to the current limit, ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red
region represents the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the
limit obtained from ↵s(mZ) = ↵0

s
± �↵s, respectively. The dashed black, green and blue contours represent the

values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region is disfavoured because MHC is close to
the Planck scale.

The Eq. (3.7) is particularly interesting since it allows to predict the D = 5 proton decay rate purely

from the low energy SUSY spectrum. In the calculation of the D = 5 proton decay, we closely follow

Ref. [5]. We show a low energy SUSY parameter plane, (m
f̃
, µ), of three scenarios in Fig. 1 (Left;

“Vanilla” SUSY, Centre; Universal Gaugino Mass (UGM) scenario, Right; Wino DM scenario), where

m
f̃
is the universal sfermion mass. In the plots, the light red region is excluded by the current proton

decay limit ⌧(p ! K+⌫̄) > 4.0 · 1033 yrs. The band around the boundary of the red region represents

the uncertainty coming from ↵s(mZ). The dashed-dotted and dotted contours correspond to the limit

obtained from the upper and lower 1-� variations of ↵s(mZ), respectively. The dashed black, green and

blue contours represent the values of ⌧(p ! K+⌫̄), MHC and TS , respectively. The shaded green region

is disfavoured because MHC is very close to the Planck scale.

We also compute (M2
V
M⌃)

1
3 and the unified coupling ↵�1(⇤), assuming MV = M⌃, across the param-

eter planes in our three example scenarios. Here we define the unification scale as ⇤ ⌘ max{MHC ,MV }
with the assumption MV = M⌃. We found that (M2

V
M⌃)

1
3 varies very mildly due to the small power in

Eq. (3.8) and in the range of the plot (including the 1-� variation of ↵s(mZ)) we find:

Vanilla SUSY : 3.77 · 1015GeV < (M2
V M⌃)

1
3 < 1.83 · 1016GeV

UGM : 3.14 · 1015GeV < (M2
V M⌃)

1
3 < 1.52 · 1016GeV

Wino DM : 8.90 · 1015GeV < (M2
V M⌃)

1
3 < 1.19 · 1016GeV

Generally, light X,Y gauge bosons with MV . 1016 GeV may induce observably large D = 6 proton

decay (p ! ⇡0e+). However, within the above range, the D = 6 proton decay constraint can always

be avoided by lowering M⌃, which does not lead to any phenomenologicallty dangerous processes. For

completeness we also report the range of the unified coupling under the assumption MV = M⌃. We found
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Figure 1: S1/(Z2 × Z ′
2) orbifold in the fifth dimension.

We choose to view this spacetime as illustrated in Figure 1. There are two reflection sym-

metries, y → −y and y′ → −y′, each with its own orbifold parity, P and P ′, acting on the

fields. Each reflection introduces special points, O and O′, which are fixed points of the trans-

formation. The physical space can be taken to be 0 ≤ y ≤ πR/2, and is the usual S1/Z2

orbifold. Nevertheless, we find it convenient to label the pattern in Figure 1 as S1/(Z2 × Z ′
2).

The components of the vector multiplet can be assembled into four groups, VPP ′, according to

their transformation properties. They have Kaluza-Klein (KK) mode expansions as given in

Eqs. (5–8), with φ → V . Before orbifolding the gauge transformations are arbitrary functions

of position ξ = ξ(y) for each generator (we suppress the dependence on the usual four dimen-

sions). However, the non-trivial orbifold quantum numbers of the gauge particles imply that

the most general set of gauge transformations are restricted to have the form

U = exp [i (ξ++(y)T++ + ξ+−(y)T+− + ξ−+(y)T−+ + ξ−−(y)T−−)] . (1)

The generators of the gauge group T are labelled by the P and P ′ quantum numbers of the

corresponding gauge boson. The gauge functions ξPP ′(y) also have the KK mode expansions

similar to those of Eqs. (5–8), with φ → ξ. At an arbitrary point in the bulk all generators

of the gauge group are operative. However, at the fixed points O the gauge transformations

generated by T−P ′ vanish, because ξ−P ′(y = 0, πR) = 0. Thus locally at these points the

4

Orbifold SU(5) [Hall, Nomura ’01]

• space-time = 4d Minkowski x S1/(Z2 x Z2’)

• two fixed points O, O’, & two orbifold parities P, P’

• N=2 4d SUSY in the bulk (8 spinor dof)

• 5d vector multiplets:

• 5d hipermultiplets: H(5) = (H,Hc), H(5) = (H,H

c
)
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embedded in the hypermultiplets, H(H(5), Hc(5)) and H(H(5), H
c
(5)), containing two 4d chiral multi-

plets in a vector like manner; {H, Hc} � {(HF , HC), (Hc

F
, Hc

C
)} and {H,H

c} � {(H
F
, H

C
), (Hc

F
, Hc

C
)},

respectively, where the subscript F (C) represents the doublet (triplet) component. To break the SU(5)

into GSM, the orbifold parities are assigned so that only the 4d gauge multiplets corresponding to the

GSM generators have zero modes. More specifically, V a(+,+) and V â(+,�) are taken for (P, P 0), where

a (â) corresponds to the unbroken (broken) generators. This parity assignment implies that the SU(5) is

broken at a 3-brane at O0 but unbroken at the other brane at O. In order to preserve the success of the

charge quantization and assignment in the matter sector in the 4d GUTs, the matter fields Fi = (Dc, L)i
and Ti = (Q,U c, Ec)i, (i = 1, 2, 3), are placed at the SU(5) symmetric 3-brane at O.

KK mode mass (P, P 0) 4d fields
P

(b1, b2, b3)

zero 0 (+,+) V a, HF , H
F

even (2n+ 2)/R
(+,+) V a, HF , H

F (65 ,�2,�6)
(�,�) ⌃a, Hc

F
, Hc

F

odd (2n+ 1)/R
(+,�) V â, HC , H

C (�46
5 ,�6,�2)

(�,+) ⌃â, Hc

C
, Hc

C

Table 4: The orbifold parity assignment and contributions to the �-function coe�cients from the bulk fields. R is
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In Table 4 we show the complete orbifold parity assignment for the bulk fields, in addition to the total

contribution to �-function coe�cients from the even and odd KK-excitations. In the table, we separate

out the zero mode, since they are included in the MSSM. With this charge assignment, the doublet-triplet

splitting problem is elegantly solved because only two doublet Higgs fields can have zero modes.

The structure to suppress the D = 5 proton decay discussed in subsection 4.2 is automatically imple-

mented in this model. This is because the KK-mass is generated only amongst the components residing

in the same 5d multiplet; e.g. W � (2n+1)
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and H
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do not have a direct mass, the D = 5 proton decay operator is not generated. In other words,

the D = 5 proton decay is protected by the U(1)R symmetry mentioned above.

There are two sources of the GUT threshold corrections in this model. One is from mass splitting

(even and odd modes) among the GUT multiplets, as shown in Table 4. This part can be treated with

TG,⌦G and CG by the formula (2.13). The other source is from the brane kinetic term at O0. This is

because the 4d SU(5) gauge symmetry is explicitly broken into GSM at the O0 brane because there is

no 4d gauge fields corresponding to the broken generators at O0. This means that one can introduce

independent kinetic terms for the three MSSM gauge fields with di↵erent gauge couplings. However, in

general the bulk contribution to the 4d gauge coupling always dominates due to the spread of the wave
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13

embedded in the hypermultiplets, H(H(5), Hc(5)) and H(H(5), H
c
(5)), containing two 4d chiral multi-

plets in a vector like manner; {H, Hc} � {(HF , HC), (Hc

F
, Hc

C
)} and {H,H

c} � {(H
F
, H

C
), (Hc

F
, Hc

C
)},

respectively, where the subscript F (C) represents the doublet (triplet) component. To break the SU(5)

into GSM, the orbifold parities are assigned so that only the 4d gauge multiplets corresponding to the

GSM generators have zero modes. More specifically, V a(+,+) and V â(+,�) are taken for (P, P 0), where
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C
, Hc

C

Table 4: The orbifold parity assignment and contributions to the �-function coe�cients from the bulk fields. R is
the compactification radius.

In Table 4 we show the complete orbifold parity assignment for the bulk fields, in addition to the total

contribution to �-function coe�cients from the even and odd KK-excitations. In the table, we separate

out the zero mode, since they are included in the MSSM. With this charge assignment, the doublet-triplet

splitting problem is elegantly solved because only two doublet Higgs fields can have zero modes.

The structure to suppress the D = 5 proton decay discussed in subsection 4.2 is automatically imple-

mented in this model. This is because the KK-mass is generated only amongst the components residing

in the same 5d multiplet; e.g. W � (2n+1)
R

⇥
H(2n+1)

C
Hc(2n+1)

C
+ H(2n+1)

C
Hc(2n+1)

C

⇤
, whereas there are

no direct mass terms connecting two fields from di↵erent 5d multiplets, such as H(2n+1)
C

H(2n+1)

C
and

Hc(2n+1)
C

Hc(2n+1)

C
. This can be also understood in terms of a U(1)R symmetry of this model with the

following charge assignment; H(0), Hc(2), H(0), H
c
(2), Fi(1), Ti(1). One can see that due to this U(1)R

symmetry only H(0) � HC and H(0) � H
C

can have Yukawa couplings to the matter fields. Since HC

and H
C

do not have a direct mass, the D = 5 proton decay operator is not generated. In other words,

the D = 5 proton decay is protected by the U(1)R symmetry mentioned above.

There are two sources of the GUT threshold corrections in this model. One is from mass splitting

(even and odd modes) among the GUT multiplets, as shown in Table 4. This part can be treated with

TG,⌦G and CG by the formula (2.13). The other source is from the brane kinetic term at O0. This is

because the 4d SU(5) gauge symmetry is explicitly broken into GSM at the O0 brane because there is

no 4d gauge fields corresponding to the broken generators at O0. This means that one can introduce

independent kinetic terms for the three MSSM gauge fields with di↵erent gauge couplings. However, in

general the bulk contribution to the 4d gauge coupling always dominates due to the spread of the wave

function and the contribution from the brane kinetic term is suppressed by the volume factor 2⇡R⇤,

13

O
<latexit sha1_base64="N3iw4/zMUUgDIMnYh7Imsh4pGuw=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRizdbsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByP/c7z6g0j+WTmSboR3QkecgZNVZqPg7KFbfmLkA2iZeTCuRoDMrf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh85I1SpDEsbKljRkof6fyGik9TQKbGdEzVive3Pxz6uurDLhrZ9xmaQGJVtuClNBTEzmb5MhV8iMmFpCmeL2WMLGVFFmbDglm4K3/vMmaV/XPMubbqV+l+dRhAu4hCvw4Abq8AANaAEDhBd4g3dn4rw6H87nsrXg5DPnsALn6xclUIz6</latexit><latexit sha1_base64="N3iw4/zMUUgDIMnYh7Imsh4pGuw=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRizdbsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByP/c7z6g0j+WTmSboR3QkecgZNVZqPg7KFbfmLkA2iZeTCuRoDMrf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh85I1SpDEsbKljRkof6fyGik9TQKbGdEzVive3Pxz6uurDLhrZ9xmaQGJVtuClNBTEzmb5MhV8iMmFpCmeL2WMLGVFFmbDglm4K3/vMmaV/XPMubbqV+l+dRhAu4hCvw4Abq8AANaAEDhBd4g3dn4rw6H87nsrXg5DPnsALn6xclUIz6</latexit><latexit sha1_base64="N3iw4/zMUUgDIMnYh7Imsh4pGuw=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRizdbsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByP/c7z6g0j+WTmSboR3QkecgZNVZqPg7KFbfmLkA2iZeTCuRoDMrf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh85I1SpDEsbKljRkof6fyGik9TQKbGdEzVive3Pxz6uurDLhrZ9xmaQGJVtuClNBTEzmb5MhV8iMmFpCmeL2WMLGVFFmbDglm4K3/vMmaV/XPMubbqV+l+dRhAu4hCvw4Abq8AANaAEDhBd4g3dn4rw6H87nsrXg5DPnsALn6xclUIz6</latexit><latexit sha1_base64="N3iw4/zMUUgDIMnYh7Imsh4pGuw=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRizdbsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByP/c7z6g0j+WTmSboR3QkecgZNVZqPg7KFbfmLkA2iZeTCuRoDMrf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh85I1SpDEsbKljRkof6fyGik9TQKbGdEzVive3Pxz6uurDLhrZ9xmaQGJVtuClNBTEzmb5MhV8iMmFpCmeL2WMLGVFFmbDglm4K3/vMmaV/XPMubbqV+l+dRhAu4hCvw4Abq8AANaAEDhBd4g3dn4rw6H87nsrXg5DPnsALn6xclUIz6</latexit><latexit sha1_base64="Wyhqn7fgnn2nXaZe9qiI8vxyj88=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXryZgHlAsoTZSW8yZPbBzKwQlnyBJ0FBvPpJnvwbJ5uNmFjQUFR1093lxYIrbdvfVmFjc2t7p7hb2ts/ODwqH5+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yN/c7TygVj8JHPY3RDego5D5nVBup+TAoV+yanYH8J05OKpCjMSh/9YcRSwIMNRNUqZ5jx9pNqdScCZyV+onCmLIJHWHP0JAGqNw0O3RGqkYZEj+SpkJNMvXvREoDpaaBZzoDqsdq3ZuLv151ZZX2b9yUh3GiMWSLTX4iiI7I/G0y5BKZFlNDKJPcHEvYmErKtAmnlKVwtXx+nSxTaF/WHMObdqV+m+dRhDM4hwtw4BrqcA8NaAEDhGd4hTdrYr1Y79bHorVg5TOnsALr8wcr2o0J</latexit><latexit sha1_base64="Wyhqn7fgnn2nXaZe9qiI8vxyj88=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXryZgHlAsoTZSW8yZPbBzKwQlnyBJ0FBvPpJnvwbJ5uNmFjQUFR1093lxYIrbdvfVmFjc2t7p7hb2ts/ODwqH5+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yN/c7TygVj8JHPY3RDego5D5nVBup+TAoV+yanYH8J05OKpCjMSh/9YcRSwIMNRNUqZ5jx9pNqdScCZyV+onCmLIJHWHP0JAGqNw0O3RGqkYZEj+SpkJNMvXvREoDpaaBZzoDqsdq3ZuLv151ZZX2b9yUh3GiMWSLTX4iiI7I/G0y5BKZFlNDKJPcHEvYmErKtAmnlKVwtXx+nSxTaF/WHMObdqV+m+dRhDM4hwtw4BrqcA8NaAEDhGd4hTdrYr1Y79bHorVg5TOnsALr8wcr2o0J</latexit>

O′
<latexit sha1_base64="9RoCwNAmyfg/xFam8onzdYMVBsk=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVL0VBIveix68WYV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctkFs+2Dg8d4MM/OCRHBtXPfHWVvf2NzaLuwUd/f2Dw5LR8dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxup37rGZXmsXwy4wT9iA4kDzmjxkqP9+e9UtmtujOQVeLlpAw56r3Sd7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTUrFKn4SxsiUNman/JzIaaT2OAtsZUTPUy95U/PMqC6tMeO1nXCapQcnmm8JUEBOT6d+kzxUyI8aWUKa4PZawIVWUGZtO0abgLf+8SpqXVc/yB7dcu8nzKMApnMEFeHAFNbiDOjSAQQgv8AbvjnBenQ/nc9665uQzJ7AA5+sXhceNKw==</latexit><latexit sha1_base64="9RoCwNAmyfg/xFam8onzdYMVBsk=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVL0VBIveix68WYV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctkFs+2Dg8d4MM/OCRHBtXPfHWVvf2NzaLuwUd/f2Dw5LR8dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxup37rGZXmsXwy4wT9iA4kDzmjxkqP9+e9UtmtujOQVeLlpAw56r3Sd7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTUrFKn4SxsiUNman/JzIaaT2OAtsZUTPUy95U/PMqC6tMeO1nXCapQcnmm8JUEBOT6d+kzxUyI8aWUKa4PZawIVWUGZtO0abgLf+8SpqXVc/yB7dcu8nzKMApnMEFeHAFNbiDOjSAQQgv8AbvjnBenQ/nc9665uQzJ7AA5+sXhceNKw==</latexit><latexit sha1_base64="9RoCwNAmyfg/xFam8onzdYMVBsk=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVL0VBIveix68WYV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctkFs+2Dg8d4MM/OCRHBtXPfHWVvf2NzaLuwUd/f2Dw5LR8dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxup37rGZXmsXwy4wT9iA4kDzmjxkqP9+e9UtmtujOQVeLlpAw56r3Sd7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTUrFKn4SxsiUNman/JzIaaT2OAtsZUTPUy95U/PMqC6tMeO1nXCapQcnmm8JUEBOT6d+kzxUyI8aWUKa4PZawIVWUGZtO0abgLf+8SpqXVc/yB7dcu8nzKMApnMEFeHAFNbiDOjSAQQgv8AbvjnBenQ/nc9665uQzJ7AA5+sXhceNKw==</latexit><latexit sha1_base64="9RoCwNAmyfg/xFam8onzdYMVBsk=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVL0VBIveix68WYV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctkFs+2Dg8d4MM/OCRHBtXPfHWVvf2NzaLuwUd/f2Dw5LR8dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxup37rGZXmsXwy4wT9iA4kDzmjxkqP9+e9UtmtujOQVeLlpAw56r3Sd7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTUrFKn4SxsiUNman/JzIaaT2OAtsZUTPUy95U/PMqC6tMeO1nXCapQcnmm8JUEBOT6d+kzxUyI8aWUKa4PZawIVWUGZtO0abgLf+8SpqXVc/yB7dcu8nzKMApnMEFeHAFNbiDOjSAQQgv8AbvjnBenQ/nc9665uQzJ7AA5+sXhceNKw==</latexit><latexit sha1_base64="brz1bY3gtWpFUMH60LgiDznM3ow=">AAAB6nicZVBNSwMxEJ34WetX1aOXYCl6Krse1GPRizer2A9ol5JNs21oNrskWaEs/QeeBAXx6j/y5L8x3W7F1gcDj/dmmJnnx4Jr4zjfaGV1bX1js7BV3N7Z3dsvHRw2dZQoyho0EpFq+0QzwSVrGG4Ea8eKkdAXrOWPbqZ+64kpzSP5aMYx80IykDzglBgrPdyd9kplp+pkwP+Jm5My5Kj3Sl/dfkSTkElDBdG64zqx8VKiDKeCTYrdRLOY0BEZsI6lkoRMe2l26QRXrNLHQaRsSYMz9e9ESkKtx6FvO0NihnrZm4q/XmVhlQmuvJTLODFM0tmmIBHYRHj6N+5zxagRY0sIVdwei+mQKEKNTaeYpXAxf36ZzFNonlddy++dcu06z6MAx3ACZ+DCJdTgFurQAAoBPMMrvCGBXtA7+pi1rqB85ggWgD5/AIxRjTo=</latexit><latexit sha1_base64="brz1bY3gtWpFUMH60LgiDznM3ow=">AAAB6nicZVBNSwMxEJ34WetX1aOXYCl6Krse1GPRizer2A9ol5JNs21oNrskWaEs/QeeBAXx6j/y5L8x3W7F1gcDj/dmmJnnx4Jr4zjfaGV1bX1js7BV3N7Z3dsvHRw2dZQoyho0EpFq+0QzwSVrGG4Ea8eKkdAXrOWPbqZ+64kpzSP5aMYx80IykDzglBgrPdyd9kplp+pkwP+Jm5My5Kj3Sl/dfkSTkElDBdG64zqx8VKiDKeCTYrdRLOY0BEZsI6lkoRMe2l26QRXrNLHQaRsSYMz9e9ESkKtx6FvO0NihnrZm4q/XmVhlQmuvJTLODFM0tmmIBHYRHj6N+5zxagRY0sIVdwei+mQKEKNTaeYpXAxf36ZzFNonlddy++dcu06z6MAx3ACZ+DCJdTgFurQAAoBPMMrvCGBXtA7+pi1rqB85ggWgD5/AIxRjTo=</latexit> (P, P ′)

<latexit sha1_base64="IFZNCqXE7XhxMaQKio8QkM7voZ4=">AAAB73icZVDLSgNBEOyJrxhfUY9ehoRgBAm7XvQY9OJxBfOAZAmzk9lkyOzsOjMrhCUf4UlQkFz9Hk/+jZMHYkxBQ1HVTXdXkAiujeN8o9zG5tb2Tn63sLd/cHhUPD5p6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3c381jNTmsfy0YwT5kdkIHnIKTFWalW9S+ydX/SKZafmzIHXibsk5XoJclMA8HrFr24/pmnEpKGCaN1xncT4GVGGU8EmhW6qWULoiAxYx1JJIqb9bH7uBFes0sdhrGxJg+fq34mMRFqPo8B2RsQM9X9vJv56lZVVJrzxMy6T1DBJF5vCVGAT49nzuM8Vo0aMLSFUcXsspkOiCDU2ooJNwf3/8zppXtVcyx9sHLewQB7OoARVcOEa6nAPHjSAwghe4A3e0RN6RR9oumjNoeXMKawAff4ADBSPTw==</latexit><latexit sha1_base64="ulIm3XlWxG08M47RmYqljraYOHY=">AAAB73icZVDLSgNBEOyNrxhfUcGLHoaEYAQJu170GPTicQXzgGQJs5PZZMjs7DozK4QlH+FJUFCvHv0WT/6NkwdikoKGoqqb7i4/5kxp2/6xMiura+sb2c3c1vbO7l5+/6CuokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wM/Ybj1QqFol7PYypF+KeYAEjWBupUXbPkXt61skX7Yo9AVomzowUqwXIvB99nbid/He7G5EkpEITjpVqOXasvRRLzQino1w7UTTGZIB7tGWowCFVXjo5d4RKRumiIJKmhEYT9f9EikOlhqFvOkOs+2rRG4t/XmlulQ6uvJSJONFUkOmmIOFIR2j8POoySYnmQ0Mwkcwci0gfS0y0iShnUnAWf14m9YuKY/idieMapsjCMRSgDA5cQhVuwYUaEBjAE7zAq/VgPVtv1se0NWPNZg5hDtbnLzrpkDE=</latexit><latexit sha1_base64="ulIm3XlWxG08M47RmYqljraYOHY=">AAAB73icZVDLSgNBEOyNrxhfUcGLHoaEYAQJu170GPTicQXzgGQJs5PZZMjs7DozK4QlH+FJUFCvHv0WT/6NkwdikoKGoqqb7i4/5kxp2/6xMiura+sb2c3c1vbO7l5+/6CuokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wM/Ybj1QqFol7PYypF+KeYAEjWBupUXbPkXt61skX7Yo9AVomzowUqwXIvB99nbid/He7G5EkpEITjpVqOXasvRRLzQino1w7UTTGZIB7tGWowCFVXjo5d4RKRumiIJKmhEYT9f9EikOlhqFvOkOs+2rRG4t/XmlulQ6uvJSJONFUkOmmIOFIR2j8POoySYnmQ0Mwkcwci0gfS0y0iShnUnAWf14m9YuKY/idieMapsjCMRSgDA5cQhVuwYUaEBjAE7zAq/VgPVtv1se0NWPNZg5hDtbnLzrpkDE=</latexit><latexit sha1_base64="ulIm3XlWxG08M47RmYqljraYOHY=">AAAB73icZVDLSgNBEOyNrxhfUcGLHoaEYAQJu170GPTicQXzgGQJs5PZZMjs7DozK4QlH+FJUFCvHv0WT/6NkwdikoKGoqqb7i4/5kxp2/6xMiura+sb2c3c1vbO7l5+/6CuokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wM/Ybj1QqFol7PYypF+KeYAEjWBupUXbPkXt61skX7Yo9AVomzowUqwXIvB99nbid/He7G5EkpEITjpVqOXasvRRLzQino1w7UTTGZIB7tGWowCFVXjo5d4RKRumiIJKmhEYT9f9EikOlhqFvOkOs+2rRG4t/XmlulQ6uvJSJONFUkOmmIOFIR2j8POoySYnmQ0Mwkcwci0gfS0y0iShnUnAWf14m9YuKY/idieMapsjCMRSgDA5cQhVuwYUaEBjAE7zAq/VgPVtv1se0NWPNZg5hDtbnLzrpkDE=</latexit><latexit sha1_base64="0V39gn7QyO+6kduufF02qUMGeb4=">AAAB73icZVDLSgNBEOyNrxhfUcGLHoaEYAQJux7UY9CLxxXMA5IlzE5mkyGzD2dmhbDkIzwJCurVo9/iyb9xsknExIKGoqqb7i434kwq0/w2MkvLK6tr2fXcxubW9k5+d68uw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7geuw3HqiQLAzu1DCijo97AfMYwUpLjbJ9iuzjk06+aFbMFOg/saakWC1A5u3g88ju5L/a3ZDEPg0U4VjKlmVGykmwUIxwOsq1Y0kjTAa4R1uaBtin0knSc0eopJUu8kKhK1AoVf9OJNiXcui7utPHqi8XvbH465XmVinv0klYEMWKBmSyyYs5UiEaP4+6TFCi+FATTATTxyLSxwITpSPKpSmcz55fJLMU6mcVS/NbHccVTJCFQyhAGSy4gCrcgA01IDCAR3iGF+PeeDJejfdJa8aYzuzDHIyPH0FzkEA=</latexit><latexit sha1_base64="GAqLYfkmupobD46ngfpkT4CvmmI=">AAAB73icZVBNS8NAEJ3Ur1q/qh69LJZiBSmJB/VY9OIxgv2ANpTNdtMu3Wzi7kYooT/Ck6AgXv09nvw3btNUrD4YeLw3w8w8P+ZMadv+sgorq2vrG8XN0tb2zu5eef+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fDPz249UKhaJez2JqRfioWABI1gbqV1zz5B7ctovV+y6nQH9J05OKpDD7Zc/e4OIJCEVmnCsVNexY+2lWGpGOJ2WeomiMSZjPKRdQwUOqfLS7NwpqhplgIJImhIaZerviRSHSk1C33SGWI/UX28m/njVpVU6uPJSJuJEU0Hmm4KEIx2h2fNowCQlmk8MwUQycywiIywx0SaiUpbCxeL5v2SRQuu87hh+Z1ca13keRTiCY6iBA5fQgFtwoQkExvAEL/BqPVjP1pv1Pm8tWPnMISzB+vgGsrSOWg==</latexit>

