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 What stabilizes the Higgs 
mass (hierarchy problem)? 

 What explains the vacuum energy 
(cosmological constant problem)? 

- No new physics at LHC

- No WIMPs detected

- Constraints on deviations from 
GR are increasingly tight

The Post-Naturalness Era? 



Higgs metastability 

A disturbing consequence of a “grand desert” above the weak 
scale is the metastability of our vacuum

Frampton (1976); Sher (1989); Degrassi et al. (2012); Buttazzo et al. 
(2013); Bednyakov et al. (2015); Andreassen, Frost and Schwartz (2017)
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Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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Higgs discovery with                      fixes all SM parameters, and 
allows computation of quantum effective potential 

mh ' 125 GeV
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Andreassen, Frost and Schwartz (2017)



Higgs metastability as near criticality

Estimated lifetime of 
our vacuum: Andreassen et al. (2017)

Reassuringly long, but hinges on delicate numerical cancellation:

Why is our universe so precariously close to instability? 
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Difficult to conjure up an anthropic explanation 
This delicate numerical conspiracy cannot be an accident 

Nucleation prob. within 
observable universe:

Percolation transition: 10�6
⇠< c ⇠< 0.24
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Guth & Weinberg (1983)
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Other fine-tunings can be understood as problems of criticality.

 Weak hierarchy:
Giudice & Rattazzi (2006)
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<latexit sha1_base64="/LSBy53p2XKOE7G0gcHGjxd1ypY=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkWwdWQqdrWhVB047KCvUBnKJk004ZmMkOSEcpQ8FXcuFDErc/hzrcxvVBU9IfAz3fO4Zz8QcKZ0gh9Wrml5ZXVtfx6YWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/qrXsqFYvFnR4l1I9wX7CQEawN6toHHseizykcQE/O3CVEXbuInItTVC2XoeugqaAhlfNSubQgRTBXvWt/eL2YpBEVmnCsVMdFifYzLDUjnI4LXqpogskQ92nHWIEjqvxsev4YHhvSg2EszRMaTun3iQxHSo2iwHRGWA/U79oE/lXrpDqs+hkTSaqpILNFYcqhjuEkC9hjkhLNR8ZgIpm5FZIBlphok1jBhLD4+/+mWXJc5Li3Z8Xa1TyOPDgER+AEuKACauAG1EEDEJCBR/AMXqwH68l6td5mrTlrPrMPfsh6/wLHQZS2</latexit><latexit sha1_base64="/LSBy53p2XKOE7G0gcHGjxd1ypY=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkWwdWQqdrWhVB047KCvUBnKJk004ZmMkOSEcpQ8FXcuFDErc/hzrcxvVBU9IfAz3fO4Zz8QcKZ0gh9Wrml5ZXVtfx6YWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/qrXsqFYvFnR4l1I9wX7CQEawN6toHHseizykcQE/O3CVEXbuInItTVC2XoeugqaAhlfNSubQgRTBXvWt/eL2YpBEVmnCsVMdFifYzLDUjnI4LXqpogskQ92nHWIEjqvxsev4YHhvSg2EszRMaTun3iQxHSo2iwHRGWA/U79oE/lXrpDqs+hkTSaqpILNFYcqhjuEkC9hjkhLNR8ZgIpm5FZIBlphok1jBhLD4+/+mWXJc5Li3Z8Xa1TyOPDgER+AEuKACauAG1EEDEJCBR/AMXqwH68l6td5mrTlrPrMPfsh6/wLHQZS2</latexit><latexit sha1_base64="/LSBy53p2XKOE7G0gcHGjxd1ypY=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkWwdWQqdrWhVB047KCvUBnKJk004ZmMkOSEcpQ8FXcuFDErc/hzrcxvVBU9IfAz3fO4Zz8QcKZ0gh9Wrml5ZXVtfx6YWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/qrXsqFYvFnR4l1I9wX7CQEawN6toHHseizykcQE/O3CVEXbuInItTVC2XoeugqaAhlfNSubQgRTBXvWt/eL2YpBEVmnCsVMdFifYzLDUjnI4LXqpogskQ92nHWIEjqvxsev4YHhvSg2EszRMaTun3iQxHSo2iwHRGWA/U79oE/lXrpDqs+hkTSaqpILNFYcqhjuEkC9hjkhLNR8ZgIpm5FZIBlphok1jBhLD4+/+mWXJc5Li3Z8Xa1TyOPDgER+AEuKACauAG1EEDEJCBR/AMXqwH68l6td5mrTlrPrMPfsh6/wLHQZS2</latexit><latexit sha1_base64="/LSBy53p2XKOE7G0gcHGjxd1ypY=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkWwdWQqdrWhVB047KCvUBnKJk004ZmMkOSEcpQ8FXcuFDErc/hzrcxvVBU9IfAz3fO4Zz8QcKZ0gh9Wrml5ZXVtfx6YWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/qrXsqFYvFnR4l1I9wX7CQEawN6toHHseizykcQE/O3CVEXbuInItTVC2XoeugqaAhlfNSubQgRTBXvWt/eL2YpBEVmnCsVMdFifYzLDUjnI4LXqpogskQ92nHWIEjqvxsev4YHhvSg2EszRMaTun3iQxHSo2iwHRGWA/U79oE/lXrpDqs+hkTSaqpILNFYcqhjuEkC9hjkhLNR8ZgIpm5FZIBlphok1jBhLD4+/+mWXJc5Li3Z8Xa1TyOPDgER+AEuKACauAG1EEDEJCBR/AMXqwH68l6td5mrTlrPrMPfsh6/wLHQZS2</latexit>

hhi = 246 GeV
<latexit sha1_base64="dCStNCXFmMyAnWQQOe6TUEVaNNw=">AAACCnicdZDLSgMxFIYz9VbrrerSTbQIrspMrW1dCEUXuqxgL9ApJZOetqGZzJBkhDLUrRtfxY0LRdz6BO58G9MLRUV/CPx85xxOzu+FnClt259WYmFxaXkluZpaW9/Y3Epv79RUEEkKVRrwQDY8ooAzAVXNNIdGKIH4Hoe6N7gY1+u3IBULxI0ehtDySU+wLqNEG9RO77uciB4H3MeunLoznMsX7mJX+vgSaqN2OmNnT4/tUqGAnaw9ETakeJIr5OYkg2aqtNMfbiegkQ9CU06Uajp2qFsxkZpRDqOUGykICR2QHjSNFcQH1Yonp4zwoSEd3A2keULjCf0+ERNfqaHvmU6f6L76XRvDv2rNSHdLrZiJMNIg6HRRN+JYB3icC+4wCVTzoTGESmb+immfSEK1SS9lQpjf/r+p5bKOnXWu85ny+SyOJNpDB+gIOaiIyugKVVAVUXSPHtEzerEerCfr1Xqbtias2cwu+iHr/Qtf9Jlt</latexit><latexit sha1_base64="dCStNCXFmMyAnWQQOe6TUEVaNNw=">AAACCnicdZDLSgMxFIYz9VbrrerSTbQIrspMrW1dCEUXuqxgL9ApJZOetqGZzJBkhDLUrRtfxY0LRdz6BO58G9MLRUV/CPx85xxOzu+FnClt259WYmFxaXkluZpaW9/Y3Epv79RUEEkKVRrwQDY8ooAzAVXNNIdGKIH4Hoe6N7gY1+u3IBULxI0ehtDySU+wLqNEG9RO77uciB4H3MeunLoznMsX7mJX+vgSaqN2OmNnT4/tUqGAnaw9ETakeJIr5OYkg2aqtNMfbiegkQ9CU06Uajp2qFsxkZpRDqOUGykICR2QHjSNFcQH1Yonp4zwoSEd3A2keULjCf0+ERNfqaHvmU6f6L76XRvDv2rNSHdLrZiJMNIg6HRRN+JYB3icC+4wCVTzoTGESmb+immfSEK1SS9lQpjf/r+p5bKOnXWu85ny+SyOJNpDB+gIOaiIyugKVVAVUXSPHtEzerEerCfr1Xqbtias2cwu+iHr/Qtf9Jlt</latexit><latexit sha1_base64="dCStNCXFmMyAnWQQOe6TUEVaNNw=">AAACCnicdZDLSgMxFIYz9VbrrerSTbQIrspMrW1dCEUXuqxgL9ApJZOetqGZzJBkhDLUrRtfxY0LRdz6BO58G9MLRUV/CPx85xxOzu+FnClt259WYmFxaXkluZpaW9/Y3Epv79RUEEkKVRrwQDY8ooAzAVXNNIdGKIH4Hoe6N7gY1+u3IBULxI0ehtDySU+wLqNEG9RO77uciB4H3MeunLoznMsX7mJX+vgSaqN2OmNnT4/tUqGAnaw9ETakeJIr5OYkg2aqtNMfbiegkQ9CU06Uajp2qFsxkZpRDqOUGykICR2QHjSNFcQH1Yonp4zwoSEd3A2keULjCf0+ERNfqaHvmU6f6L76XRvDv2rNSHdLrZiJMNIg6HRRN+JYB3icC+4wCVTzoTGESmb+immfSEK1SS9lQpjf/r+p5bKOnXWu85ny+SyOJNpDB+gIOaiIyugKVVAVUXSPHtEzerEerCfr1Xqbtias2cwu+iHr/Qtf9Jlt</latexit><latexit sha1_base64="dCStNCXFmMyAnWQQOe6TUEVaNNw=">AAACCnicdZDLSgMxFIYz9VbrrerSTbQIrspMrW1dCEUXuqxgL9ApJZOetqGZzJBkhDLUrRtfxY0LRdz6BO58G9MLRUV/CPx85xxOzu+FnClt259WYmFxaXkluZpaW9/Y3Epv79RUEEkKVRrwQDY8ooAzAVXNNIdGKIH4Hoe6N7gY1+u3IBULxI0ehtDySU+wLqNEG9RO77uciB4H3MeunLoznMsX7mJX+vgSaqN2OmNnT4/tUqGAnaw9ETakeJIr5OYkg2aqtNMfbiegkQ9CU06Uajp2qFsxkZpRDqOUGykICR2QHjSNFcQH1Yonp4zwoSEd3A2keULjCf0+ERNfqaHvmU6f6L76XRvDv2rNSHdLrZiJMNIg6HRRN+JYB3icC+4wCVTzoTGESmb+immfSEK1SS9lQpjf/r+p5bKOnXWu85ny+SyOJNpDB+gIOaiIyugKVVAVUXSPHtEzerEerCfr1Xqbtias2cwu+iHr/Qtf9Jlt</latexit>

hhi ⇠ MPl
<latexit sha1_base64="OpHoMbbsvltuRltyNB4qadUEZ08=">AAACCnicdZDLSgMxFIYzXmu9jbp0Ey2Cq2Gmalt3RTduhAr2Ap1hyKRpG5pkhiQjlKFrN76KGxeKuPUJ3Pk2pheKiv4Q+PnOOZycP0oYVdp1P62FxaXlldXcWn59Y3Nr297Zbag4lZjUccxi2YqQIowKUtdUM9JKJEE8YqQZDS7H9eYdkYrG4lYPExJw1BO0SzHSBoX2gc+Q6DEC+9CXU+cryuF1mPmSwxobhXbBdc5P3EqpBD3HnQgaUj4rlopzUgAz1UL7w+/EOOVEaMyQUm3PTXSQIakpZmSU91NFEoQHqEfaxgrEiQqyySkjeGRIB3ZjaZ7QcEK/T2SIKzXkkenkSPfV79oY/lVrp7pbCTIqklQTgaeLuimDOobjXGCHSoI1GxqDsKTmrxD3kURYm/TyJoT57f+bRtHxXMe7OS1UL2Zx5MA+OATHwANlUAVXoAbqAIN78AiewYv1YD1Zr9bbtHXBms3sgR+y3r8AeWeaIQ==</latexit><latexit sha1_base64="OpHoMbbsvltuRltyNB4qadUEZ08=">AAACCnicdZDLSgMxFIYzXmu9jbp0Ey2Cq2Gmalt3RTduhAr2Ap1hyKRpG5pkhiQjlKFrN76KGxeKuPUJ3Pk2pheKiv4Q+PnOOZycP0oYVdp1P62FxaXlldXcWn59Y3Nr297Zbag4lZjUccxi2YqQIowKUtdUM9JKJEE8YqQZDS7H9eYdkYrG4lYPExJw1BO0SzHSBoX2gc+Q6DEC+9CXU+cryuF1mPmSwxobhXbBdc5P3EqpBD3HnQgaUj4rlopzUgAz1UL7w+/EOOVEaMyQUm3PTXSQIakpZmSU91NFEoQHqEfaxgrEiQqyySkjeGRIB3ZjaZ7QcEK/T2SIKzXkkenkSPfV79oY/lVrp7pbCTIqklQTgaeLuimDOobjXGCHSoI1GxqDsKTmrxD3kURYm/TyJoT57f+bRtHxXMe7OS1UL2Zx5MA+OATHwANlUAVXoAbqAIN78AiewYv1YD1Zr9bbtHXBms3sgR+y3r8AeWeaIQ==</latexit><latexit sha1_base64="OpHoMbbsvltuRltyNB4qadUEZ08=">AAACCnicdZDLSgMxFIYzXmu9jbp0Ey2Cq2Gmalt3RTduhAr2Ap1hyKRpG5pkhiQjlKFrN76KGxeKuPUJ3Pk2pheKiv4Q+PnOOZycP0oYVdp1P62FxaXlldXcWn59Y3Nr297Zbag4lZjUccxi2YqQIowKUtdUM9JKJEE8YqQZDS7H9eYdkYrG4lYPExJw1BO0SzHSBoX2gc+Q6DEC+9CXU+cryuF1mPmSwxobhXbBdc5P3EqpBD3HnQgaUj4rlopzUgAz1UL7w+/EOOVEaMyQUm3PTXSQIakpZmSU91NFEoQHqEfaxgrEiQqyySkjeGRIB3ZjaZ7QcEK/T2SIKzXkkenkSPfV79oY/lVrp7pbCTIqklQTgaeLuimDOobjXGCHSoI1GxqDsKTmrxD3kURYm/TyJoT57f+bRtHxXMe7OS1UL2Zx5MA+OATHwANlUAVXoAbqAIN78AiewYv1YD1Zr9bbtHXBms3sgR+y3r8AeWeaIQ==</latexit><latexit sha1_base64="OpHoMbbsvltuRltyNB4qadUEZ08=">AAACCnicdZDLSgMxFIYzXmu9jbp0Ey2Cq2Gmalt3RTduhAr2Ap1hyKRpG5pkhiQjlKFrN76KGxeKuPUJ3Pk2pheKiv4Q+PnOOZycP0oYVdp1P62FxaXlldXcWn59Y3Nr297Zbag4lZjUccxi2YqQIowKUtdUM9JKJEE8YqQZDS7H9eYdkYrG4lYPExJw1BO0SzHSBoX2gc+Q6DEC+9CXU+cryuF1mPmSwxobhXbBdc5P3EqpBD3HnQgaUj4rlopzUgAz1UL7w+/EOOVEaMyQUm3PTXSQIakpZmSU91NFEoQHqEfaxgrEiQqyySkjeGRIB3ZjaZ7QcEK/T2SIKzXkkenkSPfV79oY/lVrp7pbCTIqklQTgaeLuimDOobjXGCHSoI1GxqDsKTmrxD3kURYm/TyJoT57f+bRtHxXMe7OS1UL2Zx5MA+OATHwANlUAVXoAbqAIN78AiewYv1YD1Zr9bbtHXBms3sgR+y3r8AeWeaIQ==</latexit>

*

 Cosmological constant:

⇤ > 0
<latexit sha1_base64="4eMve8qrxbpSCfRyOMux0Lwdtv0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27qRohsXLirYB0yHksmkbWgmGZKMUIZ+hhsXirj1a9z5N6YPREUPBA7nnEvuPWHCmTYIfTi5peWV1bX8emFjc2t7p7i719IyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv31PlWZS3JlxQoMYDwTrM4KNlfzujY1GGF5A1CuWkHt+gmqVCvRcNAO0SvWsXCl/KSWwQKNXfO9GkqQxFYZwrLXvocQEGVaGEU4nhW6qaYLJCA+ob6nAMdVBNlt5Ao+sEsG+VPYJA2fq94kMx1qP49AmY2yG+rc3Ff/y/NT0a0HGRJIaKsj8o37KoZFwej+MmKLE8LElmChmd4VkiBUmxrZUsCV83f4/aZVdD7ne7WmpfrmoIw8OwCE4Bh6ogjq4Bg3QBARI8ACewLNjnEfnxXmdR3POYmYf/IDz9gkPeJBz</latexit><latexit sha1_base64="4eMve8qrxbpSCfRyOMux0Lwdtv0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27qRohsXLirYB0yHksmkbWgmGZKMUIZ+hhsXirj1a9z5N6YPREUPBA7nnEvuPWHCmTYIfTi5peWV1bX8emFjc2t7p7i719IyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv31PlWZS3JlxQoMYDwTrM4KNlfzujY1GGF5A1CuWkHt+gmqVCvRcNAO0SvWsXCl/KSWwQKNXfO9GkqQxFYZwrLXvocQEGVaGEU4nhW6qaYLJCA+ob6nAMdVBNlt5Ao+sEsG+VPYJA2fq94kMx1qP49AmY2yG+rc3Ff/y/NT0a0HGRJIaKsj8o37KoZFwej+MmKLE8LElmChmd4VkiBUmxrZUsCV83f4/aZVdD7ne7WmpfrmoIw8OwCE4Bh6ogjq4Bg3QBARI8ACewLNjnEfnxXmdR3POYmYf/IDz9gkPeJBz</latexit><latexit sha1_base64="4eMve8qrxbpSCfRyOMux0Lwdtv0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27qRohsXLirYB0yHksmkbWgmGZKMUIZ+hhsXirj1a9z5N6YPREUPBA7nnEvuPWHCmTYIfTi5peWV1bX8emFjc2t7p7i719IyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv31PlWZS3JlxQoMYDwTrM4KNlfzujY1GGF5A1CuWkHt+gmqVCvRcNAO0SvWsXCl/KSWwQKNXfO9GkqQxFYZwrLXvocQEGVaGEU4nhW6qaYLJCA+ob6nAMdVBNlt5Ao+sEsG+VPYJA2fq94kMx1qP49AmY2yG+rc3Ff/y/NT0a0HGRJIaKsj8o37KoZFwej+MmKLE8LElmChmd4VkiBUmxrZUsCV83f4/aZVdD7ne7WmpfrmoIw8OwCE4Bh6ogjq4Bg3QBARI8ACewLNjnEfnxXmdR3POYmYf/IDz9gkPeJBz</latexit><latexit sha1_base64="4eMve8qrxbpSCfRyOMux0Lwdtv0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27qRohsXLirYB0yHksmkbWgmGZKMUIZ+hhsXirj1a9z5N6YPREUPBA7nnEvuPWHCmTYIfTi5peWV1bX8emFjc2t7p7i719IyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR1dTv31PlWZS3JlxQoMYDwTrM4KNlfzujY1GGF5A1CuWkHt+gmqVCvRcNAO0SvWsXCl/KSWwQKNXfO9GkqQxFYZwrLXvocQEGVaGEU4nhW6qaYLJCA+ob6nAMdVBNlt5Ao+sEsG+VPYJA2fq94kMx1qP49AmY2yG+rc3Ff/y/NT0a0HGRJIaKsj8o37KoZFwej+MmKLE8LElmChmd4VkiBUmxrZUsCV83f4/aZVdD7ne7WmpfrmoIw8OwCE4Bh6ogjq4Bg3QBARI8ACewLNjnEfnxXmdR3POYmYf/IDz9gkPeJBz</latexit>

⇤ = 0
<latexit sha1_base64="L6KfQpqOVvPE+0qCtpgJ2mvgiB0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27oQim5cuKhgHzAdSiaTtqGZZEgyQhn6GW5cKOLWr3Hn35g+EBU9EDiccy6594QJZ9og9OHklpZXVtfy64WNza3tneLuXkvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HF1N/fY9VZpJcWfGCQ1iPBCszwg2VvK7NzYaYXgBUa9YQu75CapVKtBz0QzQKtWzcqX8pZTAAo1e8b0bSZLGVBjCsda+hxITZFgZRjidFLqppgkmIzygvqUCx1QH2WzlCTyySgT7UtknDJyp3ycyHGs9jkObjLEZ6t/eVPzL81PTrwUZE0lqqCDzj/oph0bC6f0wYooSw8eWYKKY3RWSIVaYGNtSwZbwdfv/pFV2PeR6t6el+uWijjw4AIfgGHigCurgGjRAExAgwQN4As+OcR6dF+d1Hs05i5l98APO2ycN8pBy</latexit><latexit sha1_base64="L6KfQpqOVvPE+0qCtpgJ2mvgiB0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27oQim5cuKhgHzAdSiaTtqGZZEgyQhn6GW5cKOLWr3Hn35g+EBU9EDiccy6594QJZ9og9OHklpZXVtfy64WNza3tneLuXkvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HF1N/fY9VZpJcWfGCQ1iPBCszwg2VvK7NzYaYXgBUa9YQu75CapVKtBz0QzQKtWzcqX8pZTAAo1e8b0bSZLGVBjCsda+hxITZFgZRjidFLqppgkmIzygvqUCx1QH2WzlCTyySgT7UtknDJyp3ycyHGs9jkObjLEZ6t/eVPzL81PTrwUZE0lqqCDzj/oph0bC6f0wYooSw8eWYKKY3RWSIVaYGNtSwZbwdfv/pFV2PeR6t6el+uWijjw4AIfgGHigCurgGjRAExAgwQN4As+OcR6dF+d1Hs05i5l98APO2ycN8pBy</latexit><latexit sha1_base64="L6KfQpqOVvPE+0qCtpgJ2mvgiB0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27oQim5cuKhgHzAdSiaTtqGZZEgyQhn6GW5cKOLWr3Hn35g+EBU9EDiccy6594QJZ9og9OHklpZXVtfy64WNza3tneLuXkvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HF1N/fY9VZpJcWfGCQ1iPBCszwg2VvK7NzYaYXgBUa9YQu75CapVKtBz0QzQKtWzcqX8pZTAAo1e8b0bSZLGVBjCsda+hxITZFgZRjidFLqppgkmIzygvqUCx1QH2WzlCTyySgT7UtknDJyp3ycyHGs9jkObjLEZ6t/eVPzL81PTrwUZE0lqqCDzj/oph0bC6f0wYooSw8eWYKKY3RWSIVaYGNtSwZbwdfv/pFV2PeR6t6el+uWijjw4AIfgGHigCurgGjRAExAgwQN4As+OcR6dF+d1Hs05i5l98APO2ycN8pBy</latexit><latexit sha1_base64="L6KfQpqOVvPE+0qCtpgJ2mvgiB0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJV27oQim5cuKhgHzAdSiaTtqGZZEgyQhn6GW5cKOLWr3Hn35g+EBU9EDiccy6594QJZ9og9OHklpZXVtfy64WNza3tneLuXkvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HF1N/fY9VZpJcWfGCQ1iPBCszwg2VvK7NzYaYXgBUa9YQu75CapVKtBz0QzQKtWzcqX8pZTAAo1e8b0bSZLGVBjCsda+hxITZFgZRjidFLqppgkmIzygvqUCx1QH2WzlCTyySgT7UtknDJyp3ycyHGs9jkObjLEZ6t/eVPzL81PTrwUZE0lqqCDzj/oph0bC6f0wYooSw8eWYKKY3RWSIVaYGNtSwZbwdfv/pFV2PeR6t6el+uWijjw4AIfgGHigCurgGjRAExAgwQN4As+OcR6dF+d1Hs05i5l98APO2ycN8pBy</latexit>

⇤ < 0
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stable Non-linearly unstable

* In SM, electroweak still broken at QCD scale by Higgs coupling to quark condensate. 

�M2
Pl ⇠< m2

h ⇠< M2
Pl
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Landscape approach



Landscape approach

 Physical parameters vary across a 
vast landscape of metastable vacua

 Observed values are 
environmentally determined

Usual strategy:

f1
i ⌘
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fraction of comoving volume occupied 
by     vacuum ith
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 Focus on late-time, stationary/equilibrium 
distribution

 Hope: among all hospitable vacua, our 
vacuum is typical/generic

(Principle of mediocrity) 

Garriga & Vilenkin (1998)



Challenges with the usual approach

 Many long-lived vacua

=� exponentially long relaxation time

(glassy system)

 Bubbles of all types are 
generated     -many times as

(Measure problem)

Long-standing problem


Linde & Mezhlumian (1993)

Garcia-Bellido, Linde & Linde (1994)

Garriga & Vilenkin (1998)

Garriga et al. (2006)

Vanchurin & Vilenkin (2006)

Bousso (2006)

Bousso, Freivogel & Yang (2009)…

Relatedly, finding vacua within 
hospitable range of     is NP-hard Denef & Douglas (2007)

1
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=� frustration, aging dynamics

Predictions depend on 
choice of time variable=�

Predictions also depend on 
comoving vs physical volume=�



Suppose that the multiverse has existed for a time much shorter 
than the exponentially-long mixing time (           ).

Denef, Douglas, Greene & Zukowski (2018): 

t ⌧ trelax
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What hospitable vacua have the right properties 
to be easily accessed early on?  

…the question becomes:

Instead of asking:

What hospitable vacua occur most frequently 
according to late-time equilibrium distribution?  

Instead of focusing on equilibrium distributions, in this talk 
we will study the approach to equilibrium



This suggests a natural selection mechanism, 
which selects vacua at criticality.

