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Intro: QF T & Statistical Mechanics

QFT in path integral formulation D
System of statistical mechanics

S|o| ~ %/deE(audb)Q j j

lattice l <ij>
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Intro: ST & Harmonic Analysis
Particle in S' with radius R:  f(z) = f(z + 27)

Af(z) = —R70,0,f(x)

Z(q) = tr (e_BA) = ZB/BV%

Stringon ST 97 e?  momentum winding
6_6 (%—I—T’uﬂ)

Z(q) ~ ; HZOZI(l . %—,%)2

T-duality: R> 2/R; w < n oscillations




Intro: Gauge/String duality

(SUSY) U(N,) Quantum gauge theories in 4D

«— String theories in 5D Anti-deSitter geometry
[Polyakov] [Maldacena]

Observables y
crit. exponents

<

Stringy Harmonics

] Eigenva

ues of Aqg

Plan: 1 — AdS/CFT Correspondence

Gauge Theory, N=4 SYM, CFT; Strings in AdS, supercosets
2 — Stringy Harmonic Analysis

Calabi-Yau superspace CPN-1IN; gnalytical & numerical res.



Quantum Gauge Theory

1
SN~ [ P (B P

9y mr

N. x N_
Fm/ (A) e a)uAu =" az/A,u, e [A)ua AI/] matrices

Observables are \IJ(A) _ \IJ(AA)

gauge invariants
A, — ATA N - AT1O,A

Lattice:
- U, Weight of plaquette:
lattice //
holonomy 1t Sp ~ tT(UijUijklUli)




N=4 Super Yang-Mills Theory

GN=4 , g¥M | / APz tr (D,®,) + ([®n, ®1a])?) + ...

same on all T
length scales 6 matrix valued scalars

— Conformal Quantum Field Theory
Symmetries: U(4) ~ SO(6) R-symmetry’ and
4D conformal group SO(2,4) comeare, Diations,

Special Conformal

combine with 4 x 4 fermionic symmetries into

Lie Supergroup PSU(2,2|4)



Conformal Quantum Field Theory

Recal: (U (x)¥(y)) = |z — y‘—sz

0
A, depends on gy & Nt Ay = Ay + 0y,(AN,)

A=gywN — f
. YM e classical dim anomalous dim
t Hooft coupling

O(A) - Hamiltonian of (Heisenberg) spin chain

§ : 2
el P T long range int.
Planar limit [Minahan,Zarembo]

Pauli matrices [Beisert et al.]...

Is there systematic way of computing (5()\)]\[6_)00 ?



Maldacena's AdS/CFT duality

Conjecture: [Maldacena] N=4 SYM is dual to

String theory on AdS. x S5
X = (Xg5-X3) 7 ~ ~
2 R2 , ,
ds” :ﬁda: | TQdfr + R7dS 2

1 5
Parameters are related by e elementon S

Ne=(R/L)g," A= (R/L)’

string coupling string length



ST in AdS; x S° & Supercosets

Symmetries of AdS; x S°: S0O(2,4) x SO(6)
bosonic same as in Gauge Theory!
Construction of superstring on AdS; x S°

involves coset superspace [Metsaev,Tseytlin]
[Berkovits]

PSU(2,2|4) bosonic
SO(1,4) x SO(5) baseis

admits action of PSU(2,2|4)

AdS, x S°

+32 fermionic
coordinates



Summary of first part

AdS/CFT correspondence [Maldacenal]

Stat. Mech. Sys. String Geometry
Observables | -« » Stringy Harmonics
crit. exponents Eigenvalues of Ag

Compute stringy spectrum, e.g. function Z(q),
for superspaces G/H as function of radius R

G = U(N|N) .... very difficult!




Outlook to second part
UININ G/GZ2

AN

U(N-1|N)x - ORI} U
* note: ¢¥ Ex It P(25+2|2S5))
for
e Sam emergency 4 SYM

2l use only [Witten]
space

Continuous families of c =-2 CFTs
hard to solve (no Kac-Moody sym.)



The Sigma Model on CPN-1IN

cPN TN ={(Z,) = ;za,na\)\QQ = 7, 2% =1} JU(1)

complex bosonic fermion <o) ’la = WZa, Wla

here: No

Action of CPN-1IN Sigma Model given by:ws susy

R? - .
Scv =~ [o, d°2(DZ,DZ* + DZ,DZ")

T e /
09 B
D covariant derivative _|_;_7T / dQZ (DC_L — DCL)

a non-dynamical gauge field 0 - term

Family , , of interacting CFTs with ¢ = -2



Introduction: Some Motivation

CPN-1N simplest example of CY superspace

single Kihler parameter  [Sethi] [Schwarz] ....