(+,+)
<latexit sha1_base64="WGyg7mTu6apeEdQG4hxm6SSJfkc=">AAAB7XicZVBNSwMxEJ2tX7V+VT16CS2FSkV2veix6MVjBbcttEvJptk2NJssSVYoS3+DJ0FBxJs/yJP/xvQDse2Dgcd7M8zMCxPOtHHdHye3sbm1vZPfLeztHxweFY9PmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qu1i9p5r1h2L90Z0DrxFqRcL0HuEwAaveJ3ty9JGlNhCMdadzw3MUGGlWGE00mhm2qaYDLCA9qxVOCY6iCbHTtBFav0USSVLWHQTP0/keFY63Ec2s4Ym6Fe9abin1dZWmWimyBjIkkNFWS+KUo5MhJNX0d9pigxfGwJJorZYxEZYoWJsQEVbAre6s/rpHl16Vn+YOO4hTnycAYlqIIH11CHe2iADwQYPMMrvDnSeXHenY95a85ZzJzCEpyvX+MSjqo=</latexit><latexit sha1_base64="Egv0ZRzQmIxa64F+oNnOItou9xY=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQqVSEi96LHrxWMG0hTaUzXbTLt3sht2NUEJ/gydBQfTo2d/iyX/j9gOx7YOBx3szzMwLYkaVdpwfK7O2vrG5ld3O7ezu7R/kD48aSiQSEw8LJmQrQIowyomnqWakFUuCooCRZjC8nfjNRyIVFfxBj2LiR6jPaUgx0kbyypWLynk3X3SqzhT2KnHnpFgrQObj5Ous3s1/d3oCJxHhGjOkVNt1Yu2nSGqKGRnnOokiMcJD1CdtQzmKiPLT6bFju2SUnh0KaYpre6r+n0hRpNQoCkxnhPRALXsT8c8rLazS4bWfUh4nmnA82xQmzNbCnrxu96gkWLORIQhLao618QBJhLUJKGdScJd/XiWNy6pr+L2J4wZmyMIpFKAMLlxBDe6gDh5goPAEL/BqCevZerPeZ60Zaz5zDAuwPn8BEfaPjA==</latexit><latexit sha1_base64="Egv0ZRzQmIxa64F+oNnOItou9xY=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQqVSEi96LHrxWMG0hTaUzXbTLt3sht2NUEJ/gydBQfTo2d/iyX/j9gOx7YOBx3szzMwLYkaVdpwfK7O2vrG5ld3O7ezu7R/kD48aSiQSEw8LJmQrQIowyomnqWakFUuCooCRZjC8nfjNRyIVFfxBj2LiR6jPaUgx0kbyypWLynk3X3SqzhT2KnHnpFgrQObj5Ous3s1/d3oCJxHhGjOkVNt1Yu2nSGqKGRnnOokiMcJD1CdtQzmKiPLT6bFju2SUnh0KaYpre6r+n0hRpNQoCkxnhPRALXsT8c8rLazS4bWfUh4nmnA82xQmzNbCnrxu96gkWLORIQhLao618QBJhLUJKGdScJd/XiWNy6pr+L2J4wZmyMIpFKAMLlxBDe6gDh5goPAEL/BqCevZerPeZ60Zaz5zDAuwPn8BEfaPjA==</latexit><latexit sha1_base64="Egv0ZRzQmIxa64F+oNnOItou9xY=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQqVSEi96LHrxWMG0hTaUzXbTLt3sht2NUEJ/gydBQfTo2d/iyX/j9gOx7YOBx3szzMwLYkaVdpwfK7O2vrG5ld3O7ezu7R/kD48aSiQSEw8LJmQrQIowyomnqWakFUuCooCRZjC8nfjNRyIVFfxBj2LiR6jPaUgx0kbyypWLynk3X3SqzhT2KnHnpFgrQObj5Ous3s1/d3oCJxHhGjOkVNt1Yu2nSGqKGRnnOokiMcJD1CdtQzmKiPLT6bFju2SUnh0KaYpre6r+n0hRpNQoCkxnhPRALXsT8c8rLazS4bWfUh4nmnA82xQmzNbCnrxu96gkWLORIQhLao618QBJhLUJKGdScJd/XiWNy6pr+L2J4wZmyMIpFKAMLlxBDe6gDh5goPAEL/BqCevZerPeZ60Zaz5zDAuwPn8BEfaPjA==</latexit><latexit sha1_base64="Wz20aYmJQ3WeyYZSd6wCihrZ5Pc=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQqVSEg/qsejFYwXTFtpQNttNu3SzCbsboYT+Bk+CgujRs7/Fk//GbdqKrQ8GHu/NMDPPixiVyrK+jczK6tr6RnYzt7W9s7uX3z9oyDAWmDg4ZKFoeUgSRjlxFFWMtCJBUOAx0vSGNxO/+UCEpCG/V6OIuAHqc+pTjJSWnHLlrHLazRetqpXC/E/sGSnWCpB5P/o8qXfzX51eiOOAcIUZkrJtW5FyEyQUxYyMc51YkgjhIeqTtqYcBUS6SXrs2CxppWf6odDFlZmqfycSFEg5CjzdGSA1kMveRPz1SgurlH/lJpRHsSIcTzf5MTNVaE5eN3tUEKzYSBOEBdXHmniABMJKB5RLU7iYP79M5ik0zqu25nc6jmuYIgvHUIAy2HAJNbiFOjiAgcIjPMOLERpPxqvxNm3NGLOZQ1iA8fEDGICPmw==</latexit><latexit sha1_base64="mZtpXU8YvY0imvmb3mciDzeRsJw=">AAAB7XicZVBNS8NAEJ3Ur1q/qh69BEuhUimJB/VY9OKxgqmFNpTNdtMu3eyG3Y1QQn+DJ0FBvPqDPPlv3Kap2Ppg4PHeDDPzgphRpR3n2yqsrW9sbhW3Szu7e/sH5cOjthKJxMTDggnZCZAijHLiaaoZ6cSSoChg5DEY3878xyciFRX8QU9i4kdoyGlIMdJG8mr18/pZv1xxGk4G+z9xc1KBHK1++as3EDiJCNeYIaW6rhNrP0VSU8zItNRLFIkRHqMh6RrKUUSUn2bHTu2qUQZ2KKQpru1M/TuRokipSRSYzgjpkVr1ZuKvV11apcNrP6U8TjTheL4pTJithT173R5QSbBmE0MQltQca+MRkghrE1ApS+Fy8fwqWaTQvmi4ht87leZNnkcRTuAUauDCFTThDlrgAQYKz/AKb5awXqx362PeWrDymWNYgvX5A4nBjbU=</latexit>

(+,−)
<latexit sha1_base64="lblGfrhCbO8WsJGH6pEUrtPVJDY=">AAAB7XicZVDLSgNBEOyNrxhfUY9ehoRAxAe7XvQY9OIxgpsEkiXMTmaTIbMzy8ysEJZ8gydBQcSbH+TJv3HyQExS0FBUddPdFSacaeO6P05ubX1jcyu/XdjZ3ds/KB4eNbRMFaE+kVyqVog15UxQ3zDDaStRFMchp81weDfxm09UaSbFoxklNIhxX7CIEWys5FfPzi9Ou8Wye+lOgVaJNyflWglynwBQ7xa/Oz1J0pgKQzjWuu25iQkyrAwjnI4LnVTTBJMh7tO2pQLHVAfZ9NgxqlilhyKpbAmDpur/iQzHWo/i0HbG2Az0sjcR/7zKwioT3QQZE0lqqCCzTVHKkZFo8jrqMUWJ4SNLMFHMHovIACtMjA2oYFPwln9eJY2rS8/yBxvHLcyQhxMoQRU8uIYa3EMdfCDA4Ble4c2Rzovz7nzMWnPOfOYYFuB8/QLmHo6s</latexit><latexit sha1_base64="F80H2VGG+xfFVyYJDWKsyPb1aBs=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPSwthYpaEi96LHrxWMG0hTaUzXbTLt1kw+5GKKG/wZOgIHr07G/x5L9x+4HY9sHA470ZZub5MWdK2/aPlVlZXVvfyG7mtrZ3dvfy+wd1JRJJqEsEF7LpY0U5i6irmea0GUuKQ5/Thj+4HfuNRyoVE9GDHsbUC3EvYgEjWBvJLZ+dX5x28kW7Yk+AlokzI8VqATIfR18ntU7+u90VJAlppAnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMjTCIVVeOjl2hEpG6aJASFORRhP1/0SKQ6WGoW86Q6z7atEbi39eaW6VDq69lEVxomlEppuChCMt0Ph11GWSEs2HhmAimTkWkT6WmGgTUM6k4Cz+vEzqlxXH8HsTxw1MkYVjKEAZHLiCKtxBDVwgwOAJXuDVEtaz9Wa9T1sz1mzmEOZgff4CFQKPjg==</latexit><latexit sha1_base64="F80H2VGG+xfFVyYJDWKsyPb1aBs=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPSwthYpaEi96LHrxWMG0hTaUzXbTLt1kw+5GKKG/wZOgIHr07G/x5L9x+4HY9sHA470ZZub5MWdK2/aPlVlZXVvfyG7mtrZ3dvfy+wd1JRJJqEsEF7LpY0U5i6irmea0GUuKQ5/Thj+4HfuNRyoVE9GDHsbUC3EvYgEjWBvJLZ+dX5x28kW7Yk+AlokzI8VqATIfR18ntU7+u90VJAlppAnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMjTCIVVeOjl2hEpG6aJASFORRhP1/0SKQ6WGoW86Q6z7atEbi39eaW6VDq69lEVxomlEppuChCMt0Ph11GWSEs2HhmAimTkWkT6WmGgTUM6k4Cz+vEzqlxXH8HsTxw1MkYVjKEAZHLiCKtxBDVwgwOAJXuDVEtaz9Wa9T1sz1mzmEOZgff4CFQKPjg==</latexit><latexit sha1_base64="F80H2VGG+xfFVyYJDWKsyPb1aBs=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPSwthYpaEi96LHrxWMG0hTaUzXbTLt1kw+5GKKG/wZOgIHr07G/x5L9x+4HY9sHA470ZZub5MWdK2/aPlVlZXVvfyG7mtrZ3dvfy+wd1JRJJqEsEF7LpY0U5i6irmea0GUuKQ5/Thj+4HfuNRyoVE9GDHsbUC3EvYgEjWBvJLZ+dX5x28kW7Yk+AlokzI8VqATIfR18ntU7+u90VJAlppAnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMjTCIVVeOjl2hEpG6aJASFORRhP1/0SKQ6WGoW86Q6z7atEbi39eaW6VDq69lEVxomlEppuChCMt0Ph11GWSEs2HhmAimTkWkT6WmGgTUM6k4Cz+vEzqlxXH8HsTxw1MkYVjKEAZHLiCKtxBDVwgwOAJXuDVEtaz9Wa9T1sz1mzmEOZgff4CFQKPjg==</latexit><latexit sha1_base64="gFrZ6XRRnzEOe0SqcrbSpAhZ4VQ=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQkUtiQf1WPTisYJpC20om+2mXbrJht2NUEJ/gydBQfTo2d/iyX/jNm3F1gcDj/dmmJnnRYxKZVnfRmZpeWV1Lbue29jc2t7J7+7VJY8FJg7mjIumhyRhNCSOooqRZiQICjxGGt7gZuw3HoiQlIf3ahgRN0C9kPoUI6Ulp3xyenbcyRetipXC/E/sKSlWC5B5P/g8qnXyX+0ux3FAQoUZkrJlW5FyEyQUxYyMcu1YkgjhAeqRlqYhCoh0k/TYkVnSStf0udAVKjNV/04kKJByGHi6M0CqLxe9sfjrleZWKf/KTWgYxYqEeLLJj5mpuDl+3exSQbBiQ00QFlQfa+I+EggrHVAuTeFi9vwimaVQP6/Ymt/pOK5hgiwcQgHKYMMlVOEWauAABgqP8AwvBjeejFfjbdKaMaYz+zAH4+MHG4yPnQ==</latexit><latexit sha1_base64="lw8sj/yHt3LvARQNyc25QeqPFMo=">AAAB7XicZVBNS8NAEJ3Ur1q/qh69LJZCxQ8SD+qx6MVjBdMW2lA22027dJMNuxuhhP4GT4KCePUHefLfuE1TsfXBwOO9GWbm+TFnStv2t1VYWV1b3yhulra2d3b3yvsHTSUSSahLBBey7WNFOYuoq5nmtB1LikOf05Y/upv6rScqFRPRox7H1AvxIGIBI1gbya2dnp2f9MoV+8LOgP4TJycVyNHolb+6fUGSkEaacKxUx7Fj7aVYakY4nZS6iaIxJiM8oB1DIxxS5aXZsRNUNUofBUKaijTK1L8TKQ6VGoe+6QyxHqplbyr+etWFVTq48VIWxYmmEZltChKOtEDT11GfSUo0HxuCiWTmWESGWGKiTUClLIWr+fPLZJ5C8/LCMfzBrtRv8zyKcATHUAMHrqEO99AAFwgweIZXeLOE9WK9Wx+z1oKVzxzCAqzPH4zNjbc=</latexit>

(−,+)
<latexit sha1_base64="Nz0ICt58b0n/USlx4OPLgtvGyh8=">AAAB7XicZVDLSgNBEOyNrxhfUY9ehoRAxAe7XvQY9OIxgpsEkiXMTmaTIbMzy8ysEJZ8gydBQcSbH+TJv3HyQExS0FBUddPdFSacaeO6P05ubX1jcyu/XdjZ3ds/KB4eNbRMFaE+kVyqVog15UxQ3zDDaStRFMchp81weDfxm09UaSbFoxklNIhxX7CIEWys5Fcvzs9Ou8Wye+lOgVaJNyflWglynwBQ7xa/Oz1J0pgKQzjWuu25iQkyrAwjnI4LnVTTBJMh7tO2pQLHVAfZ9NgxqlilhyKpbAmDpur/iQzHWo/i0HbG2Az0sjcR/7zKwioT3QQZE0lqqCCzTVHKkZFo8jrqMUWJ4SNLMFHMHovIACtMjA2oYFPwln9eJY2rS8/yBxvHLcyQhxMoQRU8uIYa3EMdfCDA4Ble4c2Rzovz7nzMWnPOfOYYFuB8/QLmIo6s</latexit><latexit sha1_base64="uC1ewobppDVzcaJFKngQDUg7vRA=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPSwthYpaEi96LHrxWMG0hTaUzXbTLt1kw+5GKKG/wZOgIHr07G/x5L9x+4HY9sHA470ZZub5MWdK2/aPlVlZXVvfyG7mtrZ3dvfy+wd1JRJJqEsEF7LpY0U5i6irmea0GUuKQ5/Thj+4HfuNRyoVE9GDHsbUC3EvYgEjWBvJLV+cn5128kW7Yk+AlokzI8VqATIfR18ntU7+u90VJAlppAnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMjTCIVVeOjl2hEpG6aJASFORRhP1/0SKQ6WGoW86Q6z7atEbi39eaW6VDq69lEVxomlEppuChCMt0Ph11GWSEs2HhmAimTkWkT6WmGgTUM6k4Cz+vEzqlxXH8HsTxw1MkYVjKEAZHLiCKtxBDVwgwOAJXuDVEtaz9Wa9T1sz1mzmEOZgff4CFQaPjg==</latexit><latexit sha1_base64="uC1ewobppDVzcaJFKngQDUg7vRA=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPSwthYpaEi96LHrxWMG0hTaUzXbTLt1kw+5GKKG/wZOgIHr07G/x5L9x+4HY9sHA470ZZub5MWdK2/aPlVlZXVvfyG7mtrZ3dvfy+wd1JRJJqEsEF7LpY0U5i6irmea0GUuKQ5/Thj+4HfuNRyoVE9GDHsbUC3EvYgEjWBvJLV+cn5128kW7Yk+AlokzI8VqATIfR18ntU7+u90VJAlppAnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMjTCIVVeOjl2hEpG6aJASFORRhP1/0SKQ6WGoW86Q6z7atEbi39eaW6VDq69lEVxomlEppuChCMt0Ph11GWSEs2HhmAimTkWkT6WmGgTUM6k4Cz+vEzqlxXH8HsTxw1MkYVjKEAZHLiCKtxBDVwgwOAJXuDVEtaz9Wa9T1sz1mzmEOZgff4CFQaPjg==</latexit><latexit sha1_base64="uC1ewobppDVzcaJFKngQDUg7vRA=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPSwthYpaEi96LHrxWMG0hTaUzXbTLt1kw+5GKKG/wZOgIHr07G/x5L9x+4HY9sHA470ZZub5MWdK2/aPlVlZXVvfyG7mtrZ3dvfy+wd1JRJJqEsEF7LpY0U5i6irmea0GUuKQ5/Thj+4HfuNRyoVE9GDHsbUC3EvYgEjWBvJLV+cn5128kW7Yk+AlokzI8VqATIfR18ntU7+u90VJAlppAnHSrUcO9ZeiqVmhNNRrp0oGmMywD3aMjTCIVVeOjl2hEpG6aJASFORRhP1/0SKQ6WGoW86Q6z7atEbi39eaW6VDq69lEVxomlEppuChCMt0Ph11GWSEs2HhmAimTkWkT6WmGgTUM6k4Cz+vEzqlxXH8HsTxw1MkYVjKEAZHLiCKtxBDVwgwOAJXuDVEtaz9Wa9T1sz1mzmEOZgff4CFQaPjg==</latexit><latexit sha1_base64="kOyP5qToLId3ru7dRYwoD8p987Y=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQkUtiQf1WPTisYJpC20om+2mXbrJht2NUEJ/gydBQfTo2d/iyX/jNm3F1gcDj/dmmJnnRYxKZVnfRmZpeWV1Lbue29jc2t7J7+7VJY8FJg7mjIumhyRhNCSOooqRZiQICjxGGt7gZuw3HoiQlIf3ahgRN0C9kPoUI6Ulp3x2enLcyRetipXC/E/sKSlWC5B5P/g8qnXyX+0ux3FAQoUZkrJlW5FyEyQUxYyMcu1YkgjhAeqRlqYhCoh0k/TYkVnSStf0udAVKjNV/04kKJByGHi6M0CqLxe9sfjrleZWKf/KTWgYxYqEeLLJj5mpuDl+3exSQbBiQ00QFlQfa+I+EggrHVAuTeFi9vwimaVQP6/Ymt/pOK5hgiwcQgHKYMMlVOEWauAABgqP8AwvBjeejFfjbdKaMaYz+zAH4+MHG5CPnQ==</latexit><latexit sha1_base64="i27eU1+sA8eUXNoKYtVzcMHiwQY=">AAAB7XicZVBNS8NAEJ3Ur1q/qh69LJZCxQ8SD+qx6MVjBdMW2lA22027dJMNuxuhhP4GT4KCePUHefLfuE1TsfXBwOO9GWbm+TFnStv2t1VYWV1b3yhulra2d3b3yvsHTSUSSahLBBey7WNFOYuoq5nmtB1LikOf05Y/upv6rScqFRPRox7H1AvxIGIBI1gbya2dn52e9MoV+8LOgP4TJycVyNHolb+6fUGSkEaacKxUx7Fj7aVYakY4nZS6iaIxJiM8oB1DIxxS5aXZsRNUNUofBUKaijTK1L8TKQ6VGoe+6QyxHqplbyr+etWFVTq48VIWxYmmEZltChKOtEDT11GfSUo0HxuCiWTmWESGWGKiTUClLIWr+fPLZJ5C8/LCMfzBrtRv8zyKcATHUAMHrqEO99AAFwgweIZXeLOE9WK9Wx+z1oKVzxzCAqzPH4zRjbc=</latexit>

(−,−)
<latexit sha1_base64="RbedDMmaqaF4Zv/8Ey0AWdEsNgw=">AAAB7XicZVBNSwMxEJ2tX7V+VT16CS2FClZ2veix6MVjBbcttEvJptk2NJssSVYoS3+DJ0FBxJs/yJP/xvQDse2Dgcd7M8zMCxPOtHHdHye3sbm1vZPfLeztHxweFY9PmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qu1i9p5r1h2L90Z0DrxFqRcL0HuEwAaveJ3ty9JGlNhCMdadzw3MUGGlWGE00mhm2qaYDLCA9qxVOCY6iCbHTtBFav0USSVLWHQTP0/keFY63Ec2s4Ym6Fe9abin1dZWmWimyBjIkkNFWS+KUo5MhJNX0d9pigxfGwJJorZYxEZYoWJsQEVbAre6s/rpHl16Vn+YOO4hTnycAYlqIIH11CHe2iADwQYPMMrvDnSeXHenY95a85ZzJzCEpyvX+kujq4=</latexit><latexit sha1_base64="AoPl7xadTbC5+G4ij3jmeVAj8Nw=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQgVbEi96LHrxWMG0hTaUzXbTLt3sht2NUEJ/gydBQfTo2d/iyX/j9gOx7YOBx3szzMwLYkaVdpwfK7O2vrG5ld3O7ezu7R/kD48aSiQSEw8LJmQrQIowyomnqWakFUuCooCRZjC8nfjNRyIVFfxBj2LiR6jPaUgx0kbyypWLynk3X3SqzhT2KnHnpFgrQObj5Ous3s1/d3oCJxHhGjOkVNt1Yu2nSGqKGRnnOokiMcJD1CdtQzmKiPLT6bFju2SUnh0KaYpre6r+n0hRpNQoCkxnhPRALXsT8c8rLazS4bWfUh4nmnA82xQmzNbCnrxu96gkWLORIQhLao618QBJhLUJKGdScJd/XiWNy6pr+L2J4wZmyMIpFKAMLlxBDe6gDh5goPAEL/BqCevZerPeZ60Zaz5zDAuwPn8BGBKPkA==</latexit><latexit sha1_base64="AoPl7xadTbC5+G4ij3jmeVAj8Nw=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQgVbEi96LHrxWMG0hTaUzXbTLt3sht2NUEJ/gydBQfTo2d/iyX/j9gOx7YOBx3szzMwLYkaVdpwfK7O2vrG5ld3O7ezu7R/kD48aSiQSEw8LJmQrQIowyomnqWakFUuCooCRZjC8nfjNRyIVFfxBj2LiR6jPaUgx0kbyypWLynk3X3SqzhT2KnHnpFgrQObj5Ous3s1/d3oCJxHhGjOkVNt1Yu2nSGqKGRnnOokiMcJD1CdtQzmKiPLT6bFju2SUnh0KaYpre6r+n0hRpNQoCkxnhPRALXsT8c8rLazS4bWfUh4nmnA82xQmzNbCnrxu96gkWLORIQhLao618QBJhLUJKGdScJd/XiWNy6pr+L2J4wZmyMIpFKAMLlxBDe6gDh5goPAEL/BqCevZerPeZ60Zaz5zDAuwPn8BGBKPkA==</latexit><latexit sha1_base64="AoPl7xadTbC5+G4ij3jmeVAj8Nw=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQgVbEi96LHrxWMG0hTaUzXbTLt3sht2NUEJ/gydBQfTo2d/iyX/j9gOx7YOBx3szzMwLYkaVdpwfK7O2vrG5ld3O7ezu7R/kD48aSiQSEw8LJmQrQIowyomnqWakFUuCooCRZjC8nfjNRyIVFfxBj2LiR6jPaUgx0kbyypWLynk3X3SqzhT2KnHnpFgrQObj5Ous3s1/d3oCJxHhGjOkVNt1Yu2nSGqKGRnnOokiMcJD1CdtQzmKiPLT6bFju2SUnh0KaYpre6r+n0hRpNQoCkxnhPRALXsT8c8rLazS4bWfUh4nmnA82xQmzNbCnrxu96gkWLORIQhLao618QBJhLUJKGdScJd/XiWNy6pr+L2J4wZmyMIpFKAMLlxBDe6gDh5goPAEL/BqCevZerPeZ60Zaz5zDAuwPn8BGBKPkA==</latexit><latexit sha1_base64="QymuVuJcsWFkXDXAsmYTQzIAMa0=">AAAB7XicZVBNS8NAEJ3Ur1q/qoIXPYSWQgVbEg/qsejFYwXTFtpQNttNu3SzCbsboYT+Bk+CgujRs7/Fk//GbdqKrQ8GHu/NMDPPixiVyrK+jczK6tr6RnYzt7W9s7uX3z9oyDAWmDg4ZKFoeUgSRjlxFFWMtCJBUOAx0vSGNxO/+UCEpCG/V6OIuAHqc+pTjJSWnHLlrHLazRetqpXC/E/sGSnWCpB5P/o8qXfzX51eiOOAcIUZkrJtW5FyEyQUxYyMc51YkgjhIeqTtqYcBUS6SXrs2CxppWf6odDFlZmqfycSFEg5CjzdGSA1kMveRPz1SgurlH/lJpRHsSIcTzf5MTNVaE5eN3tUEKzYSBOEBdXHmniABMJKB5RLU7iYP79M5ik0zqu25nc6jmuYIgvHUIAy2HAJNbiFOjiAgcIjPMOLERpPxqvxNm3NGLOZQ1iA8fEDHpyPnw==</latexit><latexit sha1_base64="8MvDz5Q5LESUHNCMtrSiyOMxftU=">AAAB7XicZVBNS8NAEJ3Ur1q/qh69LJZCBVsSD+qx6MVjBVMLbSib7aZdutmE3Y1QQn+DJ0FBvPqDPPlv3Kap2Ppg4PHeDDPz/JgzpW372yqsrW9sbhW3Szu7e/sH5cOjtooSSahLIh7Jjo8V5UxQVzPNaSeWFIc+p4/++HbmPz5RqVgkHvQkpl6Ih4IFjGBtJLdWP6+f9csVu2FnQP+Jk5MK5Gj1y1+9QUSSkApNOFaq69ix9lIsNSOcTku9RNEYkzEe0q6hAodUeWl27BRVjTJAQSRNCY0y9e9EikOlJqFvOkOsR2rVm4m/XnVplQ6uvZSJONFUkPmmIOFIR2j2OhowSYnmE0Mwkcwci8gIS0y0CaiUpXC5eH6VLFJoXzQcw+/tSvMmz6MIJ3AKNXDgCppwBy1wgQCDZ3iFNyuyXqx362PeWrDymWNYgvX5A4/djbk=</latexit>

2n/R
<latexit sha1_base64="bCIhZJw68ZV7Dj0xweCVa4Or59M=">AAAB7nicZVDLSgNBEOyNrxhfUY9ehoSAp7ibix6DXjxGMQ9IljA76SRjZmeXmVkhLPkHT4KC6NH/8eTfOHkgJiloKKq66e4KYsG1cd0fJ7OxubW9k93N7e0fHB7lj08aOkoUwzqLRKRaAdUouMS64UZgK1ZIw0BgMxjdTP3mEyrNI/lgxjH6IR1I3ueMGis1KpJckPtuvuiW3RnIOvEWpFgtQOYTAGrd/HenF7EkRGmYoFq3PTc2fkqV4UzgJNdJNMaUjegA25ZKGqL209m1E1KySo/0I2VLGjJT/0+kNNR6HAa2M6RmqFe9qfjnlZZWmf6Vn3IZJwYlm2/qJ4KYiEx/Jz2ukBkxtoQyxe2xhA2poszYhHI2BW/153XSqJQ9y+9sHNcwRxbOoADn4MElVOEWalAHBo/wDK/w5sTOi/PufMxbM85i5hSW4Hz9AuHAj0I=</latexit><latexit sha1_base64="wOauvYzS9KXNqhjrr43iH8l+h4o=">AAAB7nicZVDLSgNBEOyNrxhfUcGLHoaEgKe4m4seg148RjEPSJYwO5lNxszOLDOzQljyD54EBcnVq9/iyb9x8kBMLGgoqrrp7gpizrRx3W8ns7a+sbmV3c7t7O7tH+QPjxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfBm6jefqNJMigcziqkf4b5gISPYWKlREegC3XfzRbfszoD+E29BitUCZCYnn2e1bv6r05MkiagwhGOt254bGz/FyjDC6TjXSTSNMRniPm1bKnBEtZ/Orh2jklV6KJTKljBopv6dSHGk9SgKbGeEzUCvelPx1ystrTLhlZ8yESeGCjLfFCYcGYmmv6MeU5QYPrIEE8XssYgMsMLE2IRyNgVv9ef/pFEpe5bf2TiuYY4snEIBzsGDS6jCLdSgDgQe4Rle4c2JnRfn3ZnMWzPOYuYYluB8/AAQpJAk</latexit><latexit sha1_base64="wOauvYzS9KXNqhjrr43iH8l+h4o=">AAAB7nicZVDLSgNBEOyNrxhfUcGLHoaEgKe4m4seg148RjEPSJYwO5lNxszOLDOzQljyD54EBcnVq9/iyb9x8kBMLGgoqrrp7gpizrRx3W8ns7a+sbmV3c7t7O7tH+QPjxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfBm6jefqNJMigcziqkf4b5gISPYWKlREegC3XfzRbfszoD+E29BitUCZCYnn2e1bv6r05MkiagwhGOt254bGz/FyjDC6TjXSTSNMRniPm1bKnBEtZ/Orh2jklV6KJTKljBopv6dSHGk9SgKbGeEzUCvelPx1ystrTLhlZ8yESeGCjLfFCYcGYmmv6MeU5QYPrIEE8XssYgMsMLE2IRyNgVv9ef/pFEpe5bf2TiuYY4snEIBzsGDS6jCLdSgDgQe4Rle4c2JnRfn3ZnMWzPOYuYYluB8/AAQpJAk</latexit><latexit sha1_base64="wOauvYzS9KXNqhjrr43iH8l+h4o=">AAAB7nicZVDLSgNBEOyNrxhfUcGLHoaEgKe4m4seg148RjEPSJYwO5lNxszOLDOzQljyD54EBcnVq9/iyb9x8kBMLGgoqrrp7gpizrRx3W8ns7a+sbmV3c7t7O7tH+QPjxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfBm6jefqNJMigcziqkf4b5gISPYWKlREegC3XfzRbfszoD+E29BitUCZCYnn2e1bv6r05MkiagwhGOt254bGz/FyjDC6TjXSTSNMRniPm1bKnBEtZ/Orh2jklV6KJTKljBopv6dSHGk9SgKbGeEzUCvelPx1ystrTLhlZ8yESeGCjLfFCYcGYmmv6MeU5QYPrIEE8XssYgMsMLE2IRyNgVv9ef/pFEpe5bf2TiuYY4snEIBzsGDS6jCLdSgDgQe4Rle4c2JnRfn3ZnMWzPOYuYYluB8/AAQpJAk</latexit><latexit sha1_base64="ZjBQ/ppKJrR1MB0+xy6LhBbazfE=">AAAB7nicZVBNS8NAEJ3Ur1q/qoIXPSwtBU816UE9Fr14rGI/oA1ls920q5tN2N0IJfQ/eBIUpFev/hZP/hu3aSu2Phh4vDfDzDwv4kxp2/62Miura+sb2c3c1vbO7l5+/6ChwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTe/xeuI3n6hULBT3ehhRN8B9wXxGsDZSoyLQGbrr5ot22U6B/hNnRorVAmTGR58ntW7+q9MLSRxQoQnHSrUdO9JugqVmhNNRrhMrGmHyiPu0bajAAVVukl47QiWj9JAfSlNCo1T9O5HgQKlh4JnOAOuBWvYm4q9XWlil/Us3YSKKNRVkusmPOdIhmvyOekxSovnQEEwkM8ciMsASE20SyqUpnM+fXybzFBqVsmP4rYnjCqbIwjEU4BQcuIAq3EAN6kDgAZ7hFd6syHqx3q3xtDVjzWYOYQHWxw8XLpAz</latexit><latexit sha1_base64="NZNoovNKadMdGGPBOjO6N08G4+A=">AAAB7nicZVBNS8NAEJ3Ur1q/oh69LJaCp5r0oB6LXjxWsR/QhrLZbtq1m03Y3Qgl9D94EhTEq//Hk//GbZqKrQ8GHu/NMDPPjzlT2nG+rcLa+sbmVnG7tLO7t39gHx61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pb2Z++4lKxSLxoCcx9UI8FCxgBGsjtWoCnaP7vl12qk4G9J+4OSlDjkbf/uoNIpKEVGjCsVJd14m1l2KpGeF0WuolisaYjPGQdg0VOKTKS7Nrp6hilAEKImlKaJSpfydSHCo1CX3TGWI9UqveTPz1KkurdHDlpUzEiaaCzDcFCUc6QrPf0YBJSjSfGIKJZOZYREZYYqJNQqUshYvF86tkkUKrVnUNv3PK9es8jyKcwCmcgQuXUIdbaEATCDzCM7zCmxVbL9a79TFvLVj5zDEswfr8AYhvjk0=</latexit>

