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Dark energy stars

Dark energy (p=!" ) in a Þnite volume

Vacuum bubble

A Þnite region where p = !". For example, true and false vacuum bubbles, É

Interior-deSitter/exterior-Schwarzschild geometry

A spherically symmetric geometry that is asymptotically de Sitter as r # 0 and 
asymptotically Schwarzschild as r # !. For example, regular black holes with p 
= !" at the center, smooth gravastars, É

Gravastar
Originally, a star with a p = !" interior of volume V matched to a Schwarzschild 
exterior of mass M = "  V and having no horizons or spacetime singularities.

Coleman, De Luccia 1980, Sato, Sasaki, Kodama, Maeda 1981+, Blau, Guendelman, Guth 1987, Farhi, 
Guth 1987; É

Sakharov 1966, Gliner 1966, Dymnikova 1996+, Catoen, Faber, Visser 2005,  Ansoldi, Sindoni 2008, É!
{reviews: Dymnikova 2003, Ansoldi 2008, É}

Mazur, Mottola 2002+, Catoen, Faber, Visser 2005, É



Gravastars

¥ A center with negative pressure!

¥ Radius > Schwarzschild radius!

¥ Initial model by Mazur and Mottola: !
a pure dark energy core, stiff matter 
shell, and vacuum exterior, with 
inÞnitesimal boundary layers!

¥ Cattoen, Faber, and Visser replaced 
boundary layers with !
anisotropic stress

!" #$

!"%$

!" $"&

DeBenedictis, Horvat, Ilijic, Kloster, Viswanathan (2007)



Gravastars

- gravastars do not require event horizons

- it may be possible to have light pass through

- interesting lensing trajectories

Sakai, Saida, Tamaki 2014

Gravitational lensing

Gravitational waves

- matter on surface can possibly give a 
ÒseismicÓ signature in gravitational waves



Gravastars

¥ ÒGravitational condensatesÓ: temperature/entropy term must be zero

¥ Numerical simulations indicate (slow) rigid rotation and angular 
momentum are possible, Schwarzschild interior dark energy star 
nearly matches Kerr source

¥ Gravastars can be electrically charged

¥ Gravastar stability has been studied. Possible to oscillate between 
radii rather than settle (bounded excursion)

¥ Formation from normal matter conÞgurations has not been studied

Mazur, Mottola 2002

Chirenti, Rezzolla 2008, Posada 2016

Horvat, Ilijic, Marunovic 2008

Chirenti, Rezzolla 2007; Rocha et al 2008



Formation of dark energy stars



Formation of dark energy stars
Beltracchi, Gondolo 2019a

Time-dependent spherically-symmetric anisotropic solution

ds2 = �e2�(t,r ) dt2 +
dr2

1 � 2Gm (t,r )
r

+ r2 d�2 + r2 bBM2 � d�2
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Formation of dark energy stars

EinsteinÕs equations

Force equation F = dp/dt
In the static case, it reduces to
the Tolman-Oppenheimer-Volkoff
equation plus an anisotropy term

� is proper time at fixed r, �, � (d� = e�(t,r) dt)
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Formation of dark energy stars

EinsteinÕs equations

� is proper time at fixed r, �, � (d� = e�(t,r) dt)
<latexit sha1_base64="Mrsg+Vx6vYhonO+7emhj64OGrEk="></latexit><latexit sha1_base64="Mrsg+Vx6vYhonO+7emhj64OGrEk="></latexit><latexit sha1_base64="J3Hs95D7O+WTDZQ9RQjCbV5TiQ8="></latexit><latexit sha1_base64="J3Hs95D7O+WTDZQ9RQjCbV5TiQ8="></latexit><latexit sha1_base64="J3Hs95D7O+WTDZQ9RQjCbV5TiQ8="></latexit>

m =
! r

0
! 4" r 2 dr

! = !
! !

r

G
"
m + 4" r 3pr

#

r 2
"
1 ! 2Gm

r

# dr

Sr = !
1

$
1 ! 2Gm

r

1
4" r 2

! r

0

#!
#$

4" r 2 dr

" =
G

"
m + 4" r 3pr

#
(! + pr )

2r
"
1 ! 2Gm

r

# +
r
2

#pr

#r
+

r
2

%

1 !
2Gm

r
#
#$

&
Sr

1 ! 2Gm
r

'