Non-equilibrium phase 
transitions in landscape 
dynamics

Near-criticality of 
our universe

With Onkar Parrikar, to appear



Consider a finite region of the landscape containing             vacua. N � 1
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(Assume all dS vacua, and treat as closed system)

Satisfies linear master equation for 
Markov process:

dfi
dt

=
X

j

(ijfj � jifi)
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Garriga & Vilenkin (1998)

Volume is conserved:
NX

i=1

fi(t) = 1
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Landscape dynamics as random walk

dfi
dt

=
X

j

(ijfj � jifi)
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Random walks on 
complex networks

 Biological networks

 Epidemiology

 Urban traffic

 World wide web

 Power grids
…

fi(t) ⌘
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Alternative interpretation:



In the vastness of the landscape, imagine many replicas of the fiducial region, 
each with slight differences in transition rates, network topology etc.

Textbook example of natural selection:
- Ensemble = gene pool;  Each region = set of alleles

- “Genetic” make-up is heritable (cosmological expansion)

- Hospitable alleles compete for a finite resource (comoving volume)

Target alleles (i.e., hospitable vacua) best adapted to (i.e., easily accessed by) 
their environment (i.e., other vacua in the region) get naturally selected.  

tgeneric ⇠ eN
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Naturally-selected hospitable vacua, far from being typical/mediocre, 
are exceptional and fine-tuned, much like complex organisms in the 
natural world are fine-tuned.

Hospitable vacua residing in optimal regions are exponentially 
more efficient at being accessed early on

But they are fine-tuned for a purpose:

Dynamical criticality()
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Natural selection/
search optimization

Importantly, optimality criteria (and phenomenological 
predictions) will be time-reparametrization invariant and 
independent of comoving vs physical volume.

In Nature, striking relation between complexity and criticality.
(Criticality hypothesis)



Transition rates on the landscape

 Coleman-De Luccia:

de Sitter entropy

ij =
Aij

wj
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ji

ij
=

wj

wi
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adjacency matrix:

weights:

 Detailed balance: Lee & Weinberg (1987)

Random walk on weighted, undirected network Zhang et al. (2013)

(Low-energy vacua 
exponentially weighted)

lapse function:

Aij = Aji
<latexit sha1_base64="Kj4mc9mON4+dmka3YT5i+vBzQQ8=">AAAB+HicdZDLSsNAFIYnXmu9NOrSzWARXIWkalsXQtWNywr2Am0Ik+mknXYyCTMToYY8iRsXirj1Udz5Nk4vFBX9YeDnO+dwzvx+zKhUtv1pLC2vrK6t5zbym1vbOwVzd68po0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX90Pam37omQNOJ3ahwTN0R9TgOKkdLIMwuXXkqHGbyA2gxp5plF2zo/savlMnQseyqoSeWsVC4tSBHMVffMj24vwklIuMIMSdlx7Fi5KRKKYkayfDeRJEZ4hPqkoy1HIZFuOj08g0ea9GAQCf24glP6fSJFoZTj0NedIVID+bs2gX/VOokKqm5KeZwowvFsUZAwqCI4SQH2qCBYsbE2CAuqb4V4gATCSmeV1yEs/v6/aZYsx7ac29Ni7WoeRw4cgENwDBxQATVwA+qgATBIwCN4Bi/Gg/FkvBpvs9YlYz6zD37IeP8CQHmS1A==</latexit><latexit sha1_base64="Kj4mc9mON4+dmka3YT5i+vBzQQ8=">AAAB+HicdZDLSsNAFIYnXmu9NOrSzWARXIWkalsXQtWNywr2Am0Ik+mknXYyCTMToYY8iRsXirj1Udz5Nk4vFBX9YeDnO+dwzvx+zKhUtv1pLC2vrK6t5zbym1vbOwVzd68po0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX90Pam37omQNOJ3ahwTN0R9TgOKkdLIMwuXXkqHGbyA2gxp5plF2zo/savlMnQseyqoSeWsVC4tSBHMVffMj24vwklIuMIMSdlx7Fi5KRKKYkayfDeRJEZ4hPqkoy1HIZFuOj08g0ea9GAQCf24glP6fSJFoZTj0NedIVID+bs2gX/VOokKqm5KeZwowvFsUZAwqCI4SQH2qCBYsbE2CAuqb4V4gATCSmeV1yEs/v6/aZYsx7ac29Ni7WoeRw4cgENwDBxQATVwA+qgATBIwCN4Bi/Gg/FkvBpvs9YlYz6zD37IeP8CQHmS1A==</latexit><latexit sha1_base64="Kj4mc9mON4+dmka3YT5i+vBzQQ8=">AAAB+HicdZDLSsNAFIYnXmu9NOrSzWARXIWkalsXQtWNywr2Am0Ik+mknXYyCTMToYY8iRsXirj1Udz5Nk4vFBX9YeDnO+dwzvx+zKhUtv1pLC2vrK6t5zbym1vbOwVzd68po0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX90Pam37omQNOJ3ahwTN0R9TgOKkdLIMwuXXkqHGbyA2gxp5plF2zo/savlMnQseyqoSeWsVC4tSBHMVffMj24vwklIuMIMSdlx7Fi5KRKKYkayfDeRJEZ4hPqkoy1HIZFuOj08g0ea9GAQCf24glP6fSJFoZTj0NedIVID+bs2gX/VOokKqm5KeZwowvFsUZAwqCI4SQH2qCBYsbE2CAuqb4V4gATCSmeV1yEs/v6/aZYsx7ac29Ni7WoeRw4cgENwDBxQATVwA+qgATBIwCN4Bi/Gg/FkvBpvs9YlYz6zD37IeP8CQHmS1A==</latexit><latexit sha1_base64="Kj4mc9mON4+dmka3YT5i+vBzQQ8=">AAAB+HicdZDLSsNAFIYnXmu9NOrSzWARXIWkalsXQtWNywr2Am0Ik+mknXYyCTMToYY8iRsXirj1Udz5Nk4vFBX9YeDnO+dwzvx+zKhUtv1pLC2vrK6t5zbym1vbOwVzd68po0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX90Pam37omQNOJ3ahwTN0R9TgOKkdLIMwuXXkqHGbyA2gxp5plF2zo/savlMnQseyqoSeWsVC4tSBHMVffMj24vwklIuMIMSdlx7Fi5KRKKYkayfDeRJEZ4hPqkoy1HIZFuOj08g0ea9GAQCf24glP6fSJFoZTj0NedIVID+bs2gX/VOokKqm5KeZwowvFsUZAwqCI4SQH2qCBYsbE2CAuqb4V4gATCSmeV1yEs/v6/aZYsx7ac29Ni7WoeRw4cgENwDBxQATVwA+qgATBIwCN4Bi/Gg/FkvBpvs9YlYz6zD37IeP8CQHmS1A==</latexit>
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<latexit sha1_base64="lmXeQOvBkGdprNAUVUQLKtyMSuM="></latexit><latexit sha1_base64="lmXeQOvBkGdprNAUVUQLKtyMSuM="></latexit><latexit sha1_base64="lmXeQOvBkGdprNAUVUQLKtyMSuM="></latexit><latexit sha1_base64="lmXeQOvBkGdprNAUVUQLKtyMSuM="></latexit>

(In this talk, remain agnostic about choice of global time)
global timeproper time

Lee & Weinberg (1987)

d⌧j = Njdt
<latexit sha1_base64="EeTBz7rqhOCCbHiiiXPQPVXE9ZM=">AAACDHicdVDLSgMxFM34rPVVdekmWARXw0wrtS6EohtXUsE+oFNKJpO2scnMkNwRytAPcOOvuHGhiFs/wJ1/Y/qgqOiBwMk555Lc48eCa3CcT2thcWl5ZTWzll3f2Nzazu3s1nWUKMpqNBKRavpEM8FDVgMOgjVjxYj0BWv4g4ux37hjSvMovIFhzNqS9ELe5ZSAkTq5fOopiYORByTp3OIznHqUCHw1MpeZBSbl2KdusVwqY9d2JsBGKblFtzBX8miGaif34QURTSQLgQqidct1YminRAGngo2yXqJZTOiA9FjL0JBIptvpZJkRPjRKgLuRMicEPFG/T6REaj2UvklKAn392xuLf3mtBLrldsrDOAEW0ulD3URgiPC4GRxwxSiIoSGEKm7+immfKELB9Jc1Jcx3/5/UC7br2O71cb5yPqsjg/bRATpCLjpBFXSJqqiGKLpHj+gZvVgP1pP1ar1NowvWbGYP/YD1/gXzrZrs</latexit><latexit sha1_base64="EeTBz7rqhOCCbHiiiXPQPVXE9ZM=">AAACDHicdVDLSgMxFM34rPVVdekmWARXw0wrtS6EohtXUsE+oFNKJpO2scnMkNwRytAPcOOvuHGhiFs/wJ1/Y/qgqOiBwMk555Lc48eCa3CcT2thcWl5ZTWzll3f2Nzazu3s1nWUKMpqNBKRavpEM8FDVgMOgjVjxYj0BWv4g4ux37hjSvMovIFhzNqS9ELe5ZSAkTq5fOopiYORByTp3OIznHqUCHw1MpeZBSbl2KdusVwqY9d2JsBGKblFtzBX8miGaif34QURTSQLgQqidct1YminRAGngo2yXqJZTOiA9FjL0JBIptvpZJkRPjRKgLuRMicEPFG/T6REaj2UvklKAn392xuLf3mtBLrldsrDOAEW0ulD3URgiPC4GRxwxSiIoSGEKm7+immfKELB9Jc1Jcx3/5/UC7br2O71cb5yPqsjg/bRATpCLjpBFXSJqqiGKLpHj+gZvVgP1pP1ar1NowvWbGYP/YD1/gXzrZrs</latexit><latexit sha1_base64="EeTBz7rqhOCCbHiiiXPQPVXE9ZM=">AAACDHicdVDLSgMxFM34rPVVdekmWARXw0wrtS6EohtXUsE+oFNKJpO2scnMkNwRytAPcOOvuHGhiFs/wJ1/Y/qgqOiBwMk555Lc48eCa3CcT2thcWl5ZTWzll3f2Nzazu3s1nWUKMpqNBKRavpEM8FDVgMOgjVjxYj0BWv4g4ux37hjSvMovIFhzNqS9ELe5ZSAkTq5fOopiYORByTp3OIznHqUCHw1MpeZBSbl2KdusVwqY9d2JsBGKblFtzBX8miGaif34QURTSQLgQqidct1YminRAGngo2yXqJZTOiA9FjL0JBIptvpZJkRPjRKgLuRMicEPFG/T6REaj2UvklKAn392xuLf3mtBLrldsrDOAEW0ulD3URgiPC4GRxwxSiIoSGEKm7+immfKELB9Jc1Jcx3/5/UC7br2O71cb5yPqsjg/bRATpCLjpBFXSJqqiGKLpHj+gZvVgP1pP1ar1NowvWbGYP/YD1/gXzrZrs</latexit><latexit sha1_base64="EeTBz7rqhOCCbHiiiXPQPVXE9ZM=">AAACDHicdVDLSgMxFM34rPVVdekmWARXw0wrtS6EohtXUsE+oFNKJpO2scnMkNwRytAPcOOvuHGhiFs/wJ1/Y/qgqOiBwMk555Lc48eCa3CcT2thcWl5ZTWzll3f2Nzazu3s1nWUKMpqNBKRavpEM8FDVgMOgjVjxYj0BWv4g4ux37hjSvMovIFhzNqS9ELe5ZSAkTq5fOopiYORByTp3OIznHqUCHw1MpeZBSbl2KdusVwqY9d2JsBGKblFtzBX8miGaif34QURTSQLgQqidct1YminRAGngo2yXqJZTOiA9FjL0JBIptvpZJkRPjRKgLuRMicEPFG/T6REaj2UvklKAn392xuLf3mtBLrldsrDOAEW0ulD3URgiPC4GRxwxSiIoSGEKm7+immfKELB9Jc1Jcx3/5/UC7br2O71cb5yPqsjg/bRATpCLjpBFXSJqqiGKLpHj+gZvVgP1pP1ar1NowvWbGYP/YD1/gXzrZrs</latexit>
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<latexit sha1_base64="wf9ra7CjaaIzB5NIsHEpT/4T9e8="></latexit><latexit sha1_base64="wf9ra7CjaaIzB5NIsHEpT/4T9e8="></latexit><latexit sha1_base64="wf9ra7CjaaIzB5NIsHEpT/4T9e8="></latexit><latexit sha1_base64="wf9ra7CjaaIzB5NIsHEpT/4T9e8="></latexit>



(Regional) equilibrium distribution

dfi
dt

=
X

j

Mijfj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mij ⌘ ij � �ij
X

r

rj

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Master equation:

Transition matrix

Perron-Frobenius theorem:         has one vanishing eigenvalue Mij
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

All others are strictly negative:

Zero-mode sets the stationary/equilibrium distribution:

=�
- Depends only on the weights
- Low-energy vacua exponentially favored

Garriga & Vilenkin (1998)

�1 = 0
<latexit sha1_base64="TNwC6Bu/a7P7WuGYjE1PmoRS/ys=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFcDTNtoeNCKLpxWcE+oB1KJpNpQzOZMckUSul3uHGhiFs/xp1/Y/qgqOiBwOGcc7k3J0g5U9pxPq219Y3Nre3cTn53b//gsHB03FRJJgltkIQnsh1gRTkTtKGZ5rSdSorjgNNWMLyZ+a0RlYol4l6PU+rHuC9YxAjWRvK73ERD3HPRFXJ6haJjX5ar1UoZubYzBzKKV/I8d6UUYYl6r/DRDROSxVRowrFSHddJtT/BUjPC6TTfzRRNMRniPu0YKnBMlT+ZHz1F50YJUZRI84RGc/X7xATHSo3jwCRjrAfqtzcT//I6mY48f8JEmmkqyGJRlHGkEzRrAIVMUqL52BBMJDO3IjLAEhNtesqbElZ//580S7br2O5dpVi7XtaRg1M4gwtwoQo1uIU6NIDAAzzCM7xYI+vJerXeFtE1azlzAj9gvX8BdIKRPA==</latexit><latexit sha1_base64="TNwC6Bu/a7P7WuGYjE1PmoRS/ys=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFcDTNtoeNCKLpxWcE+oB1KJpNpQzOZMckUSul3uHGhiFs/xp1/Y/qgqOiBwOGcc7k3J0g5U9pxPq219Y3Nre3cTn53b//gsHB03FRJJgltkIQnsh1gRTkTtKGZ5rSdSorjgNNWMLyZ+a0RlYol4l6PU+rHuC9YxAjWRvK73ERD3HPRFXJ6haJjX5ar1UoZubYzBzKKV/I8d6UUYYl6r/DRDROSxVRowrFSHddJtT/BUjPC6TTfzRRNMRniPu0YKnBMlT+ZHz1F50YJUZRI84RGc/X7xATHSo3jwCRjrAfqtzcT//I6mY48f8JEmmkqyGJRlHGkEzRrAIVMUqL52BBMJDO3IjLAEhNtesqbElZ//580S7br2O5dpVi7XtaRg1M4gwtwoQo1uIU6NIDAAzzCM7xYI+vJerXeFtE1azlzAj9gvX8BdIKRPA==</latexit><latexit sha1_base64="TNwC6Bu/a7P7WuGYjE1PmoRS/ys=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFcDTNtoeNCKLpxWcE+oB1KJpNpQzOZMckUSul3uHGhiFs/xp1/Y/qgqOiBwOGcc7k3J0g5U9pxPq219Y3Nre3cTn53b//gsHB03FRJJgltkIQnsh1gRTkTtKGZ5rSdSorjgNNWMLyZ+a0RlYol4l6PU+rHuC9YxAjWRvK73ERD3HPRFXJ6haJjX5ar1UoZubYzBzKKV/I8d6UUYYl6r/DRDROSxVRowrFSHddJtT/BUjPC6TTfzRRNMRniPu0YKnBMlT+ZHz1F50YJUZRI84RGc/X7xATHSo3jwCRjrAfqtzcT//I6mY48f8JEmmkqyGJRlHGkEzRrAIVMUqL52BBMJDO3IjLAEhNtesqbElZ//580S7br2O5dpVi7XtaRg1M4gwtwoQo1uIU6NIDAAzzCM7xYI+vJerXeFtE1azlzAj9gvX8BdIKRPA==</latexit><latexit sha1_base64="TNwC6Bu/a7P7WuGYjE1PmoRS/ys=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFcDTNtoeNCKLpxWcE+oB1KJpNpQzOZMckUSul3uHGhiFs/xp1/Y/qgqOiBwOGcc7k3J0g5U9pxPq219Y3Nre3cTn53b//gsHB03FRJJgltkIQnsh1gRTkTtKGZ5rSdSorjgNNWMLyZ+a0RlYol4l6PU+rHuC9YxAjWRvK73ERD3HPRFXJ6haJjX5ar1UoZubYzBzKKV/I8d6UUYYl6r/DRDROSxVRowrFSHddJtT/BUjPC6TTfzRRNMRniPu0YKnBMlT+ZHz1F50YJUZRI84RGc/X7xATHSo3jwCRjrAfqtzcT//I6mY48f8JEmmkqyGJRlHGkEzRrAIVMUqL52BBMJDO3IjLAEhNtesqbElZ//580S7br2O5dpVi7XtaRg1M4gwtwoQo1uIU6NIDAAzzCM7xYI+vJerXeFtE1azlzAj9gvX8BdIKRPA==</latexit>

0 > �2 � . . . � �N
<latexit sha1_base64="lnKX5rzM1tAFvv83kXQwl7K6ktQ=">AAACE3icdVBLSwMxGMz6rPW16tFLsAjiYdltC10vUvTiSSrYB3SXJZvNtqHZh0lWKEv/gxf/ihcPinj14s1/Y/qwqOhAYDLzDck3fsqokKb5oS0sLi2vrBbWiusbm1vb+s5uSyQZx6SJE5bwjo8EYTQmTUklI52UExT5jLT9wfnYb98SLmgSX8thStwI9WIaUoykkjz92ISn0GEqECCvDJ0euVHXIJHii0+t/HLk6SXTOKnUatUKtAxzAqgUu2zb1lwpgRkanv7uBAnOIhJLzJAQXctMpZsjLilmZFR0MkFShAeoR7qKxigiws0nO43goVICGCZcnVjCifo9kaNIiGHkq8kIyb747Y3Fv7xuJkPbzWmcZpLEePpQmDEoEzguCAaUEyzZUBGEOVV/hbiPOMJS1VhUJcx3/5+0yoZlGtZVtVQ/m9VRAPvgABwBC9RAHVyABmgCDO7AA3gCz9q99qi9aK/T0QVtltkDP6C9fQItYp0n</latexit><latexit sha1_base64="lnKX5rzM1tAFvv83kXQwl7K6ktQ=">AAACE3icdVBLSwMxGMz6rPW16tFLsAjiYdltC10vUvTiSSrYB3SXJZvNtqHZh0lWKEv/gxf/ihcPinj14s1/Y/qwqOhAYDLzDck3fsqokKb5oS0sLi2vrBbWiusbm1vb+s5uSyQZx6SJE5bwjo8EYTQmTUklI52UExT5jLT9wfnYb98SLmgSX8thStwI9WIaUoykkjz92ISn0GEqECCvDJ0euVHXIJHii0+t/HLk6SXTOKnUatUKtAxzAqgUu2zb1lwpgRkanv7uBAnOIhJLzJAQXctMpZsjLilmZFR0MkFShAeoR7qKxigiws0nO43goVICGCZcnVjCifo9kaNIiGHkq8kIyb747Y3Fv7xuJkPbzWmcZpLEePpQmDEoEzguCAaUEyzZUBGEOVV/hbiPOMJS1VhUJcx3/5+0yoZlGtZVtVQ/m9VRAPvgABwBC9RAHVyABmgCDO7AA3gCz9q99qi9aK/T0QVtltkDP6C9fQItYp0n</latexit><latexit sha1_base64="lnKX5rzM1tAFvv83kXQwl7K6ktQ=">AAACE3icdVBLSwMxGMz6rPW16tFLsAjiYdltC10vUvTiSSrYB3SXJZvNtqHZh0lWKEv/gxf/ihcPinj14s1/Y/qwqOhAYDLzDck3fsqokKb5oS0sLi2vrBbWiusbm1vb+s5uSyQZx6SJE5bwjo8EYTQmTUklI52UExT5jLT9wfnYb98SLmgSX8thStwI9WIaUoykkjz92ISn0GEqECCvDJ0euVHXIJHii0+t/HLk6SXTOKnUatUKtAxzAqgUu2zb1lwpgRkanv7uBAnOIhJLzJAQXctMpZsjLilmZFR0MkFShAeoR7qKxigiws0nO43goVICGCZcnVjCifo9kaNIiGHkq8kIyb747Y3Fv7xuJkPbzWmcZpLEePpQmDEoEzguCAaUEyzZUBGEOVV/hbiPOMJS1VhUJcx3/5+0yoZlGtZVtVQ/m9VRAPvgABwBC9RAHVyABmgCDO7AA3gCz9q99qi9aK/T0QVtltkDP6C9fQItYp0n</latexit><latexit sha1_base64="lnKX5rzM1tAFvv83kXQwl7K6ktQ=">AAACE3icdVBLSwMxGMz6rPW16tFLsAjiYdltC10vUvTiSSrYB3SXJZvNtqHZh0lWKEv/gxf/ihcPinj14s1/Y/qwqOhAYDLzDck3fsqokKb5oS0sLi2vrBbWiusbm1vb+s5uSyQZx6SJE5bwjo8EYTQmTUklI52UExT5jLT9wfnYb98SLmgSX8thStwI9WIaUoykkjz92ISn0GEqECCvDJ0euVHXIJHii0+t/HLk6SXTOKnUatUKtAxzAqgUu2zb1lwpgRkanv7uBAnOIhJLzJAQXctMpZsjLilmZFR0MkFShAeoR7qKxigiws0nO43goVICGCZcnVjCifo9kaNIiGHkq8kIyb747Y3Fv7xuJkPbzWmcZpLEePpQmDEoEzguCAaUEyzZUBGEOVV/hbiPOMJS1VhUJcx3/5+0yoZlGtZVtVQ/m9VRAPvgABwBC9RAHVyABmgCDO7AA3gCz9q99qi9aK/T0QVtltkDP6C9fQItYp0n</latexit>

M ~f1 = 0
<latexit sha1_base64="qdA5QPiTK6Z4nwVF0lR6XPX1t08=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8EiuCpJW2hcCEU3boQK9gJNLJPppB06mYSZSSGE+ipuXCji1gdx59s4vVBU9IeBw/efwznz+zGjUlnWp5FbW9/Y3MpvF3Z29/YPzMOjtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT88dXM70yIkDTidyqNiReiIacBxUhp1DeLN+6E4CyY3ruUByqFF9DqmyWrfF6t12tVaJetuaAmTsVx7BUpgaWaffPDHUQ4CQlXmCEpe7YVKy9DQlHMyLTgJpLECI/RkPR0yVFIpJfNj5/CU00GMIiEflzBOf0+kaFQyjT0dWeI1Ej+9mbwL6+XqMDxMsrjRBGOF4uChEEVwVkScEAFwYqlukBYUH0rxCMkEFY6r4IOYfX3/4t2pWxbZfu2VmpcLuPIg2NwAs6ADeqgAa5BE7QABil4BM/gxXgwnoxX423RmjOWM0XwQ8b7F0eelIU=</latexit><latexit sha1_base64="qdA5QPiTK6Z4nwVF0lR6XPX1t08=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8EiuCpJW2hcCEU3boQK9gJNLJPppB06mYSZSSGE+ipuXCji1gdx59s4vVBU9IeBw/efwznz+zGjUlnWp5FbW9/Y3MpvF3Z29/YPzMOjtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT88dXM70yIkDTidyqNiReiIacBxUhp1DeLN+6E4CyY3ruUByqFF9DqmyWrfF6t12tVaJetuaAmTsVx7BUpgaWaffPDHUQ4CQlXmCEpe7YVKy9DQlHMyLTgJpLECI/RkPR0yVFIpJfNj5/CU00GMIiEflzBOf0+kaFQyjT0dWeI1Ej+9mbwL6+XqMDxMsrjRBGOF4uChEEVwVkScEAFwYqlukBYUH0rxCMkEFY6r4IOYfX3/4t2pWxbZfu2VmpcLuPIg2NwAs6ADeqgAa5BE7QABil4BM/gxXgwnoxX423RmjOWM0XwQ8b7F0eelIU=</latexit><latexit sha1_base64="qdA5QPiTK6Z4nwVF0lR6XPX1t08=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8EiuCpJW2hcCEU3boQK9gJNLJPppB06mYSZSSGE+ipuXCji1gdx59s4vVBU9IeBw/efwznz+zGjUlnWp5FbW9/Y3MpvF3Z29/YPzMOjtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT88dXM70yIkDTidyqNiReiIacBxUhp1DeLN+6E4CyY3ruUByqFF9DqmyWrfF6t12tVaJetuaAmTsVx7BUpgaWaffPDHUQ4CQlXmCEpe7YVKy9DQlHMyLTgJpLECI/RkPR0yVFIpJfNj5/CU00GMIiEflzBOf0+kaFQyjT0dWeI1Ej+9mbwL6+XqMDxMsrjRBGOF4uChEEVwVkScEAFwYqlukBYUH0rxCMkEFY6r4IOYfX3/4t2pWxbZfu2VmpcLuPIg2NwAs6ADeqgAa5BE7QABil4BM/gxXgwnoxX423RmjOWM0XwQ8b7F0eelIU=</latexit><latexit sha1_base64="qdA5QPiTK6Z4nwVF0lR6XPX1t08=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8EiuCpJW2hcCEU3boQK9gJNLJPppB06mYSZSSGE+ipuXCji1gdx59s4vVBU9IeBw/efwznz+zGjUlnWp5FbW9/Y3MpvF3Z29/YPzMOjtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT88dXM70yIkDTidyqNiReiIacBxUhp1DeLN+6E4CyY3ruUByqFF9DqmyWrfF6t12tVaJetuaAmTsVx7BUpgaWaffPDHUQ4CQlXmCEpe7YVKy9DQlHMyLTgJpLECI/RkPR0yVFIpJfNj5/CU00GMIiEflzBOf0+kaFQyjT0dWeI1Ej+9mbwL6+XqMDxMsrjRBGOF4uChEEVwVkScEAFwYqlukBYUH0rxCMkEFY6r4IOYfX3/4t2pWxbZfu2VmpcLuPIg2NwAs6ADeqgAa5BE7QABil4BM/gxXgwnoxX423RmjOWM0XwQ8b7F0eelIU=</latexit>
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<latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit><latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit><latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit><latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit>



First-Passage Processes



How quickly is equilibrium reached?