(2n+ 1)/R
<latexit sha1_base64="RDI74ZTzz3eroYx2KUEhLvsD/Qs=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkMgIsTdXPQY9OIxinlgsoTZySQZMju7zPQKIeQvPAmK4tW/8eTfOHkgJiloKKq66e4KYikMuu6Pk1pb39jcSm9ndnb39g+yh0c1EyWa8SqLZKQbATVcCsWrKFDyRqw5DQPJ68HgZuLXn7g2IlIPOIy5H9KeEl3BKFrpsVBS594ZuSD37WzOLbpTkFXizUmufAqpdwCotLPfrU7EkpArZJIa0/TcGP0R1SiY5ONMKzE8pmxAe7xpqaIhN/5oevGY5K3SId1I21JIpur/iRENjRmGge0MKfbNsjcR/7z8wirsXvkjoeIEuWKzTd1EEozI5H/SEZozlENLKNPCHktYn2rK0KaUsSl4yz+vklqp6Fl+Z+O4hhnScAKnUAAPLqEMt1CBKjBQ8Ayv8Oag8+J8OJ+z1pQznzmGBThfv4JqkBc=</latexit><latexit sha1_base64="DUqxSEoz0XAIQiT45V/5Pr6eUI0=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ84pOkd3nWzeLtkToGXizEi+koPU29HXSbWT/W53QxIHVGjCsVItx460m2CpGeF0lGnHikaYDHCPtgwVOKDKTSYXj1DBKF3kh9KU0Gii/p9IcKDUMPBMZ4B1Xy16Y/HPK8yt0v6lmzARxZoKMt3kxxzpEI3/R10mKdF8aAgmkpljEeljiYk2KWVMCs7iz8ukXi45ht+aOK5gijQcQw6K4MAFVOAGqlADAgKe4AVeLW09W+/Wx7Q1Zc1mDmEO1ucvsT+Q+Q==</latexit><latexit sha1_base64="DUqxSEoz0XAIQiT45V/5Pr6eUI0=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ84pOkd3nWzeLtkToGXizEi+koPU29HXSbWT/W53QxIHVGjCsVItx460m2CpGeF0lGnHikaYDHCPtgwVOKDKTSYXj1DBKF3kh9KU0Gii/p9IcKDUMPBMZ4B1Xy16Y/HPK8yt0v6lmzARxZoKMt3kxxzpEI3/R10mKdF8aAgmkpljEeljiYk2KWVMCs7iz8ukXi45ht+aOK5gijQcQw6K4MAFVOAGqlADAgKe4AVeLW09W+/Wx7Q1Zc1mDmEO1ucvsT+Q+Q==</latexit><latexit sha1_base64="DUqxSEoz0XAIQiT45V/5Pr6eUI0=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ84pOkd3nWzeLtkToGXizEi+koPU29HXSbWT/W53QxIHVGjCsVItx460m2CpGeF0lGnHikaYDHCPtgwVOKDKTSYXj1DBKF3kh9KU0Gii/p9IcKDUMPBMZ4B1Xy16Y/HPK8yt0v6lmzARxZoKMt3kxxzpEI3/R10mKdF8aAgmkpljEeljiYk2KWVMCs7iz8ukXi45ht+aOK5gijQcQw6K4MAFVOAGqlADAgKe4AVeLW09W+/Wx7Q1Zc1mDmEO1ucvsT+Q+Q==</latexit><latexit sha1_base64="E8ShinOJI5gMhjyGxJA9zB27i2c=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIuzmox6AXj1HMA5MQZiezyZDZ2WVmVghL/sKToCJevfgtnvwbJy8xsaChqOqmu8sNOVPatr+txNLyyupacj21sbm1vZPe3auqIJKEVkjAA1l3saKcCVrRTHNaDyXFvstpze1fjfzaA5WKBeJOD0La8nFXMI8RrI10ny+KE+cYnaLbdjprF+wx0H/iTEm2lIHE68HnUbmd/mp2AhL5VGjCsVINxw51K8ZSM8LpMNWMFA0x6eMubRgqsE9VKx5fPEQ5o3SQF0hTQqOx+ncixr5SA981nT7WPbXojcRfLze3SnsXrZiJMNJUkMkmL+JIB2j0P+owSYnmA0Mwkcwci0gPS0y0SSk1TuFs9vwimaVQLRYcw29MHJcwQRIOIQN5cOAcSnANZagAAQGP8AwvlraerDfrfdKasKYz+zAH6+MHt8mRCA==</latexit><latexit sha1_base64="Vf3X5h2XKQtpht/PZYYCenTgSrs=">AAAB8nicZVBNS8NAEN3Ur1q/qh69LJZCRahJD+qx6MVjFfuBbSib7aZdutmE3YlQQv+FJ0FBvPpvPPlv3KapWH0w8Hhvhpl5XiS4Btv+snIrq2vrG/nNwtb2zu5ecf+gpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbX8/89iNTmofyHiYRcwMylNznlICRHio1eeqc4DN81y+W7KqdAv8nTkZKKEOjX/zsDUIaB0wCFUTrrmNH4CZEAaeCTQu9WLOI0DEZsq6hkgRMu0l68RSXjTLAfqhMScCp+nsiIYHWk8AznQGBkf7rzcQfr7y0CvxLN+EyioFJOt/kxwJDiGf/4wFXjIKYGEKo4uZYTEdEEQompUKawvni+b9kkUKrVnUMv7VL9assjzw6Qseoghx0geroBjVQE1Ek0RN6Qa8WWM/Wm/U+b81Z2cwhWoL18Q0pGY8i</latexit>

(2n+ 1)/R
<latexit sha1_base64="RDI74ZTzz3eroYx2KUEhLvsD/Qs=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkMgIsTdXPQY9OIxinlgsoTZySQZMju7zPQKIeQvPAmK4tW/8eTfOHkgJiloKKq66e4KYikMuu6Pk1pb39jcSm9ndnb39g+yh0c1EyWa8SqLZKQbATVcCsWrKFDyRqw5DQPJ68HgZuLXn7g2IlIPOIy5H9KeEl3BKFrpsVBS594ZuSD37WzOLbpTkFXizUmufAqpdwCotLPfrU7EkpArZJIa0/TcGP0R1SiY5ONMKzE8pmxAe7xpqaIhN/5oevGY5K3SId1I21JIpur/iRENjRmGge0MKfbNsjcR/7z8wirsXvkjoeIEuWKzTd1EEozI5H/SEZozlENLKNPCHktYn2rK0KaUsSl4yz+vklqp6Fl+Z+O4hhnScAKnUAAPLqEMt1CBKjBQ8Ayv8Oag8+J8OJ+z1pQznzmGBThfv4JqkBc=</latexit><latexit sha1_base64="DUqxSEoz0XAIQiT45V/5Pr6eUI0=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ84pOkd3nWzeLtkToGXizEi+koPU29HXSbWT/W53QxIHVGjCsVItx460m2CpGeF0lGnHikaYDHCPtgwVOKDKTSYXj1DBKF3kh9KU0Gii/p9IcKDUMPBMZ4B1Xy16Y/HPK8yt0v6lmzARxZoKMt3kxxzpEI3/R10mKdF8aAgmkpljEeljiYk2KWVMCs7iz8ukXi45ht+aOK5gijQcQw6K4MAFVOAGqlADAgKe4AVeLW09W+/Wx7Q1Zc1mDmEO1ucvsT+Q+Q==</latexit><latexit sha1_base64="DUqxSEoz0XAIQiT45V/5Pr6eUI0=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ84pOkd3nWzeLtkToGXizEi+koPU29HXSbWT/W53QxIHVGjCsVItx460m2CpGeF0lGnHikaYDHCPtgwVOKDKTSYXj1DBKF3kh9KU0Gii/p9IcKDUMPBMZ4B1Xy16Y/HPK8yt0v6lmzARxZoKMt3kxxzpEI3/R10mKdF8aAgmkpljEeljiYk2KWVMCs7iz8ukXi45ht+aOK5gijQcQw6K4MAFVOAGqlADAgKe4AVeLW09W+/Wx7Q1Zc1mDmEO1ucvsT+Q+Q==</latexit><latexit sha1_base64="DUqxSEoz0XAIQiT45V/5Pr6eUI0=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ84pOkd3nWzeLtkToGXizEi+koPU29HXSbWT/W53QxIHVGjCsVItx460m2CpGeF0lGnHikaYDHCPtgwVOKDKTSYXj1DBKF3kh9KU0Gii/p9IcKDUMPBMZ4B1Xy16Y/HPK8yt0v6lmzARxZoKMt3kxxzpEI3/R10mKdF8aAgmkpljEeljiYk2KWVMCs7iz8ukXi45ht+aOK5gijQcQw6K4MAFVOAGqlADAgKe4AVeLW09W+/Wx7Q1Zc1mDmEO1ucvsT+Q+Q==</latexit><latexit sha1_base64="E8ShinOJI5gMhjyGxJA9zB27i2c=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIuzmox6AXj1HMA5MQZiezyZDZ2WVmVghL/sKToCJevfgtnvwbJy8xsaChqOqmu8sNOVPatr+txNLyyupacj21sbm1vZPe3auqIJKEVkjAA1l3saKcCVrRTHNaDyXFvstpze1fjfzaA5WKBeJOD0La8nFXMI8RrI10ny+KE+cYnaLbdjprF+wx0H/iTEm2lIHE68HnUbmd/mp2AhL5VGjCsVINxw51K8ZSM8LpMNWMFA0x6eMubRgqsE9VKx5fPEQ5o3SQF0hTQqOx+ncixr5SA981nT7WPbXojcRfLze3SnsXrZiJMNJUkMkmL+JIB2j0P+owSYnmA0Mwkcwci0gPS0y0SSk1TuFs9vwimaVQLRYcw29MHJcwQRIOIQN5cOAcSnANZagAAQGP8AwvlraerDfrfdKasKYz+zAH6+MHt8mRCA==</latexit><latexit sha1_base64="Vf3X5h2XKQtpht/PZYYCenTgSrs=">AAAB8nicZVBNS8NAEN3Ur1q/qh69LJZCRahJD+qx6MVjFfuBbSib7aZdutmE3YlQQv+FJ0FBvPpvPPlv3KapWH0w8Hhvhpl5XiS4Btv+snIrq2vrG/nNwtb2zu5ecf+gpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbX8/89iNTmofyHiYRcwMylNznlICRHio1eeqc4DN81y+W7KqdAv8nTkZKKEOjX/zsDUIaB0wCFUTrrmNH4CZEAaeCTQu9WLOI0DEZsq6hkgRMu0l68RSXjTLAfqhMScCp+nsiIYHWk8AznQGBkf7rzcQfr7y0CvxLN+EyioFJOt/kxwJDiGf/4wFXjIKYGEKo4uZYTEdEEQompUKawvni+b9kkUKrVnUMv7VL9assjzw6Qseoghx0geroBjVQE1Ek0RN6Qa8WWM/Wm/U+b81Z2cwhWoL18Q0pGY8i</latexit>

(2n+ 2)/R
<latexit sha1_base64="sfqRNO7vpDkqOf8EPJJFP6jM04U=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkMgIsTdXPQY9OIxinlgsoTZySQZMju7zPQKIeQvPAmK4tW/8eTfOHkgJiloKKq66e4KYikMuu6Pk1pb39jcSm9ndnb39g+yh0c1EyWa8SqLZKQbATVcCsWrKFDyRqw5DQPJ68HgZuLXn7g2IlIPOIy5H9KeEl3BKFrpsVBS56UzckHu29mcW3SnIKvEm5Nc+RRS7wBQaWe/W52IJSFXyCQ1pum5MfojqlEwyceZVmJ4TNmA9njTUkVDbvzR9OIxyVulQ7qRtqWQTNX/EyMaGjMMA9sZUuybZW8i/nn5hVXYvfJHQsUJcsVmm7qJJBiRyf+kIzRnKIeWUKaFPZawPtWUoU0pY1Pwln9eJbVS0bP8zsZxDTOk4QROoQAeXEIZbqECVWCg4Ble4c1B58X5cD5nrSlnPnMMC3C+fgGD9JAY</latexit><latexit sha1_base64="roPJcAPKuKsBHSX32Z/0qe0QxCk=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ+VTdI7uOtm8XbInQMvEmZF8JQept6Ovk2on+93uhiQOqNCEY6Vajh1pN8FSM8LpKNOOFY0wGeAebRkqcECVm0wuHqGCUbrID6UpodFE/T+R4ECpYeCZzgDrvlr0xuKfV5hbpf1LN2EiijUVZLrJjznSIRr/j7pMUqL50BBMJDPHItLHEhNtUsqYFJzFn5dJvVxyDL81cVzBFGk4hhwUwYELqMANVKEGBAQ8wQu8Wtp6tt6tj2lryprNHMIcrM9fssmQ+g==</latexit><latexit sha1_base64="roPJcAPKuKsBHSX32Z/0qe0QxCk=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ+VTdI7uOtm8XbInQMvEmZF8JQept6Ovk2on+93uhiQOqNCEY6Vajh1pN8FSM8LpKNOOFY0wGeAebRkqcECVm0wuHqGCUbrID6UpodFE/T+R4ECpYeCZzgDrvlr0xuKfV5hbpf1LN2EiijUVZLrJjznSIRr/j7pMUqL50BBMJDPHItLHEhNtUsqYFJzFn5dJvVxyDL81cVzBFGk4hhwUwYELqMANVKEGBAQ8wQu8Wtp6tt6tj2lryprNHMIcrM9fssmQ+g==</latexit><latexit sha1_base64="roPJcAPKuKsBHSX32Z/0qe0QxCk=">AAAB8nicZVDLSgNBEOyNrxhfUcGLHoaEQESIu7noMejFYxTzwGQJs5PZZMjs7DIzK4Qlf+FJUBGvXvwWT/6NkwdikoKGoqqb7i4v4kxp2/6xUiura+sb6c3M1vbO7l52/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfYbj1QqFop7PYyoG+CeYD4jWBvpoVgWZ+VTdI7uOtm8XbInQMvEmZF8JQept6Ovk2on+93uhiQOqNCEY6Vajh1pN8FSM8LpKNOOFY0wGeAebRkqcECVm0wuHqGCUbrID6UpodFE/T+R4ECpYeCZzgDrvlr0xuKfV5hbpf1LN2EiijUVZLrJjznSIRr/j7pMUqL50BBMJDPHItLHEhNtUsqYFJzFn5dJvVxyDL81cVzBFGk4hhwUwYELqMANVKEGBAQ8wQu8Wtp6tt6tj2lryprNHMIcrM9fssmQ+g==</latexit><latexit sha1_base64="DOAubgl0ID4o2f61P+BUXJrrQ68=">AAAB8nicZVBNS0JBFL3Pvsy+rKBNLQZFMAJ7z0W1lNq0tMgP0ofMG0cdnDfvMTMvEPFftAoqom2bfkur/k3jUyPtwIXDOfdy7z1eyJnStv1tJZaWV1bXkuupjc2t7Z307l5VBZEktEICHsi6hxXlTNCKZprTeigp9j1Oa17/auzXHqhULBB3ehBS18ddwTqMYG2k+3xRnBSP0Sm6baWzdsGOgf4TZ0qypQwkXg8+j8qt9FezHZDIp0ITjpVqOHao3SGWmhFOR6lmpGiISR93acNQgX2q3GF88QjljNJGnUCaEhrF6t+JIfaVGvie6fSx7qlFbyz+erm5Vbpz4Q6ZCCNNBZls6kQc6QCN/0dtJinRfGAIJpKZYxHpYYmJNiml4hTOZs8vklkK1WLBMfzGxHEJEyThEDKQBwfOoQTXUIYKEBDwCM/wYmnryXqz3ietCWs6sw9zsD5+ALlTkQk=</latexit><latexit sha1_base64="NwPeraDjNnIRpoxaRCuNWfZKmR8=">AAAB8nicZVBNS8NAEN3Ur1q/qh69LJZCRahJD+qx6MVjFfuBbSib7aZdutmE3YlQQv+FJ0FBvPpvPPlv3KapWH0w8Hhvhpl5XiS4Btv+snIrq2vrG/nNwtb2zu5ecf+gpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbX8/89iNTmofyHiYRcwMylNznlICRHio1eVo7wWf4rl8s2VU7Bf5PnIyUUIZGv/jZG4Q0DpgEKojWXceOwE2IAk4FmxZ6sWYRoWMyZF1DJQmYdpP04ikuG2WA/VCZkoBT9fdEQgKtJ4FnOgMCI/3Xm4k/XnlpFfiXbsJlFAOTdL7JjwWGEM/+xwOuGAUxMYRQxc2xmI6IIhRMSoU0hfPF83/JIoVWreoYfmuX6ldZHnl0hI5RBTnoAtXRDWqgJqJIoif0gl4tsJ6tN+t93pqzsplDtATr4xsqo48j</latexit>

← zero mode only here



a = unbroken generators
<latexit sha1_base64="bh26wjDrdaUCVP4JVc8zVbGuaok=">AAACC3icZZBNSwMxEIZn63f9qnrUQ1QED6XsetGLUPTiUcFWoVtKNp22odlkSbJCWerVkz/Fk6AgXv0Fnvw3ph+IbV8IPLwzw2TeKBHcWN//8XJz8wuLS8sr+dW19Y3NwtZ21ahUM6wwJZS+j6hBwSVWLLcC7xONNI4E3kXdy0H97gG14Ure2l6C9Zi2JW9xRq2zGoV9SsLieVgkWahjkspIqy7KxzZK1NQqbfqNwqFf8ocisxCM4bC8B0NdNwrfYVOxNEZpmaDG1AI/sfWMasuZwH4+TA0mlHVpG2sOJY3R1LPhKX1y5JwmaSntnrRk6P6fyGhsTC+OXGdMbcdM1wbmX+1oYpVtndUzLpPUomSjTa1UEKvIIBjS5BqZFT0HlGnuPktYh2rKrIsv71IIpm+ehepJKXB84+K4GMUBy7ALB3AMAZxCGa7gGirA4Ale4A3evWfv1fvwPketOW88swMT8r5+AcF7mtU=</latexit><latexit sha1_base64="bh26wjDrdaUCVP4JVc8zVbGuaok=">AAACC3icZZBNSwMxEIZn63f9qnrUQ1QED6XsetGLUPTiUcFWoVtKNp22odlkSbJCWerVkz/Fk6AgXv0Fnvw3ph+IbV8IPLwzw2TeKBHcWN//8XJz8wuLS8sr+dW19Y3NwtZ21ahUM6wwJZS+j6hBwSVWLLcC7xONNI4E3kXdy0H97gG14Ure2l6C9Zi2JW9xRq2zGoV9SsLieVgkWahjkspIqy7KxzZK1NQqbfqNwqFf8ocisxCM4bC8B0NdNwrfYVOxNEZpmaDG1AI/sfWMasuZwH4+TA0mlHVpG2sOJY3R1LPhKX1y5JwmaSntnrRk6P6fyGhsTC+OXGdMbcdM1wbmX+1oYpVtndUzLpPUomSjTa1UEKvIIBjS5BqZFT0HlGnuPktYh2rKrIsv71IIpm+ehepJKXB84+K4GMUBy7ALB3AMAZxCGa7gGirA4Ale4A3evWfv1fvwPketOW88swMT8r5+AcF7mtU=</latexit><latexit sha1_base64="bh26wjDrdaUCVP4JVc8zVbGuaok=">AAACC3icZZBNSwMxEIZn63f9qnrUQ1QED6XsetGLUPTiUcFWoVtKNp22odlkSbJCWerVkz/Fk6AgXv0Fnvw3ph+IbV8IPLwzw2TeKBHcWN//8XJz8wuLS8sr+dW19Y3NwtZ21ahUM6wwJZS+j6hBwSVWLLcC7xONNI4E3kXdy0H97gG14Ure2l6C9Zi2JW9xRq2zGoV9SsLieVgkWahjkspIqy7KxzZK1NQqbfqNwqFf8ocisxCM4bC8B0NdNwrfYVOxNEZpmaDG1AI/sfWMasuZwH4+TA0mlHVpG2sOJY3R1LPhKX1y5JwmaSntnrRk6P6fyGhsTC+OXGdMbcdM1wbmX+1oYpVtndUzLpPUomSjTa1UEKvIIBjS5BqZFT0HlGnuPktYh2rKrIsv71IIpm+ehepJKXB84+K4GMUBy7ALB3AMAZxCGa7gGirA4Ale4A3evWfv1fvwPketOW88swMT8r5+AcF7mtU=</latexit><latexit sha1_base64="bh26wjDrdaUCVP4JVc8zVbGuaok=">AAACC3icZZBNSwMxEIZn63f9qnrUQ1QED6XsetGLUPTiUcFWoVtKNp22odlkSbJCWerVkz/Fk6AgXv0Fnvw3ph+IbV8IPLwzw2TeKBHcWN//8XJz8wuLS8sr+dW19Y3NwtZ21ahUM6wwJZS+j6hBwSVWLLcC7xONNI4E3kXdy0H97gG14Ure2l6C9Zi2JW9xRq2zGoV9SsLieVgkWahjkspIqy7KxzZK1NQqbfqNwqFf8ocisxCM4bC8B0NdNwrfYVOxNEZpmaDG1AI/sfWMasuZwH4+TA0mlHVpG2sOJY3R1LPhKX1y5JwmaSntnrRk6P6fyGhsTC+OXGdMbcdM1wbmX+1oYpVtndUzLpPUomSjTa1UEKvIIBjS5BqZFT0HlGnuPktYh2rKrIsv71IIpm+ehepJKXB84+K4GMUBy7ALB3AMAZxCGa7gGirA4Ale4A3evWfv1fvwPketOW88swMT8r5+AcF7mtU=</latexit><latexit sha1_base64="E2xn8AvtRt3xsX/CyKTHQ8FXwJ4=">AAACC3icZZBNSwMxEIZn63f9qnrUQ1QED6VsPagXoejFo4KtQreUbDptQ7PJkmSFstSrJ3+KJ0FBvPoLPPlvTLdWtL4QeHhnhsm8YSy4sb7/6eWmpmdm5+YX8otLyyurhbX1mlGJZlhlSih9E1KDgkusWm4F3sQaaRQKvA57Z8P69S1qw5W8sv0YGxHtSN7mjFpnNQvblATFk6BI0kBHJJGhVj2Udx2UqKlV2gyahV2/5Gci/6H8DbuVLch00Sx8BC3FkgilZYIaUy/7sW2kVFvOBA7yQWIwpqxHO1h3KGmEppFmpwzInnNapK20e9KSzP09kdLImH4Uus6I2q6ZrA3Nn9ren1W2fdxIuYwTi5KNNrUTQawiw2BIi2tkVvQdUKa5+yxhXaopsy6+fJbC4fj4SRinUDsolR1fujhOR3HAPGzCDuxDGY6gAudwAVVgcA+P8Awv3oP35L16b6PWnPc9swF/5L1/AcgFmuQ=</latexit><latexit sha1_base64="JH4/Sf7g88SW1w6HsMXFidux6Bs=">AAACC3icZZDLSgMxFIYzXmu9jbp0Ey0FF6VMXagboejGZQV7gc5QMulpG5pJhiQjlKFuXfkorgQFcesTuPJtTG9i6w+Bj/+cw8n5w5gzbTzv21laXlldW89sZDe3tnd23b39mpaJolClkkvVCIkGzgRUDTMcGrECEoUc6mH/elSv34PSTIo7M4ghiEhXsA6jxFir5R4R7Bcu/QJOfRXhRIRK9kE8dEGAIkYqPWy5Oa/ojYX/Q2kKOTRVpeV++W1JkwiEoZxo3Sx5sQlSogyjHIZZP9EQE9onXWhaFCQCHaTjU4Y4b5027khlnzB47P6dSEmk9SAKbWdETE8v1kbmby0/t8p0LoKUiTgxIOhkUyfh2Eg8Cga3mQJq+MACoYrZz2LaI4pQY+PLjlM4mx2/CLMUaqfFkuVbL1e+muaRQYfoGJ2gEjpHZXSDKqiKKHpEz+gVvTlPzovz7nxMWpec6cwBmpPz+QNKtZqI</latexit>

â = broken generators
<latexit sha1_base64="jyIhC8v7VdiFuvcd6HOtFjM3t6U=">AAACDnicZZBNSyNBEIZr/NoYPzbrHtdD4wd4EJnZi3sRgl72qLBRwQmhplNJmvR0D901QhjiD9iTP2VPCy6I17172n+znUTEjxcaHt6qorrerNDKcxz/i+bmFxaXPtSW6yura+sfG582zr0tnaSWtNq6yww9aWWoxYo1XRaOMM80XWTDk0n94pqcV9b84FFB7Rz7RvWURA5Wp7GTDpAFinT/KN0XVepykTk7JHPTJ0MO2To/7jS244N4KvEekifYbm7CVKedxmPatbLMybDU6P1VEhfcrtCxkprG9bT0VKAcYp+uAhrMyber6TVjsRucruhZF55hMXVfTlSYez/Ks9CZIw/829rEfK7tvlrFvW/tSpmiZDJytqlXasFWTLIRXeVIsh4FQOlU+KyQA3QoOSRYDykkb29+D+dfD5LAZyGO41kcUIMvsAV7kMAhNOE7nEILJPyEX3AHf6Lb6Hd0Hz3MWueip5nP8ErR3/+X65vJ</latexit><latexit sha1_base64="jyIhC8v7VdiFuvcd6HOtFjM3t6U=">AAACDnicZZBNSyNBEIZr/NoYPzbrHtdD4wd4EJnZi3sRgl72qLBRwQmhplNJmvR0D901QhjiD9iTP2VPCy6I17172n+znUTEjxcaHt6qorrerNDKcxz/i+bmFxaXPtSW6yura+sfG582zr0tnaSWtNq6yww9aWWoxYo1XRaOMM80XWTDk0n94pqcV9b84FFB7Rz7RvWURA5Wp7GTDpAFinT/KN0XVepykTk7JHPTJ0MO2To/7jS244N4KvEekifYbm7CVKedxmPatbLMybDU6P1VEhfcrtCxkprG9bT0VKAcYp+uAhrMyber6TVjsRucruhZF55hMXVfTlSYez/Ks9CZIw/829rEfK7tvlrFvW/tSpmiZDJytqlXasFWTLIRXeVIsh4FQOlU+KyQA3QoOSRYDykkb29+D+dfD5LAZyGO41kcUIMvsAV7kMAhNOE7nEILJPyEX3AHf6Lb6Hd0Hz3MWueip5nP8ErR3/+X65vJ</latexit><latexit sha1_base64="jyIhC8v7VdiFuvcd6HOtFjM3t6U=">AAACDnicZZBNSyNBEIZr/NoYPzbrHtdD4wd4EJnZi3sRgl72qLBRwQmhplNJmvR0D901QhjiD9iTP2VPCy6I17172n+znUTEjxcaHt6qorrerNDKcxz/i+bmFxaXPtSW6yura+sfG582zr0tnaSWtNq6yww9aWWoxYo1XRaOMM80XWTDk0n94pqcV9b84FFB7Rz7RvWURA5Wp7GTDpAFinT/KN0XVepykTk7JHPTJ0MO2To/7jS244N4KvEekifYbm7CVKedxmPatbLMybDU6P1VEhfcrtCxkprG9bT0VKAcYp+uAhrMyber6TVjsRucruhZF55hMXVfTlSYez/Ks9CZIw/829rEfK7tvlrFvW/tSpmiZDJytqlXasFWTLIRXeVIsh4FQOlU+KyQA3QoOSRYDykkb29+D+dfD5LAZyGO41kcUIMvsAV7kMAhNOE7nEILJPyEX3AHf6Lb6Hd0Hz3MWueip5nP8ErR3/+X65vJ</latexit><latexit sha1_base64="jyIhC8v7VdiFuvcd6HOtFjM3t6U=">AAACDnicZZBNSyNBEIZr/NoYPzbrHtdD4wd4EJnZi3sRgl72qLBRwQmhplNJmvR0D901QhjiD9iTP2VPCy6I17172n+znUTEjxcaHt6qorrerNDKcxz/i+bmFxaXPtSW6yura+sfG582zr0tnaSWtNq6yww9aWWoxYo1XRaOMM80XWTDk0n94pqcV9b84FFB7Rz7RvWURA5Wp7GTDpAFinT/KN0XVepykTk7JHPTJ0MO2To/7jS244N4KvEekifYbm7CVKedxmPatbLMybDU6P1VEhfcrtCxkprG9bT0VKAcYp+uAhrMyber6TVjsRucruhZF55hMXVfTlSYez/Ks9CZIw/829rEfK7tvlrFvW/tSpmiZDJytqlXasFWTLIRXeVIsh4FQOlU+KyQA3QoOSRYDykkb29+D+dfD5LAZyGO41kcUIMvsAV7kMAhNOE7nEILJPyEX3AHf6Lb6Hd0Hz3MWueip5nP8ErR3/+X65vJ</latexit><latexit sha1_base64="oFQI6PqwtSF8IrZQtYb9X3dzNxk=">AAACDnicZZDBShxBEIZrNDFmE3U1x3hoNIIHkVkP6kUQveSokFXBWZaa3trdZnu6h+6awDKsD+DJR/EkKIRcvXvybdI7qxL1h4aPv6qorj/NtfIcx4/R1PSHjzOfZj/Xvnydm1+oLy6deFs4SU1ptXVnKXrSylCTFWs6yx1hlmo6TQeH4/rpb3JeWfOLhzm1MuwZ1VUSOVjt+o+kjyxQJBt7yYYoE5eJ1NkBmYseGXLI1vlRu74ab8aVxHtoPMHq/jJUOmrXH5KOlUVGhqVG788bcc6tEh0rqWlUSwpPOcoB9ug8oMGMfKusrhmJteB0RNe68AyLyv1/osTM+2GWhs4Mue/f1sbmS23t1Sru7rZKZfKCycjJpm6hBVsxzkZ0lCPJehgApVPhs0L20aHkkGCtSmH7+fi38JzCydZmI/BxiONgEgfMwndYgXVowA7sw084giZIuIRruIW76Cq6if5EfyetU9HTzDd4pej+H551m9g=</latexit><latexit sha1_base64="kRFZUhg+BZDfCDqaZr7jBz95y/o=">AAACDnicZZA9SwNBEIb3/DZ+RS1tFqNgIXKxUBtBtLGMYFTwQpjbTJIle7vH7pwQjvgDrPwpVoKC2Npb+W/cfCh+vLDw8M4Ms/PGqZKOwvAjGBufmJyanpktzM0vLC4Vl1cunMmswKowytirGBwqqbFKkhRepRYhiRVexp2Tfv3yBq2TRp9TN8VaAi0tm1IAeate3IjaQBx4tH0YbfM8sgmPremgvm2hRgtkrOvVi6VwJxyI/4fyCEpspEq9+B41jMgS1CQUOHddDlOq5WBJCoW9QpQ5TEF0oIXXHjUk6Gr54Joe3/ROgzeN9U8TH7g/J3JInOsmse9MgNrub61vftc2f62i5kEtlzrNCLUYbmpmipPh/Wx4Q1oUpLoeQFjpP8tFGywI8gkWBinsfR3/F75SuNjdKXs+C0tHx6M8ZtgaW2dbrMz22RE7ZRVWZYLdsQf2xJ6D++AxeAleh61jwWhmlf1S8PYJISWbfA==</latexit>

n = 0, 1, 2, · · ·
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embedded in the hypermultiplets, H(H(5), Hc(5)) and H(H(5), H
c
(5)), containing two 4d chiral multi-

plets in a vector like manner; {H, Hc} � {(HF , HC), (Hc

F
, Hc

C
)} and {H,H

c} � {(H
F
, H

C
), (Hc

F
, Hc

C
)},

respectively, where the subscript F (C) represents the doublet (triplet) component. To break the SU(5)

into GSM, the orbifold parities are assigned so that only the 4d gauge multiplets corresponding to the

GSM generators have zero modes. More specifically, V a(+,+) and V â(+,�) are taken for (P, P 0), where

a (â) corresponds to the unbroken (broken) generators. This parity assignment implies that the SU(5) is

broken at a 3-brane at O0 but unbroken at the other brane at O. In order to preserve the success of the

charge quantization and assignment in the matter sector in the 4d GUTs, the matter fields Fi = (Dc, L)i
and Ti = (Q,U c, Ec)i, (i = 1, 2, 3), are placed at the SU(5) symmetric 3-brane at O.