1-parameter family of interacting CFTs with

solvable; but no

cont. varying exponents current algebras
Coset with U(N|N) sym. « Strings in AdS
CPNUN = U(N|N)/U(N —1|N) x U(1)

Cont. limit of alternating U(N|N) spin chain

intersecting loop model, polymers




Main Results and Plan of Talk

Exact formula for the boundary partition fcts

complex Kihler modulus t t;N=2
(q) modular parameter

complex line bundles k, k, kl k2

of volume filling branes with bundles O(k)

background field exp, cohomological reduction, lattice model

| Warmup: CPY" - the bc ghost system
Il CP'2— continuum analysis & numerics
lll Conclusions and some open problems



1.1 CP%"and bc ghost system
Solve constraint p?= 1 in terms of fermions &2
S~ R / L2 (96706 + 60" ) +ib (060 — 0¢~0€)

* Free field theory withc = - 2
* Dependence on R,0 is trivial
- Has affine psu(1]1) sym: F*(z) = 9¢%(z, 2)

not true for N # 1!



.2 CPY'-The boundary theory

S ~ Spuk + ¥ / dpgt,e- . oumdary

Implies twisted Neumann boundary conditions:
R0,(5 =400, O ~0+0

Result: [Creutzig,Quella,VS] [Creutzig,Roenne]

= AA—1
©:_ 0> Pair of ground states A} = (2 |

!

wwist fielgs  Pair of excited states A} = A} + )

(BM =+ @]_@2)2 + (0 — (‘)3)3]?4

COS 2T AR(O1,0y) =




1.3 The boundary partition function

- c/24 ground states F j_n B F :n__ 14\
N1 _ teat b T W Lo
Zowo, = a1+ [ [ +ag™™)(@ + 27 )
_ A q1_12 m(m+ mln ) ) M _ AR
—\ > L I+ = g™ > @) ¢ xom ()
meZ mezZ A /
Jacobi triple id branching functions pu(1|1) characters
2 _ 1_. )_
R — o " Tl—n
/ch( ) ducb( ) lim(1 9)ﬁ (1 —I—\az‘éuéq”)(l—l—xét{ 2q")
— q20(q —o(q) im(1—s~
W e b (1= a2uzg) (1 — 27 2um2¢")

U(1) gauging constraint K—n <—n



1.4 bc ghost system - Summary

1 o
Al = 5)\(/\ — 1) with A= Ar(©,0,) moduI| dependence

\ |
1 V
0 _2 ”*1) m m )
Ang A (g —QA Zwm ¢ Xm ()
meZz meZ
; du o7 (14 a7 3ug") (1 + a7u¢")
N — lim(1l—s
q fb(Q)/ —o(q) lim( )nl_lo(l_a;%u%qn)(1—a:%u%q’”)

* Moduli dependence only through function A twist fct
 Branching fcts g, can be computed at R = o « 2" line
* Exponent mA depends on pu(1|1) label m and A linear



Il Spectrum of o-Model on CP12
[Candu,Mitev,Quella,VS,Saleur]

At YOLCAT, -
t —)\f )\f l leq — k- 0C (*\) . ,IX o ~
Zf'il ko — 7 E : LT g2lF1—kz] XA (I Y,z

* Obtained by summing all order perturbative expansion

possible because of target space SUSY

» Tested through extensive numerical lattice simulations



Il Spectrum of o-Model on CP12
[Candu,Mitev,Quella,VS,Saleur]

IO At 5 (2) (/ -
Iae(Ae—1 K sh e 0C (N VK.,
Zk1 ko — 47 E E :'L/’A (Q) el XA (x Y ”)

|

Character X, = Xa(Xx,y,z) of
representation A of pu(2|2)

K,-k, determines value of central element in u(2|2)



Il Spectrum of o-Model on CP12
[Candu,Mitev,Quella,VS,Saleur]

At

t Iae(Ae—1) 2: ——dCPN) K.
Zkl ko — — (> (‘/’ 2' ] Xj\ (x* Y, ”‘")