A popular measure of search efficiency is the 
mean first-passage time:

hti!`i ⌘
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Avg time for walker starting 
from node    to reach node     i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<̀latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<̀latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Global mean first-passage time (Kemeny’s constant):

Famously, independent 
of starting node!

Neatly expressed as spectral sum: 

Non-zero eigenvalues 
of Mij

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="g6uHdrmLvijt80yaxQYdlgBzecI="></latexit><latexit sha1_base64="g6uHdrmLvijt80yaxQYdlgBzecI="></latexit><latexit sha1_base64="g6uHdrmLvijt80yaxQYdlgBzecI="></latexit><latexit sha1_base64="g6uHdrmLvijt80yaxQYdlgBzecI="></latexit>
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<latexit sha1_base64="K6laFoHYDLpiGkrpqBNcot+S6BA="></latexit><latexit sha1_base64="K6laFoHYDLpiGkrpqBNcot+S6BA="></latexit><latexit sha1_base64="K6laFoHYDLpiGkrpqBNcot+S6BA="></latexit><latexit sha1_base64="K6laFoHYDLpiGkrpqBNcot+S6BA="></latexit>

Must diagonalize large            matrix — a daunting numerical task!N ⇥N
<latexit sha1_base64="6DUgR/90T2Xb8wIwNfN/OrP/kgU=">AAAB8HicdVDLSsNAFL3xWeur6tLNYBFchaQNtO6KblyVCvYhbSiT6aQdOpOEmYlQQr/CjQtF3Po57vwbpw+Kih64cDjnXu69J0g4U9pxPq219Y3Nre3cTn53b//gsHB03FJxKgltkpjHshNgRTmLaFMzzWknkRSLgNN2ML6e+e0HKhWLozs9Sagv8DBiISNYG+m+3tNMUIXq/ULRsS/LjuuVkWs7cyCjVLxqyVspRVii0S989AYxSQWNNOFYqa7rJNrPsNSMcDrN91JFE0zGeEi7hkbYrPGz+cFTdG6UAQpjaSrSaK5+n8iwUGoiAtMpsB6p395M/Mvrpjqs+hmLklTTiCwWhSlHOkaz79GASUo0nxiCiWTmVkRGWGKiTUZ5E8Lq9/9Jq2S7ju3eesXa1TKOHJzCGVyACxWowQ00oAkEBDzCM7xY0nqyXq23ReuatZw5gR+w3r8AmNSQRQ==</latexit><latexit sha1_base64="6DUgR/90T2Xb8wIwNfN/OrP/kgU=">AAAB8HicdVDLSsNAFL3xWeur6tLNYBFchaQNtO6KblyVCvYhbSiT6aQdOpOEmYlQQr/CjQtF3Po57vwbpw+Kih64cDjnXu69J0g4U9pxPq219Y3Nre3cTn53b//gsHB03FJxKgltkpjHshNgRTmLaFMzzWknkRSLgNN2ML6e+e0HKhWLozs9Sagv8DBiISNYG+m+3tNMUIXq/ULRsS/LjuuVkWs7cyCjVLxqyVspRVii0S989AYxSQWNNOFYqa7rJNrPsNSMcDrN91JFE0zGeEi7hkbYrPGz+cFTdG6UAQpjaSrSaK5+n8iwUGoiAtMpsB6p395M/Mvrpjqs+hmLklTTiCwWhSlHOkaz79GASUo0nxiCiWTmVkRGWGKiTUZ5E8Lq9/9Jq2S7ju3eesXa1TKOHJzCGVyACxWowQ00oAkEBDzCM7xY0nqyXq23ReuatZw5gR+w3r8AmNSQRQ==</latexit><latexit sha1_base64="6DUgR/90T2Xb8wIwNfN/OrP/kgU=">AAAB8HicdVDLSsNAFL3xWeur6tLNYBFchaQNtO6KblyVCvYhbSiT6aQdOpOEmYlQQr/CjQtF3Po57vwbpw+Kih64cDjnXu69J0g4U9pxPq219Y3Nre3cTn53b//gsHB03FJxKgltkpjHshNgRTmLaFMzzWknkRSLgNN2ML6e+e0HKhWLozs9Sagv8DBiISNYG+m+3tNMUIXq/ULRsS/LjuuVkWs7cyCjVLxqyVspRVii0S989AYxSQWNNOFYqa7rJNrPsNSMcDrN91JFE0zGeEi7hkbYrPGz+cFTdG6UAQpjaSrSaK5+n8iwUGoiAtMpsB6p395M/Mvrpjqs+hmLklTTiCwWhSlHOkaz79GASUo0nxiCiWTmVkRGWGKiTUZ5E8Lq9/9Jq2S7ju3eesXa1TKOHJzCGVyACxWowQ00oAkEBDzCM7xY0nqyXq23ReuatZw5gR+w3r8AmNSQRQ==</latexit><latexit sha1_base64="6DUgR/90T2Xb8wIwNfN/OrP/kgU=">AAAB8HicdVDLSsNAFL3xWeur6tLNYBFchaQNtO6KblyVCvYhbSiT6aQdOpOEmYlQQr/CjQtF3Po57vwbpw+Kih64cDjnXu69J0g4U9pxPq219Y3Nre3cTn53b//gsHB03FJxKgltkpjHshNgRTmLaFMzzWknkRSLgNN2ML6e+e0HKhWLozs9Sagv8DBiISNYG+m+3tNMUIXq/ULRsS/LjuuVkWs7cyCjVLxqyVspRVii0S989AYxSQWNNOFYqa7rJNrPsNSMcDrN91JFE0zGeEi7hkbYrPGz+cFTdG6UAQpjaSrSaK5+n8iwUGoiAtMpsB6p395M/Mvrpjqs+hmLklTTiCwWhSlHOkaz79GASUo0nxiCiWTmVkRGWGKiTUZ5E8Lq9/9Jq2S7ju3eesXa1TKOHJzCGVyACxWowQ00oAkEBDzCM7xY0nqyXq23ReuatZw5gR+w3r8AmNSQRQ==</latexit>



“Downward” approx’n Schwartz-Perlov & Vilenkin (2006); Olum & Schwartz-Perlov (2007)

“upward” transitions 
exponentially suppressedRecall detailed balance: ji
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<latexit sha1_base64="XRSQEh56q+/WW8CU6zJksqL+Bck="></latexit><latexit sha1_base64="XRSQEh56q+/WW8CU6zJksqL+Bck="></latexit><latexit sha1_base64="XRSQEh56q+/WW8CU6zJksqL+Bck="></latexit><latexit sha1_base64="XRSQEh56q+/WW8CU6zJksqL+Bck="></latexit>

By labeling vacua by increasing pot.,                             , transition matrix 
becomes upper-triangular:            

V1  V2  . . .  VN
<latexit sha1_base64="TjP1GmBokefqVp0vaajJ8COs8vg=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEVyGp2tZd0Y0rqWDTQhPCZDJph04uzkyEErp346u4caGIW1/AnW/j9GJR0R8Gfr5zDmfO76eMCmmaH9rC4tLyymphrbi+sbm1re/s2iLJOCYtnLCEd3wkCKMxaUkqGemknKDIZ6TtD87H9fYt4YIm8bUcpsSNUC+mIcVIKuTpJduzoMPIDbS9Cpw6hwWJFF/00tPLpnF6ZNarVWgZ5kRQkdpJpVqZkzKYqenp706Q4CwiscQMCdG1zFS6OeKSYkZGRScTJEV4gHqkq2yMIiLcfHLLCB4oEsAw4erFEk7o94kcRUIMI191Rkj2xe/aGP5V62YyrLs5jdNMkhhPF4UZgzKB42BgQDnBkg2VQZhT9VeI+4gjLFV8RRXC/Pb/jV0xLNOwro7LjbNZHAWwD0rgEFigBhrgAjRBC2BwBx7AE3jW7rVH7UV7nbYuaLOZPfBD2tsnPCGZSw==</latexit><latexit sha1_base64="TjP1GmBokefqVp0vaajJ8COs8vg=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEVyGp2tZd0Y0rqWDTQhPCZDJph04uzkyEErp346u4caGIW1/AnW/j9GJR0R8Gfr5zDmfO76eMCmmaH9rC4tLyymphrbi+sbm1re/s2iLJOCYtnLCEd3wkCKMxaUkqGemknKDIZ6TtD87H9fYt4YIm8bUcpsSNUC+mIcVIKuTpJduzoMPIDbS9Cpw6hwWJFF/00tPLpnF6ZNarVWgZ5kRQkdpJpVqZkzKYqenp706Q4CwiscQMCdG1zFS6OeKSYkZGRScTJEV4gHqkq2yMIiLcfHLLCB4oEsAw4erFEk7o94kcRUIMI191Rkj2xe/aGP5V62YyrLs5jdNMkhhPF4UZgzKB42BgQDnBkg2VQZhT9VeI+4gjLFV8RRXC/Pb/jV0xLNOwro7LjbNZHAWwD0rgEFigBhrgAjRBC2BwBx7AE3jW7rVH7UV7nbYuaLOZPfBD2tsnPCGZSw==</latexit><latexit sha1_base64="TjP1GmBokefqVp0vaajJ8COs8vg=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEVyGp2tZd0Y0rqWDTQhPCZDJph04uzkyEErp346u4caGIW1/AnW/j9GJR0R8Gfr5zDmfO76eMCmmaH9rC4tLyymphrbi+sbm1re/s2iLJOCYtnLCEd3wkCKMxaUkqGemknKDIZ6TtD87H9fYt4YIm8bUcpsSNUC+mIcVIKuTpJduzoMPIDbS9Cpw6hwWJFF/00tPLpnF6ZNarVWgZ5kRQkdpJpVqZkzKYqenp706Q4CwiscQMCdG1zFS6OeKSYkZGRScTJEV4gHqkq2yMIiLcfHLLCB4oEsAw4erFEk7o94kcRUIMI191Rkj2xe/aGP5V62YyrLs5jdNMkhhPF4UZgzKB42BgQDnBkg2VQZhT9VeI+4gjLFV8RRXC/Pb/jV0xLNOwro7LjbNZHAWwD0rgEFigBhrgAjRBC2BwBx7AE3jW7rVH7UV7nbYuaLOZPfBD2tsnPCGZSw==</latexit><latexit sha1_base64="TjP1GmBokefqVp0vaajJ8COs8vg=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEVyGp2tZd0Y0rqWDTQhPCZDJph04uzkyEErp346u4caGIW1/AnW/j9GJR0R8Gfr5zDmfO76eMCmmaH9rC4tLyymphrbi+sbm1re/s2iLJOCYtnLCEd3wkCKMxaUkqGemknKDIZ6TtD87H9fYt4YIm8bUcpsSNUC+mIcVIKuTpJduzoMPIDbS9Cpw6hwWJFF/00tPLpnF6ZNarVWgZ5kRQkdpJpVqZkzKYqenp706Q4CwiscQMCdG1zFS6OeKSYkZGRScTJEV4gHqkq2yMIiLcfHLLCB4oEsAw4erFEk7o94kcRUIMI191Rkj2xe/aGP5V62YyrLs5jdNMkhhPF4UZgzKB42BgQDnBkg2VQZhT9VeI+4gjLFV8RRXC/Pb/jV0xLNOwro7LjbNZHAWwD0rgEFigBhrgAjRBC2BwBx7AE3jW7rVH7UV7nbYuaLOZPfBD2tsnPCGZSw==</latexit>
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·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit> ·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit> ·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit> ·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit>

M =
<latexit sha1_base64="azyc79MznkOiU9qXKNYGm2U8BdI=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bYuhKIbN0IFe4E2lMl00g6dTMLMRCihr+DGhSJufSF3vo2TtoiK/jBw+P5zmHN+P+ZMacf5sHJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJX57XsqFYvEnZ7E1AvxULCAEawzdIMuUL9YcuzzE6dWqSDXdmZChlTPypXyFynBQo1+8b03iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jWlwCFVXjrbdYqODBmgIJLmCY1m9PtEikOlJqFvOkOsR+q3l8G/vG6ig5qXMhEnmgoy/yhIONIRyg5HAyYp0XxiCkwkM7siMsISE23iKZgQvm7/v2iVbdex3dvTUv1yEUceDuAQjsGFKtThGhrQBAIjeIAneLZC69F6sV7nrTlrMbMPP2S9fQIvdo2s</latexit><latexit sha1_base64="azyc79MznkOiU9qXKNYGm2U8BdI=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bYuhKIbN0IFe4E2lMl00g6dTMLMRCihr+DGhSJufSF3vo2TtoiK/jBw+P5zmHN+P+ZMacf5sHJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJX57XsqFYvEnZ7E1AvxULCAEawzdIMuUL9YcuzzE6dWqSDXdmZChlTPypXyFynBQo1+8b03iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jWlwCFVXjrbdYqODBmgIJLmCY1m9PtEikOlJqFvOkOsR+q3l8G/vG6ig5qXMhEnmgoy/yhIONIRyg5HAyYp0XxiCkwkM7siMsISE23iKZgQvm7/v2iVbdex3dvTUv1yEUceDuAQjsGFKtThGhrQBAIjeIAneLZC69F6sV7nrTlrMbMPP2S9fQIvdo2s</latexit><latexit sha1_base64="azyc79MznkOiU9qXKNYGm2U8BdI=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bYuhKIbN0IFe4E2lMl00g6dTMLMRCihr+DGhSJufSF3vo2TtoiK/jBw+P5zmHN+P+ZMacf5sHJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJX57XsqFYvEnZ7E1AvxULCAEawzdIMuUL9YcuzzE6dWqSDXdmZChlTPypXyFynBQo1+8b03iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jWlwCFVXjrbdYqODBmgIJLmCY1m9PtEikOlJqFvOkOsR+q3l8G/vG6ig5qXMhEnmgoy/yhIONIRyg5HAyYp0XxiCkwkM7siMsISE23iKZgQvm7/v2iVbdex3dvTUv1yEUceDuAQjsGFKtThGhrQBAIjeIAneLZC69F6sV7nrTlrMbMPP2S9fQIvdo2s</latexit><latexit sha1_base64="azyc79MznkOiU9qXKNYGm2U8BdI=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bYuhKIbN0IFe4E2lMl00g6dTMLMRCihr+DGhSJufSF3vo2TtoiK/jBw+P5zmHN+P+ZMacf5sHJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJX57XsqFYvEnZ7E1AvxULCAEawzdIMuUL9YcuzzE6dWqSDXdmZChlTPypXyFynBQo1+8b03iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jWlwCFVXjrbdYqODBmgIJLmCY1m9PtEikOlJqFvOkOsR+q3l8G/vG6ig5qXMhEnmgoy/yhIONIRyg5HAyYp0XxiCkwkM7siMsISE23iKZgQvm7/v2iVbdex3dvTUv1yEUceDuAQjsGFKtThGhrQBAIjeIAneLZC69F6sV7nrTlrMbMPP2S9fQIvdo2s</latexit> (

<latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit><latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit><latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit><latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit>

(
<latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit> <latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit> <latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit> <latexit sha1_base64="1z3BfaAC3y4OQl/OrTR8E+4oMm8=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIXQ0zVdu6K7px2YK9QDuUTHqmjc1khiQjlKFP4MaFIm59JHe+jemFoqI/BA7ffw455/djzpR2nE8rs7a+sbmV3c7t7O7tH+QPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9/M/PYDSMUicacnMXghGQoWMEq0QY1iP19w7Ktzp1ouY9d25sKGVC5L5dKKFNBS9X7+ozeIaBKC0JQTpbquE2svJVIzymGa6yUKYkLHZAhdUwoSgvLS+aJTfGbIAAeRNE9oPKffJ1ISKjUJfdMZEj1Sv70Z/MvrJjqoeikTcaJB0MVHQcKxjvDsajxgEqjmE1MQKpnZFdMRkYRqk03OhLC6/f+iVbJdx3YbF4Xa9TKOLDpBp6iIXFRBNXSL6qiJKAL0iJ7Ri3VvPVmv1tuiNWMtZ47RD1nvX8m6jOw=</latexit>

�2
<latexit sha1_base64="eIR/ZZ3pezOTwn0aHSzwIp9BHTY=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBjcPMqG3dFd24rGAv0g4lk2ba0CQTkoxQhj6FGxeKuPVx3Pk2pheKiv4QOHz/OeScP5KMauN5n87S8srq2npuI7+5tb2zW9jbb+gkVZjUccIS1YqQJowKUjfUMNKSiiAeMdKMhtcTv/lAlKaJuDMjSUKO+oLGFCNj0f1pZ4ikRN2gWyh67uWZVymVoO96U0FLyhdBKViQIpir1i18dHoJTjkRBjOkddv3pAkzpAzFjIzznVQTifAQ9UnblgJxosNsuvAYHlvSg3Gi7BMGTun3iQxxrUc8sp0cmYH+7U3gX147NXElzKiQqSECzz6KUwZNAifXwx5VBBs2sgXCitpdIR4ghbCxGeVtCIvb/y8aget7rn97XqxezePIgUNwBE6AD8qgCm5ADdQBBhw8gmfw4ijnyXl13matS8585gD8kPP+BYhskDs=</latexit><latexit sha1_base64="eIR/ZZ3pezOTwn0aHSzwIp9BHTY=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBjcPMqG3dFd24rGAv0g4lk2ba0CQTkoxQhj6FGxeKuPVx3Pk2pheKiv4QOHz/OeScP5KMauN5n87S8srq2npuI7+5tb2zW9jbb+gkVZjUccIS1YqQJowKUjfUMNKSiiAeMdKMhtcTv/lAlKaJuDMjSUKO+oLGFCNj0f1pZ4ikRN2gWyh67uWZVymVoO96U0FLyhdBKViQIpir1i18dHoJTjkRBjOkddv3pAkzpAzFjIzznVQTifAQ9UnblgJxosNsuvAYHlvSg3Gi7BMGTun3iQxxrUc8sp0cmYH+7U3gX147NXElzKiQqSECzz6KUwZNAifXwx5VBBs2sgXCitpdIR4ghbCxGeVtCIvb/y8aget7rn97XqxezePIgUNwBE6AD8qgCm5ADdQBBhw8gmfw4ijnyXl13matS8585gD8kPP+BYhskDs=</latexit><latexit sha1_base64="eIR/ZZ3pezOTwn0aHSzwIp9BHTY=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBjcPMqG3dFd24rGAv0g4lk2ba0CQTkoxQhj6FGxeKuPVx3Pk2pheKiv4QOHz/OeScP5KMauN5n87S8srq2npuI7+5tb2zW9jbb+gkVZjUccIS1YqQJowKUjfUMNKSiiAeMdKMhtcTv/lAlKaJuDMjSUKO+oLGFCNj0f1pZ4ikRN2gWyh67uWZVymVoO96U0FLyhdBKViQIpir1i18dHoJTjkRBjOkddv3pAkzpAzFjIzznVQTifAQ9UnblgJxosNsuvAYHlvSg3Gi7BMGTun3iQxxrUc8sp0cmYH+7U3gX147NXElzKiQqSECzz6KUwZNAifXwx5VBBs2sgXCitpdIR4ghbCxGeVtCIvb/y8aget7rn97XqxezePIgUNwBE6AD8qgCm5ADdQBBhw8gmfw4ijnyXl13matS8585gD8kPP+BYhskDs=</latexit><latexit sha1_base64="eIR/ZZ3pezOTwn0aHSzwIp9BHTY=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBjcPMqG3dFd24rGAv0g4lk2ba0CQTkoxQhj6FGxeKuPVx3Pk2pheKiv4QOHz/OeScP5KMauN5n87S8srq2npuI7+5tb2zW9jbb+gkVZjUccIS1YqQJowKUjfUMNKSiiAeMdKMhtcTv/lAlKaJuDMjSUKO+oLGFCNj0f1pZ4ikRN2gWyh67uWZVymVoO96U0FLyhdBKViQIpir1i18dHoJTjkRBjOkddv3pAkzpAzFjIzznVQTifAQ9UnblgJxosNsuvAYHlvSg3Gi7BMGTun3iQxxrUc8sp0cmYH+7U3gX147NXElzKiQqSECzz6KUwZNAifXwx5VBBs2sgXCitpdIR4ghbCxGeVtCIvb/y8aget7rn97XqxezePIgUNwBE6AD8qgCm5ADdQBBhw8gmfw4ijnyXl13matS8585gD8kPP+BYhskDs=</latexit>

·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit> ·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit>

·<latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit><latexit sha1_base64="JZ+viB/yniPw2T/Sg379Y76fvM4=">AAAB7XicdZDLSsNAFIZP6q3WW9Wlm8EiuApJ1bbuim5cVrAXaEOZTCbt2EkmzEyEEvoOblwo4tb3cefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0lUklokwguZMfHinIW06ZmmtNOIimOfE7b/uh66rcfqFRMxHd6nFAvwoOYhYxgbVCrRwKhk36x5NiXZ06tUkGu7cyEDKlelCvlJSnBQo1+8aMXCJJGNNaEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZoyxhFVXjbbdoJODAlQKKR5sUYz+n0iw5FS48g3nRHWQ/Xbm8K/vG6qw5qXsThJNY3J/KMw5UgLND0dBUxSovnYFJhIZnZFZIglJtoEVDAhLG//v2iVbdex3dvzUv1qEUcejuAYTsGFKtThBhrQBAL38AjP8GIJ68l6td7mrTlrMXMIP2S9fwEGm49s</latexit>

�N
<latexit sha1_base64="gRDaMefseH5LdWXOn+7PEHOkujc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIbhxmqrZ1V3TjSirYi7RDyaSZNjTJhCQjlKFP4caFIm59HHe+jemFoqI/BA7ffw455w8lo9p43qeTWVpeWV3Lruc2Nre2d/K7ew0dJwqTOo5ZrFoh0oRRQeqGGkZaUhHEQ0aa4fBq4jcfiNI0FndmJEnAUV/QiGJkLLo/6QyRlKh7080XPPfi1KuUStB3vamgJeXzYqm4IAUwV62b/+j0YpxwIgxmSOu270kTpEgZihkZ5zqJJhLhIeqTti0F4kQH6XThMTyypAejWNknDJzS7xMp4lqPeGg7OTID/dubwL+8dmKiSpBSIRNDBJ59FCUMmhhOroc9qgg2bGQLhBW1u0I8QAphYzPK2RAWt/9fNIqu77n+7VmhejmPIwsOwCE4Bj4ogyq4BjVQBxhw8AiewYujnCfn1XmbtWac+cw++CHn/Quy3JBX</latexit><latexit sha1_base64="gRDaMefseH5LdWXOn+7PEHOkujc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIbhxmqrZ1V3TjSirYi7RDyaSZNjTJhCQjlKFP4caFIm59HHe+jemFoqI/BA7ffw455w8lo9p43qeTWVpeWV3Lruc2Nre2d/K7ew0dJwqTOo5ZrFoh0oRRQeqGGkZaUhHEQ0aa4fBq4jcfiNI0FndmJEnAUV/QiGJkLLo/6QyRlKh7080XPPfi1KuUStB3vamgJeXzYqm4IAUwV62b/+j0YpxwIgxmSOu270kTpEgZihkZ5zqJJhLhIeqTti0F4kQH6XThMTyypAejWNknDJzS7xMp4lqPeGg7OTID/dubwL+8dmKiSpBSIRNDBJ59FCUMmhhOroc9qgg2bGQLhBW1u0I8QAphYzPK2RAWt/9fNIqu77n+7VmhejmPIwsOwCE4Bj4ogyq4BjVQBxhw8AiewYujnCfn1XmbtWac+cw++CHn/Quy3JBX</latexit><latexit sha1_base64="gRDaMefseH5LdWXOn+7PEHOkujc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIbhxmqrZ1V3TjSirYi7RDyaSZNjTJhCQjlKFP4caFIm59HHe+jemFoqI/BA7ffw455w8lo9p43qeTWVpeWV3Lruc2Nre2d/K7ew0dJwqTOo5ZrFoh0oRRQeqGGkZaUhHEQ0aa4fBq4jcfiNI0FndmJEnAUV/QiGJkLLo/6QyRlKh7080XPPfi1KuUStB3vamgJeXzYqm4IAUwV62b/+j0YpxwIgxmSOu270kTpEgZihkZ5zqJJhLhIeqTti0F4kQH6XThMTyypAejWNknDJzS7xMp4lqPeGg7OTID/dubwL+8dmKiSpBSIRNDBJ59FCUMmhhOroc9qgg2bGQLhBW1u0I8QAphYzPK2RAWt/9fNIqu77n+7VmhejmPIwsOwCE4Bj4ogyq4BjVQBxhw8AiewYujnCfn1XmbtWac+cw++CHn/Quy3JBX</latexit><latexit sha1_base64="gRDaMefseH5LdWXOn+7PEHOkujc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIbhxmqrZ1V3TjSirYi7RDyaSZNjTJhCQjlKFP4caFIm59HHe+jemFoqI/BA7ffw455w8lo9p43qeTWVpeWV3Lruc2Nre2d/K7ew0dJwqTOo5ZrFoh0oRRQeqGGkZaUhHEQ0aa4fBq4jcfiNI0FndmJEnAUV/QiGJkLLo/6QyRlKh7080XPPfi1KuUStB3vamgJeXzYqm4IAUwV62b/+j0YpxwIgxmSOu270kTpEgZihkZ5zqJJhLhIeqTti0F4kQH6XThMTyypAejWNknDJzS7xMp4lqPeGg7OTID/dubwL+8dmKiSpBSIRNDBJ59FCUMmhhOroc9qgg2bGQLhBW1u0I8QAphYzPK2RAWt/9fNIqu77n+7VmhejmPIwsOwCE4Bj4ogyq4BjVQBxhw8AiewYujnCfn1XmbtWac+cw++CHn/Quy3JBX</latexit>