KK mode mass (P, P 0) 4d fields
P

(b1, b2, b3)

zero 0 (+,+) V a, HF , H
F

even (2n+ 2)/R
(+,+) V a, HF , H

F (65 ,�2,�6)
(�,�) ⌃a, Hc

F
, Hc

F

odd (2n+ 1)/R
(+,�) V â, HC , H

C (�46
5 ,�6,�2)

(�,+) ⌃â, Hc

C
, Hc

C

Table 4: The orbifold parity assignment and contributions to the �-function coe�cients from the bulk fields. R is
the compactification radius.

In Table 4 we show the complete orbifold parity assignment for the bulk fields, in addition to the total

contribution to �-function coe�cients from the even and odd KK-excitations. In the table, we separate

out the zero mode, since they are included in the MSSM. With this charge assignment, the doublet-triplet

splitting problem is elegantly solved because only two doublet Higgs fields can have zero modes.

The structure to suppress the D = 5 proton decay discussed in subsection 4.2 is automatically imple-

mented in this model. This is because the KK-mass is generated only amongst the components residing

in the same 5d multiplet; e.g. W � (2n+1)
R

⇥
H(2n+1)

C
Hc(2n+1)

C
+ H(2n+1)

C
Hc(2n+1)

C

⇤
, whereas there are

no direct mass terms connecting two fields from di↵erent 5d multiplets, such as H(2n+1)
C

H(2n+1)

C
and

Hc(2n+1)
C

Hc(2n+1)

C
. This can be also understood in terms of a U(1)R symmetry of this model with the

following charge assignment; H(0), Hc(2), H(0), H
c
(2), Fi(1), Ti(1). One can see that due to this U(1)R

symmetry only H(0) � HC and H(0) � H
C

can have Yukawa couplings to the matter fields. Since HC

and H
C

do not have a direct mass, the D = 5 proton decay operator is not generated. In other words,

the D = 5 proton decay is protected by the U(1)R symmetry mentioned above.

There are two sources of the GUT threshold corrections in this model. One is from mass splitting

(even and odd modes) among the GUT multiplets, as shown in Table 4. This part can be treated with

TG,⌦G and CG by the formula (2.13). The other source is from the brane kinetic term at O0. This is

because the 4d SU(5) gauge symmetry is explicitly broken into GSM at the O0 brane because there is

no 4d gauge fields corresponding to the broken generators at O0. This means that one can introduce

independent kinetic terms for the three MSSM gauge fields with di↵erent gauge couplings. However, in

general the bulk contribution to the 4d gauge coupling always dominates due to the spread of the wave

function and the contribution from the brane kinetic term is suppressed by the volume factor 2⇡R⇤,

13

• doublet-triplet splitting can be achieved by the parity assignment

• X,Y fields are absent at the 3-brane at O’ => SU(5) is explicitly broken at O’

• non-universal contribution to the gauge couplings from the 3-brane at O’

faWaWa
∣∣
O′
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• The success of charge quantisation in 4d GUTs can be kept by placing the 
matter fields at the SU(5) symmetric brane at O.

the effect is negligible due to the dominant bulk contribution if the extra 
dimension is large, RΛ > 4 [Hall, Nomura ’01]

• D=5 proton decay is absent due to an accidental U(1)R sym.
Σ H5 H5̄ Hc

5 Hc
5̄

T10 F5̄ N1

U(1)R 0 0 0 2 2 1 1 1

Table 2: U(1)R charges for chiral superfields.

the full theory by assigning appropriate charges to the quark and lepton superfields. The full

U(1)R symmetry, with charge assignments given in Table 2, allows the Yukawa couplings in

Eq. (9). Hence, imposing the matter quantum numbers of Table 2, all interactions of Eq. (20)

are forbidden by the U(1)R symmetry. This not only solves the problem of dimension 5 proton

decay completely (both from tree-level brane operators in Eq. (20) and from colored Higgsino

exchanges), but also naturally explains why the weak Higgs doublets HF and HF̄ are light.

Note that this U(1)R also forbids unwanted brane operators [F5̄H5]θ2 and [T10F5̄F5̄]θ2, since it

contains the usual R-parity as a discrete subgroup.7

3.4 Supersymmetry breaking

An important question is the origin of 4 dimensional N = 1 supersymmetry breaking. In 4d

it is well-known that the supersymmetry breaking must be isolated to some degree from the

particles and interactions of the minimal supersymmetric standard model. In fact, the argument

of Dimopoulos and Georgi shows that this isolation is only necessary for the matter fields [2].

It is therefore quite clear that the ideal location for supersymmetry breaking is the branes at

y = ±πR/2. Remarkably, one immediately finds that this results in a supersymmetry breaking

scheme which is precisely that of the gaugino mediation mechanism [9]. Since the gauginos and

Higgs fields are in the bulk they have direct couplings to the supersymmetry breaking field S,

which we take to be a gauge and U(1)R singlet, on the y = ±πR/2 branes

L5 =
1

2
{δ(y − πR/2) + δ(y + πR/2)}

[∫
d2θSWα

i Wiα +
∫

d4θ(S†HFHF̄ + S†SHFHF̄ ) + h.c.
]
,

(21)
7 The above U(1)R allows the brane operator [H5H5̄]θ2θ̄2 on the y = (0, πR) branes. Thus, it is possible

to produce a µ term (a supersymmetric mass term for the Higgs doublets) of the order of the weak scale by
the mechanism of Ref. [20] after the breakdown of N = 1 supersymmetry, through a constant term in the
superpotential needed to cancel a positive cosmological constant arising from the supersymmetry breaking.
(The superpotential constant term comes from an explicit or spontaneous breaking of the U(1)R.)
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• Above the KK mass scale, Mc = 1/R, KK modes appear and the three gauge 
couplings approach each other.  They finally unify at the cut-off scale, Λ, 
where the 5d theory is incorporated into a more fundamental theory.

ln
(TG

Λ

)
=
∑

ξ

(
− 5

288
bξ1 −

15

76
bξ2 +

25

114
bξ3

)
ln
(mξ

Λ

)
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lnΩG =
∑

ξ

(10
19

bξ1 −
24

19
bξ2 +

14

19
bξ3

)
ln
(mξ

Λ

)
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co ln
2k + 1

RΛ
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the total contributions from 
(2k+1) and (2k+2) modes

where ⇤ is the cut o↵ scale of the 5d gauge theory and R is the radius of S1. 3. In the following analysis,

we neglect the contribution from the brane kinetic terms. Once the brane couplings are specified, their

e↵ect can be included into the analysis by adding appropriate constants in the set of Eq. (2.1) and in the

first set of Eq. (2.4)

The GUT threshold corrections from mass splitting exist at any energy scale higher than Mc = 1/R =

⇤/r. Here Mc is the compactification scale, or equivalently the mass of the 1st KK mode. It is expected

that the three gauge couplings approach each other as going to higher energies above Mc and they finally

unify at the cut o↵ scale, ⇤, where the 5d theory is incorporated into some more fundamental theory. We

can study the condition in order for the three gauge couplings to unify at the cut o↵ scale ⇤ using our

formula for TG,⌦G and CG. From Eq. (2.13) and Table 4, one can see that the contributions to ln⌦G,
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We note that ⌦G and TG/⇤ are related in a simple form

TG
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3
4
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. (5.4)

As examples, the explicit forms of ⌦G and TG/⇤ for the first few ranges of r = R⇤ are given in Table 5.

It is worth stressing that in this model ⌦G, TG and CG are constants for a given r. The first equation,

TS = M⇤
s⌦G, of the unification condition Eq. (2.7) therefore places a non-trivial constraint amongst the

low energy SUSY masses as

TS =
h
M�28

3 M32
2 µ12m3

AXT

i 1
19
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s⌦G , (5.5)

where Eq. (2.11) was used. As examples, TS =(1612, 1276, 1031) GeV for r = 1.5 and (779, 617, 498)

GeV for r = 4 for ↵s(mZ) = (0.1175, 0.1183, 0.1191).

3
For instance, it has been estimated in ref. [11] that the contribution to the weak mixing angle from the brane kinetic

terms is much less than 1% for r ⌘ R⇤ = 4
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Note

The index k runs from 0 to k
o/e

max, where

1 A general approach

For the energy scale higher than the heaviest GUT particle, Q � MH , the gauge coupling is unified,

↵i(Q) = ↵(Q). The relation between this coupling and the gauge couplings at the Z-boson scale can be

found by the RGE equation
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are the threshold corrections of the low energy SUSY particles in the MSSM, ⌘ and of the GUT particles,

⇠, respectively. Eq. (1.1) tells us that the combination
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must be independent of i.

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms
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where bi is the MSSM �-function coe�cients and �i ⌘ bi�b
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is the di↵erence between those and the SM
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The fact that this combination is independent of i requires the condition
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are the threshold corrections of the low energy SUSY particles in the MSSM, ⌘ and of the GUT particles,

⇠, respectively. Eq. (1.1) tells us that the combination

' ⌘ 2⇡

↵i(mZ)
+ si + s

0
i (1.3)

must be independent of i.

Since any 3-dimensional vector can be expanded in terms of 3 independent vectors, the three terms

in Eq. (1.3) can be expanded as

2⇡

↵i(mZ)
=

2⇡

↵
⇤
G

+ bi ln
⇣
M

⇤
G

mZ

⌘
� �i ln

⇣
M

⇤
s

mZ

⌘

si = C + bi ln⌦+ �i ln
⇣

T

mZ

⌘

s
0
i = C

0 � bi ln
⇣
T
0

mZ

⌘
� �i ln⌦

0 (1.4)

where bi is the MSSM �-function coe�cients and �i ⌘ bi�b
SM
i

is the di↵erence between those and the SM

ones. We know numerically ↵
⇤�1
G

= 25.5, M⇤
G
= 1.27 1016 GeV, M⇤

s = 2.08 TeV solves the first equation

and the new parameters C, T,⌦, C 0
, T

0
,⌦0 can be found by solving the second and third equations once

si and s
0
i
are given. Substituting Eqs. (1.4) into Eq.(1.3), one finds

' =
2⇡

↵
⇤
G

+ C + C
0 + bi ln

⇣
M

⇤
G
⌦

T 0

⌘
� �i ln

⇣
M

⇤
s⌦

0

T

⌘
. (1.5)
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where ⇤ is the cut o↵ scale of the 5d gauge theory and R is the radius of S1. 3. In the following analysis,

we neglect the contribution from the brane kinetic terms. Once the brane couplings are specified, their

e↵ect can be included into the analysis by adding appropriate constants in the set of Eq. (2.1) and in the

first set of Eq. (2.4)

The GUT threshold corrections from mass splitting exist at any energy scale higher than Mc = 1/R =

⇤/r. Here Mc is the compactification scale, or equivalently the mass of the 1st KK mode. It is expected

that the three gauge couplings approach each other as going to higher energies above Mc and they finally

unify at the cut o↵ scale, ⇤, where the 5d theory is incorporated into some more fundamental theory. We

can study the condition in order for the three gauge couplings to unify at the cut o↵ scale ⇤ using our

formula for TG,⌦G and CG. From Eq. (2.13) and Table 4, one can see that the contributions to ln⌦G,

ln(TG/⇤) and CG from all the odd KK excitations with level (2k + 1) takes the form

co ln
2k + 1

r
, (5.1)

and similarly, those from the even excitations with level (2k + 2) are given by

ce ln
2k + 2

r
, (5.2)

where co = �ce =
24
19 for ln⌦G, co = �ce =

18
19 for ln(TG/⇤) and co =

4
19 , ce = �156

19 for CG. The index k

runs from 0 to ko/emax with 2komax + 1  r for odd and 2kemax + 2  r for even excitations. Summing over k

up to ko/dmax, we arrive at the expression

⌦G =

"Qk
o
max

k
(2k + 1)

Qkemax
k

(2k + 2)

⇣1
r

⌘
k
o
max�k

e
max

# 24
19

,

TG

⇤
=

"Qk
o
max

k
(2k + 1)

Qkemax
k

(2k + 2)

⇣1
r

⌘
k
o
max�k

e
max

# 18
19

,

CG =
4

19
ln

2

4
k
o
maxY

k=0

2k + 1

r

3

5� 156

19
ln

2

4
k
e
maxY

k=0

2k + 2

r

3

5 . (5.3)

We note that ⌦G and TG/⇤ are related in a simple form

TG

⇤
= ⌦

3
4
G
. (5.4)

As examples, the explicit forms of ⌦G and TG/⇤ for the first few ranges of r = R⇤ are given in Table 5.

It is worth stressing that in this model ⌦G, TG and CG are constants for a given r. The first equation,

TS = M⇤
s⌦G, of the unification condition Eq. (2.7) therefore places a non-trivial constraint amongst the

low energy SUSY masses as

TS =
h
M�28

3 M32
2 µ12m3

AXT

i 1
19

= M⇤
s⌦G , (5.5)

where Eq. (2.11) was used. As examples, TS =(1612, 1276, 1031) GeV for r = 1.5 and (779, 617, 498)

GeV for r = 4 for ↵s(mZ) = (0.1175, 0.1183, 0.1191).

3
For instance, it has been estimated in ref. [11] that the contribution to the weak mixing angle from the brane kinetic

terms is much less than 1% for r ⌘ R⇤ = 4

14

ΩG
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Table 5: The explicit forms for ⌦G and TG/⇤ for the first few ranges of r = R⇤.

The second equation of the unification condition is equivalent to TG/⇤ = M⇤
G
⌦S/⇤, where the right-

hand-side is constant and can be traded by ⌦
3
4
G
with Eq. (5.4). This allows to determine the cut o↵ scale

as a function of SUSY masses through ⌦S as
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G
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= M⇤
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G
M

⇤ 19
108

s (
M3

M2
)

19
216M

� 38
216

3 X
� 1

108
T

X
1

288
⌦ , (5.6)

where the second equality is obtained by computing ⌦S under the constraint of Eq. (5.5). In this process

we have eliminated the combination (µ4mA)
1
5 .

Since ⇤ is related to the mass of the first KK X,Y bosons as Mc = ⇤/r, for a given r we can

compute the D = 6 proton decay, p ! ⇡0e+, from the low energy SUSY spectrum . We show in Fig. 3

the (M3, M3/M2) plane of the MSSM for ⇤/Mc = 1.5 (left) and 4 (right). For simplicity, we assume

sfermion masses (m
f̃
) are universal at low energy, which assures XT = X⌦ = 1. We impose the three

gauge couplings to be unified at ⇤ by requiring Eqs. (5.5) and (5.6). The former constraint allows one

to determine (µ4mA)
1
5 at each point of the plane. The dashed blue lines shows the contours of (µ4mA)

1
5

required for the unification using the nominal value of ↵s. The region with (µ4mA)
1
5 < 100 GeV marked

by blue predicts an unacceptably light chargino or non-SM Higgs bosons because one of the µ and mA

(or both) is less than 100 GeV. The dotted-dashed and dotted blue lines correspond to the same contour

(µ4mA)
1
5 = 100 GeV but obtained from upper and lower 1-� variations of ↵s(mZ), respectively.

Light gluinos are strongly constrained by the null result of SUSY searches at the LHC. We take the

most conservative bound on the gluino mass [12–14] and mark the excluded region, M3 < 1 TeV, by grey.

This limit generally applies if the spectrum is compressed, while more severe bound should be applied

otherwise. When the mass di↵erence between gluino and the lightest SUSY particle (LSP) is large,4 the

gluino mass is excluded up to ⇠ 2.0� 2.2 TeV by the current data [12–15].

As discussed above, the mass of the X,Y gauge bosons is determined at each point of the parameter

plane. We evaluate the unified coupling using Eq. (2.8) and CS and CG, assuming m
f̃
= M3 and µ = mA,

but the dependency on the SUSY spectrum is very mild. Then, the proton decay lifetime ⌧(p ! ⇡0e+)

can be calculated. The black dashed lines show the contours of the ⌧(p ! ⇡0e+) using the nominal value

of ↵s. The current proton decay limit, ⌧(p ! ⇡0e+) < 1.7 · 1034 yrs, excludes the region shaded by red.

The dotted-dashed and dotted red lines represent the contours of ⌧(p ! ⇡0e+) < 1.7 · 1034 yrs obtained

from upper and lower 1-� variations of ↵s(mZ), respectively. The ranges of ⇤ and ↵�1(⇤) found for r = 4

in the parameter range of the right plot in Fig. 3 are

1.58 · 1016GeV < ⇤ < 4.19 · 1016GeV , (5.7)

4
The running of the gauge coupling is independent of the Bino mass, which is a gauge singlet. The mass of the LSP is

therefore unconstrained, since the LSP can be Bino-like.
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(r ≡ RΛ)
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where ⇤ is the cut o↵ scale of the 5d gauge theory and R is the radius of S1. 3. In the following analysis,

we neglect the contribution from the brane kinetic terms. Once the brane couplings are specified, their

e↵ect can be included into the analysis by adding appropriate constants in the set of Eq. (2.1) and in the

first set of Eq. (2.4)

The GUT threshold corrections from mass splitting exist at any energy scale higher than Mc = 1/R =

⇤/r. Here Mc is the compactification scale, or equivalently the mass of the 1st KK mode. It is expected

that the three gauge couplings approach each other as going to higher energies above Mc and they finally

unify at the cut o↵ scale, ⇤, where the 5d theory is incorporated into some more fundamental theory. We

can study the condition in order for the three gauge couplings to unify at the cut o↵ scale ⇤ using our

formula for TG,⌦G and CG. From Eq. (2.13) and Table 4, one can see that the contributions to ln⌦G,

ln(TG/⇤) and CG from all the odd KK excitations with level (2k + 1) takes the form

co ln
2k + 1

r
, (5.1)

and similarly, those from the even excitations with level (2k + 2) are given by

ce ln
2k + 2

r
, (5.2)

where co = �ce =
24
19 for ln⌦G, co = �ce =

18
19 for ln(TG/⇤) and co =

4
19 , ce = �156

19 for CG. The index k

runs from 0 to ko/emax with 2komax + 1  r for odd and 2kemax + 2  r for even excitations. Summing over k

up to ko/dmax, we arrive at the expression

⌦G =
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o
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5� 156
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ln
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4
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e
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3

5 . (5.3)

We note that ⌦G and TG/⇤ are related in a simple form

TG

⇤
= ⌦

3
4
G
. (5.4)

As examples, the explicit forms of ⌦G and TG/⇤ for the first few ranges of r = R⇤ are given in Table 5.

It is worth stressing that in this model ⌦G, TG and CG are constants for a given r. The first equation,

TS = M⇤
s⌦G, of the unification condition Eq. (2.7) therefore places a non-trivial constraint amongst the

low energy SUSY masses as

TS =
h
M�28

3 M32
2 µ12m3

AXT

i 1
19

= M⇤
s⌦G , (5.5)

where Eq. (2.11) was used. As examples, TS =(1612, 1276, 1031) GeV for r = 1.5 and (779, 617, 498)

GeV for r = 4 for ↵s(mZ) = (0.1175, 0.1183, 0.1191).

3
For instance, it has been estimated in ref. [11] that the contribution to the weak mixing angle from the brane kinetic

terms is much less than 1% for r ⌘ R⇤ = 4

14

TS
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non-trivial constraint 
on SUSY masses
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compactification scale can be predicted from SUSY spectrum 
and r ⇨ allows to predict D=6 proton decay

GCU condition



Figure 3: The M3 versus M3/M2 plane in the orbifold SU(5) SUSY-GUT model [11] with r = R⇤ = 4. The grey
shaded region shows a conservative limit on the gluino mass from the direct SUSY searches at the LHC. The blue
dashed lines are the contours of (µ4mA)

1
5 required by the gauge coupling unification. The shaded blue region is

phenomenologically excluded due to the presence of too light charginos or non-SM Higgs bosons. The black dashed
lines are the contours of the ⌧(p ! ⇡0e+) predicted due to the condition of gauge coupling unification. The shaded
red region is excluded due to the present proton decay bound, ⌧(p ! ⇡0e+) < 1.7 · 1034 yrs. The black and blue
dashed lines are obtained using the nominal value of ↵s(mZ), whilst the dotted-dashed and dotted lines (red and
blue) are obtained using the upper and lower variation of ↵s(mZ) corresponding to the 1-� uncertainty.

26.2 < ↵�1
G

< 28.4 . (5.8)

As can be seen, this model is constrained strongly by the LHC and the proton decay measurement.

For r > 4, the constraint is even tighter. This is because the proton lifetime is roughly proportional to

M4
c = (⇤/r)4. Although ⇤ is larger for larger r (see Eq. (??) and the dependence of ⌦G on r) this e↵ect

is very mild as compared to the suppression by the fourth power of r in the expression for Mc. It also

follows from Eq. (??) that for fixed values of r and the ratio M3/M2 proton life time is shorter for larger

values of M3 (the value of ⇤ is then decreasing with increasing M3). The upper bound on M3 following

from the present limit on proton lifetime is larger for smaller value of r and larger value of the ratio

M3/M2, as both increase the value of ⇤ (see Eq. (??)). It is clear that further improvement of the collider

constraint as well as the proton lifetime limit will cover the entire parameter space of this model.
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A SUSY plane with GCU

*) universal sfermion mass is assumed

M3 > 1 - 2 TeV from LHC



Figure 3: The M3 versus M3/M2 plane in the orbifold SU(5) SUSY-GUT model [11] with r = R⇤ = 4. The grey
shaded region shows a conservative limit on the gluino mass from the direct SUSY searches at the LHC. The blue
dashed lines are the contours of (µ4mA)

1
5 required by the gauge coupling unification. The shaded blue region is

phenomenologically excluded due to the presence of too light charginos or non-SM Higgs bosons. The black dashed
lines are the contours of the ⌧(p ! ⇡0e+) predicted due to the condition of gauge coupling unification. The shaded
red region is excluded due to the present proton decay bound, ⌧(p ! ⇡0e+) < 1.7 · 1034 yrs. The black and blue
dashed lines are obtained using the nominal value of ↵s(mZ), whilst the dotted-dashed and dotted lines (red and
blue) are obtained using the upper and lower variation of ↵s(mZ) corresponding to the 1-� uncertainty.

26.2 < ↵�1
G

< 28.4 . (5.8)

As can be seen, this model is constrained strongly by the LHC and the proton decay measurement.

For r > 4, the constraint is even tighter. This is because the proton lifetime is roughly proportional to

M4
c = (⇤/r)4. Although ⇤ is larger for larger r (see Eq. (??) and the dependence of ⌦G on r) this e↵ect

is very mild as compared to the suppression by the fourth power of r in the expression for Mc. It also

follows from Eq. (??) that for fixed values of r and the ratio M3/M2 proton life time is shorter for larger

values of M3 (the value of ⇤ is then decreasing with increasing M3). The upper bound on M3 following

from the present limit on proton lifetime is larger for smaller value of r and larger value of the ratio

M3/M2, as both increase the value of ⇤ (see Eq. (??)). It is clear that further improvement of the collider

constraint as well as the proton lifetime limit will cover the entire parameter space of this model.
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r ≡ RΛ = 4
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A SUSY plane with GCU

*) universal sfermion mass is assumed
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corresponds to 20% coverage; however recent PMT manufacturing by Hamamatsu o↵ers higher quantum
e�ciency than previous generation PMTs such as those used in Super-K. It is safe to assume an overall signal
e�ciency of 40%, where the ine�ciency is dominated by nuclear interaction of the pion. For comparison,
the detection e�ciency for decay of a free proton in H2O is 87%. The background rate is well-established
as discussed in the previous section, and one can conservatively assume 2 events per Mton-years. Based on
these numbers, the 90% C.L. sensitivity of Hyper-K for a 10-year exposure is greater than 1035 years, as
shown in Fig. 1-5.

Assuming the same analysis techniques employed by Super-Kamiokande, one can estimate the sensitivity of
Hyper-Kamiokande. Most sensitivity comes from the two relatively background-free techniques: K+

! ⇡+⇡0

and K ! µ+⌫ with nuclear-� tag. Based on the background rate in Table 1-3, a 10-year exposure would
have an expected background between 20 and 35 events. If the detected number of events are equal to
the background rate, the 90% C.L. limit would be roughly 3 ⇥ 1034 years. This estimation assumes no
reoptimization of the analysis (tighter cuts) to accomodate the higher background rate has been performed.
Fig. 1-5 shows the 90% CL sensitivity curve for the p ! ⌫K+ mode as a function of the detector exposure.
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Figure 1-5. Sensitivities of the Hyper-Kamiokande proton decay search as a function of detector exposure,

at the 90% C.L. The blue curves on the left side shows the expected sensitivity for continued running of

Super-K; the red curves on the right show the sensitivity for Hyper-Kamiokande. The upper solid curves

are for p ! e+⇡0
, for both experiments; the lower solid curve are for p ! ⌫K+
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Discussion
• The gauge coupling unification does not constrain the Bino 

mass, since it is singlet.  The LHC signature varies depending on 
the Bino mass.

• The formula can easily be extended to non-minimal SUSY models.

NMSSM => the same formula can be used.