/

Branching fcts at R = « from decomposition of

G .n
R 1 du L+ y" (zu” )
Zﬁqk’.gx = (" ()((j') jg lkr—rha|/2+ l q ll_rll} 1 C) H H - a 7“ qn

n=0 3:&1

explicitly known for N=2



Il Spectrum of o-Model on CP12
[Candu,Mitev,Quella,VS,Saleur]

At

—)\f At — 1 R ‘5(1(2)(*}\) K . ) -
Zkl ko — (Z E (‘/’ 2' 1=k2| XA (x* y*“’)

|

Value of Quadratic Casimir

Background field in representation of pu(2|2)
expansion implies:

Casimir evolution of weights is typical for G/H

with ¢V (G) =0  [Bershadsky, Zhukov, Vaintrob] ......
[Quella,VS,Creutzig] [Candu, Saleur]



1.2, Casimir Evolution

Free Boson: n?

. L 2 _1
In boundary theory ZR(Z? q) o E : < qu Ui (q)
bulk more involved nez,

Prop.: Boundary spectra of CPl? chiral field :

quadratic

Ap =AY + f(R)Cg) — Casimir

Deformation of conf. weights is "quasi-abelian’
[Bershadsky et al] [Quella,VS,Creutzig] [Candu, Saleur]

e.g. (1+14+1) remains at A=0; 48, 80, .... are lifted



1.2, Casimir Evolution

) R 0 2
Free Boson: Ag =Ag + f(R)g5
In boundary theory / / \
bulk more involved at R=R, universal U(1) charge

Prop.: Boundary spectra of CPl? chiral field :

quadratic

Ap =AY + f(R)Cg) — Casimir

Deformation of conf. weights is "quasi-abelian’
[Bershadsky et al] [Quella,VS,Creutzig] [Candu, Saleur]

e.g. (1+14+1) remains at A=0; 48, 80, .... are lifted



Il Spectrum of o-Model on CP12
[Candu,Mitev,Quella,VS,Saleur]

' I At Se1(2) (/ -
r7t 2 ae(Ae—1) 2l K s 5 0C AN K .
qu,kz — q- L/”A (Q) q2| # 2| XA (x Y, f‘“)

A, Is universal (depends only on t, k,,k,)

(R4 —+ @1@2)2 — (@1 — @2)2R4
9 —
M) (R 61607 (01— QP

. 2 *" _
t = R2 4+ i ©; = 2k; + 0/

— Cohomological reduction: SN = S+ QF



1 =
71 —)\f(/\f—l) K
— 2" ' 1)
Zk‘ 1,k2 q L/’Lf\
1073
0'9: O level 1
08F 4 * level 2
o7l A A level 3

Il Spectrum of o-Model on CP12
[Candu,Mitev,Quella,VS,Saleur]

26+
0.5F

04F

| w = w(R)

A _5C(A) K

(q) g2Fi—F2 X (2, Y, 2)

|

Value of Quadratic Casimir
in representation of pu(2|2)

For @ =-1and k, =0 =k,
foo = (h; — hg)/5C™)



1.3, A discrete model for CPN-1IN
U(N|N) spln chainon V;® Vf Q- @V ® Vf

2L—1 f
- Z Ly —w Z Pyt fundamental rep

J= J=
Ei(v;@vi)= NS 2@ Qi)
(v, 0541) ) € ® € N\ = Vj12 X Vjr1 XUy
(1

(Only) for N = 1 this spin chain is integrable

Z(q) = lim tr e NE__ N7 Partition
Ermecd — function of
/ —) Ny =g ) =g

s

— Z
q==¢€ p=—i0<s<L



1.3, Boundary Conditions

BC of continuum theory < line bundle O (k)
ldea: Introduce boundary layer | | | | | | | | |

VE  fork20 —"1
Vf — kI Vi@Vl
Vf—’“ for k < 0
|’f! P
. Wy Y oq Laarr + Ws g k1
Hb —_

ZW Foatd 1 We 5, o2



lll Open Problems & Directions
Integrable CFT: CPN-1INprovides a first step

Boundary spectrum known Numerical evaluation
What about the bulk spectrum ? possible

Is there Gepner/WZ point in moduli space ?
~ supersphere — GN duality [Candu et al][Mitev et al]
Z(R,) given by characters of affine psu(2|2) ?

Extension to CPN-1N with N=2 ws SUSY ?
— N=4 SYM / twistor string [Witten]
Derived category / stability ?

Extension to non-compact target ? < Ads ?
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