0
<latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit><latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit><latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit><latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit>
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<latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit><latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit><latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit><latexit sha1_base64="crTdSfpF4pk2MCIs6cwX5l+2TWs=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyVdu6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb0gKvpD4PD955Bz/iARXBuMP5zMyura+kZ2M7e1vbO7l98/aOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGF3P/NY9U5rH8taME+ZHZCB5yCkxFtVxL1/A7uUZrpRKyHPxXMiS8kWxVPwiBViq1su/d/sxTSMmDRVE646HE+NPiDKcCjbNdVPNEkJHZMA6tpQkYtqfzBedohNL+iiMlX3SoDn9PjEhkdbjKLCdETFD/dubwb+8TmrCij/hMkkNk3TxUZgKZGI0uxr1uWLUiLEtCFXc7orokChCjc0mZ0P4uv3/oll0Pex69fNC9WoZRxaO4BhOwYMyVOEGatAACgwe4AmenTvn0XlxXhetGWc5cwg/5Lx9AtXajPQ=</latexit>

(            in the approx’n)1 = 0
<latexit sha1_base64="kuJYW5HBYdaOw22y1HMnLV8eBkc=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjKtZdqFUHTjsoJ9QGcomTTThmYyIckIpfQ33LhQxK0/486/MX0IKnrgwuGce7n3nkhypg1CH05ubX1jcyu/XdjZ3ds/KB4etXWaKUJbJOWp6kZYU84EbRlmOO1KRXEScdqJxtdzv3NPlWapuDMTScMEDwWLGcHGSkEwxlLivgcvIeoXS8j1yr5f9SBy6/W6X60sCarUoOeiBUpghWa/+B4MUpIlVBjCsdY9D0kTTrEyjHA6KwSZphKTMR7SnqUCJ1SH08XNM3hmlQGMU2VLGLhQv09McaL1JIlsZ4LNSP/25uJfXi8zcS2cMiEzQwVZLoozDk0K5wHAAVOUGD6xBBPF7K2QjLDCxNiYCjaEr0/h/6Rddj2b1e1FqXG1iiMPTsApOAce8EED3IAmaAECJHgAT+DZyZxH58V5XbbmnNXMMfgB5+0T+zqQ/w==</latexit><latexit sha1_base64="kuJYW5HBYdaOw22y1HMnLV8eBkc=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjKtZdqFUHTjsoJ9QGcomTTThmYyIckIpfQ33LhQxK0/486/MX0IKnrgwuGce7n3nkhypg1CH05ubX1jcyu/XdjZ3ds/KB4etXWaKUJbJOWp6kZYU84EbRlmOO1KRXEScdqJxtdzv3NPlWapuDMTScMEDwWLGcHGSkEwxlLivgcvIeoXS8j1yr5f9SBy6/W6X60sCarUoOeiBUpghWa/+B4MUpIlVBjCsdY9D0kTTrEyjHA6KwSZphKTMR7SnqUCJ1SH08XNM3hmlQGMU2VLGLhQv09McaL1JIlsZ4LNSP/25uJfXi8zcS2cMiEzQwVZLoozDk0K5wHAAVOUGD6xBBPF7K2QjLDCxNiYCjaEr0/h/6Rddj2b1e1FqXG1iiMPTsApOAce8EED3IAmaAECJHgAT+DZyZxH58V5XbbmnNXMMfgB5+0T+zqQ/w==</latexit><latexit sha1_base64="kuJYW5HBYdaOw22y1HMnLV8eBkc=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjKtZdqFUHTjsoJ9QGcomTTThmYyIckIpfQ33LhQxK0/486/MX0IKnrgwuGce7n3nkhypg1CH05ubX1jcyu/XdjZ3ds/KB4etXWaKUJbJOWp6kZYU84EbRlmOO1KRXEScdqJxtdzv3NPlWapuDMTScMEDwWLGcHGSkEwxlLivgcvIeoXS8j1yr5f9SBy6/W6X60sCarUoOeiBUpghWa/+B4MUpIlVBjCsdY9D0kTTrEyjHA6KwSZphKTMR7SnqUCJ1SH08XNM3hmlQGMU2VLGLhQv09McaL1JIlsZ4LNSP/25uJfXi8zcS2cMiEzQwVZLoozDk0K5wHAAVOUGD6xBBPF7K2QjLDCxNiYCjaEr0/h/6Rddj2b1e1FqXG1iiMPTsApOAce8EED3IAmaAECJHgAT+DZyZxH58V5XbbmnNXMMfgB5+0T+zqQ/w==</latexit><latexit sha1_base64="kuJYW5HBYdaOw22y1HMnLV8eBkc=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjKtZdqFUHTjsoJ9QGcomTTThmYyIckIpfQ33LhQxK0/486/MX0IKnrgwuGce7n3nkhypg1CH05ubX1jcyu/XdjZ3ds/KB4etXWaKUJbJOWp6kZYU84EbRlmOO1KRXEScdqJxtdzv3NPlWapuDMTScMEDwWLGcHGSkEwxlLivgcvIeoXS8j1yr5f9SBy6/W6X60sCarUoOeiBUpghWa/+B4MUpIlVBjCsdY9D0kTTrEyjHA6KwSZphKTMR7SnqUCJ1SH08XNM3hmlQGMU2VLGLhQv09McaL1JIlsZ4LNSP/25uJfXi8zcS2cMiEzQwVZLoozDk0K5wHAAVOUGD6xBBPF7K2QjLDCxNiYCjaEr0/h/6Rddj2b1e1FqXG1iiMPTsApOAce8EED3IAmaAECJHgAT+DZyZxH58V5XbbmnNXMMfgB5+0T+zqQ/w==</latexit>

But eigenvalues of upper-triangular matrix are diagonal entries:

�` ' �`
<latexit sha1_base64="xLv0eyegQ5aKjSnuBPg1CoPqfzU=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIbiwz7UDrrujGZQV7gU4pmcyZNjSTGZOMUEq3bnwVNy4UcesbuPNtTC8UFf0hcPjOfzg5v59wprRtf1qZldW19Y3sZm5re2d3L79/0FRxKik0aMxj2faJAs4ENDTTHNqJBBL5HFr+8HLab92BVCwWN3qUQDcifcFCRok2qJfHHjfmgPQ84Bx7ikVwi8+8IUmSOevlC3bxvGw7bhk7RXsmbEjFrZbcJSmgheq9/IcXxDSNQGjKiVIdx050d0ykZpTDJOelChJCh6QPHVMKEoHqjmeXTPCJIQEOY2me0HhGv0+MSaTUKPKNMyJ6oH73pvCvXifVYbU7ZiJJNQg6XxSmHOsYT2PBAZNANR+ZglDJzF8xHRBJqDbh5UwIy9v/L5qlomMXnWu3ULtYxJFFR+gYnSIHVVANXaE6aiCK7tEjekYv1oP1ZL1ab3NrxlrMHKIfst6/AFyqmiA=</latexit><latexit sha1_base64="xLv0eyegQ5aKjSnuBPg1CoPqfzU=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIbiwz7UDrrujGZQV7gU4pmcyZNjSTGZOMUEq3bnwVNy4UcesbuPNtTC8UFf0hcPjOfzg5v59wprRtf1qZldW19Y3sZm5re2d3L79/0FRxKik0aMxj2faJAs4ENDTTHNqJBBL5HFr+8HLab92BVCwWN3qUQDcifcFCRok2qJfHHjfmgPQ84Bx7ikVwi8+8IUmSOevlC3bxvGw7bhk7RXsmbEjFrZbcJSmgheq9/IcXxDSNQGjKiVIdx050d0ykZpTDJOelChJCh6QPHVMKEoHqjmeXTPCJIQEOY2me0HhGv0+MSaTUKPKNMyJ6oH73pvCvXifVYbU7ZiJJNQg6XxSmHOsYT2PBAZNANR+ZglDJzF8xHRBJqDbh5UwIy9v/L5qlomMXnWu3ULtYxJFFR+gYnSIHVVANXaE6aiCK7tEjekYv1oP1ZL1ab3NrxlrMHKIfst6/AFyqmiA=</latexit><latexit sha1_base64="xLv0eyegQ5aKjSnuBPg1CoPqfzU=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIbiwz7UDrrujGZQV7gU4pmcyZNjSTGZOMUEq3bnwVNy4UcesbuPNtTC8UFf0hcPjOfzg5v59wprRtf1qZldW19Y3sZm5re2d3L79/0FRxKik0aMxj2faJAs4ENDTTHNqJBBL5HFr+8HLab92BVCwWN3qUQDcifcFCRok2qJfHHjfmgPQ84Bx7ikVwi8+8IUmSOevlC3bxvGw7bhk7RXsmbEjFrZbcJSmgheq9/IcXxDSNQGjKiVIdx050d0ykZpTDJOelChJCh6QPHVMKEoHqjmeXTPCJIQEOY2me0HhGv0+MSaTUKPKNMyJ6oH73pvCvXifVYbU7ZiJJNQg6XxSmHOsYT2PBAZNANR+ZglDJzF8xHRBJqDbh5UwIy9v/L5qlomMXnWu3ULtYxJFFR+gYnSIHVVANXaE6aiCK7tEjekYv1oP1ZL1ab3NrxlrMHKIfst6/AFyqmiA=</latexit><latexit sha1_base64="xLv0eyegQ5aKjSnuBPg1CoPqfzU=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIbiwz7UDrrujGZQV7gU4pmcyZNjSTGZOMUEq3bnwVNy4UcesbuPNtTC8UFf0hcPjOfzg5v59wprRtf1qZldW19Y3sZm5re2d3L79/0FRxKik0aMxj2faJAs4ENDTTHNqJBBL5HFr+8HLab92BVCwWN3qUQDcifcFCRok2qJfHHjfmgPQ84Bx7ikVwi8+8IUmSOevlC3bxvGw7bhk7RXsmbEjFrZbcJSmgheq9/IcXxDSNQGjKiVIdx050d0ykZpTDJOelChJCh6QPHVMKEoHqjmeXTPCJIQEOY2me0HhGv0+MSaTUKPKNMyJ6oH73pvCvXifVYbU7ZiJJNQg6XxSmHOsYT2PBAZNANR+ZglDJzF8xHRBJqDbh5UwIy9v/L5qlomMXnWu3ULtYxJFFR+gYnSIHVVANXaE6aiCK7tEjekYv1oP1ZL1ab3NrxlrMHKIfst6/AFyqmiA=</latexit>

Total rate out 
of each vacuum: j ⌘

X

r

rj

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

In downward approx’n, neglect upward transitions to leading order. 



Global mean first-passage time

Consistent with NP-hard 
complexity class
Denef & Douglas (2007)

Ensemble of regions:

Typical regions include vacua whose only allowed transitions 
are upward jumps

=� tMFPT ⇠ e
2⇡

GH
2
min ⇠ eN

<latexit sha1_base64="hCgVGQZ9aHs7CelW0XOfDs9V1nk="></latexit><latexit sha1_base64="hCgVGQZ9aHs7CelW0XOfDs9V1nk="></latexit><latexit sha1_base64="hCgVGQZ9aHs7CelW0XOfDs9V1nk="></latexit><latexit sha1_base64="hCgVGQZ9aHs7CelW0XOfDs9V1nk="></latexit>

Total residency time

(diffusion in disordered media)

tMFPT =
NX

j=2

1

|�j |
'

NX

j=2

1

j
<latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit><latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit><latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit><latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit>

=� tMFPT
<latexit sha1_base64="WPrmb7nhg/UUXiOTnWVDWfKTeEY=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroZJK7XuioK4ESq0tdAZSibNtKFJZkgyQhn6Gm5cKOLWl3Hn25heKCr6Q+Dw/edwTv4w4Uwbz/t0ciura+sb+c3C1vbO7l5x/6Ct41QR2iIxj1UnxJpyJmnLMMNpJ1EUi5DT+3B0NfXvH6jSLJZNM05oIPBAsogRbCzyTS/zlYC3143mpFcsee4FqtSqNYhcbyZoSRVVUHlJSmChRq/44fdjkgoqDeFY6y7yEhNkWBlGOJ0U/FTTBJMRHtCuLSUWVAfZ7OYJPLGkD6NY2ScNnNHvExkWWo9FaDsFNkP925vCv7xuaqJakDGZpIZKMl8UpRyaGE4DgH2mKDF8bAtMFLO3QjLEChNjYyrYEJZ//79ol13kuejurFS/XMSRB0fgGJwCBM5BHdyABmgBAhLwCJ7Bi5M6T86r8zZvzTmLmUPwQ877F9GlkYk=</latexit><latexit sha1_base64="WPrmb7nhg/UUXiOTnWVDWfKTeEY=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroZJK7XuioK4ESq0tdAZSibNtKFJZkgyQhn6Gm5cKOLWl3Hn25heKCr6Q+Dw/edwTv4w4Uwbz/t0ciura+sb+c3C1vbO7l5x/6Ct41QR2iIxj1UnxJpyJmnLMMNpJ1EUi5DT+3B0NfXvH6jSLJZNM05oIPBAsogRbCzyTS/zlYC3143mpFcsee4FqtSqNYhcbyZoSRVVUHlJSmChRq/44fdjkgoqDeFY6y7yEhNkWBlGOJ0U/FTTBJMRHtCuLSUWVAfZ7OYJPLGkD6NY2ScNnNHvExkWWo9FaDsFNkP925vCv7xuaqJakDGZpIZKMl8UpRyaGE4DgH2mKDF8bAtMFLO3QjLEChNjYyrYEJZ//79ol13kuejurFS/XMSRB0fgGJwCBM5BHdyABmgBAhLwCJ7Bi5M6T86r8zZvzTmLmUPwQ877F9GlkYk=</latexit><latexit sha1_base64="WPrmb7nhg/UUXiOTnWVDWfKTeEY=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroZJK7XuioK4ESq0tdAZSibNtKFJZkgyQhn6Gm5cKOLWl3Hn25heKCr6Q+Dw/edwTv4w4Uwbz/t0ciura+sb+c3C1vbO7l5x/6Ct41QR2iIxj1UnxJpyJmnLMMNpJ1EUi5DT+3B0NfXvH6jSLJZNM05oIPBAsogRbCzyTS/zlYC3143mpFcsee4FqtSqNYhcbyZoSRVVUHlJSmChRq/44fdjkgoqDeFY6y7yEhNkWBlGOJ0U/FTTBJMRHtCuLSUWVAfZ7OYJPLGkD6NY2ScNnNHvExkWWo9FaDsFNkP925vCv7xuaqJakDGZpIZKMl8UpRyaGE4DgH2mKDF8bAtMFLO3QjLEChNjYyrYEJZ//79ol13kuejurFS/XMSRB0fgGJwCBM5BHdyABmgBAhLwCJ7Bi5M6T86r8zZvzTmLmUPwQ877F9GlkYk=</latexit><latexit sha1_base64="WPrmb7nhg/UUXiOTnWVDWfKTeEY=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroZJK7XuioK4ESq0tdAZSibNtKFJZkgyQhn6Gm5cKOLWl3Hn25heKCr6Q+Dw/edwTv4w4Uwbz/t0ciura+sb+c3C1vbO7l5x/6Ct41QR2iIxj1UnxJpyJmnLMMNpJ1EUi5DT+3B0NfXvH6jSLJZNM05oIPBAsogRbCzyTS/zlYC3143mpFcsee4FqtSqNYhcbyZoSRVVUHlJSmChRq/44fdjkgoqDeFY6y7yEhNkWBlGOJ0U/FTTBJMRHtCuLSUWVAfZ7OYJPLGkD6NY2ScNnNHvExkWWo9FaDsFNkP925vCv7xuaqJakDGZpIZKMl8UpRyaGE4DgH2mKDF8bAtMFLO3QjLEChNjYyrYEJZ//79ol13kuejurFS/XMSRB0fgGJwCBM5BHdyABmgBAhLwCJ7Bi5M6T86r8zZvzTmLmUPwQ877F9GlkYk=</latexit>

Exponentially long



Global mean first-passage time

Total residency time

(diffusion in disordered media)

tMFPT =
NX

j=2

1

|�j |
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j=2

1

j
<latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit><latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit><latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit><latexit sha1_base64="rWOlojAGfQ9E7oVx3WOsfYooFbE="></latexit>

Exceptional, golden region(s): 
every vacuum has (at least one) 
allowed downward transition.

Akin to funnel topography of 
naturally-occurring proteins  

“Principle of minimal frustration”
Bryngelson & Wolynes (1990)

=� tMFPT ⇠ N#
<latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit><latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit><latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit><latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit>

(NP-hardness is ‘worst-case’. Special cases can be polynomial.)



Ensemble:

 Statistically identical equilibrium distribution:

Quick recap

dfi
dt

=
X

j

(ijfj � jifi)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ij =
Aij

wj
<latexit sha1_base64="GleWhQyllXGfOc0ij1J20/NPPgA=">AAACCXicdZDLSgMxFIYz9VbrbdSlm2ARXJWZqm1dCFU3LivYC3SGIZNm2rSZC0lGKcNs3fgqblwo4tY3cOfbmE5LUdEfAifffw7J+d2IUSEN41PLLSwuLa/kVwtr6xubW/r2TkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dHlxG/fEi5oGNzIcURsH/UD6lGMpEKODq0RiiLkJHSYwjNoeRzh5Dy7psmdM0wdvWiUTo+MWqUCzZKRCSpSPSlXynNSBDM1HP3D6oU49kkgMUNCdE0jknaCuKSYkbRgxYJECI9Qn3RVGSCfCDvJNknhgSI96IVcnUDCjH6fSJAvxNh3VaeP5ED89ibwL68bS69mJzSIYkkCPH3IixmUIZzEAnuUEyzZWBUIc6r+CvEAqTCkCq+gQpjv/n/RKpdMo2ReHxfrF7M48mAP7INDYIIqqIMr0ABNgME9eATP4EV70J60V+1t2prTZjO74Ie09y9oM5rO</latexit><latexit sha1_base64="GleWhQyllXGfOc0ij1J20/NPPgA=">AAACCXicdZDLSgMxFIYz9VbrbdSlm2ARXJWZqm1dCFU3LivYC3SGIZNm2rSZC0lGKcNs3fgqblwo4tY3cOfbmE5LUdEfAifffw7J+d2IUSEN41PLLSwuLa/kVwtr6xubW/r2TkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dHlxG/fEi5oGNzIcURsH/UD6lGMpEKODq0RiiLkJHSYwjNoeRzh5Dy7psmdM0wdvWiUTo+MWqUCzZKRCSpSPSlXynNSBDM1HP3D6oU49kkgMUNCdE0jknaCuKSYkbRgxYJECI9Qn3RVGSCfCDvJNknhgSI96IVcnUDCjH6fSJAvxNh3VaeP5ED89ibwL68bS69mJzSIYkkCPH3IixmUIZzEAnuUEyzZWBUIc6r+CvEAqTCkCq+gQpjv/n/RKpdMo2ReHxfrF7M48mAP7INDYIIqqIMr0ABNgME9eATP4EV70J60V+1t2prTZjO74Ie09y9oM5rO</latexit><latexit sha1_base64="GleWhQyllXGfOc0ij1J20/NPPgA=">AAACCXicdZDLSgMxFIYz9VbrbdSlm2ARXJWZqm1dCFU3LivYC3SGIZNm2rSZC0lGKcNs3fgqblwo4tY3cOfbmE5LUdEfAifffw7J+d2IUSEN41PLLSwuLa/kVwtr6xubW/r2TkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dHlxG/fEi5oGNzIcURsH/UD6lGMpEKODq0RiiLkJHSYwjNoeRzh5Dy7psmdM0wdvWiUTo+MWqUCzZKRCSpSPSlXynNSBDM1HP3D6oU49kkgMUNCdE0jknaCuKSYkbRgxYJECI9Qn3RVGSCfCDvJNknhgSI96IVcnUDCjH6fSJAvxNh3VaeP5ED89ibwL68bS69mJzSIYkkCPH3IixmUIZzEAnuUEyzZWBUIc6r+CvEAqTCkCq+gQpjv/n/RKpdMo2ReHxfrF7M48mAP7INDYIIqqIMr0ABNgME9eATP4EV70J60V+1t2prTZjO74Ie09y9oM5rO</latexit><latexit sha1_base64="GleWhQyllXGfOc0ij1J20/NPPgA=">AAACCXicdZDLSgMxFIYz9VbrbdSlm2ARXJWZqm1dCFU3LivYC3SGIZNm2rSZC0lGKcNs3fgqblwo4tY3cOfbmE5LUdEfAifffw7J+d2IUSEN41PLLSwuLa/kVwtr6xubW/r2TkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dHlxG/fEi5oGNzIcURsH/UD6lGMpEKODq0RiiLkJHSYwjNoeRzh5Dy7psmdM0wdvWiUTo+MWqUCzZKRCSpSPSlXynNSBDM1HP3D6oU49kkgMUNCdE0jknaCuKSYkbRgxYJECI9Qn3RVGSCfCDvJNknhgSI96IVcnUDCjH6fSJAvxNh3VaeP5ED89ibwL68bS69mJzSIYkkCPH3IixmUIZzEAnuUEyzZWBUIc6r+CvEAqTCkCq+gQpjv/n/RKpdMo2ReHxfrF7M48mAP7INDYIIqqIMr0ABNgME9eATP4EV70J60V+1t2prTZjO74Ie09y9oM5rO</latexit>

f1
i =

wiP
j wj

<latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit><latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit><latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit><latexit sha1_base64="gALzJtLlTRDdPr8WtBtmcwyFwIw="></latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> hospitable
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

inhospitable
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Landscape dynamics: random walk on weighted, 
undirected network

 But vastly different      , hence different “mixing times”:

tMFPT ⇠ eN
<latexit sha1_base64="KqXafB1AHcnnEKOdFw2s+hzGZqw=">AAAB/3icdZDLSgMxFIYz9VbrrSq4cRMsgqsy0w607oqCuFEq9AbtOGTStA1NMkOSEcrYha/ixoUibn0Nd76N6YWioj8EDt9/DufkDyJGlbbtTyu1tLyyupZez2xsbm3vZHf3GiqMJSZ1HLJQtgKkCKOC1DXVjLQiSRAPGGkGw/OJ37wjUtFQ1PQoIh5HfUF7FCNtkJ890H7SkRxeXVRrYwg7inJIbq/9bM7OnxZtxy1CJ29PBQ0pueWCuyA5MFfVz350uiGOOREaM6RU27Ej7SVIaooZGWc6sSIRwkPUJ21TCsSJ8pLp/WN4bEgX9kJpntBwSr9PJIgrNeKB6eRID9RvbwL/8tqx7pW9hIoo1kTg2aJezKAO4SQM2KWSYM1GpkBYUnMrxAMkEdYmsowJYfH3/4tGIe/YeefGzVXO5nGkwSE4AifAASVQAZegCuoAg3vwCJ7Bi/VgPVmv1tusNWXNZ/bBD1nvX50XlTE=</latexit><latexit sha1_base64="KqXafB1AHcnnEKOdFw2s+hzGZqw=">AAAB/3icdZDLSgMxFIYz9VbrrSq4cRMsgqsy0w607oqCuFEq9AbtOGTStA1NMkOSEcrYha/ixoUibn0Nd76N6YWioj8EDt9/DufkDyJGlbbtTyu1tLyyupZez2xsbm3vZHf3GiqMJSZ1HLJQtgKkCKOC1DXVjLQiSRAPGGkGw/OJ37wjUtFQ1PQoIh5HfUF7FCNtkJ890H7SkRxeXVRrYwg7inJIbq/9bM7OnxZtxy1CJ29PBQ0pueWCuyA5MFfVz350uiGOOREaM6RU27Ej7SVIaooZGWc6sSIRwkPUJ21TCsSJ8pLp/WN4bEgX9kJpntBwSr9PJIgrNeKB6eRID9RvbwL/8tqx7pW9hIoo1kTg2aJezKAO4SQM2KWSYM1GpkBYUnMrxAMkEdYmsowJYfH3/4tGIe/YeefGzVXO5nGkwSE4AifAASVQAZegCuoAg3vwCJ7Bi/VgPVmv1tusNWXNZ/bBD1nvX50XlTE=</latexit><latexit sha1_base64="KqXafB1AHcnnEKOdFw2s+hzGZqw=">AAAB/3icdZDLSgMxFIYz9VbrrSq4cRMsgqsy0w607oqCuFEq9AbtOGTStA1NMkOSEcrYha/ixoUibn0Nd76N6YWioj8EDt9/DufkDyJGlbbtTyu1tLyyupZez2xsbm3vZHf3GiqMJSZ1HLJQtgKkCKOC1DXVjLQiSRAPGGkGw/OJ37wjUtFQ1PQoIh5HfUF7FCNtkJ890H7SkRxeXVRrYwg7inJIbq/9bM7OnxZtxy1CJ29PBQ0pueWCuyA5MFfVz350uiGOOREaM6RU27Ej7SVIaooZGWc6sSIRwkPUJ21TCsSJ8pLp/WN4bEgX9kJpntBwSr9PJIgrNeKB6eRID9RvbwL/8tqx7pW9hIoo1kTg2aJezKAO4SQM2KWSYM1GpkBYUnMrxAMkEdYmsowJYfH3/4tGIe/YeefGzVXO5nGkwSE4AifAASVQAZegCuoAg3vwCJ7Bi/VgPVmv1tusNWXNZ/bBD1nvX50XlTE=</latexit><latexit sha1_base64="KqXafB1AHcnnEKOdFw2s+hzGZqw=">AAAB/3icdZDLSgMxFIYz9VbrrSq4cRMsgqsy0w607oqCuFEq9AbtOGTStA1NMkOSEcrYha/ixoUibn0Nd76N6YWioj8EDt9/DufkDyJGlbbtTyu1tLyyupZez2xsbm3vZHf3GiqMJSZ1HLJQtgKkCKOC1DXVjLQiSRAPGGkGw/OJ37wjUtFQ1PQoIh5HfUF7FCNtkJ890H7SkRxeXVRrYwg7inJIbq/9bM7OnxZtxy1CJ29PBQ0pueWCuyA5MFfVz350uiGOOREaM6RU27Ej7SVIaooZGWc6sSIRwkPUJ21TCsSJ8pLp/WN4bEgX9kJpntBwSr9PJIgrNeKB6eRID9RvbwL/8tqx7pW9hIoo1kTg2aJezKAO4SQM2KWSYM1GpkBYUnMrxAMkEdYmsowJYfH3/4tGIe/YeefGzVXO5nGkwSE4AifAASVQAZegCuoAg3vwCJ7Bi/VgPVmv1tusNWXNZ/bBD1nvX50XlTE=</latexit>

tMFPT ⇠ N#
<latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit><latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit><latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit><latexit sha1_base64="JGckMHe8ewl2t9Oizmjut5o+PtQ=">AAACAHicdZDLSgMxFIYzXmu9VV24cBMsgqsy0w607oqCuFEq9AadWjJppg1NMkOSEcowG1/FjQtF3PoY7nwb0wtFRX8IHL7/HE7O70eMKm3bn9bS8srq2npmI7u5tb2zm9vbb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tljy4mfuueSEVDUdfjiHQ5GggaUIy0Qb3coe4lnuTw+rJWTyH0FOXw5s7L93J5u3BWsh23BJ2CPRU0pOxWiu6C5MFctV7uw+uHOOZEaMyQUh3HjnQ3QVJTzEia9WJFIoRHaEA6phSIE9VNpgek8MSQPgxCaZ7QcEq/TySIKzXmvunkSA/Vb28C//I6sQ4q3YSKKNZE4NmiIGZQh3CSBuxTSbBmY1MgLKn5K8RDJBHWJrOsCWFx+/9Fs1hw7IJz6+ar5/M4MuAIHINT4IAyqIIrUAMNgEEKHsEzeLEerCfr1XqbtS5Z85kD8EPW+xfw6JVV</latexit>