Non-singlet extension => straightforward to update the formulae for CS, ΩS, TS

b1 δ11

⌘ B̃ W̃ g̃ h̃ A d̃R l̃ ũR q̃ ẽR
m⌘ M1 M2 M3 µ mA m

d̃R
m

l̃
mũR mq̃ mẽR

b⌘1 0 0 0 2
5

1
10

1
15

1
10

4
15

1
30

1
5

b⌘2 0 4
3 0 2

3
1
6 0 1

6 0 1
2 0

b⌘3 0 0 2 0 0 1
6 0 1

6
1
3 0

Table 1: Notation for the mass parameters and the values of �⌘
a .
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A The condition of GCU

In the MSSM, the gauge couplings at scale Q are given at 1-loop level by the RG equations:

2⇡

↵a(Q)
=

2⇡

↵a(mZ)
� ba ln

⇣ Q

mZ

⌘
+ sa , (A.1)

where a = 1, .., 3 represents the SM gauge group, ba = (335 , 1,�3) are the one-loop �-function

coe�cients for the MSSM. The SU(5) normalization, ↵1 ⌘
3
5↵Y , has been used. The last term

sa ⌘

X

⌘

b⌘a ln
⇣ m⌘

mZ

⌘
= �a ln

⇣ T

mZ

⌘
+ ba ln ⌦ + C (A.2)

are the threshold corrections due to SUSY particles, where m⌘ and b⌘a are the mass and the con-

tribution to ba of the particle ⌘. The notation for our mass parameters and the concrete val-

ues of b⌘a are shown in Table 1. The sa’s are to be understood as the components of a three

dimensional vector and expanded in terms of the three independent vectors �a, ba and (1, 1, 1),

where �a ⌘ ba � bSMa = (25 ,
25
6 , 4) is the di↵erence between ba and the SM �-function coe�cient,

bSMa = (4110 ,�
19
6 ,�7)[ Krippendorf et al]. By solving the linear equations, the expansion coe�cients

are obtained as

ln
⇣ T

mZ

⌘
= visi/D (A.3)

ln ⌦ = uisi/D (A.4)

C = ✏ijk�jbisk/D (A.5)

21

si =
∑

η=g̃,q̃,···
bηi ln

(mη

mZ

)
bi lnΩ+ δi ln

( T

mZ

)
+ C=

⎛

⎜⎜⎝

⎞

⎟⎟⎠

⎛

⎜⎜⎝

⎞

⎟⎟⎠

b1 δ1 1

b2

b3 δ3

δ2 1

1

ln
(∏

η

[mη

mZ

]bη1)
⎛

⎜⎜⎝

⎞

⎟⎟⎠ln
(∏

η

[mη

mZ

]bη2)

ln
(∏

η

[mη

mZ

]bη3)

=

C

ln
( T

mZ

)
lnΩ

⎛

⎜⎜⎝

⎞

⎟⎟⎠b2

b3 δ3

δ21

1

=

CS
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⎞

⎟⎟⎠

• The similar formula can be found for non-SUSY models.



Conclusions
• We have derived an analytic formula for the condition of GCU 

and the unified coupling at Λ in terms of the general SUSY and 
GUT spectra, including the dominant 2-loop effect and αs(mZ) 
uncertainty. 

∩
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TS = M∗
sΩG
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TG = M∗
GΩS
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α−1(Λ) = α∗−1
G +

1

2π

(
CS + CG

)
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GCU condition unified coupling

• Minimal SU(5):
The coloured Higgs mass is given as a function of low energy SUSY masses: 
D=5 proton decay can be predicted by the SUSY spectrum.

• Orbifold SUSY SU(5):
There is a non-trivial constraint on the SUSY spectrum.  The X,Y boson mass is 
given as a function of low energy SUSY masses: D=6 proton decay can be 
predicted by the SUSY spectrum.
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the one degree of freedom: MHC
) only for colored Higgs

masses of:

3.5 × 1014 ≤ MHC
≤ 3.6 × 1015GeV

(90% confidence level). (7)

We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2

V )1/3. This is done by looking at
the combination 5α−1
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[11]. We find that

this scale is very tightly constrained:
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(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.

10 14 10 15 1016

1.8 x 10

1.6 x 10

2.1 x 10

16

16

16

H

G
U

T

Colored Higgs Mass vs. GUT Scale

M      (GeV)

M
   

   
  (

G
eV

)

C

FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
mass, MHC

, and the GUT scale, MGUT ≡ (MΣM2
V )1/3.

gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.
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other SUSY particles to have masses of 1 TeV. We neglect
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and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the
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masses of:

3.5 × 1014 ≤ MHC
≤ 3.6 × 1015GeV

(90% confidence level). (7)

We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2

V )1/3. This is done by looking at
the combination 5α−1

1
− 3α−1

2
− 2α−1

3
[11]. We find that

this scale is very tightly constrained:

1.7 × 1016 ≤ (MΣM2

V )1/3 ≤ 2.0 × 1016 GeV

(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.

10 14 10 15 1016

1.8 x 10

1.6 x 10

2.1 x 10

16

16

16

H

G
U

T

Colored Higgs Mass vs. GUT Scale

M      (GeV)

M
   

   
  (

G
eV

)

C

FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
mass, MHC

, and the GUT scale, MGUT ≡ (MΣM2
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gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:
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≥ 7.6 × 1016 GeV. (9)
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400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
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< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.
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In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
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− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the
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We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
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< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2
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(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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the renormalization group analysis for the color Higgs triplet
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gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the
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≤ 3.6 × 1015GeV
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We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2

V )1/3. This is done by looking at
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1
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this scale is very tightly constrained:

1.7 × 1016 ≤ (MΣM2

V )1/3 ≤ 2.0 × 1016 GeV

(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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the renormalization group analysis for the color Higgs triplet
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gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the
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We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2
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1.7 × 1016 ≤ (MΣM2
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(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
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gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the
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We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2
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1.7 × 1016 ≤ (MΣM2
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(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
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− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
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gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the

3

the one degree of freedom: MHC
) only for colored Higgs

masses of:

3.5 × 1014 ≤ MHC
≤ 3.6 × 1015GeV

(90% confidence level). (7)

We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2

V )1/3. This is done by looking at
the combination 5α−1

1
− 3α−1

2
− 2α−1

3
[11]. We find that

this scale is very tightly constrained:

1.7 × 1016 ≤ (MΣM2

V )1/3 ≤ 2.0 × 1016 GeV

(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
mass, MHC

, and the GUT scale, MGUT ≡ (MΣM2
V )1/3.

gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the

3

M3/M2 = α3/α2
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mt̃ ∈ (400, 800)GeV
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the one degree of freedom: MHC
) only for colored Higgs

masses of:

3.5 × 1014 ≤ MHC
≤ 3.6 × 1015GeV

(90% confidence level). (7)

We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2

V )1/3. This is done by looking at
the combination 5α−1

1
− 3α−1

2
− 2α−1

3
[11]. We find that

this scale is very tightly constrained:

1.7 × 1016 ≤ (MΣM2

V )1/3 ≤ 2.0 × 1016 GeV

(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
mass, MHC

, and the GUT scale, MGUT ≡ (MΣM2
V )1/3.

gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the

3

mf̃ = 1TeV
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the one degree of freedom: MHC
) only for colored Higgs

masses of:

3.5 × 1014 ≤ MHC
≤ 3.6 × 1015GeV

(90% confidence level). (7)

We find that varying M2 within a reasonable range (100-
400 GeV) causes a change in the MHC

bounds on the
order of 10%. The previous upper limit of reference [12],
was MHC

< 2.4× 1016 GeV. The improvement is largely
due to the improvement in the precision on αs.

Note that the above limit will not be drastically
affected in the case where we take the scalars of the first
and second generations to have masses on the order of
10 TeV. This is because changing the energy scale of an
entire SU(5) multiplet does not change the unification
condition, and hence the RGE bound, at one-loop. A
small sparticle splitting within a multiplet relative of the
sparticles masses is especially well motivated if the first
and second generation scalars are pushed up to 10 TeV,
otherwise a problematic Fayet–Illiopoulos D-term [2] is
induced. This fact will be of use when we move on to
discuss the decoupling scenario in section IV.

We also note that it is possible to place a constraint on
the combination (MΣM2

V )1/3. This is done by looking at
the combination 5α−1

1
− 3α−1

2
− 2α−1

3
[11]. We find that

this scale is very tightly constrained:

1.7 × 1016 ≤ (MΣM2

V )1/3 ≤ 2.0 × 1016 GeV

(90% confidence level). (8)

In what follows, we refer to the scale (MΣM2
V )1/3 as

MGUT . Incidentally, the above bounds of Eqns. (7,8),
are not uncorrelated. We show the allowed region in
the MHC

− MGUT plane in Fig. 2. The bounds that
result from projecting the ellipse in the figure on to one
of the axes are weaker than those in Eqns. (7,8). This is
because the ellipse is found by performing a fit using a
χ2-distribution with two degrees of freedom, whereas the
bounds in the equations are found using a χ2-distribution
with one degree of freedom.

What are the consequences of such a strong limit
on the colored Higgs mass for minimal SUSY SU(5)?
They are not good. Our calculation of the proton
lifetime follows the methods of reference [6].† Although
values of µ on the order of 800 GeV are favored by the
electroweak symmetry breaking condition, we take µ as
a free parameter in our phenomenological analysis. We
keep the M2 as a free parameter, and determine the other

†Our calculation shows an approximate factor of two discrep-
ancy with that reference. Our predicted lifetime is shorter,
but in any case, it will not affect the qualitative nature of our
results in any way.
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FIG. 2. Plot showing 68% and 90% contours allowed by
the renormalization group analysis for the color Higgs triplet
mass, MHC

, and the GUT scale, MGUT ≡ (MΣM2
V )1/3.

gaugino masses through the unification condition. For
the scalars, we take the stop soft masses to be 400 and
800 GeV at the weak scale, and set the masses of all
other SUSY particles to have masses of 1 TeV. We neglect
squark and slepton mixing, except for the stops. With
these assumptions in place, we scan over the parameters
µ, M2, tanβ, and the independent phases φ1 and φ2, to
maximize the lifetime as a function of MHC

. We allow
tan β to vary in the interval tanβ ∈ (1.8, 4); M2 to vary
in the interval M2 ∈ (100, 400), and µ ∈ (100, 1000). We
eliminate those points which have a too-light chargino
mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
the central values of the quark masses listed in reference
[16].

In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
can be extracted from reference [5]. The renormalization
of the Yukawa couplings (quark masses) from 2 GeV to
the weak scale is done to three loops.

Using the newer limit from Super Kamiokande of 6.7×
1032 years (90 % confidence level), we find that search for
proton decay imposes the constraint:

MHC
≥ 7.6 × 1016 GeV. (9)

Comparing this equation with Eqn. (7), we find that the
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the scalars, we take the stop soft masses to be 400 and
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mass, using the constraint from LEP II [19], mχ+ >
103.5 GeV. The Yukawa couplings are extracted from
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In our calculation, we take into account both short
and long range renormalization effects. Yukawa couplings
must be run up to the GUT scale. The Wilson coefficients
of the effective dimension five operators must be run
back down to the SUSY scale. We use the RGEs
from the appendix of reference [6], ignoring all Yukawa
couplings except for that of the top quark. The one-
loop renormalization of the Wilson coefficients of the
dimension six operators from the weak scale to 1 GeV
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Is Minimal SU(5) excluded?

assumption:

[Murayama, Piece ’01]
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<latexit sha1_base64="q9QpTmhHhQTxIpZtb/slsaJa9vk=">AAACHHicZVDJSgNBEK2JW4zbqEcvjSGQKISZXPQY9OIxglkgiaGn05N00rPQ3SOEIeBn6MVP8SQoiCdB8G/sLJjtQcOr96qorueEnEllWb9GYm19Y3MruZ3a2d3bPzAPjyoyiAShZRLwQNQcLClnPi0rpjithYJiz+G06vSvR371gQrJAv9ODULa9HDHZy4jWGmpZRayccNxkW0NW+z+DM2K3MzozRu9XMtMW3lrDLRK7ClJF8+f40cAKLXM70Y7IJFHfUU4lrJuW6FqxlgoRjgdphqRpCEmfdyhdU197FHZjMe3DVFGK23kBkI/X6GxOj8RY0/KgefoTg+rrlz2RuK/l1lYpdzLZsz8MFLUJ5NNbsSRCtAoKdRmghLFB5pgIpj+LCJdLDBROs+UTsFevnmVVAp5W/NbHccVTJCEEziFLNhwAUW4gRKUgcATvMI7fBgvxpvxaXxNWhPGdOYYFmD8/AEP2aBN</latexit><latexit sha1_base64="vwDRNvGYG9Hya0GSnmxcYUCQebM=">AAACHHicZVDLSgMxFM3UV62v8bFzEyyFVqHMdKPLohuXFewD2jpk0kybNpMZkoxQhv6Hblz5Ha4EBXFVEPwb0wf2dSBw7jn3cnOPGzIqlWX9Gom19Y3NreR2amd3b//APDyqyCASmJRxwAJRc5EkjHJSVlQxUgsFQb7LSNXt3Yz86iMRkgb8XvVD0vRRm1OPYqS05JiFbNxwPWhbA4c+nMNZkZsZ3Xmjm3PMtJW3xoCrxJ6SdPHiOVYnr8OSYw4brQBHPuEKMyRl3bZC1YyRUBQzMkg1IklChHuoTeqacuQT2YzHtw1gRist6AVCP67gWJ2fiJEvZd93daePVEcueyPx38ssrFLeVTOmPIwU4XiyyYsYVAEcJQVbVBCsWF8ThAXVn4W4gwTCSueZ0inYyzevkkohb2t+p+O4BhMkwSk4A1lgg0tQBLegBMoAgyfwBj7Ap/FivBtfxvekNWFMZ47BAoyfPxBJocw=</latexit><latexit sha1_base64="vwDRNvGYG9Hya0GSnmxcYUCQebM=">AAACHHicZVDLSgMxFM3UV62v8bFzEyyFVqHMdKPLohuXFewD2jpk0kybNpMZkoxQhv6Hblz5Ha4EBXFVEPwb0wf2dSBw7jn3cnOPGzIqlWX9Gom19Y3NreR2amd3b//APDyqyCASmJRxwAJRc5EkjHJSVlQxUgsFQb7LSNXt3Yz86iMRkgb8XvVD0vRRm1OPYqS05JiFbNxwPWhbA4c+nMNZkZsZ3Xmjm3PMtJW3xoCrxJ6SdPHiOVYnr8OSYw4brQBHPuEKMyRl3bZC1YyRUBQzMkg1IklChHuoTeqacuQT2YzHtw1gRist6AVCP67gWJ2fiJEvZd93daePVEcueyPx38ssrFLeVTOmPIwU4XiyyYsYVAEcJQVbVBCsWF8ThAXVn4W4gwTCSueZ0inYyzevkkohb2t+p+O4BhMkwSk4A1lgg0tQBLegBMoAgyfwBj7Ap/FivBtfxvekNWFMZ47BAoyfPxBJocw=</latexit><latexit sha1_base64="vwDRNvGYG9Hya0GSnmxcYUCQebM=">AAACHHicZVDLSgMxFM3UV62v8bFzEyyFVqHMdKPLohuXFewD2jpk0kybNpMZkoxQhv6Hblz5Ha4EBXFVEPwb0wf2dSBw7jn3cnOPGzIqlWX9Gom19Y3NreR2amd3b//APDyqyCASmJRxwAJRc5EkjHJSVlQxUgsFQb7LSNXt3Yz86iMRkgb8XvVD0vRRm1OPYqS05JiFbNxwPWhbA4c+nMNZkZsZ3Xmjm3PMtJW3xoCrxJ6SdPHiOVYnr8OSYw4brQBHPuEKMyRl3bZC1YyRUBQzMkg1IklChHuoTeqacuQT2YzHtw1gRist6AVCP67gWJ2fiJEvZd93daePVEcueyPx38ssrFLeVTOmPIwU4XiyyYsYVAEcJQVbVBCsWF8ThAXVn4W4gwTCSueZ0inYyzevkkohb2t+p+O4BhMkwSk4A1lgg0tQBLegBMoAgyfwBj7Ap/FivBtfxvekNWFMZ47BAoyfPxBJocw=</latexit><latexit sha1_base64="PxBdYfb+xK10R0y9rUrmN+l0hg4=">AAACHHicZVDLSgMxFM3UV62v8bFzEyyFVqHMdKEui25cVrAPaOuQSTNt2syDJCOUof+hG1d+hytBQVwVBP/GdNrahwcC555zLzf32AGjQhrGj5ZYWV1b30hupra2d3b39P2DivBDjkkZ+8znNRsJwqhHypJKRmoBJ8i1GanaveuRX30gXFDfu5P9gDRd1PaoQzGSSrL0QjZq2A40jYFF70/hrMjNjO680c1ZetrIGzHgf2JOSLp49hTJo5dhydKHjZaPQ5d4EjMkRN00AtmMEJcUMzJINUJBAoR7qE3qinrIJaIZxbcNYEYpLej4XD1Pwlidn4iQK0TftVWni2RHLHsj8c/LLKySzmUzol4QSuLh8SYnZFD6cJQUbFFOsGR9RRDmVH0W4g7iCEuVZypO4Xx6/DKZplAp5E3Fb1UcV2CMJDgGJyALTHABiuAGlEAZYPAIXsE7+NCetTftU/satya0ycwhWID2/QsW06Hb</latexit><latexit sha1_base64="9RhP5M8FlMTmWp2AdETeHS6lvDM=">AAACHHicZVDLSgMxFM34rPU16tJNsBRaF2WmC3VZdOOygn1AW4dMmmnTZjJDkhHK0P9w5ae4EhTElSD4N6bTqX14IHDuOfdyc48bMiqVZf0Ya+sbm1vbmZ3s7t7+waF5dFyXQSQwqeGABaLpIkkY5aSmqGKkGQqCfJeRhju8mfiNRyIkDfi9GoWk46Mepx7FSGnJMcuFuO160LbGDn04h/OiODcGi8ag6Jg5q2QlgP+JnZIcSFF1zK92N8CRT7jCDEnZsq1QdWIkFMWMjLPtSJIQ4SHqkZamHPlEduLktjHMa6ULvUDoxxVM1MWJGPlSjnxXd/pI9eWqNxH/vPzSKuVddWLKw0gRjqebvIhBFcBJUrBLBcGKjTRBWFD9WYj7SCCsdJ7ZJIWL2fGrZJZCvVyyNb+zcpXrNI8MOAVnoABscAkq4BZUQQ1g8ARewBt4N56NV+PD+Jy2rhnpzAlYgvH9C2Jhnl0=</latexit>

(10∗
i 10i)(5

∗
j5j)

<latexit sha1_base64="CRHdY0L1/n5f5XCK5s5YTFnJ43I=">AAACL3icZVDLSgMxFL3js9bXqEs3wVJoFcqMILosiuCygn1AW4dMmmljMw+SjFCGgr/hN7jyU8SFqCBu/QvTh4+2FwIn59yTm3vciDOpLOvVmJtfWFxaTq2kV9fWNzbNre2KDGNBaJmEPBQ1F0vKWUDLiilOa5Gg2Hc5rbrds4FevaVCsjC4Ur2INn3cDpjHCFaacszzXNJwPWRbfYdd76O/S34kNELtHjyOjvrOzU/HFJ13zIxVsIaFZoE9BpniwX1yBwAlx3xutEIS+zRQhGMp67YVqWaChWKE0366EUsaYdLFbVrXMMA+lc1kuG4fZTXTQl4o9AkUGrL/HQn2pez5ru70serIaW1A/mrZiVHKO2kmLIhiRQMymuTFHKkQDcJDLSYoUbynASaC6c8i0sECE6UjTusU7OmdZ0HlsGBrfKnjOIVRpWAX9iAHNhxDES6gBGUg8ABP8AbvxqPxYnwYn6PWOWPs2YGJMr6+AcviqJM=</latexit><latexit sha1_base64="pLcaM8XGX5/ED2QC6OMd3OrhTKo=">AAACL3icZVDLSgMxFM3UV62v+ti5CZZCqyAzguiyKILLCvYBbR0yaaaNzUyGJCOUYT7EvTtXfop0ISqIW//CTFsfbS8ETs65Jzf3OAGjUpnmq5Gam19YXEovZ1ZW19Y3sptbVclDgUkFc8ZF3UGSMOqTiqKKkXogCPIcRmpO7zzRa3dESMr9a9UPSMtDHZ+6FCOlKTt7UYiajgstM7bpzT78uxRHQpNrd/I4PI7t25+OKbpoZ3PmoTksOAusMciVDu4jtfMwKNvZQbPNcegRX2GGpGxYZqBaERKKYkbiTDOUJEC4hzqkoaGPPCJb0XDdGOY104YuF/r4Cg7Z/44IeVL2PUd3ekh15bSWkL9afmKUck9bEfWDUBEfjya5IYOKwyQ82KaCYMX6GiAsqP4sxF0kEFY64oxOwZreeRZUjw4tja90HGdgVGmwC/ZAAVjgBJTAJSiDCsDgETyDN/BuPBkvxofxOWpNGWPPNpgo4+sbzFKqEg==</latexit><latexit sha1_base64="pLcaM8XGX5/ED2QC6OMd3OrhTKo=">AAACL3icZVDLSgMxFM3UV62v+ti5CZZCqyAzguiyKILLCvYBbR0yaaaNzUyGJCOUYT7EvTtXfop0ISqIW//CTFsfbS8ETs65Jzf3OAGjUpnmq5Gam19YXEovZ1ZW19Y3sptbVclDgUkFc8ZF3UGSMOqTiqKKkXogCPIcRmpO7zzRa3dESMr9a9UPSMtDHZ+6FCOlKTt7UYiajgstM7bpzT78uxRHQpNrd/I4PI7t25+OKbpoZ3PmoTksOAusMciVDu4jtfMwKNvZQbPNcegRX2GGpGxYZqBaERKKYkbiTDOUJEC4hzqkoaGPPCJb0XDdGOY104YuF/r4Cg7Z/44IeVL2PUd3ekh15bSWkL9afmKUck9bEfWDUBEfjya5IYOKwyQ82KaCYMX6GiAsqP4sxF0kEFY64oxOwZreeRZUjw4tja90HGdgVGmwC/ZAAVjgBJTAJSiDCsDgETyDN/BuPBkvxofxOWpNGWPPNpgo4+sbzFKqEg==</latexit><latexit sha1_base64="pLcaM8XGX5/ED2QC6OMd3OrhTKo=">AAACL3icZVDLSgMxFM3UV62v+ti5CZZCqyAzguiyKILLCvYBbR0yaaaNzUyGJCOUYT7EvTtXfop0ISqIW//CTFsfbS8ETs65Jzf3OAGjUpnmq5Gam19YXEovZ1ZW19Y3sptbVclDgUkFc8ZF3UGSMOqTiqKKkXogCPIcRmpO7zzRa3dESMr9a9UPSMtDHZ+6FCOlKTt7UYiajgstM7bpzT78uxRHQpNrd/I4PI7t25+OKbpoZ3PmoTksOAusMciVDu4jtfMwKNvZQbPNcegRX2GGpGxYZqBaERKKYkbiTDOUJEC4hzqkoaGPPCJb0XDdGOY104YuF/r4Cg7Z/44IeVL2PUd3ekh15bSWkL9afmKUck9bEfWDUBEfjya5IYOKwyQ82KaCYMX6GiAsqP4sxF0kEFY64oxOwZreeRZUjw4tja90HGdgVGmwC/ZAAVjgBJTAJSiDCsDgETyDN/BuPBkvxofxOWpNGWPPNpgo4+sbzFKqEg==</latexit><latexit sha1_base64="D+ZVTWCgRIdNwf9rma/nou0z6+0="></latexit><latexit sha1_base64="e8Hn+IuXcWLrTtHIk+pSBXFQJ84=">AAACL3icZVDLSgMxFM34rPU16tJNsBRaF2VG8LEsiuCygn1AZxwyaaaNzTxIMkIZ+kWu/BRxISqIW//CzHSqtl4InJxzT27ucSNGhTSMV21hcWl5ZbWwVlzf2Nza1nd2WyKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDi9SvX1PuKBhcCNHEbF91A+oRzGSinL0y0piuR40jbFDbw/h76U6EaxQudPH4fHYuZt2zNFVRy8ZNSMr+B+YOSiBvBqO/mz1Qhz7JJCYISG6phFJO0FcUszIuGjFgkQID1GfdBUMkE+EnWTrjmFZMT3ohVydQMKM/etIkC/EyHdVp4/kQMxrKfmjlWdGSe/MTmgQxZIEeDLJixmUIUzDgz3KCZZspADCnKrPQjxAHGGpIi5mKZxMl58H0xRaRzVT4WujVD/P8yiAfXAAKsAEp6AOrkADNAEGD+AJvIF37VF70T60z0nrgpZ79sBMaV/fHnmmow==</latexit>

10 · 10 · 10 · 5
<latexit sha1_base64="I7O71vKgFT0TxX9vnuWlVk2bj8w=">AAACKHicjVBNS8MwGE79nPOr6tFLcAw8jVYQPcnQi8cJ7gPWMtI03cLSpCSpMEr/jSd/iidhguzqLzHdirjt4gOBJ8/zvnnzPkHCqNKOM7M2Nre2d3Yre9X9g8OjY/vktKNEKjFpY8GE7AVIEUY5aWuqGeklkqA4YKQbjB8Kv/tCpKKCP+tJQvwYDTmNKEbaSAP7LvOCCLpODj0cCg3/cfWEebCYB6/zgV1zGs4ccJ24JamBEq2BPfVCgdOYcI0ZUqrvOon2MyQ1xYzkVS9VJEF4jIakbyhHMVF+Nt8zh3WjhDAS0hyu4Vz925GhWKlJHJjKGOmRWvUK8derL43S0a2fUZ6kmnC8mBSlDGoBi9RgSCXBmk0MQVhS81mIR0girE22VZOCu7rzOulcNVzDn5xa877MowLOwQW4BC64AU3wCFqgDTB4Be9gCj6tN+vD+rJmi9INq+w5A0uwvn8AV4GkOA==</latexit><latexit sha1_base64="I7O71vKgFT0TxX9vnuWlVk2bj8w=">AAACKHicjVBNS8MwGE79nPOr6tFLcAw8jVYQPcnQi8cJ7gPWMtI03cLSpCSpMEr/jSd/iidhguzqLzHdirjt4gOBJ8/zvnnzPkHCqNKOM7M2Nre2d3Yre9X9g8OjY/vktKNEKjFpY8GE7AVIEUY5aWuqGeklkqA4YKQbjB8Kv/tCpKKCP+tJQvwYDTmNKEbaSAP7LvOCCLpODj0cCg3/cfWEebCYB6/zgV1zGs4ccJ24JamBEq2BPfVCgdOYcI0ZUqrvOon2MyQ1xYzkVS9VJEF4jIakbyhHMVF+Nt8zh3WjhDAS0hyu4Vz925GhWKlJHJjKGOmRWvUK8derL43S0a2fUZ6kmnC8mBSlDGoBi9RgSCXBmk0MQVhS81mIR0girE22VZOCu7rzOulcNVzDn5xa877MowLOwQW4BC64AU3wCFqgDTB4Be9gCj6tN+vD+rJmi9INq+w5A0uwvn8AV4GkOA==</latexit><latexit sha1_base64="I7O71vKgFT0TxX9vnuWlVk2bj8w=">AAACKHicjVBNS8MwGE79nPOr6tFLcAw8jVYQPcnQi8cJ7gPWMtI03cLSpCSpMEr/jSd/iidhguzqLzHdirjt4gOBJ8/zvnnzPkHCqNKOM7M2Nre2d3Yre9X9g8OjY/vktKNEKjFpY8GE7AVIEUY5aWuqGeklkqA4YKQbjB8Kv/tCpKKCP+tJQvwYDTmNKEbaSAP7LvOCCLpODj0cCg3/cfWEebCYB6/zgV1zGs4ccJ24JamBEq2BPfVCgdOYcI0ZUqrvOon2MyQ1xYzkVS9VJEF4jIakbyhHMVF+Nt8zh3WjhDAS0hyu4Vz925GhWKlJHJjKGOmRWvUK8derL43S0a2fUZ6kmnC8mBSlDGoBi9RgSCXBmk0MQVhS81mIR0girE22VZOCu7rzOulcNVzDn5xa877MowLOwQW4BC64AU3wCFqgDTB4Be9gCj6tN+vD+rJmi9INq+w5A0uwvn8AV4GkOA==</latexit><latexit sha1_base64="I7O71vKgFT0TxX9vnuWlVk2bj8w=">AAACKHicjVBNS8MwGE79nPOr6tFLcAw8jVYQPcnQi8cJ7gPWMtI03cLSpCSpMEr/jSd/iidhguzqLzHdirjt4gOBJ8/zvnnzPkHCqNKOM7M2Nre2d3Yre9X9g8OjY/vktKNEKjFpY8GE7AVIEUY5aWuqGeklkqA4YKQbjB8Kv/tCpKKCP+tJQvwYDTmNKEbaSAP7LvOCCLpODj0cCg3/cfWEebCYB6/zgV1zGs4ccJ24JamBEq2BPfVCgdOYcI0ZUqrvOon2MyQ1xYzkVS9VJEF4jIakbyhHMVF+Nt8zh3WjhDAS0hyu4Vz925GhWKlJHJjKGOmRWvUK8derL43S0a2fUZ6kmnC8mBSlDGoBi9RgSCXBmk0MQVhS81mIR0girE22VZOCu7rzOulcNVzDn5xa877MowLOwQW4BC64AU3wCFqgDTB4Be9gCj6tN+vD+rJmi9INq+w5A0uwvn8AV4GkOA==</latexit><latexit sha1_base64="HnYEeRpQSLLV8zH/CDoiKJDB8fo=">AAACKHicjVDLSsNAFJ34rPUVdelmsBRclUTwsZKiG5cV7AOaUCaTSTt0kgkzE6GE/I0rP8WVUEG69UucpKnYuvHAwJlz7p0793gxo1JZ1sxYW9/Y3Nqu7FR39/YPDs2j447kicCkjTnjouchSRiNSFtRxUgvFgSFHiNdb3yf+91nIiTl0ZOaxMQN0TCiAcVIaWlg3qaOF0DbyqCDfa7gP64O1w/m8+BlNjBrVsMqAP8SuyQ1UKI1MKeOz3ESkkhhhqTs21as3BQJRTEjWdVJJIkRHqMh6WsaoZBINy32zGBdKz4MuNAnUrBQf3ekKJRyEnq6MkRqJFe9XPzx6kujVHDjpjSKE0UiPJ8UJAwqDvPUoE8FwYpNNEFYUP1ZiEdIIKx0ttUihavF8qtkkULnomFr/mjVmndlHhVwCs7AObDBNWiCB9ACbYDBC3gDU/BhvBrvxqcxm5euGWXPCViC8fUNXgukRw==</latexit><latexit sha1_base64="HnYEeRpQSLLV8zH/CDoiKJDB8fo=">AAACKHicjVDLSsNAFJ34rPUVdelmsBRclUTwsZKiG5cV7AOaUCaTSTt0kgkzE6GE/I0rP8WVUEG69UucpKnYuvHAwJlz7p0793gxo1JZ1sxYW9/Y3Nqu7FR39/YPDs2j447kicCkjTnjouchSRiNSFtRxUgvFgSFHiNdb3yf+91nIiTl0ZOaxMQN0TCiAcVIaWlg3qaOF0DbyqCDfa7gP64O1w/m8+BlNjBrVsMqAP8SuyQ1UKI1MKeOz3ESkkhhhqTs21as3BQJRTEjWdVJJIkRHqMh6WsaoZBINy32zGBdKz4MuNAnUrBQf3ekKJRyEnq6MkRqJFe9XPzx6kujVHDjpjSKE0UiPJ8UJAwqDvPUoE8FwYpNNEFYUP1ZiEdIIKx0ttUihavF8qtkkULnomFr/mjVmndlHhVwCs7AObDBNWiCB9ACbYDBC3gDU/BhvBrvxqcxm5euGWXPCViC8fUNXgukRw==</latexit>