Aij
<latexit sha1_base64="S3c1lln9RCTUw53P8dngXQ2NTEc=">AAAB7XicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA627qhuXFewF2lAm00k77SQTZiZCCX0HNy4Ucev7uPNtnF4oKvrDwOH7z2HO+YOEM6Ud59NaW9/Y3NrO7eR39/YPDgtHx00lUklogwguZDvAinIW04ZmmtN2IimOAk5bwfhm5rceqFRMxPd6klA/woOYhYxgbVDzqpex0bRXKDr2ZdlxvTJybWcuZEjFq5a8FSnCUvVe4aPbFySNaKwJx0p1XCfRfoalZoTTab6bKppgMsYD2jFljCOq/Gy+7RSdG9JHoZDmxRrN6feJDEdKTaLAdEZYD9Vvbwb/8jqpDqt+xuIk1TQmi4/ClCMt0Ox01GeSEs0npsBEMrMrIkMsMdEmoLwJYXX7/0WzZLuO7d55xdr1Mo4cnMIZXIALFajBLdShAQRG8AjP8GIJ68l6td4WrWvWcuYEfsh6/wLn9o9Y</latexit><latexit sha1_base64="S3c1lln9RCTUw53P8dngXQ2NTEc=">AAAB7XicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA627qhuXFewF2lAm00k77SQTZiZCCX0HNy4Ucev7uPNtnF4oKvrDwOH7z2HO+YOEM6Ud59NaW9/Y3NrO7eR39/YPDgtHx00lUklogwguZDvAinIW04ZmmtN2IimOAk5bwfhm5rceqFRMxPd6klA/woOYhYxgbVDzqpex0bRXKDr2ZdlxvTJybWcuZEjFq5a8FSnCUvVe4aPbFySNaKwJx0p1XCfRfoalZoTTab6bKppgMsYD2jFljCOq/Gy+7RSdG9JHoZDmxRrN6feJDEdKTaLAdEZYD9Vvbwb/8jqpDqt+xuIk1TQmi4/ClCMt0Ox01GeSEs0npsBEMrMrIkMsMdEmoLwJYXX7/0WzZLuO7d55xdr1Mo4cnMIZXIALFajBLdShAQRG8AjP8GIJ68l6td4WrWvWcuYEfsh6/wLn9o9Y</latexit><latexit sha1_base64="S3c1lln9RCTUw53P8dngXQ2NTEc=">AAAB7XicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA627qhuXFewF2lAm00k77SQTZiZCCX0HNy4Ucev7uPNtnF4oKvrDwOH7z2HO+YOEM6Ud59NaW9/Y3NrO7eR39/YPDgtHx00lUklogwguZDvAinIW04ZmmtN2IimOAk5bwfhm5rceqFRMxPd6klA/woOYhYxgbVDzqpex0bRXKDr2ZdlxvTJybWcuZEjFq5a8FSnCUvVe4aPbFySNaKwJx0p1XCfRfoalZoTTab6bKppgMsYD2jFljCOq/Gy+7RSdG9JHoZDmxRrN6feJDEdKTaLAdEZYD9Vvbwb/8jqpDqt+xuIk1TQmi4/ClCMt0Ox01GeSEs0npsBEMrMrIkMsMdEmoLwJYXX7/0WzZLuO7d55xdr1Mo4cnMIZXIALFajBLdShAQRG8AjP8GIJ68l6td4WrWvWcuYEfsh6/wLn9o9Y</latexit><latexit sha1_base64="S3c1lln9RCTUw53P8dngXQ2NTEc=">AAAB7XicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA627qhuXFewF2lAm00k77SQTZiZCCX0HNy4Ucev7uPNtnF4oKvrDwOH7z2HO+YOEM6Ud59NaW9/Y3NrO7eR39/YPDgtHx00lUklogwguZDvAinIW04ZmmtN2IimOAk5bwfhm5rceqFRMxPd6klA/woOYhYxgbVDzqpex0bRXKDr2ZdlxvTJybWcuZEjFq5a8FSnCUvVe4aPbFySNaKwJx0p1XCfRfoalZoTTab6bKppgMsYD2jFljCOq/Gy+7RSdG9JHoZDmxRrN6feJDEdKTaLAdEZYD9Vvbwb/8jqpDqt+xuIk1TQmi4/ClCMt0Ox01GeSEs0npsBEMrMrIkMsMdEmoLwJYXX7/0WzZLuO7d55xdr1Mo4cnMIZXIALFajBLdShAQRG8AjP8GIJ68l6td4WrWvWcuYEfsh6/wLn9o9Y</latexit>

Typical, glassy region: Golden, funnel-like region:

Constrains topology of optimal region
Otherwise, favors fastest rates possible

;
<latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit><latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit><latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit><latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit>



So far treated each region 
as closed system.

In reality, each is an 
open system.

Once random walker lands in a golden region, how can we 
minimize the probability of escape?
In principle requires modeling environment… 

Instead study a proxy requirement that depends solely on the intrinsic 
dynamics of the region:

Demand that walks be recurrent in the              limit.N ! 1
<latexit sha1_base64="5H1X3sn9soEuwQRPmXt10dlFT8k=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZttC6K7pxJRXsBTqlZNJMG5rJDMkZZRjqq7hxoYhbH8Sdb2N6oajoD4HD95/DOfm9SHANtv1pZdbWNza3stu5nd29/YP84VFbh7GirEVDEaquRzQTXLIWcBCsGylGAk+wjje5nPmdO6Y0D+UtJBHrB2Qkuc8pAYMG+cK1q/hoDESp8B67XPqQDPJFu3ResZ1qBTsley5sSK1aL1dXpIiWag7yH+4wpHHAJFBBtO45dgT9lCjgVLBpzo01iwidkBHrmVKSgOl+Oj9+ik8NGWI/VOZJwHP6fSIlgdZJ4JnOgMBY//Zm8C+vF4Nf76dcRjEwSReL/FhgCPEsCTzkilEQiSkIVdzciumYKELB5JUzIaz+/n/RLpccu+TcVIuNi2UcWXSMTtAZclANNdAVaqIWoihBj+gZvVgP1pP1ar0tWjPWcqaAfsh6/wJZFZU5</latexit><latexit sha1_base64="5H1X3sn9soEuwQRPmXt10dlFT8k=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZttC6K7pxJRXsBTqlZNJMG5rJDMkZZRjqq7hxoYhbH8Sdb2N6oajoD4HD95/DOfm9SHANtv1pZdbWNza3stu5nd29/YP84VFbh7GirEVDEaquRzQTXLIWcBCsGylGAk+wjje5nPmdO6Y0D+UtJBHrB2Qkuc8pAYMG+cK1q/hoDESp8B67XPqQDPJFu3ResZ1qBTsley5sSK1aL1dXpIiWag7yH+4wpHHAJFBBtO45dgT9lCjgVLBpzo01iwidkBHrmVKSgOl+Oj9+ik8NGWI/VOZJwHP6fSIlgdZJ4JnOgMBY//Zm8C+vF4Nf76dcRjEwSReL/FhgCPEsCTzkilEQiSkIVdzciumYKELB5JUzIaz+/n/RLpccu+TcVIuNi2UcWXSMTtAZclANNdAVaqIWoihBj+gZvVgP1pP1ar0tWjPWcqaAfsh6/wJZFZU5</latexit><latexit sha1_base64="5H1X3sn9soEuwQRPmXt10dlFT8k=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZttC6K7pxJRXsBTqlZNJMG5rJDMkZZRjqq7hxoYhbH8Sdb2N6oajoD4HD95/DOfm9SHANtv1pZdbWNza3stu5nd29/YP84VFbh7GirEVDEaquRzQTXLIWcBCsGylGAk+wjje5nPmdO6Y0D+UtJBHrB2Qkuc8pAYMG+cK1q/hoDESp8B67XPqQDPJFu3ResZ1qBTsley5sSK1aL1dXpIiWag7yH+4wpHHAJFBBtO45dgT9lCjgVLBpzo01iwidkBHrmVKSgOl+Oj9+ik8NGWI/VOZJwHP6fSIlgdZJ4JnOgMBY//Zm8C+vF4Nf76dcRjEwSReL/FhgCPEsCTzkilEQiSkIVdzciumYKELB5JUzIaz+/n/RLpccu+TcVIuNi2UcWXSMTtAZclANNdAVaqIWoihBj+gZvVgP1pP1ar0tWjPWcqaAfsh6/wJZFZU5</latexit><latexit sha1_base64="5H1X3sn9soEuwQRPmXt10dlFT8k=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZttC6K7pxJRXsBTqlZNJMG5rJDMkZZRjqq7hxoYhbH8Sdb2N6oajoD4HD95/DOfm9SHANtv1pZdbWNza3stu5nd29/YP84VFbh7GirEVDEaquRzQTXLIWcBCsGylGAk+wjje5nPmdO6Y0D+UtJBHrB2Qkuc8pAYMG+cK1q/hoDESp8B67XPqQDPJFu3ResZ1qBTsley5sSK1aL1dXpIiWag7yH+4wpHHAJFBBtO45dgT9lCjgVLBpzo01iwidkBHrmVKSgOl+Oj9+ik8NGWI/VOZJwHP6fSIlgdZJ4JnOgMBY//Zm8C+vF4Nf76dcRjEwSReL/FhgCPEsCTzkilEQiSkIVdzciumYKELB5JUzIaz+/n/RLpccu+TcVIuNi2UcWXSMTtAZclANNdAVaqIWoihBj+gZvVgP1pP1ar0tWjPWcqaAfsh6/wJZFZU5</latexit>



Recurrent and Transient Random Walks



Transience:  Random walker may never return to starting node

Recurrence:  Random walker will eventually return to starting node
 (Equivalently, random walker will eventually visit every node.)

Pólya’s theorem

Simple random walks on      are recurrent for          , 
and transient for          .

Rd
<latexit sha1_base64="Nfmgvq/smATTo2yMhx9Lw5u7q9c=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiStJe2u6MZlFdsKTSyTybQdOnkwMxFK6G+4caGIW3/GnX/jpK2gogcGDufcyz1z/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DroxTQWiHxDwWtz6WlLOIdhRTnN4mguLQ57TnTy5yv3dPhWRxdKOmCfVCPIrYkBGstOS6IVZj38+uZ3fBoFyxTLvqOHUbWWaz2XTqtQWxag1km9YcFViiPSi/u0FM0pBGinAsZd+2EuVlWChGOJ2V3FTSBJMJHtG+phEOqfSyeeYZOtFKgIax0C9SaK5+38hwKOU09PVknlH+9nLxL6+fqmHDy1iUpIpGZHFomHKkYpQXgAImKFF8qgkmgumsiIyxwETpmkq6hK+fov9Jt2rauqurs0rrfFlHEY7gGE7BBgdacAlt6ACBBB7gCZ6N1Hg0XozXxWjBWO4cwg8Yb5/KpZIv</latexit><latexit sha1_base64="Nfmgvq/smATTo2yMhx9Lw5u7q9c=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiStJe2u6MZlFdsKTSyTybQdOnkwMxFK6G+4caGIW3/GnX/jpK2gogcGDufcyz1z/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DroxTQWiHxDwWtz6WlLOIdhRTnN4mguLQ57TnTy5yv3dPhWRxdKOmCfVCPIrYkBGstOS6IVZj38+uZ3fBoFyxTLvqOHUbWWaz2XTqtQWxag1km9YcFViiPSi/u0FM0pBGinAsZd+2EuVlWChGOJ2V3FTSBJMJHtG+phEOqfSyeeYZOtFKgIax0C9SaK5+38hwKOU09PVknlH+9nLxL6+fqmHDy1iUpIpGZHFomHKkYpQXgAImKFF8qgkmgumsiIyxwETpmkq6hK+fov9Jt2rauqurs0rrfFlHEY7gGE7BBgdacAlt6ACBBB7gCZ6N1Hg0XozXxWjBWO4cwg8Yb5/KpZIv</latexit><latexit sha1_base64="Nfmgvq/smATTo2yMhx9Lw5u7q9c=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiStJe2u6MZlFdsKTSyTybQdOnkwMxFK6G+4caGIW3/GnX/jpK2gogcGDufcyz1z/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DroxTQWiHxDwWtz6WlLOIdhRTnN4mguLQ57TnTy5yv3dPhWRxdKOmCfVCPIrYkBGstOS6IVZj38+uZ3fBoFyxTLvqOHUbWWaz2XTqtQWxag1km9YcFViiPSi/u0FM0pBGinAsZd+2EuVlWChGOJ2V3FTSBJMJHtG+phEOqfSyeeYZOtFKgIax0C9SaK5+38hwKOU09PVknlH+9nLxL6+fqmHDy1iUpIpGZHFomHKkYpQXgAImKFF8qgkmgumsiIyxwETpmkq6hK+fov9Jt2rauqurs0rrfFlHEY7gGE7BBgdacAlt6ACBBB7gCZ6N1Hg0XozXxWjBWO4cwg8Yb5/KpZIv</latexit><latexit sha1_base64="Nfmgvq/smATTo2yMhx9Lw5u7q9c=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiStJe2u6MZlFdsKTSyTybQdOnkwMxFK6G+4caGIW3/GnX/jpK2gogcGDufcyz1z/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DroxTQWiHxDwWtz6WlLOIdhRTnN4mguLQ57TnTy5yv3dPhWRxdKOmCfVCPIrYkBGstOS6IVZj38+uZ3fBoFyxTLvqOHUbWWaz2XTqtQWxag1km9YcFViiPSi/u0FM0pBGinAsZd+2EuVlWChGOJ2V3FTSBJMJHtG+phEOqfSyeeYZOtFKgIax0C9SaK5+38hwKOU09PVknlH+9nLxL6+fqmHDy1iUpIpGZHFomHKkYpQXgAImKFF8qgkmgumsiIyxwETpmkq6hK+fov9Jt2rauqurs0rrfFlHEY7gGE7BBgdacAlt6ACBBB7gCZ6N1Hg0XozXxWjBWO4cwg8Yb5/KpZIv</latexit>

d  2
<latexit sha1_base64="ynm9IQwvbSBwfr8jj/kvEnx3Tr4=">AAAB7nicdZDLSsNAFIYnXmu9VV26GSyCq5C0gdZd0Y3LCvYCbSiTyUk7dDKJMxOhhD6EGxeKuPV53Pk2Ti8UFf1h4PD95zDn/EHKmdKO82mtrW9sbm0Xdoq7e/sHh6Wj47ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJxtczv/MAUrFE3OlJCn5MhoJFjBJtUCfsc7jHlUGp7NiXVcf1qti1nbmwITWvXvFWpIyWag5KH/0woVkMQlNOlOq5Tqr9nEjNKIdpsZ8pSAkdkyH0TClIDMrP5+tO8bkhIY4SaZ7QeE6/T+QkVmoSB6YzJnqkfnsz+JfXy3RU93Mm0kyDoIuPooxjneDZ7ThkEqjmE1MQKpnZFdMRkYRqk1DRhLC6/f+iXbFdx3ZvvXLjahlHAZ2iM3SBXFRDDXSDmqiFKBqjR/SMXqzUerJerbdF65q1nDlBP2S9fwHsn49L</latexit><latexit sha1_base64="ynm9IQwvbSBwfr8jj/kvEnx3Tr4=">AAAB7nicdZDLSsNAFIYnXmu9VV26GSyCq5C0gdZd0Y3LCvYCbSiTyUk7dDKJMxOhhD6EGxeKuPV53Pk2Ti8UFf1h4PD95zDn/EHKmdKO82mtrW9sbm0Xdoq7e/sHh6Wj47ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJxtczv/MAUrFE3OlJCn5MhoJFjBJtUCfsc7jHlUGp7NiXVcf1qti1nbmwITWvXvFWpIyWag5KH/0woVkMQlNOlOq5Tqr9nEjNKIdpsZ8pSAkdkyH0TClIDMrP5+tO8bkhIY4SaZ7QeE6/T+QkVmoSB6YzJnqkfnsz+JfXy3RU93Mm0kyDoIuPooxjneDZ7ThkEqjmE1MQKpnZFdMRkYRqk1DRhLC6/f+iXbFdx3ZvvXLjahlHAZ2iM3SBXFRDDXSDmqiFKBqjR/SMXqzUerJerbdF65q1nDlBP2S9fwHsn49L</latexit><latexit sha1_base64="ynm9IQwvbSBwfr8jj/kvEnx3Tr4=">AAAB7nicdZDLSsNAFIYnXmu9VV26GSyCq5C0gdZd0Y3LCvYCbSiTyUk7dDKJMxOhhD6EGxeKuPV53Pk2Ti8UFf1h4PD95zDn/EHKmdKO82mtrW9sbm0Xdoq7e/sHh6Wj47ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJxtczv/MAUrFE3OlJCn5MhoJFjBJtUCfsc7jHlUGp7NiXVcf1qti1nbmwITWvXvFWpIyWag5KH/0woVkMQlNOlOq5Tqr9nEjNKIdpsZ8pSAkdkyH0TClIDMrP5+tO8bkhIY4SaZ7QeE6/T+QkVmoSB6YzJnqkfnsz+JfXy3RU93Mm0kyDoIuPooxjneDZ7ThkEqjmE1MQKpnZFdMRkYRqk1DRhLC6/f+iXbFdx3ZvvXLjahlHAZ2iM3SBXFRDDXSDmqiFKBqjR/SMXqzUerJerbdF65q1nDlBP2S9fwHsn49L</latexit><latexit sha1_base64="ynm9IQwvbSBwfr8jj/kvEnx3Tr4=">AAAB7nicdZDLSsNAFIYnXmu9VV26GSyCq5C0gdZd0Y3LCvYCbSiTyUk7dDKJMxOhhD6EGxeKuPV53Pk2Ti8UFf1h4PD95zDn/EHKmdKO82mtrW9sbm0Xdoq7e/sHh6Wj47ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJxtczv/MAUrFE3OlJCn5MhoJFjBJtUCfsc7jHlUGp7NiXVcf1qti1nbmwITWvXvFWpIyWag5KH/0woVkMQlNOlOq5Tqr9nEjNKIdpsZ8pSAkdkyH0TClIDMrP5+tO8bkhIY4SaZ7QeE6/T+QkVmoSB6YzJnqkfnsz+JfXy3RU93Mm0kyDoIuPooxjneDZ7ThkEqjmE1MQKpnZFdMRkYRqk1DRhLC6/f+iXbFdx3ZvvXLjahlHAZ2iM3SBXFRDDXSDmqiFKBqjR/SMXqzUerJerbdF65q1nDlBP2S9fwHsn49L</latexit>

d > 2
<latexit sha1_base64="XzMl19lg/5o6mLdj+H5LbW13oCU=">AAAB7HicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA60bKbpxWcG0hTaUyWTaDp1MwsxEKKHP4MaFIm59IHe+jdMLRUV/GDh8/znMOX+Ycqa043xaa+sbm1vbhZ3i7t7+wWHp6LilkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxzfzPz2A5WKJeJeT1IaxHgo2IARrA3yI3SFKv1S2bEvq47rVZFrO3MhQ2peveKtSBmWavZLH70oIVlMhSYcK9V1nVQHOZaaEU6nxV6maIrJGA9p15QCx1QF+XzZKTo3JEKDRJonNJrT7xM5jpWaxKHpjLEeqd/eDP7ldTM9qAc5E2mmqSCLjwYZRzpBs8tRxCQlmk9MgYlkZldERlhiok0+RRPC6vb/i1bFdh3bvfPKjetlHAU4hTO4ABdq0IBbaIIPBBg8wjO8WMJ6sl6tt0XrmrWcOYEfst6/ALgujfc=</latexit><latexit sha1_base64="XzMl19lg/5o6mLdj+H5LbW13oCU=">AAAB7HicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA60bKbpxWcG0hTaUyWTaDp1MwsxEKKHP4MaFIm59IHe+jdMLRUV/GDh8/znMOX+Ycqa043xaa+sbm1vbhZ3i7t7+wWHp6LilkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxzfzPz2A5WKJeJeT1IaxHgo2IARrA3yI3SFKv1S2bEvq47rVZFrO3MhQ2peveKtSBmWavZLH70oIVlMhSYcK9V1nVQHOZaaEU6nxV6maIrJGA9p15QCx1QF+XzZKTo3JEKDRJonNJrT7xM5jpWaxKHpjLEeqd/eDP7ldTM9qAc5E2mmqSCLjwYZRzpBs8tRxCQlmk9MgYlkZldERlhiok0+RRPC6vb/i1bFdh3bvfPKjetlHAU4hTO4ABdq0IBbaIIPBBg8wjO8WMJ6sl6tt0XrmrWcOYEfst6/ALgujfc=</latexit><latexit sha1_base64="XzMl19lg/5o6mLdj+H5LbW13oCU=">AAAB7HicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA60bKbpxWcG0hTaUyWTaDp1MwsxEKKHP4MaFIm59IHe+jdMLRUV/GDh8/znMOX+Ycqa043xaa+sbm1vbhZ3i7t7+wWHp6LilkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxzfzPz2A5WKJeJeT1IaxHgo2IARrA3yI3SFKv1S2bEvq47rVZFrO3MhQ2peveKtSBmWavZLH70oIVlMhSYcK9V1nVQHOZaaEU6nxV6maIrJGA9p15QCx1QF+XzZKTo3JEKDRJonNJrT7xM5jpWaxKHpjLEeqd/eDP7ldTM9qAc5E2mmqSCLjwYZRzpBs8tRxCQlmk9MgYlkZldERlhiok0+RRPC6vb/i1bFdh3bvfPKjetlHAU4hTO4ABdq0IBbaIIPBBg8wjO8WMJ6sl6tt0XrmrWcOYEfst6/ALgujfc=</latexit><latexit sha1_base64="XzMl19lg/5o6mLdj+H5LbW13oCU=">AAAB7HicdZDLSsNAFIZPvNZ6q7p0M1gEVyFpA60bKbpxWcG0hTaUyWTaDp1MwsxEKKHP4MaFIm59IHe+jdMLRUV/GDh8/znMOX+Ycqa043xaa+sbm1vbhZ3i7t7+wWHp6LilkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxzfzPz2A5WKJeJeT1IaxHgo2IARrA3yI3SFKv1S2bEvq47rVZFrO3MhQ2peveKtSBmWavZLH70oIVlMhSYcK9V1nVQHOZaaEU6nxV6maIrJGA9p15QCx1QF+XzZKTo3JEKDRJonNJrT7xM5jpWaxKHpjLEeqd/eDP7ldTM9qAc5E2mmqSCLjwYZRzpBs8tRxCQlmk9MgYlkZldERlhiok0+RRPC6vb/i1bFdh3bvfPKjetlHAU4hTO4ABdq0IBbaIIPBBg8wjO8WMJ6sl6tt0XrmrWcOYEfst6/ALgujfc=</latexit>



”A drunk man will find his way home, but a 

drunk bird may get lost forever.” 

- Shizuo Kakutani, UCLA Colloquium



Recurrent/Transient Random Walks on Networks

First-passage probability: Fki(t) ⌘
<latexit sha1_base64="3/VG0AK2NolmXVcuZbP6qERVXXE=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8Ei1M0waaXWXVEQlxXsBdphyKSZNjRzMclUythHceNCEbc+iTvfxvRCUdEfAofvP4dz8nsxZ1LZ9qeRWVldW9/Ibua2tnd298z8flNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOHl1G+NqJAsCm/VOKZOgPsh8xnBSiPXzF+56RCySVGdwC69S9jINQu2dY7K1UoVIsueCWpSQWVUWpICWKjumh/dXkSSgIaKcCxlB9mxclIsFCOcTnLdRNIYkyHu044uQxxQ6aSz0yfwWJMe9COhX6jgjH6fSHEg5TjwdGeA1UD+9qbwL6+TKL/qpCyME0VDMl/kJxyqCE5zgD0mKFF8rAtMBNO3QjLAAhOl08rpEJZ//79olixkW+jmtFC7WMSRBYfgCBQBAmegBq5BHTQAAffgETyDF+PBeDJejbd5a8ZYzByAHzLevwCMh5OL</latexit><latexit sha1_base64="3/VG0AK2NolmXVcuZbP6qERVXXE=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8Ei1M0waaXWXVEQlxXsBdphyKSZNjRzMclUythHceNCEbc+iTvfxvRCUdEfAofvP4dz8nsxZ1LZ9qeRWVldW9/Ibua2tnd298z8flNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOHl1G+NqJAsCm/VOKZOgPsh8xnBSiPXzF+56RCySVGdwC69S9jINQu2dY7K1UoVIsueCWpSQWVUWpICWKjumh/dXkSSgIaKcCxlB9mxclIsFCOcTnLdRNIYkyHu044uQxxQ6aSz0yfwWJMe9COhX6jgjH6fSHEg5TjwdGeA1UD+9qbwL6+TKL/qpCyME0VDMl/kJxyqCE5zgD0mKFF8rAtMBNO3QjLAAhOl08rpEJZ//79olixkW+jmtFC7WMSRBYfgCBQBAmegBq5BHTQAAffgETyDF+PBeDJejbd5a8ZYzByAHzLevwCMh5OL</latexit><latexit sha1_base64="3/VG0AK2NolmXVcuZbP6qERVXXE=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8Ei1M0waaXWXVEQlxXsBdphyKSZNjRzMclUythHceNCEbc+iTvfxvRCUdEfAofvP4dz8nsxZ1LZ9qeRWVldW9/Ibua2tnd298z8flNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOHl1G+NqJAsCm/VOKZOgPsh8xnBSiPXzF+56RCySVGdwC69S9jINQu2dY7K1UoVIsueCWpSQWVUWpICWKjumh/dXkSSgIaKcCxlB9mxclIsFCOcTnLdRNIYkyHu044uQxxQ6aSz0yfwWJMe9COhX6jgjH6fSHEg5TjwdGeA1UD+9qbwL6+TKL/qpCyME0VDMl/kJxyqCE5zgD0mKFF8rAtMBNO3QjLAAhOl08rpEJZ//79olixkW+jmtFC7WMSRBYfgCBQBAmegBq5BHTQAAffgETyDF+PBeDJejbd5a8ZYzByAHzLevwCMh5OL</latexit><latexit sha1_base64="3/VG0AK2NolmXVcuZbP6qERVXXE=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8Ei1M0waaXWXVEQlxXsBdphyKSZNjRzMclUythHceNCEbc+iTvfxvRCUdEfAofvP4dz8nsxZ1LZ9qeRWVldW9/Ibua2tnd298z8flNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOHl1G+NqJAsCm/VOKZOgPsh8xnBSiPXzF+56RCySVGdwC69S9jINQu2dY7K1UoVIsueCWpSQWVUWpICWKjumh/dXkSSgIaKcCxlB9mxclIsFCOcTnLdRNIYkyHu044uQxxQ6aSz0yfwWJMe9COhX6jgjH6fSHEg5TjwdGeA1UD+9qbwL6+TKL/qpCyME0VDMl/kJxyqCE5zgD0mKFF8rAtMBNO3QjLAAhOl08rpEJZ//79olixkW+jmtFC7WMSRBYfgCBQBAmegBq5BHTQAAffgETyDF+PBeDJejbd5a8ZYzByAHzLevwCMh5OL</latexit>

probability density that walker, who started at 
node   , visits node    for the 1st time at time i

<latexit sha1_base64="5RfD4SZW5b7jPcBPQTHc66qNGmo=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06JsajOe/mC517hUqVcQdj15kKWlHEJF1ekAEvVevmPbj+macSkoYJo3cFeYvwJUYZTwaa5bqpZQuiIDFjHlpJETPuT+aJTdGZJH4Wxsk8aNKffJyYk0nocBbYzImaof3sz+JfXSU1Y8SdcJqlhki4+ClOBTIxmV6M+V4waMbYFoYrbXREdEkWosdnkbAir2/8vmkUXey6uXxSq18s4snACp3AOGC6hCrdQgwZQYPAIz/Di3DtPzqvztmjNOMuZY/gh5/0LJAeNJw==</latexit><latexit sha1_base64="5RfD4SZW5b7jPcBPQTHc66qNGmo=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06JsajOe/mC517hUqVcQdj15kKWlHEJF1ekAEvVevmPbj+macSkoYJo3cFeYvwJUYZTwaa5bqpZQuiIDFjHlpJETPuT+aJTdGZJH4Wxsk8aNKffJyYk0nocBbYzImaof3sz+JfXSU1Y8SdcJqlhki4+ClOBTIxmV6M+V4waMbYFoYrbXREdEkWosdnkbAir2/8vmkUXey6uXxSq18s4snACp3AOGC6hCrdQgwZQYPAIz/Di3DtPzqvztmjNOMuZY/gh5/0LJAeNJw==</latexit><latexit sha1_base64="5RfD4SZW5b7jPcBPQTHc66qNGmo=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06JsajOe/mC517hUqVcQdj15kKWlHEJF1ekAEvVevmPbj+macSkoYJo3cFeYvwJUYZTwaa5bqpZQuiIDFjHlpJETPuT+aJTdGZJH4Wxsk8aNKffJyYk0nocBbYzImaof3sz+JfXSU1Y8SdcJqlhki4+ClOBTIxmV6M+V4waMbYFoYrbXREdEkWosdnkbAir2/8vmkUXey6uXxSq18s4snACp3AOGC6hCrdQgwZQYPAIz/Di3DtPzqvztmjNOMuZY/gh5/0LJAeNJw==</latexit><latexit sha1_base64="5RfD4SZW5b7jPcBPQTHc66qNGmo=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06JsajOe/mC517hUqVcQdj15kKWlHEJF1ekAEvVevmPbj+macSkoYJo3cFeYvwJUYZTwaa5bqpZQuiIDFjHlpJETPuT+aJTdGZJH4Wxsk8aNKffJyYk0nocBbYzImaof3sz+JfXSU1Y8SdcJqlhki4+ClOBTIxmV6M+V4waMbYFoYrbXREdEkWosdnkbAir2/8vmkUXey6uXxSq18s4snACp3AOGC6hCrdQgwZQYPAIz/Di3DtPzqvztmjNOMuZY/gh5/0LJAeNJw==</latexit>

k
<latexit sha1_base64="gorq2LvZVJwfyRLOOXRIub903iU=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06Jsag+6uULnnuFS5VyBWHXmwtZUsYlXFyRAixV6+U/uv2YphGThgqidQd7ifEnRBlOBZvmuqlmCaEjMmAdW0oSMe1P5otO0ZklfRTGyj5p0Jx+n5iQSOtxFNjOiJih/u3N4F9eJzVhxZ9wmaSGSbr4KEwFMjGaXY36XDFqxNgWhCpud0V0SBShxmaTsyGsbv+/aBZd7Lm4flGoXi/jyMIJnMI5YLiEKtxCDRpAgcEjPMOLc+88Oa/O26I14yxnjuGHnPcvJw+NKQ==</latexit><latexit sha1_base64="gorq2LvZVJwfyRLOOXRIub903iU=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06Jsag+6uULnnuFS5VyBWHXmwtZUsYlXFyRAixV6+U/uv2YphGThgqidQd7ifEnRBlOBZvmuqlmCaEjMmAdW0oSMe1P5otO0ZklfRTGyj5p0Jx+n5iQSOtxFNjOiJih/u3N4F9eJzVhxZ9wmaSGSbr4KEwFMjGaXY36XDFqxNgWhCpud0V0SBShxmaTsyGsbv+/aBZd7Lm4flGoXi/jyMIJnMI5YLiEKtxCDRpAgcEjPMOLc+88Oa/O26I14yxnjuGHnPcvJw+NKQ==</latexit><latexit sha1_base64="gorq2LvZVJwfyRLOOXRIub903iU=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06Jsag+6uULnnuFS5VyBWHXmwtZUsYlXFyRAixV6+U/uv2YphGThgqidQd7ifEnRBlOBZvmuqlmCaEjMmAdW0oSMe1P5otO0ZklfRTGyj5p0Jx+n5iQSOtxFNjOiJih/u3N4F9eJzVhxZ9wmaSGSbr4KEwFMjGaXY36XDFqxNgWhCpud0V0SBShxmaTsyGsbv+/aBZd7Lm4flGoXi/jyMIJnMI5YLiEKtxCDRpAgcEjPMOLc+88Oa/O26I14yxnjuGHnPcvJw+NKQ==</latexit><latexit sha1_base64="gorq2LvZVJwfyRLOOXRIub903iU=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBomrdS6K7px2YK9QDuUTJppYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqaKsQWMRq3ZANBNcsobhRrB2ohiJAsFawehm5rcemNI8lndmnDA/IgPJQ06Jsag+6uULnnuFS5VyBWHXmwtZUsYlXFyRAixV6+U/uv2YphGThgqidQd7ifEnRBlOBZvmuqlmCaEjMmAdW0oSMe1P5otO0ZklfRTGyj5p0Jx+n5iQSOtxFNjOiJih/u3N4F9eJzVhxZ9wmaSGSbr4KEwFMjGaXY36XDFqxNgWhCpud0V0SBShxmaTsyGsbv+/aBZd7Lm4flGoXi/jyMIJnMI5YLiEKtxCDRpAgcEjPMOLc+88Oa/O26I14yxnjuGHnPcvJw+NKQ==</latexit>

t
<latexit sha1_base64="nEtscDQ7BmsMpKBquJTWbqlG8iM=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5ctmAv0A4lk55pYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqWLQYLGIVTugGgSX0DDcCGgnCmgUCGgFo5uZ33oApXks78w4AT+iA8lDzqixqG56+YLnXpFSpVzBxPXmwpaUSYkUV6SAlqr18h/dfszSCKRhgmrdIV5i/AlVhjMB01w31ZBQNqID6NhS0gi0P5kvOsVnlvRxGCv7pMFz+n1iQiOtx1FgOyNqhvq3N4N/eZ3UhBV/wmWSGpBs8VGYCmxiPLsa97kCZsTYFpQpbnfFbEgVZcZmk7MhrG7/v2gWXeK5pH5RqF4v48iiE3SKzhFBl6iKblENNRBDgB7RM3px7p0n59V5W7RmnOXMMfoh5/0LNLONMg==</latexit><latexit sha1_base64="nEtscDQ7BmsMpKBquJTWbqlG8iM=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5ctmAv0A4lk55pYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqWLQYLGIVTugGgSX0DDcCGgnCmgUCGgFo5uZ33oApXks78w4AT+iA8lDzqixqG56+YLnXpFSpVzBxPXmwpaUSYkUV6SAlqr18h/dfszSCKRhgmrdIV5i/AlVhjMB01w31ZBQNqID6NhS0gi0P5kvOsVnlvRxGCv7pMFz+n1iQiOtx1FgOyNqhvq3N4N/eZ3UhBV/wmWSGpBs8VGYCmxiPLsa97kCZsTYFpQpbnfFbEgVZcZmk7MhrG7/v2gWXeK5pH5RqF4v48iiE3SKzhFBl6iKblENNRBDgB7RM3px7p0n59V5W7RmnOXMMfoh5/0LNLONMg==</latexit><latexit sha1_base64="nEtscDQ7BmsMpKBquJTWbqlG8iM=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5ctmAv0A4lk55pYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqWLQYLGIVTugGgSX0DDcCGgnCmgUCGgFo5uZ33oApXks78w4AT+iA8lDzqixqG56+YLnXpFSpVzBxPXmwpaUSYkUV6SAlqr18h/dfszSCKRhgmrdIV5i/AlVhjMB01w31ZBQNqID6NhS0gi0P5kvOsVnlvRxGCv7pMFz+n1iQiOtx1FgOyNqhvq3N4N/eZ3UhBV/wmWSGpBs8VGYCmxiPLsa97kCZsTYFpQpbnfFbEgVZcZmk7MhrG7/v2gWXeK5pH5RqF4v48iiE3SKzhFBl6iKblENNRBDgB7RM3px7p0n59V5W7RmnOXMMfoh5/0LNLONMg==</latexit><latexit sha1_base64="nEtscDQ7BmsMpKBquJTWbqlG8iM=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5ctmAv0A4lk55pYzOZIckIpfQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/EEiuDae9+lk1tY3Nrey27md3b39g/zhUVPHqWLQYLGIVTugGgSX0DDcCGgnCmgUCGgFo5uZ33oApXks78w4AT+iA8lDzqixqG56+YLnXpFSpVzBxPXmwpaUSYkUV6SAlqr18h/dfszSCKRhgmrdIV5i/AlVhjMB01w31ZBQNqID6NhS0gi0P5kvOsVnlvRxGCv7pMFz+n1iQiOtx1FgOyNqhvq3N4N/eZ3UhBV/wmWSGpBs8VGYCmxiPLsa97kCZsTYFpQpbnfFbEgVZcZmk7MhrG7/v2gWXeK5pH5RqF4v48iiE3SKzhFBl6iKblENNRBDgB7RM3px7p0n59V5W7RmnOXMMfoh5/0LNLONMg==</latexit>

hti!ki =
Z 1

0
dt tFki(t)

<latexit sha1_base64="0hI8kMAbZpDdVjeE9jrqHb+qhXk="></latexit><latexit sha1_base64="0hI8kMAbZpDdVjeE9jrqHb+qhXk="></latexit><latexit sha1_base64="0hI8kMAbZpDdVjeE9jrqHb+qhXk="></latexit><latexit sha1_base64="0hI8kMAbZpDdVjeE9jrqHb+qhXk="></latexit>

Note: MFPT is first moment, (
<latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit> <latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit> <latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit> <latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit>

Escape probability: Probability that walker never returns to starting node

(
<latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit><latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit><latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit><latexit sha1_base64="5g+SYP/cwFw8TDV5rFQPtKkIqo0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOQ07KbGDa5Bb14TMA8IFnC7GSSjJmdXWZmhbDkC7x4UMSrn+TNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmF4v/M49lYpF4lbPYuqHeCzYiBGsjdQsDvIFx3ZLnldxkWPXajWvUl4Rp1xFru0sUYA1GoP8e38YkSSkQhOOleq5Tqz9FEvNCKfzXD9RNMZkise0Z6jAIVV+ujx0ji6MMkSjSJoSGi3V7xMpDpWahYHpDLGeqN/eQvzL6yV6VPVTJuJEU0FWi0YJRzpCi6/RkElKNJ8Zgolk5lZEJlhiok02ORPC16fof9Iu2a7JqnlZqF+t48jCGZxDEVzwoA430IAWEKDwAE/wbN1Zj9aL9bpqzVjrmVP4AevtEwG0jRM=</latexit>

In particular, Fii(t) ⌘
<latexit sha1_base64="Gx6O2EfadBmq8NATZRcGHmNB8q0=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyxC3QyTVmrdFQVxWcFeoB2GTJppQzOZMckUytA3ceNCEbe+iTvfxvRCUdEfAofvP4dz8gcJZ0q77qe1srq2vrGZ28pv7+zu7dsHh00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrqd8aUalYLO71OKFehPuChYxgbZBv2zd+xtikqM9glz6kbOTbBde5ROVqpQqR484EDamgMiotSQEsVPftj24vJmlEhSYcK9VBbqK9DEvNCKeTfDdVNMFkiPu0Y0qBI6q8bHb5BJ4a0oNhLM0TGs7o94kMR0qNo8B0RlgP1G9vCv/yOqkOq17GRJJqKsh8UZhyqGM4jQH2mKRE87EpMJHM3ArJAEtMtAkrb0JY/v3/ollykOugu/NC7WoRRw4cgxNQBAhcgBq4BXXQAASMwCN4Bi9WZj1Zr9bbvHXFWswcgR+y3r8AMLuTXw==</latexit><latexit sha1_base64="Gx6O2EfadBmq8NATZRcGHmNB8q0=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyxC3QyTVmrdFQVxWcFeoB2GTJppQzOZMckUytA3ceNCEbe+iTvfxvRCUdEfAofvP4dz8gcJZ0q77qe1srq2vrGZ28pv7+zu7dsHh00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrqd8aUalYLO71OKFehPuChYxgbZBv2zd+xtikqM9glz6kbOTbBde5ROVqpQqR484EDamgMiotSQEsVPftj24vJmlEhSYcK9VBbqK9DEvNCKeTfDdVNMFkiPu0Y0qBI6q8bHb5BJ4a0oNhLM0TGs7o94kMR0qNo8B0RlgP1G9vCv/yOqkOq17GRJJqKsh8UZhyqGM4jQH2mKRE87EpMJHM3ArJAEtMtAkrb0JY/v3/ollykOugu/NC7WoRRw4cgxNQBAhcgBq4BXXQAASMwCN4Bi9WZj1Zr9bbvHXFWswcgR+y3r8AMLuTXw==</latexit><latexit sha1_base64="Gx6O2EfadBmq8NATZRcGHmNB8q0=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyxC3QyTVmrdFQVxWcFeoB2GTJppQzOZMckUytA3ceNCEbe+iTvfxvRCUdEfAofvP4dz8gcJZ0q77qe1srq2vrGZ28pv7+zu7dsHh00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrqd8aUalYLO71OKFehPuChYxgbZBv2zd+xtikqM9glz6kbOTbBde5ROVqpQqR484EDamgMiotSQEsVPftj24vJmlEhSYcK9VBbqK9DEvNCKeTfDdVNMFkiPu0Y0qBI6q8bHb5BJ4a0oNhLM0TGs7o94kMR0qNo8B0RlgP1G9vCv/yOqkOq17GRJJqKsh8UZhyqGM4jQH2mKRE87EpMJHM3ArJAEtMtAkrb0JY/v3/ollykOugu/NC7WoRRw4cgxNQBAhcgBq4BXXQAASMwCN4Bi9WZj1Zr9bbvHXFWswcgR+y3r8AMLuTXw==</latexit><latexit sha1_base64="Gx6O2EfadBmq8NATZRcGHmNB8q0=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyxC3QyTVmrdFQVxWcFeoB2GTJppQzOZMckUytA3ceNCEbe+iTvfxvRCUdEfAofvP4dz8gcJZ0q77qe1srq2vrGZ28pv7+zu7dsHh00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrqd8aUalYLO71OKFehPuChYxgbZBv2zd+xtikqM9glz6kbOTbBde5ROVqpQqR484EDamgMiotSQEsVPftj24vJmlEhSYcK9VBbqK9DEvNCKeTfDdVNMFkiPu0Y0qBI6q8bHb5BJ4a0oNhLM0TGs7o94kMR0qNo8B0RlgP1G9vCv/yOqkOq17GRJJqKsh8UZhyqGM4jQH2mKRE87EpMJHM3ArJAEtMtAkrb0JY/v3/ollykOugu/NC7WoRRw4cgxNQBAhcgBq4BXXQAASMwCN4Bi9WZj1Zr9bbvHXFWswcgR+y3r8AMLuTXw==</latexit>

first-return probability density

lim
t!1

Sii(t) = 0
<latexit sha1_base64="E1LIn1J0/w3Mw8yVbH8w1OtG3FY="></latexit><latexit sha1_base64="E1LIn1J0/w3Mw8yVbH8w1OtG3FY="></latexit><latexit sha1_base64="E1LIn1J0/w3Mw8yVbH8w1OtG3FY="></latexit><latexit sha1_base64="E1LIn1J0/w3Mw8yVbH8w1OtG3FY="></latexit>

lim
t!1

Sii(t) = finite
<latexit sha1_base64="U4TVT6TlvBHbaLsk0+cCJehJn0I="></latexit><latexit sha1_base64="U4TVT6TlvBHbaLsk0+cCJehJn0I="></latexit><latexit sha1_base64="U4TVT6TlvBHbaLsk0+cCJehJn0I="></latexit><latexit sha1_base64="U4TVT6TlvBHbaLsk0+cCJehJn0I="></latexit>

()
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

()
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Recurrence

Transience

Importantly, recurrence/transience criterion is time-reparam. invariant

lim
t!1

Sii(t) = 1�
Z 1

0
dt Fii(t)

<latexit sha1_base64="wfMavUVLHiMLl9c0ji7wT2ZAIgs="></latexit><latexit sha1_base64="wfMavUVLHiMLl9c0ji7wT2ZAIgs="></latexit><latexit sha1_base64="wfMavUVLHiMLl9c0ji7wT2ZAIgs="></latexit><latexit sha1_base64="wfMavUVLHiMLl9c0ji7wT2ZAIgs="></latexit>



Escape probability: Recurrence
Transience

()
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

()
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ti = 1
<latexit sha1_base64="Z7wyjiByNznnz5xWqebzcFyQ0H4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVoXQtGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHz0pYO</latexit><latexit sha1_base64="Z7wyjiByNznnz5xWqebzcFyQ0H4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVoXQtGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHz0pYO</latexit><latexit sha1_base64="Z7wyjiByNznnz5xWqebzcFyQ0H4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVoXQtGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHz0pYO</latexit><latexit sha1_base64="Z7wyjiByNznnz5xWqebzcFyQ0H4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVoXQtGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHz0pYO</latexit>

Ti < 1
<latexit sha1_base64="B2ICY8hdLNEW+PW6wAnX+Cis9r4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVrBRdGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHyR5YN</latexit><latexit sha1_base64="B2ICY8hdLNEW+PW6wAnX+Cis9r4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVrBRdGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHyR5YN</latexit><latexit sha1_base64="B2ICY8hdLNEW+PW6wAnX+Cis9r4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVrBRdGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHyR5YN</latexit><latexit sha1_base64="B2ICY8hdLNEW+PW6wAnX+Cis9r4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWklVrBRdGNywp9CE0Ik+mkHTqZhJmJEGIX/oobF4q49Tfc+TdO2lJU9MDA4Zx7uWeOHzMqlWV9GoWl5ZXVteJ6aWNza3vH3N3ryigRmHRwxCJx6yNJGOWko6hi5DYWBIU+Iz1/fJX7vTsiJI14W6UxcUM05DSgGCkteeaBEyI1wohl7YlH4QV0KA9U6pllq3Ju1xr1BrQr1hRQK3W7ZlcXShnM0fLMD2cQ4SQkXGGGpOzbVqzcDAlFMSOTkpNIEiM8RkPS15SjkEg3m+afwGOtDGAQCf24glP1+0aGQinT0NeTeVr528vFv7x+ooKGm1EeJ4pwPDsUJAyqCOZlwAEVBCuWaoKwoDorxCMkEFa6spIuYfH3/0m3WrGtin1zWm5ezusogkNwBE6ADc5AE1yDFugADO7BI3gGL8aD8WS8Gm+z0YIx39kHP2C8fwHyR5YN</latexit>

N
<latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit><latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit><latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit><latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit>

 Walks are always recurrent for finite         

N ! 1
<latexit sha1_base64="hcQtaiu50VHMam6WRMRh1+opTnk=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZVmrdFd24kgr2Au1QMmmmDc1khuSMMgz1Vdy4UMStD+LOtzG9UFT0h8Dh+8/hnPxeJLgG2/60Miura+sb2c3c1vbO7l5+/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xtfTv32HVOah/IWkoi5ARlK7nNKwKB+vnDdU3w4AqJUeI97XPqQ9PNFu3TuVGrVGnZK9kzYkKpTccpLUkQLNfr5j94gpHHAJFBBtO46dgRuShRwKtgk14s1iwgdkyHrmlKSgGk3nR0/wceGDLAfKvMk4Bn9PpGSQOsk8ExnQGCkf3tT+JfXjcGvuSmXUQxM0vkiPxYYQjxNAg+4YhREYgpCFTe3YjoiilAweeVMCMu//1+0yiXHLjk3p8X6xSKOLDpER+gEOegM1dEVaqAmoihBj+gZvVgP1pP1ar3NWzPWYqaAfsh6/wJeUZU8</latexit><latexit sha1_base64="hcQtaiu50VHMam6WRMRh1+opTnk=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZVmrdFd24kgr2Au1QMmmmDc1khuSMMgz1Vdy4UMStD+LOtzG9UFT0h8Dh+8/hnPxeJLgG2/60Miura+sb2c3c1vbO7l5+/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xtfTv32HVOah/IWkoi5ARlK7nNKwKB+vnDdU3w4AqJUeI97XPqQ9PNFu3TuVGrVGnZK9kzYkKpTccpLUkQLNfr5j94gpHHAJFBBtO46dgRuShRwKtgk14s1iwgdkyHrmlKSgGk3nR0/wceGDLAfKvMk4Bn9PpGSQOsk8ExnQGCkf3tT+JfXjcGvuSmXUQxM0vkiPxYYQjxNAg+4YhREYgpCFTe3YjoiilAweeVMCMu//1+0yiXHLjk3p8X6xSKOLDpER+gEOegM1dEVaqAmoihBj+gZvVgP1pP1ar3NWzPWYqaAfsh6/wJeUZU8</latexit><latexit sha1_base64="hcQtaiu50VHMam6WRMRh1+opTnk=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZVmrdFd24kgr2Au1QMmmmDc1khuSMMgz1Vdy4UMStD+LOtzG9UFT0h8Dh+8/hnPxeJLgG2/60Miura+sb2c3c1vbO7l5+/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xtfTv32HVOah/IWkoi5ARlK7nNKwKB+vnDdU3w4AqJUeI97XPqQ9PNFu3TuVGrVGnZK9kzYkKpTccpLUkQLNfr5j94gpHHAJFBBtO46dgRuShRwKtgk14s1iwgdkyHrmlKSgGk3nR0/wceGDLAfKvMk4Bn9PpGSQOsk8ExnQGCkf3tT+JfXjcGvuSmXUQxM0vkiPxYYQjxNAg+4YhREYgpCFTe3YjoiilAweeVMCMu//1+0yiXHLjk3p8X6xSKOLDpER+gEOegM1dEVaqAmoihBj+gZvVgP1pP1ar3NWzPWYqaAfsh6/wJeUZU8</latexit><latexit sha1_base64="hcQtaiu50VHMam6WRMRh1+opTnk=">AAAB/HicdZDLSgMxFIYz9Vbrrdqlm2ARXJWZVmrdFd24kgr2Au1QMmmmDc1khuSMMgz1Vdy4UMStD+LOtzG9UFT0h8Dh+8/hnPxeJLgG2/60Miura+sb2c3c1vbO7l5+/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xtfTv32HVOah/IWkoi5ARlK7nNKwKB+vnDdU3w4AqJUeI97XPqQ9PNFu3TuVGrVGnZK9kzYkKpTccpLUkQLNfr5j94gpHHAJFBBtO46dgRuShRwKtgk14s1iwgdkyHrmlKSgGk3nR0/wceGDLAfKvMk4Bn9PpGSQOsk8ExnQGCkf3tT+JfXjcGvuSmXUQxM0vkiPxYYQjxNAg+4YhREYgpCFTe3YjoiilAweeVMCMu//1+0yiXHLjk3p8X6xSKOLDpER+gEOegM1dEVaqAmoihBj+gZvVgP1pP1ar3NWzPWYqaAfsh6/wJeUZU8</latexit>