g2

Λ2
<latexit sha1_base64="fZMtL+FiW1Nmvua8hy8oWEoh1fw=">AAAB/3icZZDLSsNAFIZPvNZ6i4orN4Ol4Kok3dhl0Y0LFxXsBZpaJpNJO3QyCTMToYQufBNdCQqiS/ExXPk2Ti+IbQ8MfPz/OZwzv59wprTj/Fgrq2vrG5u5rfz2zu7evn1w2FBxKgmtk5jHsuVjRTkTtK6Z5rSVSIojn9OmP7gc+817KhWLxa0eJrQT4Z5gISNYG6lrH3uhxCTr3ZVHmXdt5gJssGsXnJIzKbQM7gwK1crH1yMA1Lr2txfEJI2o0IRjpdquk+hOhqVmhNNR3ksVTTAZ4B5tGxQ4oqqTTc4foaJRAhTG0jyh0UT9P5HhSKlh5JvOCOu+WvTG4p9XnFulw0onYyJJNRVkuilMOdIxGoeBAiYp0XxoABPJzLGI9LEJRJvI8iYFd/HPy9Aol1zDNyaOC5hWDk7gFM7AhXOowhXUoA4EMniCF3i1Hqxn6816n7auWLOZI5gr6/MX/guYNA==</latexit><latexit sha1_base64="9pbhECUuZyiJv6ilgXu1p6kG4k8=">AAAB/3icZZC7SgNBFIbPxluMt1WxslkMAauwm8aUQRsLiwjmAskaZmdnkzGzs8vMrBCWFL6HhVaCgmgpPoaVj2Ln5IKY5MDAx/+fwznzezGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/tnIb9wSIWnEr9QgJm6IupwGFCOlpY550A4Ewmn3ujRM2xd6zkcaO2beLtrjshbBmUK+Un7/vP95uKl2zK+2H+EkJFxhhqRsOXas3BQJRTEjw1w7kSRGuI+6pKWRo5BINx2fP7QKWvGtIBL6cWWN1f8TKQqlHISe7gyR6sl5byT+eYWZVSoouynlcaIIx5NNQcIsFVmjMCyfCoIVG2hAWFB9rIV7SAeidGQ5nYIz/+dFqJeKjuZLHccpTCoLh3AEx+DACVTgHKpQAwwpPMIzvBh3xpPxarxNWjPGdGYfZsr4+AWraJoz</latexit><latexit sha1_base64="9pbhECUuZyiJv6ilgXu1p6kG4k8=">AAAB/3icZZC7SgNBFIbPxluMt1WxslkMAauwm8aUQRsLiwjmAskaZmdnkzGzs8vMrBCWFL6HhVaCgmgpPoaVj2Ln5IKY5MDAx/+fwznzezGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/tnIb9wSIWnEr9QgJm6IupwGFCOlpY550A4Ewmn3ujRM2xd6zkcaO2beLtrjshbBmUK+Un7/vP95uKl2zK+2H+EkJFxhhqRsOXas3BQJRTEjw1w7kSRGuI+6pKWRo5BINx2fP7QKWvGtIBL6cWWN1f8TKQqlHISe7gyR6sl5byT+eYWZVSoouynlcaIIx5NNQcIsFVmjMCyfCoIVG2hAWFB9rIV7SAeidGQ5nYIz/+dFqJeKjuZLHccpTCoLh3AEx+DACVTgHKpQAwwpPMIzvBh3xpPxarxNWjPGdGYfZsr4+AWraJoz</latexit><latexit sha1_base64="9pbhECUuZyiJv6ilgXu1p6kG4k8=">AAAB/3icZZC7SgNBFIbPxluMt1WxslkMAauwm8aUQRsLiwjmAskaZmdnkzGzs8vMrBCWFL6HhVaCgmgpPoaVj2Ln5IKY5MDAx/+fwznzezGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/tnIb9wSIWnEr9QgJm6IupwGFCOlpY550A4Ewmn3ujRM2xd6zkcaO2beLtrjshbBmUK+Un7/vP95uKl2zK+2H+EkJFxhhqRsOXas3BQJRTEjw1w7kSRGuI+6pKWRo5BINx2fP7QKWvGtIBL6cWWN1f8TKQqlHISe7gyR6sl5byT+eYWZVSoouynlcaIIx5NNQcIsFVmjMCyfCoIVG2hAWFB9rIV7SAeidGQ5nYIz/+dFqJeKjuZLHccpTCoLh3AEx+DACVTgHKpQAwwpPMIzvBh3xpPxarxNWjPGdGYfZsr4+AWraJoz</latexit><latexit sha1_base64="WB6zt2ewfLsKZSNS+o83nxHdD5U=">AAAB/3icZZC7SgNBFIZn4y3G26pY2QyGgFXYTaEpgzYWFhHMBbJrmJ2dTcbMzi4zs0JYUvgeFloJCqKl+BhWPoqdk5uYeGDg4//P4Zz5vZhRqSzry8gsLC4tr2RXc2vrG5tb5vZOXUaJwKSGIxaJpockYZSTmqKKkWYsCAo9Rhpe73ToN26IkDTil6ofEzdEHU4DipHSUtvccwKBcNq5Kg1S51zP+Uhj28xbRWtU8D/YE8hXym8fd9/319W2+en4EU5CwhVmSMqWbcXKTZFQFDMyyDmJJDHCPdQhLY0chUS66ej8ASxoxYdBJPTjCo7UvxMpCqXsh57uDJHqynlvKP56hZlVKii7KeVxogjH401BwqCK4DAM6FNBsGJ9DQgLqo+FuIt0IEpHlhulcDT9/DxMU6iXirbmCx3HCRhXFuyDA3AIbHAMKuAMVEENYJCCB/AEno1b49F4MV7HrRljMrMLZsp4/wGx8ppC</latexit><latexit sha1_base64="4zbkGD4q3CpPCsOeweu9kTSibf0=">AAAB/3icZZDLSsNAFIZPvNZ6i4orN4Ol4KokXajLohsXLirYCzSxTCaTdujkwsxEKKELH8WVoCBufQ5Xvo3TNBVbDwx8/P85nDO/l3AmlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqCG2RmMei62FJOYtoSzHFaTcRFIcepx1vdD31O49USBZH92qcUDfEg4gFjGClpb557AQCk2zwUJ9kzq2e87HGvlmxalZe6D/YBVSgqGbf/HL8mKQhjRThWMqebSXKzbBQjHA6KTuppAkmIzygPY0RDql0s/z8CapqxUdBLPSLFMrVvxMZDqUch57uDLEaymVvKv561YVVKrh0MxYlqaIRmW0KUo5UjKZhIJ8JShQfa8BEMH0sIkOsA1E6snKewvn888swT6Fdr9ma76xK46rIowQncApnYMMFNOAGmtACAhk8wyu8GU/Gi/FufMxaV4xi5ggWyvj8AZy/lb8=</latexit>

g2

Λ2
<latexit sha1_base64="fZMtL+FiW1Nmvua8hy8oWEoh1fw=">AAAB/3icZZDLSsNAFIZPvNZ6i4orN4Ol4Kok3dhl0Y0LFxXsBZpaJpNJO3QyCTMToYQufBNdCQqiS/ExXPk2Ti+IbQ8MfPz/OZwzv59wprTj/Fgrq2vrG5u5rfz2zu7evn1w2FBxKgmtk5jHsuVjRTkTtK6Z5rSVSIojn9OmP7gc+817KhWLxa0eJrQT4Z5gISNYG6lrH3uhxCTr3ZVHmXdt5gJssGsXnJIzKbQM7gwK1crH1yMA1Lr2txfEJI2o0IRjpdquk+hOhqVmhNNR3ksVTTAZ4B5tGxQ4oqqTTc4foaJRAhTG0jyh0UT9P5HhSKlh5JvOCOu+WvTG4p9XnFulw0onYyJJNRVkuilMOdIxGoeBAiYp0XxoABPJzLGI9LEJRJvI8iYFd/HPy9Aol1zDNyaOC5hWDk7gFM7AhXOowhXUoA4EMniCF3i1Hqxn6816n7auWLOZI5gr6/MX/guYNA==</latexit><latexit sha1_base64="9pbhECUuZyiJv6ilgXu1p6kG4k8=">AAAB/3icZZC7SgNBFIbPxluMt1WxslkMAauwm8aUQRsLiwjmAskaZmdnkzGzs8vMrBCWFL6HhVaCgmgpPoaVj2Ln5IKY5MDAx/+fwznzezGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/tnIb9wSIWnEr9QgJm6IupwGFCOlpY550A4Ewmn3ujRM2xd6zkcaO2beLtrjshbBmUK+Un7/vP95uKl2zK+2H+EkJFxhhqRsOXas3BQJRTEjw1w7kSRGuI+6pKWRo5BINx2fP7QKWvGtIBL6cWWN1f8TKQqlHISe7gyR6sl5byT+eYWZVSoouynlcaIIx5NNQcIsFVmjMCyfCoIVG2hAWFB9rIV7SAeidGQ5nYIz/+dFqJeKjuZLHccpTCoLh3AEx+DACVTgHKpQAwwpPMIzvBh3xpPxarxNWjPGdGYfZsr4+AWraJoz</latexit><latexit sha1_base64="9pbhECUuZyiJv6ilgXu1p6kG4k8=">AAAB/3icZZC7SgNBFIbPxluMt1WxslkMAauwm8aUQRsLiwjmAskaZmdnkzGzs8vMrBCWFL6HhVaCgmgpPoaVj2Ln5IKY5MDAx/+fwznzezGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/tnIb9wSIWnEr9QgJm6IupwGFCOlpY550A4Ewmn3ujRM2xd6zkcaO2beLtrjshbBmUK+Un7/vP95uKl2zK+2H+EkJFxhhqRsOXas3BQJRTEjw1w7kSRGuI+6pKWRo5BINx2fP7QKWvGtIBL6cWWN1f8TKQqlHISe7gyR6sl5byT+eYWZVSoouynlcaIIx5NNQcIsFVmjMCyfCoIVG2hAWFB9rIV7SAeidGQ5nYIz/+dFqJeKjuZLHccpTCoLh3AEx+DACVTgHKpQAwwpPMIzvBh3xpPxarxNWjPGdGYfZsr4+AWraJoz</latexit><latexit sha1_base64="9pbhECUuZyiJv6ilgXu1p6kG4k8=">AAAB/3icZZC7SgNBFIbPxluMt1WxslkMAauwm8aUQRsLiwjmAskaZmdnkzGzs8vMrBCWFL6HhVaCgmgpPoaVj2Ln5IKY5MDAx/+fwznzezGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/tnIb9wSIWnEr9QgJm6IupwGFCOlpY550A4Ewmn3ujRM2xd6zkcaO2beLtrjshbBmUK+Un7/vP95uKl2zK+2H+EkJFxhhqRsOXas3BQJRTEjw1w7kSRGuI+6pKWRo5BINx2fP7QKWvGtIBL6cWWN1f8TKQqlHISe7gyR6sl5byT+eYWZVSoouynlcaIIx5NNQcIsFVmjMCyfCoIVG2hAWFB9rIV7SAeidGQ5nYIz/+dFqJeKjuZLHccpTCoLh3AEx+DACVTgHKpQAwwpPMIzvBh3xpPxarxNWjPGdGYfZsr4+AWraJoz</latexit><latexit sha1_base64="WB6zt2ewfLsKZSNS+o83nxHdD5U=">AAAB/3icZZC7SgNBFIZn4y3G26pY2QyGgFXYTaEpgzYWFhHMBbJrmJ2dTcbMzi4zs0JYUvgeFloJCqKl+BhWPoqdk5uYeGDg4//P4Zz5vZhRqSzry8gsLC4tr2RXc2vrG5tb5vZOXUaJwKSGIxaJpockYZSTmqKKkWYsCAo9Rhpe73ToN26IkDTil6ofEzdEHU4DipHSUtvccwKBcNq5Kg1S51zP+Uhj28xbRWtU8D/YE8hXym8fd9/319W2+en4EU5CwhVmSMqWbcXKTZFQFDMyyDmJJDHCPdQhLY0chUS66ej8ASxoxYdBJPTjCo7UvxMpCqXsh57uDJHqynlvKP56hZlVKii7KeVxogjH401BwqCK4DAM6FNBsGJ9DQgLqo+FuIt0IEpHlhulcDT9/DxMU6iXirbmCx3HCRhXFuyDA3AIbHAMKuAMVEENYJCCB/AEno1b49F4MV7HrRljMrMLZsp4/wGx8ppC</latexit><latexit sha1_base64="4zbkGD4q3CpPCsOeweu9kTSibf0=">AAAB/3icZZDLSsNAFIZPvNZ6i4orN4Ol4KokXajLohsXLirYCzSxTCaTdujkwsxEKKELH8WVoCBufQ5Xvo3TNBVbDwx8/P85nDO/l3AmlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqCG2RmMei62FJOYtoSzHFaTcRFIcepx1vdD31O49USBZH92qcUDfEg4gFjGClpb557AQCk2zwUJ9kzq2e87HGvlmxalZe6D/YBVSgqGbf/HL8mKQhjRThWMqebSXKzbBQjHA6KTuppAkmIzygPY0RDql0s/z8CapqxUdBLPSLFMrVvxMZDqUch57uDLEaymVvKv561YVVKrh0MxYlqaIRmW0KUo5UjKZhIJ8JShQfa8BEMH0sIkOsA1E6snKewvn888swT6Fdr9ma76xK46rIowQncApnYMMFNOAGmtACAhk8wyu8GU/Gi/FufMxaV4xi5ggWyvj8AZy/lb8=</latexit>

yiyj
Λ

<latexit sha1_base64="BXBh4jmFf9c5nDN/B1cjIYXjp1A=">AAACAXicZVC7SgNBFL0bXzG+ohYWNoMhYBV2bUwZtLGwiGAekF2W2clsMmb2wcyssCxb+SOClaCgtvkMK//GyQMxyYGBwzn3cOceL+ZMKtP8MQpr6xubW8Xt0s7u3v5B+fCoLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve6Hridx6pkCwK71UaUyfAg5D5jGClJbd8YvsCkyx1GUrdhzyzb3W2j3O3XDFr5hRolVhzUmnUP8fPANB0y992PyJJQENFOJayZ5mxcjIsFCOc5iU7kTTGZIQHtKdpiAMqnWx6QI6qWukjPxL6hQpN1f+JDAdSpoGnJwOshnLZm4h/XnVhlfLrTsbCOFE0JLNNfsKRitCkDtRnghLFU00wEUx/FpEh1pUoXVpJt2At37xK2hc1S/M7XccVzFCEUziDc7DgEhpwA01oAYEcXuAN3o0n49X4ML5mowVjnjmGBRjjXwqQmWQ=</latexit><latexit sha1_base64="k6o+eqqZaHy8HbhDCGyJeoZcXAU=">AAACAXicZVDLSsNAFJ34rPUVdeHCzWApuCqJG7ssunHhooJ9QFPCZDJpp51MwsxECCErf8OF4EpQULf9DFd+ijunD8S2BwYO59zDnXu8mFGpLOvbWFldW9/YLGwVt3d29/bNg8OmjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzh1dhv3RMhacTvVBqTboh6nAYUI6Ul1zx2AoFwlroUpu4gz5wbnfVR7polq2JNAJeJPSOlWvVj9PjzNKi75pfjRzgJCVeYISk7thWrboaEopiRvOgkksQID1GPdDTlKCSym00OyGFZKz4MIqEfV3Ci/k9kKJQyDT09GSLVl4veWPzzynOrVFDtZpTHiSIcTzcFCYMqguM6oE8FwYqlmiAsqP4sxH2kK1G6tKJuwV68eZk0zyu25re6jkswRQGcgFNwBmxwAWrgGtRBA2CQg2fwCt6MB+PFeDc+p6MrxixzBOZgjH4Bt96bYw==</latexit><latexit sha1_base64="k6o+eqqZaHy8HbhDCGyJeoZcXAU=">AAACAXicZVDLSsNAFJ34rPUVdeHCzWApuCqJG7ssunHhooJ9QFPCZDJpp51MwsxECCErf8OF4EpQULf9DFd+ijunD8S2BwYO59zDnXu8mFGpLOvbWFldW9/YLGwVt3d29/bNg8OmjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzh1dhv3RMhacTvVBqTboh6nAYUI6Ul1zx2AoFwlroUpu4gz5wbnfVR7polq2JNAJeJPSOlWvVj9PjzNKi75pfjRzgJCVeYISk7thWrboaEopiRvOgkksQID1GPdDTlKCSym00OyGFZKz4MIqEfV3Ci/k9kKJQyDT09GSLVl4veWPzzynOrVFDtZpTHiSIcTzcFCYMqguM6oE8FwYqlmiAsqP4sxH2kK1G6tKJuwV68eZk0zyu25re6jkswRQGcgFNwBmxwAWrgGtRBA2CQg2fwCt6MB+PFeDc+p6MrxixzBOZgjH4Bt96bYw==</latexit><latexit sha1_base64="k6o+eqqZaHy8HbhDCGyJeoZcXAU=">AAACAXicZVDLSsNAFJ34rPUVdeHCzWApuCqJG7ssunHhooJ9QFPCZDJpp51MwsxECCErf8OF4EpQULf9DFd+ijunD8S2BwYO59zDnXu8mFGpLOvbWFldW9/YLGwVt3d29/bNg8OmjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzh1dhv3RMhacTvVBqTboh6nAYUI6Ul1zx2AoFwlroUpu4gz5wbnfVR7polq2JNAJeJPSOlWvVj9PjzNKi75pfjRzgJCVeYISk7thWrboaEopiRvOgkksQID1GPdDTlKCSym00OyGFZKz4MIqEfV3Ci/k9kKJQyDT09GSLVl4veWPzzynOrVFDtZpTHiSIcTzcFCYMqguM6oE8FwYqlmiAsqP4sxH2kK1G6tKJuwV68eZk0zyu25re6jkswRQGcgFNwBmxwAWrgGtRBA2CQg2fwCt6MB+PFeDc+p6MrxixzBOZgjH4Bt96bYw==</latexit><latexit sha1_base64="4ruVFbqiRn/fKIFZYAELHH/O1z8=">AAACAXicZVDLSsNAFJ34rPUVdeHCzWApuCqJC+2y6MaFiwr2AU0Ik8mknXbyYGYihJCVv+FCcCUoqNt+his/xZ3Tl9h6YOBwzj3cuceNGRXSML60peWV1bX1wkZxc2t7Z1ff22+KKOGYNHDEIt52kSCMhqQhqWSkHXOCApeRlju4HPmtO8IFjcJbmcbEDlA3pD7FSCrJ0Q8tnyOcpQ6FqdPPM+taZT2UO3rJqBhjwP/EnJJSrfo+fPh+7Ncd/dPyIpwEJJSYISE6phFLO0NcUsxIXrQSQWKEB6hLOoqGKCDCzsYH5LCsFA/6EVcvlHCs/k1kKBAiDVw1GSDZE4veSPz1ynOrpF+1MxrGiSQhnmzyEwZlBEd1QI9ygiVLFUGYU/VZiHtIVSJVacVxC2ez4xfJrIXmacVU/EbVcQEmKIAjcAxOgAnOQQ1cgTpoAAxy8ARewKt2rz1rb9rHZHRJm2YOwBy04Q++aJty</latexit><latexit sha1_base64="6TdpWUbkYScq9J3SSYwQtjsMhLM=">AAACAXicZVDLSsNAFJ3UV62vqAsXbgZLwVVJXKjLohsXLirYB7QhTCaTduxkEmYmQghZ+SmuBAVx62e48m+cpqnYemDgcM493LnHixmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrqd+75EISSN+r9KYOCEacRpQjJSWXPNoGAiEs9SlMHUf8mx4q7M+yl2zbjWtAvA/sUtSByXarvk19COchIQrzJCUA9uKlZMhoShmJK8NE0lihCdoRAaachQS6WTFATlsaMWHQST04woW6t9EhkIp09DTkyFSY7nsTcVfr7GwSgWXTkZ5nCjC8WxTkDCoIjitA/pUEKxYqgnCgurPQjxGuhKlS6sVLZzPj18m8xa6Z01b8zur3roq+6iCY3ACToENLkAL3IA26AAMcvAMXsGb8WS8GO/Gx2y0YpSZQ7AA4/MHqTWW7w==</latexit>

u
<latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="Df5uRJcQ/EFP9sn0nbm4aB7EgwM=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J6UI9FLx5bsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJnnx4Jr47pfTmFjc2t7p7hb2ts/ODwqH590dJQohm0WiUj1fKpRcIltw43AXqyQhr7Arj+9W/jdR1SaR/LBzGL0QjqWPOCMGiu1kmG54tbcDOQ/qeekAjmaw/LnYBSxJERpmKBa9+tubLyUKsOZwHlpkGiMKZvSMfYtlTRE7aXZoXNStcqIBJGyJQ3J1N8TKQ21noW+7Qypmei/3kL88aprq0xw46VcxolByZabgkQQE5HF22TEFTIjZpZQprg9lrAJVZQZG04pS+Fq9fxfskqhc1mrW95yK43bPI8inME5XEAdrqEB99CENjBAeIIXeHWmzrPz5rwvWwtOPnMKa3A+vgFlmI0v</latexit><latexit sha1_base64="Df5uRJcQ/EFP9sn0nbm4aB7EgwM=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J6UI9FLx5bsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJnnx4Jr47pfTmFjc2t7p7hb2ts/ODwqH590dJQohm0WiUj1fKpRcIltw43AXqyQhr7Arj+9W/jdR1SaR/LBzGL0QjqWPOCMGiu1kmG54tbcDOQ/qeekAjmaw/LnYBSxJERpmKBa9+tubLyUKsOZwHlpkGiMKZvSMfYtlTRE7aXZoXNStcqIBJGyJQ3J1N8TKQ21noW+7Qypmei/3kL88aprq0xw46VcxolByZabgkQQE5HF22TEFTIjZpZQprg9lrAJVZQZG04pS+Fq9fxfskqhc1mrW95yK43bPI8inME5XEAdrqEB99CENjBAeIIXeHWmzrPz5rwvWwtOPnMKa3A+vgFlmI0v</latexit>

u
<latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="QgcqS++nQOQhk115n9NvrFEYxVE=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4sceiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LJzBL0IzqWPOSMGiu10mG54tbcJcg28XJSgRzNYfl7MIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0DmpWmVEwljZkoYs1f8TGY20nkWB7YyomehNbyH+edW1VSas+xmXSWpQstWmMBXExGTxNhlxhcyImSWUKW6PJWxCFWXGhlOyKXibP2+Tzm3Ns7zlVhr3eR5FuIJruAEP7qABj9CENjBAeIE3eHemzqvz4XyuWgtOPnMJa3C+fgFfDo0g</latexit><latexit sha1_base64="Df5uRJcQ/EFP9sn0nbm4aB7EgwM=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J6UI9FLx5bsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJnnx4Jr47pfTmFjc2t7p7hb2ts/ODwqH590dJQohm0WiUj1fKpRcIltw43AXqyQhr7Arj+9W/jdR1SaR/LBzGL0QjqWPOCMGiu1kmG54tbcDOQ/qeekAjmaw/LnYBSxJERpmKBa9+tubLyUKsOZwHlpkGiMKZvSMfYtlTRE7aXZoXNStcqIBJGyJQ3J1N8TKQ21noW+7Qypmei/3kL88aprq0xw46VcxolByZabgkQQE5HF22TEFTIjZpZQprg9lrAJVZQZG04pS+Fq9fxfskqhc1mrW95yK43bPI8inME5XEAdrqEB99CENjBAeIIXeHWmzrPz5rwvWwtOPnMKa3A+vgFlmI0v</latexit><latexit sha1_base64="Df5uRJcQ/EFP9sn0nbm4aB7EgwM=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J6UI9FLx5bsB/QhrLZTtqlm03Y3Qgl9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJnnx4Jr47pfTmFjc2t7p7hb2ts/ODwqH590dJQohm0WiUj1fKpRcIltw43AXqyQhr7Arj+9W/jdR1SaR/LBzGL0QjqWPOCMGiu1kmG54tbcDOQ/qeekAjmaw/LnYBSxJERpmKBa9+tubLyUKsOZwHlpkGiMKZvSMfYtlTRE7aXZoXNStcqIBJGyJQ3J1N8TKQ21noW+7Qypmei/3kL88aprq0xw46VcxolByZabgkQQE5HF22TEFTIjZpZQprg9lrAJVZQZG04pS+Fq9fxfskqhc1mrW95yK43bPI8inME5XEAdrqEB99CENjBAeIIXeHWmzrPz5rwvWwtOPnMKa3A+vgFlmI0v</latexit>

y
<latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="9bqrrJfRgJStU9hvdypdLnABQYY=">AAAB6XicZVDLSgNBEOyNrxhfUY96GAwBT2HXg3oMevGYgHlAsoTZSW8yZPbBzKywLPkCT4KCePWTPPk3TjaJmFjQUFR1093lxYIrbdvfVmFjc2t7p7hb2ts/ODwqH5+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yP/M7TygVj8JHncboBnQUcp8zqo3UTAflil2zc5D/xFmQSv0ccjQG5a/+MGJJgKFmgirVc+xYuxmVmjOB01I/URhTNqEj7Bka0gCVm+WHTknVKEPiR9JUqEmu/p3IaKBUGnimM6B6rNa9mfjrVVdWaf/WzXgYJxpDNt/kJ4LoiMzeJkMukWmRGkKZ5OZYwsZUUqZNOKU8hevl8+tkmUL7quYY3jRx3M3jgCKcwQVcggM3UIcHaEALGCA8wyu8WRPrxXq3PuatBWsxcworsD5/AOj8jY8=</latexit><latexit sha1_base64="3EIP/gbhprs5X6YbgYt6+5e+ias=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjwmYB6QLGF20psMmX0wMyssS77Ak6AgXv0kT/6Nk81GjBY0FFXddHd5seBK2/aXVdrY3NreKe9W9vYPDo+qxyddFSWSYYdFIpJ9jyoUPMSO5lpgP5ZIA09gz5vdLfzeI0rFo/BBpzG6AZ2E3OeMaiO101G1ZjfsHOQ/cQpSgwKtUfVzOI5YEmComaBKDRw71m5GpeZM4LwyTBTGlM3oBAeGhjRA5Wb5oXNSN8qY+JE0FWqSq78nMhoolQae6Qyonqq/3kL88eprq7R/42Y8jBONIVtu8hNBdEQWb5Mxl8i0SA2hTHJzLGFTKinTJpxKnsLV6vm/ZJVC97LhGN62a83bIo8ynME5XIAD19CEe2hBBxggPMELvFoz69l6s96XrSWrmDmFNVgf32usjTM=</latexit>