 Non-trivial case:   (First send            , then            .)N ! 1
<latexit sha1_base64="OsgEpsnjD8NWzHMyu84Pe3mEKEk=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp7CbxMTcgl48SQTzgCSE2clsMmR2dpnpVZYQf8WLB0W8+iHe/BsnD0FFCxqKqm66u7xIcA2O82GlVlbX1jfSm5mt7Z3dPXv/oKnDWFHWoKEIVdsjmgkuWQM4CNaOFCOBJ1jLG1/M/NYtU5qH8gaSiPUCMpTc55SAkfp29qqr+HAERKnwDne59CHp2zkn7xbdYukUO/lqtVquVAxxCsVyoYTdvDNHDi1R79vv3UFI44BJoIJo3XGdCHoTooBTwaaZbqxZROiYDFnHUEkCpnuT+fFTfGyUAfZDZUoCnqvfJyYk0DoJPNMZEBjp395M/MvrxOCf9SZcRjEwSReL/FhgCPEsCTzgilEQiSGEKm5uxXREFKFg8sqYEL4+xf+TZiHvmqyuS7na+TKONDpER+gEuaiCaugS1VEDUZSgB/SEnq1769F6sV4XrSlrOZNFP2C9fQJ/ApVT</latexit><latexit sha1_base64="OsgEpsnjD8NWzHMyu84Pe3mEKEk=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp7CbxMTcgl48SQTzgCSE2clsMmR2dpnpVZYQf8WLB0W8+iHe/BsnD0FFCxqKqm66u7xIcA2O82GlVlbX1jfSm5mt7Z3dPXv/oKnDWFHWoKEIVdsjmgkuWQM4CNaOFCOBJ1jLG1/M/NYtU5qH8gaSiPUCMpTc55SAkfp29qqr+HAERKnwDne59CHp2zkn7xbdYukUO/lqtVquVAxxCsVyoYTdvDNHDi1R79vv3UFI44BJoIJo3XGdCHoTooBTwaaZbqxZROiYDFnHUEkCpnuT+fFTfGyUAfZDZUoCnqvfJyYk0DoJPNMZEBjp395M/MvrxOCf9SZcRjEwSReL/FhgCPEsCTzgilEQiSGEKm5uxXREFKFg8sqYEL4+xf+TZiHvmqyuS7na+TKONDpER+gEuaiCaugS1VEDUZSgB/SEnq1769F6sV4XrSlrOZNFP2C9fQJ/ApVT</latexit><latexit sha1_base64="OsgEpsnjD8NWzHMyu84Pe3mEKEk=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp7CbxMTcgl48SQTzgCSE2clsMmR2dpnpVZYQf8WLB0W8+iHe/BsnD0FFCxqKqm66u7xIcA2O82GlVlbX1jfSm5mt7Z3dPXv/oKnDWFHWoKEIVdsjmgkuWQM4CNaOFCOBJ1jLG1/M/NYtU5qH8gaSiPUCMpTc55SAkfp29qqr+HAERKnwDne59CHp2zkn7xbdYukUO/lqtVquVAxxCsVyoYTdvDNHDi1R79vv3UFI44BJoIJo3XGdCHoTooBTwaaZbqxZROiYDFnHUEkCpnuT+fFTfGyUAfZDZUoCnqvfJyYk0DoJPNMZEBjp395M/MvrxOCf9SZcRjEwSReL/FhgCPEsCTzgilEQiSGEKm5uxXREFKFg8sqYEL4+xf+TZiHvmqyuS7na+TKONDpER+gEuaiCaugS1VEDUZSgB/SEnq1769F6sV4XrSlrOZNFP2C9fQJ/ApVT</latexit><latexit sha1_base64="OsgEpsnjD8NWzHMyu84Pe3mEKEk=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp7CbxMTcgl48SQTzgCSE2clsMmR2dpnpVZYQf8WLB0W8+iHe/BsnD0FFCxqKqm66u7xIcA2O82GlVlbX1jfSm5mt7Z3dPXv/oKnDWFHWoKEIVdsjmgkuWQM4CNaOFCOBJ1jLG1/M/NYtU5qH8gaSiPUCMpTc55SAkfp29qqr+HAERKnwDne59CHp2zkn7xbdYukUO/lqtVquVAxxCsVyoYTdvDNHDi1R79vv3UFI44BJoIJo3XGdCHoTooBTwaaZbqxZROiYDFnHUEkCpnuT+fFTfGyUAfZDZUoCnqvfJyYk0DoJPNMZEBjp395M/MvrxOCf9SZcRjEwSReL/FhgCPEsCTzgilEQiSGEKm5uxXREFKFg8sqYEL4+xf+TZiHvmqyuS7na+TKONDpER+gEuaiCaugS1VEDUZSgB/SEnq1769F6sV4XrSlrOZNFP2C9fQJ/ApVT</latexit>

t ! 1
<latexit sha1_base64="d6ADjistcBSwIWNr497gQuGj3MY=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4CrtJTMwt6MVjBPOA7BJmJ7PJkNnZZaZXWUL8FS8eFPHqh3jzb5w8BBUtaCiquunu8mPBNdj2h7Wyura+sZnZym7v7O7t5w4O2zpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX88eXM79wypXkkbyCNmReSoeQBpwSM1M/lwVV8OAKiVHSHXS4DSPu5gl10yk65cobtYr1er9ZqhtilcrVUwU7RnqOAlmj2c+/uIKJJyCRQQbTuOXYM3oQo4FSwadZNNIsJHZMh6xkqSci0N5kfP8UnRhngIFKmJOC5+n1iQkKt09A3nSGBkf7tzcS/vF4Cwbk34TJOgEm6WBQkAkOEZ0ngAVeMgkgNIVRxcyumI6IIBZNX1oTw9Sn+n7RLRcdkdV0pNC6WcWTQETpGp8hBNdRAV6iJWoiiFD2gJ/Rs3VuP1ov1umhdsZYzefQD1tsnu0aVeQ==</latexit><latexit sha1_base64="d6ADjistcBSwIWNr497gQuGj3MY=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4CrtJTMwt6MVjBPOA7BJmJ7PJkNnZZaZXWUL8FS8eFPHqh3jzb5w8BBUtaCiquunu8mPBNdj2h7Wyura+sZnZym7v7O7t5w4O2zpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX88eXM79wypXkkbyCNmReSoeQBpwSM1M/lwVV8OAKiVHSHXS4DSPu5gl10yk65cobtYr1er9ZqhtilcrVUwU7RnqOAlmj2c+/uIKJJyCRQQbTuOXYM3oQo4FSwadZNNIsJHZMh6xkqSci0N5kfP8UnRhngIFKmJOC5+n1iQkKt09A3nSGBkf7tzcS/vF4Cwbk34TJOgEm6WBQkAkOEZ0ngAVeMgkgNIVRxcyumI6IIBZNX1oTw9Sn+n7RLRcdkdV0pNC6WcWTQETpGp8hBNdRAV6iJWoiiFD2gJ/Rs3VuP1ov1umhdsZYzefQD1tsnu0aVeQ==</latexit><latexit sha1_base64="d6ADjistcBSwIWNr497gQuGj3MY=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4CrtJTMwt6MVjBPOA7BJmJ7PJkNnZZaZXWUL8FS8eFPHqh3jzb5w8BBUtaCiquunu8mPBNdj2h7Wyura+sZnZym7v7O7t5w4O2zpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX88eXM79wypXkkbyCNmReSoeQBpwSM1M/lwVV8OAKiVHSHXS4DSPu5gl10yk65cobtYr1er9ZqhtilcrVUwU7RnqOAlmj2c+/uIKJJyCRQQbTuOXYM3oQo4FSwadZNNIsJHZMh6xkqSci0N5kfP8UnRhngIFKmJOC5+n1iQkKt09A3nSGBkf7tzcS/vF4Cwbk34TJOgEm6WBQkAkOEZ0ngAVeMgkgNIVRxcyumI6IIBZNX1oTw9Sn+n7RLRcdkdV0pNC6WcWTQETpGp8hBNdRAV6iJWoiiFD2gJ/Rs3VuP1ov1umhdsZYzefQD1tsnu0aVeQ==</latexit><latexit sha1_base64="d6ADjistcBSwIWNr497gQuGj3MY=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4CrtJTMwt6MVjBPOA7BJmJ7PJkNnZZaZXWUL8FS8eFPHqh3jzb5w8BBUtaCiquunu8mPBNdj2h7Wyura+sZnZym7v7O7t5w4O2zpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX88eXM79wypXkkbyCNmReSoeQBpwSM1M/lwVV8OAKiVHSHXS4DSPu5gl10yk65cobtYr1er9ZqhtilcrVUwU7RnqOAlmj2c+/uIKJJyCRQQbTuOXYM3oQo4FSwadZNNIsJHZMh6xkqSci0N5kfP8UnRhngIFKmJOC5+n1iQkKt09A3nSGBkf7tzcS/vF4Cwbk34TJOgEm6WBQkAkOEZ0ngAVeMgkgNIVRxcyumI6IIBZNX1oTw9Sn+n7RLRcdkdV0pNC6WcWTQETpGp8hBNdRAV6iJWoiiFD2gJ/Rs3VuP1ov1umhdsZYzefQD1tsnu0aVeQ==</latexit>

Averaged over all nodes, neatly expressed as spectral sum: 

�t ⌘
<latexit sha1_base64="Cl3xFQTO7POMXkOQFRhwN/k7GgQ=">AAAB9XicdVDJTgJBEO1xRdxQj146EhNPZAYQ5EbUg0dMZEkASU9TQIeexe4aDJnwH148aIxX/8Wbf2OzmKjRl1Ty8l5Vquq5oRQabfvDWlpeWV1bT2wkN7e2d3ZTe/s1HUSKQ5UHMlANl2mQwocqCpTQCBUwz5VQd4cXU78+AqVF4N/gOIS2x/q+6AnO0Ei3rUuQyCi24C4So04qbWecnJPLn1I7UyqVCsWiIXY2V8jmqZOxZ0iTBSqd1HurG/DIAx+5ZFo3HTvEdswUCi5hkmxFGkLGh6wPTUN95oFux7OrJ/TYKF3aC5QpH+lM/T4RM0/rseeaTo/hQP/2puJfXjPC3lk7Fn4YIfh8vqgXSYoBnUZAu0IBRzk2hHElzK2UD5hiHE1QSRPC16f0f1LLZhyT1XU+XT5fxJEgh+SInBCHFEmZXJEKqRJOFHkgT+TZurcerRfrdd66ZC1mDsgPWG+fzPCStw==</latexit><latexit sha1_base64="Cl3xFQTO7POMXkOQFRhwN/k7GgQ=">AAAB9XicdVDJTgJBEO1xRdxQj146EhNPZAYQ5EbUg0dMZEkASU9TQIeexe4aDJnwH148aIxX/8Wbf2OzmKjRl1Ty8l5Vquq5oRQabfvDWlpeWV1bT2wkN7e2d3ZTe/s1HUSKQ5UHMlANl2mQwocqCpTQCBUwz5VQd4cXU78+AqVF4N/gOIS2x/q+6AnO0Ei3rUuQyCi24C4So04qbWecnJPLn1I7UyqVCsWiIXY2V8jmqZOxZ0iTBSqd1HurG/DIAx+5ZFo3HTvEdswUCi5hkmxFGkLGh6wPTUN95oFux7OrJ/TYKF3aC5QpH+lM/T4RM0/rseeaTo/hQP/2puJfXjPC3lk7Fn4YIfh8vqgXSYoBnUZAu0IBRzk2hHElzK2UD5hiHE1QSRPC16f0f1LLZhyT1XU+XT5fxJEgh+SInBCHFEmZXJEKqRJOFHkgT+TZurcerRfrdd66ZC1mDsgPWG+fzPCStw==</latexit><latexit sha1_base64="Cl3xFQTO7POMXkOQFRhwN/k7GgQ=">AAAB9XicdVDJTgJBEO1xRdxQj146EhNPZAYQ5EbUg0dMZEkASU9TQIeexe4aDJnwH148aIxX/8Wbf2OzmKjRl1Ty8l5Vquq5oRQabfvDWlpeWV1bT2wkN7e2d3ZTe/s1HUSKQ5UHMlANl2mQwocqCpTQCBUwz5VQd4cXU78+AqVF4N/gOIS2x/q+6AnO0Ei3rUuQyCi24C4So04qbWecnJPLn1I7UyqVCsWiIXY2V8jmqZOxZ0iTBSqd1HurG/DIAx+5ZFo3HTvEdswUCi5hkmxFGkLGh6wPTUN95oFux7OrJ/TYKF3aC5QpH+lM/T4RM0/rseeaTo/hQP/2puJfXjPC3lk7Fn4YIfh8vqgXSYoBnUZAu0IBRzk2hHElzK2UD5hiHE1QSRPC16f0f1LLZhyT1XU+XT5fxJEgh+SInBCHFEmZXJEKqRJOFHkgT+TZurcerRfrdd66ZC1mDsgPWG+fzPCStw==</latexit><latexit sha1_base64="Cl3xFQTO7POMXkOQFRhwN/k7GgQ=">AAAB9XicdVDJTgJBEO1xRdxQj146EhNPZAYQ5EbUg0dMZEkASU9TQIeexe4aDJnwH148aIxX/8Wbf2OzmKjRl1Ty8l5Vquq5oRQabfvDWlpeWV1bT2wkN7e2d3ZTe/s1HUSKQ5UHMlANl2mQwocqCpTQCBUwz5VQd4cXU78+AqVF4N/gOIS2x/q+6AnO0Ei3rUuQyCi24C4So04qbWecnJPLn1I7UyqVCsWiIXY2V8jmqZOxZ0iTBSqd1HurG/DIAx+5ZFo3HTvEdswUCi5hkmxFGkLGh6wPTUN95oFux7OrJ/TYKF3aC5QpH+lM/T4RM0/rseeaTo/hQP/2puJfXjPC3lk7Fn4YIfh8vqgXSYoBnUZAu0IBRzk2hHElzK2UD5hiHE1QSRPC16f0f1LLZhyT1XU+XT5fxJEgh+SInBCHFEmZXJEKqRJOFHkgT+TZurcerRfrdd66ZC1mDsgPWG+fzPCStw==</latexit>

discrete 
time step

 Recognized as dimensionless mean residency time.    

 In downward approx’n,               , reduces to

 Remarkably, simply related to global MFPT

;
<latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit><latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit><latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit><latexit sha1_base64="pX8zl/HkhmVQlvCCjO/lZNVSsGk=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEV8OklVpxU3TjsgV7gXYomTTTxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4qyOo1FrFoB0UxwyeqGG8FaiWIkCgRrBsObqd98YErzWN6ZUcL8iPQlDzklxqLaVTeX99xLXCyXygi73kzIkhIu4sKS5GGhajf30enFNI2YNFQQrdvYS4w/JspwKtgk20k1Swgdkj5r21KSiGl/PFt0gk4t6aEwVvZJg2b0+8SYRFqPosB2RsQM9G9vCv/y2qkJy/6YyyQ1TNL5R2EqkInR9GrU44pRI0a2IFRxuyuiA6IINTabrA1hefv/RaPgYs/FtfN85XoRRwaO4QTOAMMFVOAWqlAHCgwe4RlenHvnyXl13uatK85i5gh+yHn/At5AjPk=</latexit>

hT i = lim
N!1

1

N
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`=2
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�t |�`|
= lim

N!1

tMFPT

�tN
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2 competing requirements 

Optimal regions reach a compromise by having the shortest MFPT 
compatible with recurrence.

Optimality select regions at critical boundary between recurrence 
and transience. 

 Search efficiency

 Sweeping exploration
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Different notions of criticality

 Equilibrium phase transitions

 Non-equilibrium (dynamical) phase transitions

Bak, Tang & Wiesenfeld (1987)
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 “Edge of chaos” dynamical phase transition: critical boundary 
between stable and unstable dynamics 

In cellular automata, associated with 
optimal information processing

 information storage/transfer

 dynamic response

 universal computation
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dynamical activity expands rather than 
contracts with time. There are, however, 
large fluctuations in the area covered by 
dynamical activity, and it is these fluc- 
tuations which lead to the eventual col- 
lapse of the dynamics. 
We have entered a new dynamical 
regime in which the transients have be- 
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come so long that,- for all practical pur- 
pose s -  they are the steady state behav- 
ior of the system over any period of 
time for which we can observe them. 
Whereas before, the dynamics eventu- 
ally settled down to periodic behavior, 
we are now in a regime in which the 
dynamics typically settles down to ef- 
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lates a period-1 structure after about 
800 time steps. Thus, the transient 
length before a periodic structure is 
reached has grown enormously. It turns 
out that even after one orbit around the 
array, the periodic structure does not 
return exactly to its previous position. 
It must orbit the array 3 times before it 
repeats itself exactly. As it has shifted 
over only 3 sites after its quasi-period 
of 116 time steps, the true period of this 
structure is 14 848 time steps. Here, the 

= 0.50 

area of dynamical activity is at a bal- 
ance point between collapse and expan- 
sion. 
Typical transient length is on the order 
of 12 000 time steps. After the transient, 
the dynamical activity settles down to 
periodic behavior, possibly of period 
one as shown in the figure. Although, 
the dynamics eventually becomes sim- 
ple, the transient time has increased 
dramatically. Note in fig. 2 that the 
general tendency now is that the area of 

Wolfram (1984); 

Langton (1990);

Crutchfield et al. (1993)

Cellular automata:



Beggs and Timme Being critical of criticality in the brain

of distance, the distribution of domain sizes that we talked about
earlier would also follow a power law at the critical point. The rea-
son the straight line does not extend to larger distances is because
the simulation had a limited size. The bigger the simulation, the
further the power law line would extend.

Mnemo: Ok, for the moment I will assume you are right that
this power law would extend to indefinitely large distances if the
system were large enough. What is so special about a power law,
besides the fact that it might suggest your system is critical?

Critio: An interesting feature of power laws is that they show
no characteristic scale. When plotted in log-log coordinates, they
produce a straight line that has the same slope everywhere. This
implies that the data will have a fractal structure. For example,
imagine what the distribution of correlation strength would look
like if you were only able to sample separation distances from
101 to 102 units. It would be a straight line with a slope of −α

when plotted logarithmically. Interestingly, this would look just
like the distribution that you would observe if you were only able
to sample separation distances from 102 to 103 units. Again, the
exponent would be −α. This has caused some people to use the
phrase “scale-free” when describing power law distributions (Stam
and de Bruin, 2004). If you zoom in or zoom out, things look very
similar (Teich et al., 1997). This self-similarity is a characteristic
of fractals.

Mnemo: So is where the name“scale-free”network comes from?
Critio: Yes! In scale-free networks, the degree distribution – the

distribution of the number of connections each node possesses –
follows a power law. But notice, in the Ising model, the nodes are
connected in a lattice and the Ising model exhibits critical behav-
ior. So, here we can see the distinction between criticality and
scale-free networks in action. The nodes are not connected as in a
scale-free network, yet the activity is scale-free.

Mnemo: That is certainly interesting, but I am still searching
for a strong argument, not nice pictures. So power laws are an indi-
cator of criticality? And you are going to tell me that you see some
power laws in your neural data? This is the argument? It must be
more substantial than that! After all, this is science, not just loose
associations!

Critio: A critical system will produce power laws, yes, but power
laws do not prove criticality! There are many ways to get power
laws, and I can tell you more about that in a minute. The key thing
to remember here is that exhibiting power laws is strongly sugges-
tive of criticality. However, power laws alone are not sufficient to
establish criticality.

Mnemo: Ok, I want to ask about these other ways to get power
laws in a minute. But to return to the issue I raised earlier, you are
going to tell me about some neural data that display power laws?

Critio: Yes, I can tell you about that first and then we can get to
all the potential objections.

Mnemo: That sounds fine. Proceed with the data.

POWER LAWS AND NEURAL DATA
Critio: Well, there were several early reports that the nervous
system could produce power law distributions (Chen et al.,
1997; Teich et al., 1997; Linkenkaer-Hansen et al., 2001; Wor-
rell et al., 2002). These data all came from “one-dimensional”
measurements, were a single variable, like spike count, temporal

correlation, or total energy, was found to follow a power law dis-
tribution. While these important findings were very suggestive,
they did not immediately provide insight as to what the underly-
ing network was doing to produce these distributions. The earliest
data to explore power law distributions at the network level came
from recordings from microelectrode arrays that had 60 electrodes.
There, the experimenters were able to observe bursts of sponta-
neous activity. They found that if they counted the number of
electrodes activated in each distinct burst, that the burst sizes were
distributed according to a power law (Beggs and Plenz, 2003).
Because the statistics of these bursts followed the same equations
used to describe avalanche sizes in critical systems, they called
these events “neuronal avalanches.” I have on my laptop here a
figure from one of their papers that shows the power law distri-
bution of avalanche sizes, measured either as the total number
of electrodes activated per avalanche, or as the total amplitude of
local field potential (LFP) signal measured at all the electrodes
involved in the avalanche. [Critio shows Figure 6 to Mnemo.]

Since these initial results, power law distributions of avalanche
sizes have been reported in awake monkeys (Petermann et al., 2006,
2009), anesthetized rats (Gireesh and Plenz, 2008), isolated leech
ganglion (Mazzoni et al., 2007), and dissociated cultures (Maz-
zoni et al., 2007; Pasquale et al., 2008), suggesting that this is a very
general and robust phenomenon. It is interesting to mention that
some of these reports have relied on spike data, and not just LFP
data (e.g., Beggs, 2007, 2008; Mazzoni et al., 2007; Pasquale et al.,
2008; Hahn et al., 2010; Friedman et al., 2011, 2012). Avalanche
dynamics also have been reported in human brain oscillations
(Poil et al., 2008) and there are several reports of power law scaling
(Miller et al., 2009) even though these are not necessarily attrib-
uted to avalanches. In addition, the size of phase locking intervals
in human fMRI has been reported to follow a power law, and the
authors have related this to criticality in the awake, healthy human
brain (Kitzbichler et al., 2009). This is intriguing, despite the fact
that the temporal resolution of fMRI is much lower than that of

FIGURE 6 | Probability distribution of neuronal avalanche size. (Black)
Size measured using the total number of activated electrodes. (Teal) Size
measured using total LFP amplitude measured at all electrodes
participating in the avalanche (Beggs and Plenz, 2003).
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(a) MC versus �. Higher is better. (b) NARMA versus �. Lower is better. (c) MC versus �. Comparison of fully con-
nected networks and networks randomly
pruned to 75 and 30 connections per neuron.

Figure 4: Plots of various measures versus �. Each cross represents a single random echo state network.

�e NARMA error against � is plo�ed in Figure 4b. �e error
is decreasing until the edge of chaos, where it reaches its minima.
A�er the transition to the chaotic regime, the error sharply raises
to the same value as if the network’s output would be absolutely
random. �is observation supports the idea that in the chaotic
regime, the network output resembles a random white noise.

We have evaluated also the MMSE and NR tasks and the results
are very similar. It seems that for all the evaluated tasks, the per-
formance is indeed maximized on the edge of chaos. A rigorous
reason for this behaviour remains an open question.

Let us analyze the e�ects of randomly removing the majority
of the connections between the neurons. According to our simula-
tions, such a restriction of the connectivity does not signi�cantly
in�uence the network’s performance. Figure 4c demonstrates this
phenomena on the MC task and a similar pa�ern appears on the
other evaluated performance tasks as well. It should be noted
that restricting the number of connections while keeping the same
weights makes the network dynamics more ordered (as stated by,
e.g., Bertschinger and Natschläger [3]).

Boedecker et al. [4] provide an additional insight on what is
happening within a network on the edge of chaos. In the paper, the
AIS and TE are measured, relative to �. �e results are replicated
in Figure 5a and Figure 5b. Both of the measured entropies slowly
decrease through the ordered regime until the edge of chaos, where
they form a high sharp peak. In the chaotic regime, their value
drops and remains at its lowest level. �ere does not seem to be a
direct correlation between the network’s performance and the AIS
or the TE. Nevertheless, the high peak leads to the belief that there
is an unexpected irregularity on the transition between the order
and chaos.

In the original paper by Boedecker et al. [4], the AIS and TE were
plo�ed separately from the performance measures. Let us, instead,
draw the entropies and the performance measures to a single plot
focused tightly on the edge of chaos (Figure 5c). A�er a careful
analysis of the �gure, it can be seen that the best performance on
the NARMA task ends immediately before the peaks of AIS and
TE. When the entropies increase, the NARMA error increases with
them. �e reason may be that when the entropies reach a critical
threshold, the network performance is impaired.