y
<latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="D8Dz0RmbTVZEvrw4AyCO7HBfz9E=">AAAB6XicZVBNS8NAEJ3Ur1q/qh71sFgKnkriRY9FLx5bsB/QhrLZTtulm03Y3Qgh9Bd4EhTEqz/Jk//GbVrEtg8GHu/NMDMviAXXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6yhRDFssEpHqBlSj4BJbhhuB3VghDQOBnWD6MPc7z6g0j+STSWP0QzqWfMQZNVZqpoNyxa25Ocgm8ZakUr+EHI1B+bs/jFgSojRMUK17nhsbP6PKcCZwVuonGmPKpnSMPUslDVH7WX7ojFStMiSjSNmShuTq/4mMhlqnYWA7Q2omet2bi39edWWVGd35GZdxYlCyxaZRIoiJyPxtMuQKmRGpJZQpbo8lbEIVZcaGU7IpeOs/b5L2Tc2zvGnjuF/EAUW4gCu4Bg9uoQ6P0IAWMEB4gTd4d6bOq/PhfC5aC85y5hxW4Hz9AuJyjYA=</latexit><latexit sha1_base64="9bqrrJfRgJStU9hvdypdLnABQYY=">AAAB6XicZVDLSgNBEOyNrxhfUY96GAwBT2HXg3oMevGYgHlAsoTZSW8yZPbBzKywLPkCT4KCePWTPPk3TjaJmFjQUFR1093lxYIrbdvfVmFjc2t7p7hb2ts/ODwqH5+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yP/M7TygVj8JHncboBnQUcp8zqo3UTAflil2zc5D/xFmQSv0ccjQG5a/+MGJJgKFmgirVc+xYuxmVmjOB01I/URhTNqEj7Bka0gCVm+WHTknVKEPiR9JUqEmu/p3IaKBUGnimM6B6rNa9mfjrVVdWaf/WzXgYJxpDNt/kJ4LoiMzeJkMukWmRGkKZ5OZYwsZUUqZNOKU8hevl8+tkmUL7quYY3jRx3M3jgCKcwQVcggM3UIcHaEALGCA8wyu8WRPrxXq3PuatBWsxcworsD5/AOj8jY8=</latexit><latexit sha1_base64="3EIP/gbhprs5X6YbgYt6+5e+ias=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjwmYB6QLGF20psMmX0wMyssS77Ak6AgXv0kT/6Nk81GjBY0FFXddHd5seBK2/aXVdrY3NreKe9W9vYPDo+qxyddFSWSYYdFIpJ9jyoUPMSO5lpgP5ZIA09gz5vdLfzeI0rFo/BBpzG6AZ2E3OeMaiO101G1ZjfsHOQ/cQpSgwKtUfVzOI5YEmComaBKDRw71m5GpeZM4LwyTBTGlM3oBAeGhjRA5Wb5oXNSN8qY+JE0FWqSq78nMhoolQae6Qyonqq/3kL88eprq7R/42Y8jBONIVtu8hNBdEQWb5Mxl8i0SA2hTHJzLGFTKinTJpxKnsLV6vm/ZJVC97LhGN62a83bIo8ynME5XIAD19CEe2hBBxggPMELvFoz69l6s96XrSWrmDmFNVgf32usjTM=</latexit>

h̃/W̃
<latexit sha1_base64="zPBpqesS3G9w6G28hPcuyt+nBLc=">AAAB+3icZZDJSgNBEIZr4hbjNtGjlyYh4CnOeNFj0IvHCGaBZAg9PTVJk56F7h4lDHkUQRAUxKtP4sm3sbMgxvzQ8PFXFVX9+6ngSjvOt1XY2Nza3inulvb2Dw6P7PJxWyWZZNhiiUhk16cKBY+xpbkW2E0l0sgX2PHHN7N65wGl4kl8rycpehEdxjzkjGpjDexyX3MRIBmdL6EzsKtO3ZmLrIO7hGqjAoVnAGgO7K9+kLAswlgzQZXquU6qvZxKzZnAaamfKUwpG9Mh9gzGNELl5fPTp6RmnICEiTQv1mTu/p3IaaTUJPJNZ0T1SP2vzczfWm1llQ6vvJzHaaYxZotNYSaITsgsCBJwiUyLiQHKJDfHEjaikjJt4iqZFNz/f16H9kXdNXxn4riGhYpwChU4AxcuoQG30IQWMHiEJ3iFN2tqvVjv1seitWAtZ05gRdbnDzSUlIo=</latexit><latexit sha1_base64="cFFV9GPYKG22X3bthK9/0TZmhX4=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTdzosujGZQV7gTaUyWTSDp1MwsxEKaGPIi4EBXHjwidx5ds4vSC2/WHg4z/ncM78fsKZ0o7zY+XW1jc2t/LbhZ3dvf0Du3jYVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJnUWw9UKhaLez1KqBfhvmAhI1gbq2cXu5rxgKLB+RxaPbvsVJ2p0Cq4cyjXSpB7Pv48rffs724QkzSiQhOOleq4TqK9DEvNCKfjQjdVNMFkiPu0Y1DgiCovm54+RhXjBCiMpXlCo6n7fyLDkVKjyDedEdYDtVybmH+1ysIqHV55GRNJqqkgs01hypGO0SQIFDBJieYjA5hIZo5FZIAlJtrEVTApuMt/XoXmRdU1fGfiuIaZ8nACJTgDFy6hBrdQhwYQeIQneIU3a2y9WO/Wx6w1Z81njmBB1tcvY2mVbA==</latexit><latexit sha1_base64="cFFV9GPYKG22X3bthK9/0TZmhX4=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTdzosujGZQV7gTaUyWTSDp1MwsxEKaGPIi4EBXHjwidx5ds4vSC2/WHg4z/ncM78fsKZ0o7zY+XW1jc2t/LbhZ3dvf0Du3jYVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJnUWw9UKhaLez1KqBfhvmAhI1gbq2cXu5rxgKLB+RxaPbvsVJ2p0Cq4cyjXSpB7Pv48rffs724QkzSiQhOOleq4TqK9DEvNCKfjQjdVNMFkiPu0Y1DgiCovm54+RhXjBCiMpXlCo6n7fyLDkVKjyDedEdYDtVybmH+1ysIqHV55GRNJqqkgs01hypGO0SQIFDBJieYjA5hIZo5FZIAlJtrEVTApuMt/XoXmRdU1fGfiuIaZ8nACJTgDFy6hBrdQhwYQeIQneIU3a2y9WO/Wx6w1Z81njmBB1tcvY2mVbA==</latexit><latexit sha1_base64="cFFV9GPYKG22X3bthK9/0TZmhX4=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTdzosujGZQV7gTaUyWTSDp1MwsxEKaGPIi4EBXHjwidx5ds4vSC2/WHg4z/ncM78fsKZ0o7zY+XW1jc2t/LbhZ3dvf0Du3jYVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJnUWw9UKhaLez1KqBfhvmAhI1gbq2cXu5rxgKLB+RxaPbvsVJ2p0Cq4cyjXSpB7Pv48rffs724QkzSiQhOOleq4TqK9DEvNCKfjQjdVNMFkiPu0Y1DgiCovm54+RhXjBCiMpXlCo6n7fyLDkVKjyDedEdYDtVybmH+1ysIqHV55GRNJqqkgs01hypGO0SQIFDBJieYjA5hIZo5FZIAlJtrEVTApuMt/XoXmRdU1fGfiuIaZ8nACJTgDFy6hBrdQhwYQeIQneIU3a2y9WO/Wx6w1Z81njmBB1tcvY2mVbA==</latexit><latexit sha1_base64="zQFp5wl25IbA07rFMJaBzWjf9cc=">AAAB+3icZZDLSsNAFIZP6q3WW6rgRhdDS8FVTVyoy6IblxXsBdpQJpNJO3RyYWailNBHEReCgrhx4ZO48m2cpq3Y+sPAx3/O4Zz53ZgzqSzr28itrK6tb+Q3C1vbO7t7ZnG/KaNEENogEY9E28WSchbShmKK03YsKA5cTlvu8HpSb91TIVkU3qlRTJ0A90PmM4KVtnpmsasY9yganM6g1TPLVtXKhP6DPYNyrQS5p8OP43rP/Op6EUkCGirCsZQd24qVk2KhGOF0XOgmksaYDHGfdjSGOKDSSbPTx6iiHQ/5kdAvVChz/06kOJByFLi6M8BqIJdrE/O3VllYpfxLJ2VhnCgakukmP+FIRWgSBPKYoETxkQZMBNPHIjLAAhOl4ypkKZzPP78M8xSaZ1Vb862O4wqmysMRlOAEbLiAGtxAHRpA4AEe4QVejbHxbLwZ79PWnDGbOYAFGZ8/afOVew==</latexit><latexit sha1_base64="51lGlUHs8YqQQV7OZ0sNVCMpGSA=">AAAB+3icZZDLSsNAFIYnXmu9pbp0M1gKrmriQl0W3bisYC/QhjKZnLRDJ5MwM1FK6KO4EhTErU/iyrdxmqZi6w8DH/85h3Pm9xPOlHacb2ttfWNza7u0U97d2z84tCtHbRWnkkKLxjyWXZ8o4ExASzPNoZtIIJHPoeOPb2f1ziNIxWLxoCcJeBEZChYySrSxBnalrxkPAI/OC+gM7KpTd3Lh/+AWUEWFmgP7qx/ENI1AaMqJUj3XSbSXEakZ5TAt91MFCaFjMoSeQUEiUF6Wnz7FNeMEOIyleULj3P07kZFIqUnkm86I6JFarc3M31ptaZUOr72MiSTVIOh8U5hyrGM8CwIHTALVfGKAUMnMsZiOiCRUm7jKeQqXi8+vwiKF9kXdNXzvVBs3RR4ldIJO0Rly0RVqoDvURC1E0RN6Rq/ozZpaL9a79TFvXbOKmWO0JOvzB9s0k5U=</latexit>

Hc
<latexit sha1_base64="oD1ROoYYSTRLSA4R34UXY92+H0c=">AAAB63icZVBNSwMxEJ2tX7V+VcWTl2ApeCq7XvRY9NJjRfsB7VKyabYNTbJLkhXKUvAH6ElQFK/+Ik/+G9NtEds+GHi8N8PMvCDmTBvX/XFya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q0HqjSL5L0Zx9QXeCBZyAg2Vrqr9UivWHIrbga0Srw5KVVP3p8eAaDeK353+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU+2l26gSVrdJHYaRsSYMy9f9EioXWYxHYToHNUC97U/HPKy+sMuGVnzIZJ4ZKMtsUJhyZCE0fR32mKDF8bAkmitljERlihYmx8RRsCt7yz6ukeVHxLL+1cVzDDHk4hTM4Bw8uoQo1qEMDCAzgGV7hzRHOi/PhfM5ac8585hgW4Hz9AjlVj8M=</latexit><latexit sha1_base64="Ffvw0vy7RMC5YdRFTJbB3ru41V4=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoJccI5oHJEuYncwmQ2Zml5lZISzxC/QkKIpXv8iTf+PkgZhY0FBUddPdFcScaeO6305mbX1jcyu7ncvv7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up37qnSrNI3plxTH2BB5KFjGBjpdtaj/QKRbfizoD+E29BitXjt8eH8lm+3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3kuommMSYjPKAdSyUWVPvp7NQJKlmlj8JI2ZIGzdS/EykWWo9FYDsFNkO96k3FX6+0tMqEl37KZJwYKsl8U5hwZCI0fRz1maLE8LElmChmj0VkiBUmxsaTsyl4qz//J83zimf5jY3jCubIwgmcQhk8uIAq1KAODSAwgCd4gVdHOM/Ou/Mxb804i5kjWILz+QOrUZAY</latexit><latexit sha1_base64="Ffvw0vy7RMC5YdRFTJbB3ru41V4=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoJccI5oHJEuYncwmQ2Zml5lZISzxC/QkKIpXv8iTf+PkgZhY0FBUddPdFcScaeO6305mbX1jcyu7ncvv7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up37qnSrNI3plxTH2BB5KFjGBjpdtaj/QKRbfizoD+E29BitXjt8eH8lm+3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3kuommMSYjPKAdSyUWVPvp7NQJKlmlj8JI2ZIGzdS/EykWWo9FYDsFNkO96k3FX6+0tMqEl37KZJwYKsl8U5hwZCI0fRz1maLE8LElmChmj0VkiBUmxsaTsyl4qz//J83zimf5jY3jCubIwgmcQhk8uIAq1KAODSAwgCd4gVdHOM/Ou/Mxb804i5kjWILz+QOrUZAY</latexit><latexit sha1_base64="Ffvw0vy7RMC5YdRFTJbB3ru41V4=">AAAB63icZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoJccI5oHJEuYncwmQ2Zml5lZISzxC/QkKIpXv8iTf+PkgZhY0FBUddPdFcScaeO6305mbX1jcyu7ncvv7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up37qnSrNI3plxTH2BB5KFjGBjpdtaj/QKRbfizoD+E29BitXjt8eH8lm+3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3kuommMSYjPKAdSyUWVPvp7NQJKlmlj8JI2ZIGzdS/EykWWo9FYDsFNkO96k3FX6+0tMqEl37KZJwYKsl8U5hwZCI0fRz1maLE8LElmChmj0VkiBUmxsaTsyl4qz//J83zimf5jY3jCubIwgmcQhk8uIAq1KAODSAwgCd4gVdHOM/Ou/Mxb804i5kjWILz+QOrUZAY</latexit><latexit sha1_base64="YMm0vG413spPKsWfsnT3KyTfBKs=">AAAB63icZVBNS8NAEJ3Ur9r6URVPXhZroaeSeFCPRS89VrQfUEPZbDft0s0m7G6EEuov0JOgKF79RZ78N27TVmx9MPB4b4aZeV7EmdK2/W1lVlbX1jeym7n81vbObmFvv6nCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3g18Vv3VCoWils9iqgb4L5gPiNYG+mm1iXdQtGu2CnQf+LMSLF6+Pb4UD7J17uFr7teSOKACk04Vqrj2JF2Eyw1I5yOc3exohEmQ9ynHUMFDqhyk/TUMSoZpYf8UJoSGqXq34kEB0qNAs90BlgP1LI3EX+90sIq7V+4CRNRrKkg001+zJEO0eRx1GOSEs1HhmAimTkWkQGWmGgTTy5N4Wz+/DKZp9A8rTiGX5s4LmGKLBzBMZTBgXOoQg3q0AACfXiCF3i1AuvZerc+pq0ZazZzAAuwPn8AsduQJw==</latexit><latexit sha1_base64="uzORTwcZsqsgeTR9aVqFI8bQeRY=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvfRY0X5Au5Rsmm1Dk+ySZIWy9Cd4EhTEq7/Ik//GdLsVWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3M39zhNVmkXy0Uxj6gs8kixkBBsrPTQGZFCuuDU3A/pPvJxUIEdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs1BmqWmWIwkjZkgZl6t+JFAutpyKwnQKbsV735uKvV11ZZcIbP2UyTgyVZLEpTDgyEZo/joZMUWL41BJMFLPHIjLGChNj4yllKVwtn18nyxTalzXP8nu3Ur/N8yjCGZzDBXhwDXVoQBNaQGAEz/AKb45wXpx352PRWnDymVNYgfP5A5LLjdg=</latexit>

Hc
<latexit sha1_base64="+jQEuzM5tzvDcS05aI3OeVOIPrg=">AAAB9XicZVDLSgMxFL3js9ZXVVy5CZaCqzLjRpdFN11WsA9oh5JJM21oJhmTjFKGgh/gXlwICuLWj3Hl35hpi9j2QOBwzj3cmxPEnGnjuj/Oyura+sZmbiu/vbO7t184OGxomShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsPrzG/eU6WZFLdmFFM/wn3BQkawsZLfkdbMsqjaJd1C0S27E6Bl4s1IsXL88vQIALVu4bvTkySJqDCEY63bnhsbP8XKMMLpON9JNI0xGeI+bVsqcES1n06OHqOSVXoolMo+YdBE/Z9IcaT1KArsZITNQC96mfjnleZWmfDST5mIE0MFmW4KE46MRFkFqMcUJYaPLMFEMXssIgOsMDG2qLxtwVv88zJpnJc9y29sHVcwRQ5O4BTOwIMLqEAValAHAnfwDG/w7jw4r86H8zkdXXFmmSOYg/P1C6zklAc=</latexit><latexit sha1_base64="PQJUVuYgJdpVNWi/6+YZvjPRAUk=">AAAB9XicZVDLSgMxFL1TX7X1URVXboK10FWZcaPLopsuK9gHtEPJpJk2NJMZk4xShvoF7sWFoCBu/RhX/o2ZtohtDwQO59zDvTlexJnStv1jZdbWNza3stu5/M7u3n7h4LCpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90nfqteyoVC8WtHkfUDfBAMJ8RrI3kdkNjpllU65FeoWhX7CnQKnHmpFg9fnl6LJ/l673Cd7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMj16gkpG6SM/lOYJjabq/0SCA6XGgWcmA6yHatlLxT+vtLBK+5duwkQUayrIbJMfc6RDlFaA+kxSovnYEEwkM8ciMsQSE22KypkWnOU/r5LmecUx/MbUcQUzZOEETqEMDlxAFWpQhwYQuINneIN368F6tT6sz9loxppnjmAB1tcvHu+UXA==</latexit><latexit sha1_base64="PQJUVuYgJdpVNWi/6+YZvjPRAUk=">AAAB9XicZVDLSgMxFL1TX7X1URVXboK10FWZcaPLopsuK9gHtEPJpJk2NJMZk4xShvoF7sWFoCBu/RhX/o2ZtohtDwQO59zDvTlexJnStv1jZdbWNza3stu5/M7u3n7h4LCpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90nfqteyoVC8WtHkfUDfBAMJ8RrI3kdkNjpllU65FeoWhX7CnQKnHmpFg9fnl6LJ/l673Cd7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMj16gkpG6SM/lOYJjabq/0SCA6XGgWcmA6yHatlLxT+vtLBK+5duwkQUayrIbJMfc6RDlFaA+kxSovnYEEwkM8ciMsQSE22KypkWnOU/r5LmecUx/MbUcQUzZOEETqEMDlxAFWpQhwYQuINneIN368F6tT6sz9loxppnjmAB1tcvHu+UXA==</latexit><latexit sha1_base64="PQJUVuYgJdpVNWi/6+YZvjPRAUk=">AAAB9XicZVDLSgMxFL1TX7X1URVXboK10FWZcaPLopsuK9gHtEPJpJk2NJMZk4xShvoF7sWFoCBu/RhX/o2ZtohtDwQO59zDvTlexJnStv1jZdbWNza3stu5/M7u3n7h4LCpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90nfqteyoVC8WtHkfUDfBAMJ8RrI3kdkNjpllU65FeoWhX7CnQKnHmpFg9fnl6LJ/l673Cd7cfkjigQhOOleo4dqTdBEvNCKeTXDdWNMJkhAe0Y6jAAVVuMj16gkpG6SM/lOYJjabq/0SCA6XGgWcmA6yHatlLxT+vtLBK+5duwkQUayrIbJMfc6RDlFaA+kxSovnYEEwkM8ciMsQSE22KypkWnOU/r5LmecUx/MbUcQUzZOEETqEMDlxAFWpQhwYQuINneIN368F6tT6sz9loxppnjmAB1tcvHu+UXA==</latexit><latexit sha1_base64="gNJ1pS6hEQazhmuPco28QgvCbKs=">AAAB9XicZVDLSgMxFM3UV219VMWVm2AtdFVmXKjLopsuK9gHtEPJpJk2NJOMSUYpQ/0C9+JCUBC3fowr/8bMtBVbDwQO59zDvTleyKjStv1tZVZW19Y3spu5/Nb2zm5hb7+pRCQxaWDBhGx7SBFGOWloqhlph5KgwGOk5Y2uEr91R6Sigt/ocUjcAA049SlG2khuVxgzycJaD/cKRbtip4D/iTMjxerh8+ND+SRf7xW+un2Bo4BwjRlSquPYoXZjJDXFjExy3UiREOERGpCOoRwFRLlxevQElozSh76Q5nENU/VvIkaBUuPAM5MB0kO17CXir1daWKX9CzemPIw04Xi6yY8Y1AImFcA+lQRrNjYEYUnNsRAPkURYm6JyaQtn888vk3kLzdOKY/i1qeMSTJEFR+AYlIEDzkEV1EAdNAAGt+AJvII36956sd6tj+loxpplDsACrM8fJXmUaw==</latexit><latexit sha1_base64="3/Oo06Katq4hC2Wc3hqM60qwRUM=">AAAB9XicZVDLSgMxFL3js9ZX1aWbYCm4KlMX6rLopssK9gHtUDJppg3NJGOSUcrQ73AlKIhbP8aVf2NmOhVbDwQO59zDvTl+xJk2rvvtrK1vbG5tF3aKu3v7B4elo+O2lrEitEUkl6rrY005E7RlmOG0GymKQ5/Tjj+5Tf3OI1WaSXFvphH1QjwSLGAEGyt5fWnNNIsaAzIold2qmwH9J7WclCFHc1D66g8liUMqDOFY617NjYyXYGUY4XRW7MeaRphM8Ij2LBU4pNpLsqNnqGKVIQqksk8YlKl/EwkOtZ6Gvp0MsRnrVS8Vf73K0ioTXHsJE1FsqCDzTUHMkZEorQANmaLE8KklmChmj0VkjBUmxhZVzFq4XHx+lSxaaF9Ua5bfueX6Td5HAU7hDM6hBldQhwY0oQUEHuAZXuHNeXJenHfnYz665uSZE1iC8/kDBmmSHA==</latexit>

t̃L
<latexit sha1_base64="S6YLKX9BN3hNDi/X1HRvZlMn0yE=">AAAB8nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMevHgIYJ5YLKE2ckkGTI7u8z0CmEJ+AEevSgoiFf/xpN/4+SBmKSgoajqprsriKUw6Lo/TmZldW19I7uZ29re2d3L7x/UTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweDq7Fff+DaiEjd4TDmfkh7SnQFo2il+xYK2eEE2zftfMEtuROQZeLNSKF89PL0CACVdv671YlYEnKFTFJjmp4bo59SjYJJPsq1EsNjyga0x5uWKhpy46eTi0ekaJUO6UbalkIyUf9PpDQ0ZhgGtjOk2DeL3lj884pzq7B74adCxQlyxaabuokkGJHx/6QjNGcoh5ZQpoU9lrA+1ZShTSlnU/AWf14mtbOSZ/mtjeMSpsjCMZzAKXhwDmW4hgpUgYGCZ3iDdwedV+fD+Zy2ZpzZzCHMwfn6BU5bkqw=</latexit><latexit sha1_base64="AzcvPSVwAOJ+TJPf0/bT9AFSnJc=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByZLmJ10kiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e4KYikMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8HlxK/fgzYiUrc4jMEPWU+JruAMrXTXQiE7QLF93c7l3ZI7Bf1PvDnJlw+fHx+KJ9lKO/fV6kQ8CUEhl8yYpufG6I+YRsEljDOtxEDM+ID1oGmpYiEYfzS9eEwLVunQbqRtKaRT9e/EiIXGDMPAdoYM+2bZm4i/XmFhFXbP/ZFQcYKg+GxTN5EUIzr5n3aEBo5yaAnjWthjKe8zzTjalDI2BW/55/+kdlryLL+xcVyQGdLkiByTIvHIGSmTK1IhVcKJIk/klbw56Lw4787HrDXlzGcOyAKczx/AV5MB</latexit><latexit sha1_base64="AzcvPSVwAOJ+TJPf0/bT9AFSnJc=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByZLmJ10kiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e4KYikMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8HlxK/fgzYiUrc4jMEPWU+JruAMrXTXQiE7QLF93c7l3ZI7Bf1PvDnJlw+fHx+KJ9lKO/fV6kQ8CUEhl8yYpufG6I+YRsEljDOtxEDM+ID1oGmpYiEYfzS9eEwLVunQbqRtKaRT9e/EiIXGDMPAdoYM+2bZm4i/XmFhFXbP/ZFQcYKg+GxTN5EUIzr5n3aEBo5yaAnjWthjKe8zzTjalDI2BW/55/+kdlryLL+xcVyQGdLkiByTIvHIGSmTK1IhVcKJIk/klbw56Lw4787HrDXlzGcOyAKczx/AV5MB</latexit><latexit sha1_base64="AzcvPSVwAOJ+TJPf0/bT9AFSnJc=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByZLmJ10kiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e4KYikMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8HlxK/fgzYiUrc4jMEPWU+JruAMrXTXQiE7QLF93c7l3ZI7Bf1PvDnJlw+fHx+KJ9lKO/fV6kQ8CUEhl8yYpufG6I+YRsEljDOtxEDM+ID1oGmpYiEYfzS9eEwLVunQbqRtKaRT9e/EiIXGDMPAdoYM+2bZm4i/XmFhFXbP/ZFQcYKg+GxTN5EUIzr5n3aEBo5yaAnjWthjKe8zzTjalDI2BW/55/+kdlryLL+xcVyQGdLkiByTIvHIGSmTK1IhVcKJIk/klbw56Lw4787HrDXlzGcOyAKczx/AV5MB</latexit><latexit sha1_base64="QlF0WH/VnDSnYguKFEuUUcm1rt4=">AAAB8nicZVA9SwNBEN2LXzHxIypWNosxkCpcLNQyaGNhEcF8oDnC3t5esmRv79idE8IRf4GljYKC2PpvrPw3bi6JmPhg4PHeDDPz3EhwDbb9bWWWlldW17LrufzG5tZ2YWe3qcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXIz91j1TmofyBoYRcwLSk9znlICRbjvAhccwdK+6haJdsVPg/6Q6JcXa/vPjQ/koX+8WvjpeSOOASaCCaH1XtSNwEqKAU8FGuU6sWUTogPTYnaGSBEw7SXrxCJeM4mE/VKYk4FT9O5GQQOth4JrOgEBfL3pj8dcrza0C/8xJuIxiYJJONvmxwBDi8f/Y44pREENDCFXcHItpnyhCwaSUS1M4mT2/SGYpNI8rVcOvTRznaIIsOkCHqIyq6BTV0CWqowaiSKIn9IreLLBerHfrY9KasaYze2gO1ucPxuGTEA==</latexit><latexit sha1_base64="qknXTktWs+3iYCwT/wRqaSQKbyY=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkPAU9h4UI9BLx48RDAPTJYwOzubDJmdXWZ6hbDkLzwJCuLVv/Hk3zh5iYkFDUVVN91dfiKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx126eGS6F4AwVK3k40p5Evecsf3kz81hPXRsTqAUcJ9yLaVyIUjKKVHrsoZMAJ9u56xZJbcacg/0l1TkowR71X/OoGMUsjrpBJakyn6iboZVSjYJKPC93U8ISyIe3zjqWKRtx42fTiMSlbJSBhrG0pJFP170RGI2NGkW87I4oDs+pNxF+vvLQKwysvEypJkSs22xSmkmBMJv+TQGjOUI4soUwLeyxhA6opQ5tSYZrCxeL5VbJIoXleqVp+75Zq1/M88nACp3AGVbiEGtxCHRrAQMEzvMKbg86L8+58zFpzznzmGJbgfP4Ap9GQwQ==</latexit>