8 EVOLVED ECHO STATE NETWORKS
In this section, we are going to evolve the recurrent part of echo
state networks via HyperNEAT algorithm. To avoid over��ing to
one of the given tasks, the evolution in our experiment is instructed

to maximize the performance on the MMSE and the NARMA tasks
simultaneously. We believe that these two tasks require contradic-
tory properties of the evolved network, which may reduce over-
��ing by balancing between memory capacity and computational
performance. Furthermore, the NR task is hidden to the evolution
and it is instead used to validate the performance of the evolved
network on tasks never seen before. �e MC task is not evaluated
at all because of its numerical instability discussed in Section 6.
�e MMSE task is used to asses the network’s short-term memory
instead.

8.1 Experimental Settings
Five runs of evolution are executed, each of which evolves a pop-
ulation of 150 CPPNs for 2000 generations. �e substrate used in
our experiment is a “golden angle spiral”, in which the coordinate
[Xk ;Yk ] of the k-th neuron is de�ned as Xk =

p
k/N cos(k� + �)

and Yk =
p
k/N sin(k� + �), where N is the number of neurons,

� is the “golden angle” equal to � (3 �
p
5), and � is the rotation

angle (i.e., the phase) of the whole spiral. �e rotation angle � is
generated randomly for each of the �ve evolutionary runs.

�e size of the substrate is 151 neurons. A single input neuron,
whose activation always corresponds to the current input value, is
placed in the centre of the substrate, on coordinate [0; 0]. When us-
ing a CPPN to build a connection between two neurons, the CPPN
is fed by the distance between the neurons in addition to their co-
ordinates. �e networks generated on the substrate use hyperbolic
tangent transfer function with no bias. Neurons disconnected from
the input are not considered for �, AIS and TE measures.

�e �tness function of a CPPN is de�ned as 2 � MMSE(x) �
NARMA(x), where x is the network generated by the CPPN on the
aforementioned substrate. �e �tness value is evaluated three times
and the results are averaged. For the �rst 15 generations of a life
of a genome, its �tness is boosted by 10%. �e number of species
is kept between 5 and 10. �e di�erence between two genomes
is de�ned as F/N +W /2, where N is the number of genes in the
larger genome, F is the number of non-matching genes, andW is
the average weight di�erence of matching genes. �e di�erence
threshold �t for creating a new species begins at 2.0 and may be
dynamically increased or decreased in each generation by 0.3.

Only the ��est 25% genomes of a species are allowed to repro-
duce. �e elitism is set to 5%. If a species does not improve its
�tness for 20 generations, it is forbidden to reproduce. To select the
best genomes, tournament selection of size four is used on the top
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 In the continuum limit,
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Phenomenological Implications
(Do not rely on anthropics)



The critical decay rate implies an optimal lifetime 
for our vacuum of

Suppose all SUSY partners have 
mass at            .

High-scale SUSY favored by 
optimal search strategy

=�

 Why no low-scale SUSY?

 Metastability of our vacuum

0 50 100 150 200
0

50

100

150

200

Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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Figure 1: Contour plot of the Higgs quartic coupling renormalized at the supersymmetry breaking

scale m̃. The regions marked as “metastable” (yellow) and “unstable” (red) correspond to � < 0;

the green band shows the range of the Higgs mass allowed by the supersymmetric matching

condition for the Higgs quartic coupling, in the case of High-Scale Supersymmetry (left panel;

the dashed and dotted curves correspond to the cases of maximal and minimal stop threshold

corrections) and Split Supersymmetry (right panel, dashed curves; double contour-lines and

partially overlapped regions are due to the variation with tan � of the gaugino couplings). The

values of ↵3 and mt are fixed to their central values, see eq. (23), and the horizontal band

124GeV < mh < 126GeV shows the experimentally favored range.

• The lower red region marked as “Unstable” corresponds to large and negative values of

� at the high scale, which trigger an exceedingly fast vacuum decay [18].

• The upper red region marked as “Non-perturbative” corresponds to a large Higgs coupling

violating the requirement of perturbativity. This region has already been completely

excluded by recent LHC data on Higgs searches.

In the case of Split Supersymmetry there is a partial overlap between these regions shown in

fig. 1 because the RGE involve the gaugino couplings which depend on the unknown parameter

tan �. Therefore mh does not uniquely determine the RG trajectory of the Higgs quartic

coupling � below m̃.

The regions described so far have no connection with the identification of m̃ with the

supersymmetry breaking scale. In this paper we are mostly interested in the last region:

• The green region covers the range of mh and m̃ allowed by High-Scale Supersymmetry

(left panel) and Split Supersymmetry (right panel), as determined by eq. (6). In the case

10

mSUSY
>⇠ 1010 GeV
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 Right-handed neutrinos

Sufficiently massive RH neutrinos 
make EW vacuum less stable

 Strong CP and QCD axion

Can bring SM lifetime closer to 
optimality with
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Figure 6: Upper bound at 95% C.L. on the right-handed neutrino mass from vacuum stability (region

shaded in red) as a function of the mass of light neutrinos, assumed to be degenerate. The upper region

shaded in gray corresponds to non-perturbative right-handed neutrino couplings, y
2
⌫ > 6.

3 Thermal vacuum decay

If the Universe underwent a period of expansion when the thermal plasma of relativistic degrees

of freedom was at high temperature, thermal fluctuations could have caused the decay of

the metastable electroweak vacuum [7, 30, 31] by nucleation of bubbles that probe the Higgs

instability region. On the other hand, high-temperature e↵ects also modify the Higgs e↵ective

potential, with a tendency of making the origin more stable.

Following the calculation in Ref. [32], the requirement that the false vacuum does not decay

during the high T stages of the early Universe sets an upper bound on the reheating temperature

TRH after inflation once the Higgs mass is fixed. It should be remembered that TRH in fact is

not the maximal temperature achieved after inflation. Such maximal temperature occurs after

inflation ends and before reheating completes and is given by [33]

Tmax =
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1/2
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, (8)

where g⇤(T ) counts the e↵ective number of degrees of freedom (with a 7/8 prefactor for fermions)

with masses ⌧ T and Hf is the Hubble parameter at the end of inflation. The metastability

bound on TRH therefore depends on the particular value of Hf : for a given TRH, the value of

Tmax grows with Hf . Therefore the metastability constraint on TRH will be more stringent for

9

Elias-Miró et al. (2011)
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QCD axion makes EW vacuum more stable
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Meanwhile, 

Hertzberg (2011)



 Cosmological constant (NOT time-reparam invariant)

Local equilibrium distribution: f1
i ⇠ e

2⇡
GH

2
i

<latexit sha1_base64="kpzQ/8lQRDcuKkj0Ro7uKAy4Hx0="></latexit><latexit sha1_base64="kpzQ/8lQRDcuKkj0Ro7uKAy4Hx0="></latexit><latexit sha1_base64="kpzQ/8lQRDcuKkj0Ro7uKAy4Hx0="></latexit><latexit sha1_base64="kpzQ/8lQRDcuKkj0Ro7uKAy4Hx0="></latexit>

Exponentially favors vacuum with smallest potential energy        . 
With     vacua, this is statistically

Vmin
<latexit sha1_base64="xrMbC42P1/eY4+n3ILRb0a5+ixs=">AAAB8nicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5cVrAXmA4lk6ZtaC5DkhHK0Mdw40IRtz6NO9/G9EJR0R8Ch+8/h5zzxwlnxgbBp5dbW9/Y3MpvF3Z29/YPiodHLaNSTWiTKK50J8aGciZp0zLLaSfRFIuY03Y8vpn57QeqDVPy3k4SGgk8lGzACLYOha1e1tUCCianvWIp8K9QpVatQeQHc0FHqqiCyitSAks1esWPbl+RVFBpCcfGhChIbJRhbRnhdFropoYmmIzxkIaulFhQE2XzlafwzJE+HCjtnrRwTr9PZFgYMxGx6xTYjsxvbwb/8sLUDmpRxmSSWirJ4qNByqFVcHY/7DNNieUTV2CimdsVkhHWmFiXUsGFsLr9/6JV9lHgo7uLUv16GUcenIBTcA4QuAR1cAsaoAkIUOARPIMXz3pP3qv3tmjNecuZY/BD3vsXjqGRbg==</latexit><latexit sha1_base64="xrMbC42P1/eY4+n3ILRb0a5+ixs=">AAAB8nicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5cVrAXmA4lk6ZtaC5DkhHK0Mdw40IRtz6NO9/G9EJR0R8Ch+8/h5zzxwlnxgbBp5dbW9/Y3MpvF3Z29/YPiodHLaNSTWiTKK50J8aGciZp0zLLaSfRFIuY03Y8vpn57QeqDVPy3k4SGgk8lGzACLYOha1e1tUCCianvWIp8K9QpVatQeQHc0FHqqiCyitSAks1esWPbl+RVFBpCcfGhChIbJRhbRnhdFropoYmmIzxkIaulFhQE2XzlafwzJE+HCjtnrRwTr9PZFgYMxGx6xTYjsxvbwb/8sLUDmpRxmSSWirJ4qNByqFVcHY/7DNNieUTV2CimdsVkhHWmFiXUsGFsLr9/6JV9lHgo7uLUv16GUcenIBTcA4QuAR1cAsaoAkIUOARPIMXz3pP3qv3tmjNecuZY/BD3vsXjqGRbg==</latexit><latexit sha1_base64="xrMbC42P1/eY4+n3ILRb0a5+ixs=">AAAB8nicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5cVrAXmA4lk6ZtaC5DkhHK0Mdw40IRtz6NO9/G9EJR0R8Ch+8/h5zzxwlnxgbBp5dbW9/Y3MpvF3Z29/YPiodHLaNSTWiTKK50J8aGciZp0zLLaSfRFIuY03Y8vpn57QeqDVPy3k4SGgk8lGzACLYOha1e1tUCCianvWIp8K9QpVatQeQHc0FHqqiCyitSAks1esWPbl+RVFBpCcfGhChIbJRhbRnhdFropoYmmIzxkIaulFhQE2XzlafwzJE+HCjtnrRwTr9PZFgYMxGx6xTYjsxvbwb/8sLUDmpRxmSSWirJ4qNByqFVcHY/7DNNieUTV2CimdsVkhHWmFiXUsGFsLr9/6JV9lHgo7uLUv16GUcenIBTcA4QuAR1cAsaoAkIUOARPIMXz3pP3qv3tmjNecuZY/BD3vsXjqGRbg==</latexit><latexit sha1_base64="xrMbC42P1/eY4+n3ILRb0a5+ixs=">AAAB8nicdZDLSgMxFIYz9VbrrerSTbAIroZJK7Xuim5cVrAXmA4lk6ZtaC5DkhHK0Mdw40IRtz6NO9/G9EJR0R8Ch+8/h5zzxwlnxgbBp5dbW9/Y3MpvF3Z29/YPiodHLaNSTWiTKK50J8aGciZp0zLLaSfRFIuY03Y8vpn57QeqDVPy3k4SGgk8lGzACLYOha1e1tUCCianvWIp8K9QpVatQeQHc0FHqqiCyitSAks1esWPbl+RVFBpCcfGhChIbJRhbRnhdFropoYmmIzxkIaulFhQE2XzlafwzJE+HCjtnrRwTr9PZFgYMxGx6xTYjsxvbwb/8sLUDmpRxmSSWirJ4qNByqFVcHY/7DNNieUTV2CimdsVkhHWmFiXUsGFsLr9/6JV9lHgo7uLUv16GUcenIBTcA4QuAR1cAsaoAkIUOARPIMXz3pP3qv3tmjNecuZY/BD3vsXjqGRbg==</latexit>

N
<latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit><latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit><latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit><latexit sha1_base64="l2zFbsg77aMjLc/MbR9SvADJDl8=">AAAB6HicdZDLSgMxFIYzXmu9VV26CRbB1TBppdZd0Y0racFeoB1KJj3TxmYyQ5IRSukTuHGhiFsfyZ1vY3qhqOgPgcP3n0PO+YNEcG0879NZWV1b39jMbGW3d3b39nMHhw0dp4pBncUiVq2AahBcQt1wI6CVKKBRIKAZDK+nfvMBlOaxvDOjBPyI9iUPOaPGotptN5f33EtSLJfKmLjeTNiSEimSwpLk0ULVbu6j04tZGoE0TFCt28RLjD+mynAmYJLtpBoSyoa0D21bShqB9sezRSf41JIeDmNlnzR4Rr9PjGmk9SgKbGdEzUD/9qbwL6+dmrDsj7lMUgOSzT8KU4FNjKdX4x5XwIwY2YIyxe2umA2ooszYbLI2hOXt/xeNgks8l9TO85WrRRwZdIxO0Bki6AJV0A2qojpiCNAjekYvzr3z5Lw6b/PWFWcxc4R+yHn/AvsMjQw=</latexit>

Vmin ⇠ M4
Pl

N
<latexit sha1_base64="nbtCj2RUMIJuaiVQoT/heAnqzgU="></latexit><latexit sha1_base64="nbtCj2RUMIJuaiVQoT/heAnqzgU="></latexit><latexit sha1_base64="nbtCj2RUMIJuaiVQoT/heAnqzgU="></latexit><latexit sha1_base64="nbtCj2RUMIJuaiVQoT/heAnqzgU="></latexit>

Can explain observed C.C. if our 
region contains N ⇠> 10120
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Note: Could make same argument in the “global” approach to the landscape          

=� favors smallest potential energy anywhere on the landscape

=�

Instead our 
mechanism predicts:
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“Given the value of the CC, why is 
the SUSY breaking scale so large?”

Banks (2001)

But expect such vacuum to be nearly supersymmetric, 
with tiny         and                    .Vmin ⇠ m4
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e.g. Linde & Vanchurin (2010)



AdS vacua



V (h)
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Tunneling into AdS vacua

                transition rate can be 
reliably calculated
dS ! AdS
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Within a Hubble time, AdS region starts to collapse

Big Crunch singularity? 

AdS vacua are terminal AdS regions bounce
probability sinks=�

=� transitionsAdS ! dS
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Garriga, Schwartz-Perlov, Vilenkin & 
Winitzki (2005)

Piao (2004,2009); Nomura (2011)

Garriga & Vilenkin (2012,2013)

Coleman & De Luccia

contraction       expansion

Death? 
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dS ! AdS
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Because of high (Planckian?) energy reached at the bounce,

                 is nearly instantaneousAdS ! dS
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 can transition (classically) to far away, high-energy vacua

=�        vacua are short-lived mediatorsAdS
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Suggests: “Integrate out” the AdS vacua

 Effective dS-only landscape (as earlier)

 New, AdS-mediated             transitionsdS ! dS
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=� non-local jumps

Brownian
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Lévy
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These are Lévy flights!

Paul Lévy

Denef, Douglas, Greene & Zukowski (2018)



Random walks with Lévy flights

ij = ↵ CDL
ij + (1� ↵) AdS

ij
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Local/Brownian moves Non-local/Lévy moves

0  ↵  1
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Similar to Google’s PageRank matrix

Brin & Page (1998)

↵ = 0.85
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Final thoughts

Search optimization on the landscape: 
powerful natural selection mechanism

Optimal region: nearly critical vacua

Most fine-tuning problems are problems of criticality

=�  Higgs metastability

Generic?  Naturalness: small parameters protected by symmetries

 Landscape (standard approach): principle of mediocrity

Natural selection: outcomes are fine-tuned 
and nearly critical 

Evolutionary 
biology

Network 
theoryCosmology

 Absence of low-scale SUSY=�



Optimal information 
processing

Non-equilibrium 
critical landscape 
dynamics

Tantalizing questions:

 Enhanced computational capabilities?

Criticality in cellular automata, random boolean 
networks and neural networks is associated with 
optimal information processing

?
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Fig. 1. Continued 
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dynamical activity expands rather than 
contracts with time. There are, however, 
large fluctuations in the area covered by 
dynamical activity, and it is these fluc- 
tuations which lead to the eventual col- 
lapse of the dynamics. 
We have entered a new dynamical 
regime in which the transients have be- 
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come so long that,- for all practical pur- 
pose s -  they are the steady state behav- 
ior of the system over any period of 
time for which we can observe them. 
Whereas before, the dynamics eventu- 
ally settled down to periodic behavior, 
we are now in a regime in which the 
dynamics typically settles down to ef- 
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(a) MC versus �. Higher is better. (b) NARMA versus �. Lower is better. (c) MC versus �. Comparison of fully con-
nected networks and networks randomly
pruned to 75 and 30 connections per neuron.

Figure 4: Plots of various measures versus �. Each cross represents a single random echo state network.

�e NARMA error against � is plo�ed in Figure 4b. �e error
is decreasing until the edge of chaos, where it reaches its minima.
A�er the transition to the chaotic regime, the error sharply raises
to the same value as if the network’s output would be absolutely
random. �is observation supports the idea that in the chaotic
regime, the network output resembles a random white noise.

We have evaluated also the MMSE and NR tasks and the results
are very similar. It seems that for all the evaluated tasks, the per-
formance is indeed maximized on the edge of chaos. A rigorous
reason for this behaviour remains an open question.

Let us analyze the e�ects of randomly removing the majority
of the connections between the neurons. According to our simula-
tions, such a restriction of the connectivity does not signi�cantly
in�uence the network’s performance. Figure 4c demonstrates this
phenomena on the MC task and a similar pa�ern appears on the
other evaluated performance tasks as well. It should be noted
that restricting the number of connections while keeping the same
weights makes the network dynamics more ordered (as stated by,
e.g., Bertschinger and Natschläger [3]).

Boedecker et al. [4] provide an additional insight on what is
happening within a network on the edge of chaos. In the paper, the
AIS and TE are measured, relative to �. �e results are replicated
in Figure 5a and Figure 5b. Both of the measured entropies slowly
decrease through the ordered regime until the edge of chaos, where
they form a high sharp peak. In the chaotic regime, their value
drops and remains at its lowest level. �ere does not seem to be a
direct correlation between the network’s performance and the AIS
or the TE. Nevertheless, the high peak leads to the belief that there
is an unexpected irregularity on the transition between the order
and chaos.

In the original paper by Boedecker et al. [4], the AIS and TE were
plo�ed separately from the performance measures. Let us, instead,
draw the entropies and the performance measures to a single plot
focused tightly on the edge of chaos (Figure 5c). A�er a careful
analysis of the �gure, it can be seen that the best performance on
the NARMA task ends immediately before the peaks of AIS and
TE. When the entropies increase, the NARMA error increases with
them. �e reason may be that when the entropies reach a critical
threshold, the network performance is impaired.

8 EVOLVED ECHO STATE NETWORKS
In this section, we are going to evolve the recurrent part of echo
state networks via HyperNEAT algorithm. To avoid over��ing to
one of the given tasks, the evolution in our experiment is instructed

to maximize the performance on the MMSE and the NARMA tasks
simultaneously. We believe that these two tasks require contradic-
tory properties of the evolved network, which may reduce over-
��ing by balancing between memory capacity and computational
performance. Furthermore, the NR task is hidden to the evolution
and it is instead used to validate the performance of the evolved
network on tasks never seen before. �e MC task is not evaluated
at all because of its numerical instability discussed in Section 6.
�e MMSE task is used to asses the network’s short-term memory
instead.

8.1 Experimental Settings
Five runs of evolution are executed, each of which evolves a pop-
ulation of 150 CPPNs for 2000 generations. �e substrate used in
our experiment is a “golden angle spiral”, in which the coordinate
[Xk ;Yk ] of the k-th neuron is de�ned as Xk =

p
k/N cos(k� + �)

and Yk =
p
k/N sin(k� + �), where N is the number of neurons,

� is the “golden angle” equal to � (3 �
p
5), and � is the rotation

angle (i.e., the phase) of the whole spiral. �e rotation angle � is
generated randomly for each of the �ve evolutionary runs.

�e size of the substrate is 151 neurons. A single input neuron,
whose activation always corresponds to the current input value, is
placed in the centre of the substrate, on coordinate [0; 0]. When us-
ing a CPPN to build a connection between two neurons, the CPPN
is fed by the distance between the neurons in addition to their co-
ordinates. �e networks generated on the substrate use hyperbolic
tangent transfer function with no bias. Neurons disconnected from
the input are not considered for �, AIS and TE measures.

�e �tness function of a CPPN is de�ned as 2 � MMSE(x) �
NARMA(x), where x is the network generated by the CPPN on the
aforementioned substrate. �e �tness value is evaluated three times
and the results are averaged. For the �rst 15 generations of a life
of a genome, its �tness is boosted by 10%. �e number of species
is kept between 5 and 10. �e di�erence between two genomes
is de�ned as F/N +W /2, where N is the number of genes in the
larger genome, F is the number of non-matching genes, andW is
the average weight di�erence of matching genes. �e di�erence
threshold �t for creating a new species begins at 2.0 and may be
dynamically increased or decreased in each generation by 0.3.

Only the ��est 25% genomes of a species are allowed to repro-
duce. �e elitism is set to 5%. If a species does not improve its
�tness for 20 generations, it is forbidden to reproduce. To select the
best genomes, tournament selection of size four is used on the top
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Fig. 6. A schematic representation of the emergence of fold- 
ing pathways. In this figure the native structure is on the left, so 
that n increases from right to left. Before the folding protein 
reaches the glass transition there are many accessible paths be- 
tween conformations. In this regime each molecule would take a 
different path as it approached the native structure. After the fold- 
ing protein goes through the glass transition it has access to only 
a few paths, so most molecules will take one of a few, or perhaps 
only one, path to the native structure. 

ing, just like the Type OA folding scenario noted 
above. Type I scenarios are analogous to nucleation 
followed by rapid In this case the folding 
is dominated by a single rate, the folding time being 
given by Eq. (13). The protein has kinetic access to  a 
representative section of the folding bottleneck, so 
the rate of folding can be calculated by considering 
the rate of folding for a statistical ensemble of struc- 
tures at the bottleneck. In this regime, the protein 
can take many possible pathways through the bot- 
tleneck, so the overall folding time will be indepen- 
dent of the initial unfolded configuration of the pro- 
tein. The folding kinetics are self-averaging, so 
mutations will have only small effects on folding 
rates.tt In the other class the glass transition occurs 
at some point in the folding process. We call these 
folding events Type 11. Type I1 folding processes are 
analogous to nucleation followed by slow growth: a 
situation much studied in the metallurgy of alloys.75 
Type I1 folding scenarios can be broken into two sub- 
classes, depending on where the glass transition oc- 

"To be more precise, rates of individual events depend on the 
exponentials of free energies. Above the glass transition these 
free energies should all self-average and the significant rates 
will have a log-normal distribution. A few factors of two 
change in the rate is not considered significant here. In the 
glassy phase a much wider distribution of the logarithm of the 
rate is anticipated, as pointed out by Bryngelson and Wolynes.' 

curs relative to the thermodynamic bottleneck loca- 
tion nib. Recall that n& is the location of the 
maximum of the free energy and need not be the 
same as the kinetic bottleneck coordinate n:in that 
appears in Eqs. (9) and (13) for the folding time. 
Thus, for folding at a fixed temperature in a situa- 
tion where a glass transition occurs, we expect to  
find two distinct kinetic scenarios, one, which we 
call Type IIA, occurs when nB < ng, and the other, 
which we call Type IIB, occurs when nth 2 ng. 

As the roughness of the energy landscape is in- 
creased, a glass transition occurs between the fold- 
ing bottleneck and the final folded state, so that dis- 
crete pathways occur after the transition state. We 
call this situation a Type IIA scenario. In this re- 
gime passage through the folding bottleneck will be 
dominated by a single rate, but there may be some 
nonexponential behavior, and discrete pathways 
and kinetic intermediates will be observed in the 
late stages of folding. 

In the Type IIB scenario the protein has already 
gone through the glass transition when it reaches 
the maximum of free energy. Since the protein can 
take only a few pathways after the glass transition, 
and these pathways can be different enough to lead 
to wildly different folding times, the overall folding 
time will strongly depend on which of the few paths 
to  the folded state is taken. Each of these paths will 
have its own kinetic transition state and the free 
energies of these states will differ appreciably, i.e., 
they will not self-average. The importance, and even 
the meaningfulness, of the typical kinetic transition 
state, &in, is diminished considerably in this re- 
gime. Therefore we have used the location of the 
glass transition relative to nth rather than nkin in 
defining the difference between the Type IIA and 
Type IIB scenarios. 

$ 

THE PHASE DIAGRAM AND PROTEIN 
FOLDING SCENARIOS 

The phase diagram is a powerful tool for under- 
standing protein folding. It reduces much of the dis- 
cussion about folding scenarios in the previous sec- 
tion to a single, clear, coherent picture which is 
useful for thinking about and planning experiments. 

The simplified viewpoint of protein folding, using 
the energy landscape framework that we discussed 
in the last section, can be used to classify different 
mechanisms of protein folding in the laboratory and 
in computer simulations. The analysis discussed 
above uses only a single parameter, n, to character- 
ize the difference between the native structure and 
the unfolded structures. In fact, native proteins dif- 
fer from unfolded ones in several ways, so this re- 
quires the introduction of several different similar- 
ity measures in thinking about folding processes. It 
is important, however, that the number of addi- 
tional parameters is relatively small, thus giving a 

Search optimality might favor landscape regions with 
low effective moduli-space dimensionality, particularly 
near the lowest-energy vacuum.

e.g. Protein landscapes

 The early universe V (�)
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Slow-roll inflation also a problem of near-criticality
SO(4, 1) �! ISO(3)
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Naturally by-product in optimal/near-critical 
regions of the landscape? 

More tantalizingly: New ways of realizing inflation?

Optimal regions are open systems =� non-equilibrium inflationary dynamics?

Tantalizing questions:



scale-invariant inflationary avalanches?





 The early universe

P (k) ⇠ kns�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ns ' 0.96
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Scale invariant primordial spectrum suggests 
near-criticality in the early universe

The mechanism traditionally invoked (i.e. slow-roll inflation) relies 
on approximate conformal invariance
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