Vtd
<latexit sha1_base64="29Zim6bFm0qZ2dkMrq2TKu5eZ3Q=">AAAB7nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMevEYwWwCyRJmZ2eTMbMPZnqFsAT8AA+ehAji1f/x5N84eSDGFDQUVd10d/mpFBpt+9sqrK1vbG4Vt0s7u3v7B+XDI1cnmWK8yRKZqLZPNZci5k0UKHk7VZxGvuQtf3gz9VuPXGmRxPc4SrkX0X4sQsEoGsl1ezkG4165YtfsGcgqcRakUj+ZPD8BQKNX/uoGCcsiHiOTVOuOY6fo5VShYJKPS91M85SyIe3zjqExjbj28tm1Y1I1SkDCRJmKkczUvxM5jbQeRb7pjCgO9H9vKv561aVVGF55uYjTDHnM5pvCTBJMyPR3EgjFGcqRIZQpYY4lbEAVZWgSKpkUnP8/rxL3ouYYfmfiuIY5inAKZ3AODlxCHW6hAU1g8AAvMIE3K7VerXfrY95asBYzx7AE6/MH7RORXA==</latexit><latexit sha1_base64="P09C1yUw3nct36KRZXCc74z+Iyc=">AAAB7nicZVBNS8NAEN3Ur9r6URVPXhZroaeSeNFj0YvHCjYttKFsNpt27WYTdidCCfUXePAkVBCv/h9P/hu3H4htHww83pthZp6fCK7Btn+s3Mbm1vZOfrdQ3Ns/OCwdHbs6ThVlTRqLWLV9opngkjWBg2DtRDES+YK1/OHt1G89MaV5LB9glDAvIn3JQ04JGMl1exkE416pbNfsGfA6cRakXD+dvDxXL4qNXum7G8Q0jZgEKojWHcdOwMuIAk4FGxe6qWYJoUPSZx1DJYmY9rLZtWNcMUqAw1iZkoBn6v+JjERajyLfdEYEBnrVm4p/XmVpFYTXXsZlkgKTdL4pTAWGGE9/xwFXjIIYGUKo4uZYTAdEEQomoYJJwVn9eZ24lzXH8HsTxw2aI4/O0DmqIgddoTq6Qw3URBQ9olc0Qe9WYr1ZH9bnvDVnLWZO0BKsr19fHpGx</latexit><latexit sha1_base64="P09C1yUw3nct36KRZXCc74z+Iyc=">AAAB7nicZVBNS8NAEN3Ur9r6URVPXhZroaeSeNFj0YvHCjYttKFsNpt27WYTdidCCfUXePAkVBCv/h9P/hu3H4htHww83pthZp6fCK7Btn+s3Mbm1vZOfrdQ3Ns/OCwdHbs6ThVlTRqLWLV9opngkjWBg2DtRDES+YK1/OHt1G89MaV5LB9glDAvIn3JQ04JGMl1exkE416pbNfsGfA6cRakXD+dvDxXL4qNXum7G8Q0jZgEKojWHcdOwMuIAk4FGxe6qWYJoUPSZx1DJYmY9rLZtWNcMUqAw1iZkoBn6v+JjERajyLfdEYEBnrVm4p/XmVpFYTXXsZlkgKTdL4pTAWGGE9/xwFXjIIYGUKo4uZYTAdEEQomoYJJwVn9eZ24lzXH8HsTxw2aI4/O0DmqIgddoTq6Qw3URBQ9olc0Qe9WYr1ZH9bnvDVnLWZO0BKsr19fHpGx</latexit><latexit sha1_base64="P09C1yUw3nct36KRZXCc74z+Iyc=">AAAB7nicZVBNS8NAEN3Ur9r6URVPXhZroaeSeNFj0YvHCjYttKFsNpt27WYTdidCCfUXePAkVBCv/h9P/hu3H4htHww83pthZp6fCK7Btn+s3Mbm1vZOfrdQ3Ns/OCwdHbs6ThVlTRqLWLV9opngkjWBg2DtRDES+YK1/OHt1G89MaV5LB9glDAvIn3JQ04JGMl1exkE416pbNfsGfA6cRakXD+dvDxXL4qNXum7G8Q0jZgEKojWHcdOwMuIAk4FGxe6qWYJoUPSZx1DJYmY9rLZtWNcMUqAw1iZkoBn6v+JjERajyLfdEYEBnrVm4p/XmVpFYTXXsZlkgKTdL4pTAWGGE9/xwFXjIIYGUKo4uZYTAdEEQomoYJJwVn9eZ24lzXH8HsTxw2aI4/O0DmqIgddoTq6Qw3URBQ9olc0Qe9WYr1ZH9bnvDVnLWZO0BKsr19fHpGx</latexit><latexit sha1_base64="mBJU8OUFSZdhQdtFpoKkOl1tePM=">AAAB7nicZVBNS8NAEJ3Ur9r6URVPXoK10FNJPKjHohePFWxaaEPZbDbt2s0m7G6EEuov8OBJqCBe/T+e/Ddu01ZsfTDweG+GmXlezKhUlvVt5NbWNza38tuF4s7u3n7p4NCRUSIwaeKIRaLtIUkY5aSpqGKkHQuCQo+Rlje8mfqtRyIkjfi9GsXEDVGf04BipLTkOL1U+eNeqWzVrAzmf2LPSbl+PHl+qp4VG73SV9ePcBISrjBDUnZsK1ZuioSimJFxoZtIEiM8RH3S0ZSjkEg3za4dmxWt+GYQCV1cmZn6dyJFoZSj0NOdIVIDuepNxV+vsrRKBVduSnmcKMLxbFOQMFNF5vR306eCYMVGmiAsqD7WxAMkEFY6oUKWwsXi+VWySME5r9ma3+k4rmGGPJzAKVTBhkuowy00oAkYHuAFJvBmxMar8W58zFpzxnzmCJZgfP4AZaiRwA==</latexit><latexit sha1_base64="R0DNhmlB7ZwqXX4gToNoXL5jr0k=">AAAB7nicZVBNS8NAEJ3Ur1q/qh69BEvBU0k9qMeiF48VbCq0oWw2m3btZhN2J0IJ/Q+eBAXx6v/x5L9xm6Zi64OBx3szzMzzE8E1Os63VVpb39jcKm9Xdnb39g+qh0eujlNFWYfGIlYPPtFMcMk6yFGwh0QxEvmCdf3xzczvPjGleSzvcZIwLyJDyUNOCRrJdQcZBtNBteY0nBz2f9IsSA0KtAfVr34Q0zRiEqkgWveaToJeRhRyKti00k81SwgdkyHrGSpJxLSX5ddO7bpRAjuMlSmJdq7+nchIpPUk8k1nRHCkV72Z+OvVl1ZheOVlXCYpMknnm8JU2Bjbs9/tgCtGUUwMIVRxc6xNR0QRiiahSp7CxeL5VbJIwT1vNA2/c2qt6yKPMpzAKZxBEy6hBbfQhg5QeIRneIU3K7FerHfrY95asoqZY1iC9fkDRpiPcQ==</latexit>

d
<latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="eACBnYHGtTG9nGcd/x87QwVYKZA=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPRi8cW7Ae0oWw2k3bpZhN2N0IJ/QWeBAXx6k/y5L9x2wax9sHA470ZZuYFqeDauO63U9ra3tndK+9XDg6Pjk+qp2ddnWSKYYclIlH9gGoUXGLHcCOwnyqkcSCwF0zvF37vCZXmiXw0sxT9mI4ljzijxkrtcFStuQ13CbJJvILUoEBrVP0ahgnLYpSGCar1wHNT4+dUGc4EzivDTGNK2ZSOcWCppDFqP18eOid1q4QkSpQtachS/TuR01jrWRzYzpiaif7vLcRfr762ykS3fs5lmhmUbLUpygQxCVm8TUKukBkxs4Qyxe2xhE2ooszYcCo2Be//z5uke93wLG+7teZdkUcZLuASrsCDG2jCA7SgAwwQnuEV3pyp8+K8Ox+r1pJTzJzDGpzPH0U5jQ8=</latexit><latexit sha1_base64="SP/A3i8+t8xZV+pwuwokiJyvmvY=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qMeiF48t2A9oQ9lsJu3SzSbsboQS+gs8CQri1Z/kyX/jNk3F6oOBx3szzMzzE86Udpwvq7SxubW9U96t7O0fHB5Vj0+6Kk4lxQ6NeSz7PlHImcCOZppjP5FIIp9jz5/eLfzeI0rFYvGgZwl6ERkLFjJKtJHawahacxpODvs/cQtSgwKtUfVzGMQ0jVBoyolSA9dJtJcRqRnlOK8MU4UJoVMyxoGhgkSovCw/dG7XjRLYYSxNCW3n6u+JjERKzSLfdEZET9RfbyH+ePW1VTq88TImklSjoMtNYcptHduLt+2ASaSazwwhVDJzrE0nRBKqTTiVPIWr1fN/ySqF7mXDNbzt1Jq3RR5lOINzuAAXrqEJ99CCDlBAeIIXeLWm1rP1Zr0vW0tWMXMKa7A+vgFLw40e</latexit><latexit sha1_base64="SP/A3i8+t8xZV+pwuwokiJyvmvY=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qMeiF48t2A9oQ9lsJu3SzSbsboQS+gs8CQri1Z/kyX/jNk3F6oOBx3szzMzzE86Udpwvq7SxubW9U96t7O0fHB5Vj0+6Kk4lxQ6NeSz7PlHImcCOZppjP5FIIp9jz5/eLfzeI0rFYvGgZwl6ERkLFjJKtJHawahacxpODvs/cQtSgwKtUfVzGMQ0jVBoyolSA9dJtJcRqRnlOK8MU4UJoVMyxoGhgkSovCw/dG7XjRLYYSxNCW3n6u+JjERKzSLfdEZET9RfbyH+ePW1VTq88TImklSjoMtNYcptHduLt+2ASaSazwwhVDJzrE0nRBKqTTiVPIWr1fN/ySqF7mXDNbzt1Jq3RR5lOINzuAAXrqEJ99CCDlBAeIIXeLWm1rP1Zr0vW0tWMXMKa7A+vgFLw40e</latexit>

ντ
<latexit sha1_base64="6Gspdqqzz2tdL8Ta4bUMaHBYnUQ=">AAAB/HicZVDLSsNAFL3xWesrVly5GSwFVyVxo8uiG5cV7AOaUCbTSTt0MgkzE7GEih/gD7hxJSiIW3/ElX/jpC1i2wMDh3Pu4d45QcKZ0o7zY62srq1vbBa2its7u3v79kGpqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geJX7rTsqFYvFrR4l1I9wX7CQEayN1LVLXmzsPI08kXY9jdOuXXaqzgRombgzUq4dPT89AkC9a397vZikERWacKxUx3US7WdYakY4HRe9VNEEkyHu046hAkdU+dnk9jGqGKWHwliaJzSaqP8TGY6UGkWBmYywHqhFLxf/vMrcKh1e+BkTSaqpINNNYcqRjlHeBOoxSYnmI0Mwkcwci8gAS0y06atoWnAX/7xMmmdV1/AbU8clTFGAYziBU3DhHGpwDXVoAIF7eIE3eLcerFfrw/qcjq5Ys8whzMH6+gVeMpak</latexit><latexit sha1_base64="OlgXXJjfGtlYKpqEH57JIDpljCY=">AAAB/HicZVDLSgMxFM3UV219jBVXboK10FWZcaPLohuXFewDOmXIpJk2NJMMSUYsQ/sF/oAbV4KCuPVHXPk3Ztoitj0QOJxzD/fmBDGjSjvOj5Xb2Nza3snvFop7+weH9lGppUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbjK//UCkooLf63FMehEacBpSjLSRfLvkCWNnaejxxPc0Sny77NScGeA6cRekXD95fppWz4sN3/72+gInEeEaM6RU13Vi3UuR1BQzMil4iSIxwiM0IF1DOYqI6qWz2yewYpQ+DIU0j2s4U/8nUhQpNY4CMxkhPVSrXib+eZWlVTq86qWUx4kmHM83hQmDWsCsCdinkmDNxoYgLKk5FuIhkghr01fBtOCu/nmdtC5qruF3po5rMEcenIIzUAUuuAR1cAsaoAkweAQv4A28W1Pr1fqwPuejOWuROQZLsL5+AdAulvk=</latexit><latexit sha1_base64="OlgXXJjfGtlYKpqEH57JIDpljCY=">AAAB/HicZVDLSgMxFM3UV219jBVXboK10FWZcaPLohuXFewDOmXIpJk2NJMMSUYsQ/sF/oAbV4KCuPVHXPk3Ztoitj0QOJxzD/fmBDGjSjvOj5Xb2Nza3snvFop7+weH9lGppUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbjK//UCkooLf63FMehEacBpSjLSRfLvkCWNnaejxxPc0Sny77NScGeA6cRekXD95fppWz4sN3/72+gInEeEaM6RU13Vi3UuR1BQzMil4iSIxwiM0IF1DOYqI6qWz2yewYpQ+DIU0j2s4U/8nUhQpNY4CMxkhPVSrXib+eZWlVTq86qWUx4kmHM83hQmDWsCsCdinkmDNxoYgLKk5FuIhkghr01fBtOCu/nmdtC5qruF3po5rMEcenIIzUAUuuAR1cAsaoAkweAQv4A28W1Pr1fqwPuejOWuROQZLsL5+AdAulvk=</latexit><latexit sha1_base64="OlgXXJjfGtlYKpqEH57JIDpljCY=">AAAB/HicZVDLSgMxFM3UV219jBVXboK10FWZcaPLohuXFewDOmXIpJk2NJMMSUYsQ/sF/oAbV4KCuPVHXPk3Ztoitj0QOJxzD/fmBDGjSjvOj5Xb2Nza3snvFop7+weH9lGppUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbjK//UCkooLf63FMehEacBpSjLSRfLvkCWNnaejxxPc0Sny77NScGeA6cRekXD95fppWz4sN3/72+gInEeEaM6RU13Vi3UuR1BQzMil4iSIxwiM0IF1DOYqI6qWz2yewYpQ+DIU0j2s4U/8nUhQpNY4CMxkhPVSrXib+eZWlVTq86qWUx4kmHM83hQmDWsCsCdinkmDNxoYgLKk5FuIhkghr01fBtOCu/nmdtC5qruF3po5rMEcenIIzUAUuuAR1cAsaoAkweAQv4A28W1Pr1fqwPuejOWuROQZLsL5+AdAulvk=</latexit><latexit sha1_base64="6r+AnDM/ih6IWA8GEK5FjOjn7lQ=">AAAB/HicZVDLSsNAFJ3UV219xIorN4O10FVJXajLohuXFewDmhAm00k7dDIJMxOxhPYL/AE3rgQFceuPuPJvnKSt2Hpg4HDOPdw7x4sYlcqyvo3c2vrG5lZ+u1Dc2d3bNw9KbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4o+vU79wTIWnI79Q4Ik6ABpz6FCOlJdcs2aG20zS0eezaCsWuWbZqVgb4n9TnpNw4enqcVk+LTdf8svshjgPCFWZIyl7dipSTIKEoZmRSsGNJIoRHaEB6mnIUEOkk2e0TWNFKH/qh0I8rmKl/EwkKpBwHnp4MkBrKVS8Vf73K0irlXzoJ5VGsCMezTX7MoAph2gTsU0GwYmNNEBZUHwvxEAmEle6rkLVwvvj8Klm00D6r1TW/1XVcgRny4BicgCqogwvQADegCVoAgwfwDF7BmzE1Xox342M2mjPmmUOwBOPzB9a4lwg=</latexit><latexit sha1_base64="R800Ump4ySPtnjgDUY5RHRVfGDo=">AAAB/HicZVDLSsNAFJ34rPUV69LNYCm4KokLdVl047KCfUATwmQ6aYdOZsLMRCyhfoorQUHc+iOu/BsnaSq2Hhg4nHMP984JE0aVdpxva219Y3Nru7JT3d3bPzi0j2pdJVKJSQcLJmQ/RIowyklHU81IP5EExSEjvXByk/u9ByIVFfxeTxPix2jEaUQx0kYK7JonjJ2nocfTwNMoDey603QKwP/ELUkdlGgH9pc3FDiNCdeYIaUGrpNoP0NSU8zIrOqliiQIT9CIDAzlKCbKz4rbZ7BhlCGMhDSPa1iofxMZipWaxqGZjJEeq1UvF3+9xtIqHV35GeVJqgnH801RyqAWMG8CDqkkWLOpIQhLao6FeIwkwtr0VS1auFh8fpUsWuieN13D75x667rsowJOwCk4Ay64BC1wC9qgAzB4BM/gFbxZT9aL9W59zEfXrDJzDJZgff4At6iUuQ==</latexit>

s̄L
<latexit sha1_base64="1P0BLLmyxtn1rqBrAkgEf8UohEU=">AAAB8HicZVDLSgNBEOz1GeMrKp68DIaAp7DrRY9BLx48RDAPSJYwO5lNhszOLjO9QlgCfoAnT4qCePV3PPk3Th6ISQoaiqpuuruCRAqDrvvjrKyurW9s5rby2zu7e/uFg8O6iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwPfYbD1wbEat7HCbcj2hPiVAwilZqtgOqiencdgpFt+xOQJaJNyPFyvHr0yMAVDuF73Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTe4dkZJVuiSMtS2FZKL+n8hoZMwwCmxnRLFvFr2x+OeV5lZheOlnQiUpcsWmm8JUEozJ+HvSFZozlENLKNPCHktYn2rK0GaUtyl4iz8vk/p52bP8zsZxBVPk4ARO4Qw8uIAK3EAVasBAwjO8wbujnRfnw/mctq44s5kjmIPz9Qurr5G6</latexit><latexit sha1_base64="KUILMx8Eh/0wCgpKnzK8tOO4YSw=">AAAB8HicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByRLmJ3MJkNmZpeZWSEs8Qs8eVIUxKu/48m/cfJATFLQUFR1090VxJxp47o/TmZtfWNzK7udy+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKBKs0jem1FMfYH7koWMYGOlVifACunubbdQdCvuFGiVeHNSrB6/Pj2Wz/K1buG704tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1bKrGg2k+n945RySo9FEbKljRoqv6fSLHQeiQC2ymwGehlbyL+eaWFVSa89FMm48RQSWabwoQjE6HJ96jHFCWGjyzBRDF7LCIDrDAxNqOcTcFb/nmVNM4rnuV3No4rmCELJ3AKZfDgAqpwAzWoAwEOz/AG745yXpwP53PWmnHmM0ewAOfrFx26kg8=</latexit><latexit sha1_base64="KUILMx8Eh/0wCgpKnzK8tOO4YSw=">AAAB8HicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByRLmJ3MJkNmZpeZWSEs8Qs8eVIUxKu/48m/cfJATFLQUFR1090VxJxp47o/TmZtfWNzK7udy+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKBKs0jem1FMfYH7koWMYGOlVifACunubbdQdCvuFGiVeHNSrB6/Pj2Wz/K1buG704tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1bKrGg2k+n945RySo9FEbKljRoqv6fSLHQeiQC2ymwGehlbyL+eaWFVSa89FMm48RQSWabwoQjE6HJ96jHFCWGjyzBRDF7LCIDrDAxNqOcTcFb/nmVNM4rnuV3No4rmCELJ3AKZfDgAqpwAzWoAwEOz/AG745yXpwP53PWmnHmM0ewAOfrFx26kg8=</latexit><latexit sha1_base64="KUILMx8Eh/0wCgpKnzK8tOO4YSw=">AAAB8HicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByRLmJ3MJkNmZpeZWSEs8Qs8eVIUxKu/48m/cfJATFLQUFR1090VxJxp47o/TmZtfWNzK7udy+/s7u0XDg4bOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKBKs0jem1FMfYH7koWMYGOlVifACunubbdQdCvuFGiVeHNSrB6/Pj2Wz/K1buG704tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1bKrGg2k+n945RySo9FEbKljRoqv6fSLHQeiQC2ymwGehlbyL+eaWFVSa89FMm48RQSWabwoQjE6HJ96jHFCWGjyzBRDF7LCIDrDAxNqOcTcFb/nmVNM4rnuV3No4rmCELJ3AKZfDgAqpwAzWoAwEOz/AG745yXpwP53PWmnHmM0ewAOfrFx26kg8=</latexit><latexit sha1_base64="ECqDHCJBOZLYamPdcYXX4Ev3wq8=">AAAB8HicZVA9SwNBEJ2LXzHxIypWNosxkCrcWahl0MbCIoL5gOQIe5u9ZMne3rG7J4Qj/gIrK0VBbP07Vv4bN5dETHww8Hhvhpl5XsSZ0rb9bWVWVtfWN7KbufzW9s5uYW+/ocJYElonIQ9ly8OKciZoXTPNaSuSFAcep01veDXxm/dUKhaKOz2KqBvgvmA+I1gbqdXxsESqe9MtFO2KnQL9J86MFKuHL48P5ZN8rVv46vRCEgdUaMKxUm3HjrSbYKkZ4XSc68SKRpgMcZ+2DRU4oMpN0nvHqGSUHvJDaUpolKp/JxIcKDUKPNMZYD1Qy95E/PVKC6u0f+EmTESxpoJMN/kxRzpEk+9Rj0lKNB8Zgolk5lhEBlhiok1GuTSFs/nzy2SeQuO04hh+a+K4hCmycATHUAYHzqEK11CDOhDg8ASv8GZJ69l6tz6mrRlrNnMAC7A+fwAkRJIe</latexit><latexit sha1_base64="hrk00xjhVTwJK3JRObAxty/BGwg=">AAAB8HicZVBNS8NAEJ34WetX1aOXxVLwVFIP6rHoxYOHCvYD2lA220m7dLMJuxuhhP4JT4KCePXvePLfuE1TsfXBwOO9GWbm+bHg2rjut7O2vrG5tV3YKe7u7R8clo6OWzpKFMMmi0SkOj7VKLjEpuFGYCdWSENfYNsf38789hMqzSP5aCYxeiEdSh5wRo2VOj2fKqL79/1S2a26Gch/UstJGXI0+qWv3iBiSYjSMEG17tbc2HgpVYYzgdNiL9EYUzamQ+xaKmmI2kuze6ekYpUBCSJlSxqSqX8nUhpqPQl92xlSM9Kr3kz89SpLq0xw7aVcxolByeabgkQQE5HZ92TAFTIjJpZQprg9lrARVZQZm1ExS+Fy8fwqWaTQuqjWLH9wy/WbPI8CnMIZnEMNrqAOd9CAJjAQ8Ayv8OYo58V5dz7mrWtOPnMCS3A+fwAFNI/P</latexit>

u
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<latexit sha1_base64="Sui1yW2aSKlFqverhDAJkDSqsBA=">AAAB8nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMevHgIYJ5YBLC7OwkGTI7u8z0CmEJ+AEevSgoiFf/xpN/4+SBmKSgoajqprvLj6Uw6Lo/TmZldW19I7uZ29re2d3L7x/UTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uDq7Fff+DaiEjd4TDm7ZD2lOgKRtFK9y0UMuAk6Nx08gW35E5Alok3I4Xy0cvTIwBUOvnvVhCxJOQKmaTGND03xnZKNQom+SjXSgyPKRvQHm9aqmjITTudXDwiRasEpBtpWwrJRP0/kdLQmGHo286QYt8semPxzyvOrcLuRTsVKk6QKzbd1E0kwYiM/yeB0JyhHFpCmRb2WML6VFOGNqWcTcFb/HmZ1M5KnuW3No5LmCILx3ACp+DBOZThGipQBQYKnuEN3h10Xp0P53PamnFmM4cwB+frFzXrkpw=</latexit><latexit sha1_base64="dd81zQdvT2XptAq8MH+ScDKIddM=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByYhzM5OkiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e7yYykMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNeJVFMtINnxouheJVFCh5I9achr7kdX9wOfHr91wbEalbHMa8HdKeEl3BKFrproVCBpwEnetOLu+W3CnIf+LNSb58+Pz4UDzJVjq5r1YQsSTkCpmkxjQ9N8b2iGoUTPJxppUYHlM2oD3etFTRkJv2aHrxmBSsEpBupG0pJFP178SIhsYMQ992hhT7ZtmbiL9eYWEVds/bI6HiBLlis03dRBKMyOR/EgjNGcqhJZRpYY8lrE81ZWhTytgUvOWf/5Paacmz/MbGcQEzpOEIjqEIHpxBGa6gAlVgoOAJXuHNQefFeXc+Zq0pZz5zAAtwPn8Ap+eS8Q==</latexit><latexit sha1_base64="dd81zQdvT2XptAq8MH+ScDKIddM=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByYhzM5OkiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e7yYykMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNeJVFMtINnxouheJVFCh5I9achr7kdX9wOfHr91wbEalbHMa8HdKeEl3BKFrproVCBpwEnetOLu+W3CnIf+LNSb58+Pz4UDzJVjq5r1YQsSTkCpmkxjQ9N8b2iGoUTPJxppUYHlM2oD3etFTRkJv2aHrxmBSsEpBupG0pJFP178SIhsYMQ992hhT7ZtmbiL9eYWEVds/bI6HiBLlis03dRBKMyOR/EgjNGcqhJZRpYY8lrE81ZWhTytgUvOWf/5Paacmz/MbGcQEzpOEIjqEIHpxBGa6gAlVgoOAJXuHNQefFeXc+Zq0pZz5zAAtwPn8Ap+eS8Q==</latexit><latexit sha1_base64="dd81zQdvT2XptAq8MH+ScDKIddM=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoBcPHiKYByYhzM5OkiGzs8tMrxBC/AKPXhQUxKt/48m/cfJATCxoKKq66e7yYykMuu63k1pZXVvfSG9mslvbO7u5vf2aiRLNeJVFMtINnxouheJVFCh5I9achr7kdX9wOfHr91wbEalbHMa8HdKeEl3BKFrproVCBpwEnetOLu+W3CnIf+LNSb58+Pz4UDzJVjq5r1YQsSTkCpmkxjQ9N8b2iGoUTPJxppUYHlM2oD3etFTRkJv2aHrxmBSsEpBupG0pJFP178SIhsYMQ992hhT7ZtmbiL9eYWEVds/bI6HiBLlis03dRBKMyOR/EgjNGcqhJZRpYY8lrE81ZWhTytgUvOWf/5Paacmz/MbGcQEzpOEIjqEIHpxBGa6gAlVgoOAJXuHNQefFeXc+Zq0pZz5zAAtwPn8Ap+eS8Q==</latexit><latexit sha1_base64="RK0YG3np6mc6fKOt7ai0uPon/iI=">AAAB8nicZVA9SwNBEN2LXzHxIypWNosxkCpcLNQyaGNhEcF8oDnC3t5esmRv79idE8IRf4GljYKC2PpvrPw3bi6JmPhg4PHeDDPz3EhwDbb9bWWWlldW17LrufzG5tZ2YWe3qcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXIz91j1TmofyBoYRcwLSk9znlICRbjvAhcew173qFop2xU6B/5PqlBRr+8+PD+WjfL1b+Op4IY0DJoEKovVd1Y7ASYgCTgUb5TqxZhGhA9Jjd4ZKEjDtJOnFI1wyiof9UJmSgFP170RCAq2HgWs6AwJ9veiNxV+vNLcK/DMn4TKKgUk62eTHAkOIx/9jjytGQQwNIVRxcyymfaIIBZNSLk3hZPb8Ipml0DyuVA2/NnGcowmy6AAdojKqolNUQ5eojhqIIome0Ct6s8B6sd6tj0lrxprO7KE5WJ8/rnGTAA==</latexit><latexit sha1_base64="VIYlJZU+TnMCtmTi4YyiLmYUu4I=">AAAB8nicZVDLSgNBEOyNrxhfUY9eBkPAU9h4UI9BLx48RDAPTJYwOztJhszOLjO9Qgj5C0+Cgnj1bzz5N042GzGxoKGo6qa7y4+lMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbvvUcCkUb6BAydux5jT0JW/5o5uZ33ri2ohIPeA45l5IB0r0BaNopccuChlwEvTuesWSW3FTkP+kmpESZKj3il/dIGJJyBUySY3pVN0YvQnVKJjk00I3MTymbEQHvGOpoiE33iS9eErKVglIP9K2FJJU/TsxoaEx49C3nSHFoVn1ZuKvV15ahf0rbyJUnCBXbL6pn0iCEZn9TwKhOUM5toQyLeyxhA2ppgxtSoU0hYvF86tkkULzvFK1/N4t1a6zPPJwAqdwBlW4hBrcQh0awEDBM7zCm4POi/PufMxbc042cwxLcD5/AI9hkLE=</latexit>p
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Figure 4.3: One-loop diagrams which yield the baryon-number violating four-Fermi operators.
Diagrams (a) and (b) are generated by charged wino and higgsino exchanging processes, respec-
tively. Gray dots indicate dimension-five e↵ective interactions, while black dots represent wino
or higgsino mass terms.

while in the limit of M ! MS , it follows that

f(M,M
2
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2MS

, (M ! MS) . (4.44)

Note that the function is proportional to M , when M . MS . For this reason, the contribution
of the diagrams in Fig. 4.3 is enhanced when the masses of the exchanged particles are large.
In particular, in the case of µ � M2, the higgsino exchange contribution (the diagram (b) in
Fig. 4.3) dominates the wino exchange one. We also find from the behavior of the loop function
that the transition amplitude is considerably suppressed when the sfermions have su�ciently
large masses. Thus, we expect that the experimental constraints on the proton decay rate may
be avoided in the high-scale SUSY scenario.

Now we show numerical results of the proton decay lifetime. From now on, we define f̂

by f̂ ⌘ f̂d(MGUT). Uncertainty coming from the definition is briefly discussed below. First,
we consider the case where the higgsino mass is of the order of the sfermion masses, MS . In
this case, the higgsino exchange contribution (the diagram (b) in Fig. 4.3) dominates the wino
exchange one. For this reason, the lifetime has little dependence on the GUT phases 'i as well
as the wino mass. Thus, it is possible to make a robust prediction for the proton decay lifetime.
As the right-handed stop and stau run in the loop in the higgsino exchanging diagram, MS

should be regarded as their masses, which we assume to be degenerate for brevity. For MS = µ,
the proton lifetime ⌧p is approximately given as

⌧p ' 4⇥ 1035 ⇥ sin4 2�

✓
MS

102 TeV

◆
2
✓

MHC

1016 GeV

◆
2

yrs , (4.45)

with small dependence on the renormalization factors being ignored. As you can see from this
formula, the proton decay rate can be well above the current experimental limits from Super-
Kamiokande [69, 70],

⌧(p ! K
+
⌫̄) > 5.9⇥ 1033 yrs , (4.46)

62



Figure 11: The D=6 proton decay constraint in the CMSSM with ⇤/Mc = 1.5. tan� = 10, A0 = 0, sign(µ) = +
are chosen. The gauge coupling unification occurs only on the solid red contour. The dashed red curve represents
the gauge coupling unification with r = 2. The dark blue region is excluded due to a charged LSP. In the grey region
SOFTSUSY is failed to compute the spectrum due to e.g. absence of the EWSB. The light blue region is excluded
by the current limit ⌧p!e+⇡0 = 1.7 1034 yrs. The dashed lines represent ⌧p!e+⇡0/yrs = .., 1033, 1034, 1035, ...

Figure 12: Gauge coupling unification is achieved only on the solid red contour. The dashed red contour
represents the same condition for r = 2. The black solid lines are ⌧p!e+⇡0/yrs = ..., 1030, 1032, 1034, 1036, .... The
blue region is excluded by the current limit ⌧p!e+⇡0 > 1.7⇥ 1034 yrs. The light green region has ⇤ > 1018 GeV.
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