<latexit sha1_base64="OgSrnsFe0PZfh25Hi4LEBRKzFvM="></latexit><latexit sha1_base64="OgSrnsFe0PZfh25Hi4LEBRKzFvM="></latexit><latexit sha1_base64="/lpcvY67V34Fy+9zZvCzTORFma4="></latexit><latexit sha1_base64="/lpcvY67V34Fy+9zZvCzTORFma4="></latexit><latexit sha1_base64="/lpcvY67V34Fy+9zZvCzTORFma4="></latexit>

Beltracchi, Gondolo 2019a



Formation of dark energy stars

EinsteinÕs equations

� is proper time at fixed r, �, � (d� = e�(t,r) dt)
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Give " (t,r) and pr(t,r)

Find Sr(t,r) and # (t,r)

Check energy conditions
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Energy conditions

Weak energy condition

Tµ! kµ k! ! 0 for all time-like vectorskµ
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Energy conditions

Null energy condition

Tµ�kµk� � 0 for all light-like vectors kµ
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

core radius Rc(! ) = f (! ) Rs (for f (! ) > 0)
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surface radiusR = s(� ) Rs (empty space outside)
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f < 0 precursor, 0 < f < 1 dark energy star, f = 1 horizon would form

Evolution parameter f =f ($) controls formation of singularities and horizons 

! (" , r ) = ! (r, f )
<latexit sha1_base64="HGUSMbDe8OaqC9dm8UQpdlRcInk="></latexit><latexit sha1_base64="HGUSMbDe8OaqC9dm8UQpdlRcInk="></latexit><latexit sha1_base64="zfzvA2Wr6oylv9pSSUeJLBp+gUI="></latexit><latexit sha1_base64="zfzvA2Wr6oylv9pSSUeJLBp+gUI="></latexit><latexit sha1_base64="zfzvA2Wr6oylv9pSSUeJLBp+gUI="></latexit>

pr (! , r ) = pr (r, f )
<latexit sha1_base64="w7ledz5hx/5Jm8wL2U5f5CMGQ9Q="></latexit><latexit sha1_base64="w7ledz5hx/5Jm8wL2U5f5CMGQ9Q="></latexit><latexit sha1_base64="HrSySdGHxPHcke+2oJpNbnOPt1s="></latexit><latexit sha1_base64="HrSySdGHxPHcke+2oJpNbnOPt1s="></latexit><latexit sha1_base64="HrSySdGHxPHcke+2oJpNbnOPt1s="></latexit>

f = f (� )
<latexit sha1_base64="GhO0dw9MiaxcusP9INywt0ok/Lc="></latexit><latexit sha1_base64="GhO0dw9MiaxcusP9INywt0ok/Lc="></latexit><latexit sha1_base64="Hfuj/l13WM8TbPTZNCpMo4LIhWk="></latexit><latexit sha1_base64="Hfuj/l13WM8TbPTZNCpMo4LIhWk="></latexit><latexit sha1_base64="Hfuj/l13WM8TbPTZNCpMo4LIhWk="></latexit>

Beltracchi, Gondolo 2019a



Pile-up model

f < 0 precursor, 0 < f < 1 dark energy star, f = 1 horizon would form

Evolution parameter f =f ($) controls formation of singularities and horizons 

�

��

�
�

�� �

∂� �
!∂�

" �∂� �
!∂�

! ��#
$ρ

�! ρ! �

event horizon

normal zone

exterior

dark 
energy 
core

inversion zone

Beltracchi, Gondolo 2019a



pr ( r,f )
! S

=

!
"""""""""#

"""""""""$

(1 + a)!
%

x ! f + f D
f D

&
! 1 f > 0, 0 < x " f

a ! f
f D

(1 + a)
'
1 ! !

%
x
f

&(
0 < x < f " f D

a cos4
%

" (x ! f )
2(s! f )

&
0 < f < x < s

a 4
s3 cos4

%
" x
2s

&
f < 0 < x < s

0 s " x
<latexit sha1_base64="qD8WDe/nK6RPtDIR8OVaAbHvgG8="></latexit><latexit sha1_base64="qD8WDe/nK6RPtDIR8OVaAbHvgG8="></latexit><latexit sha1_base64="YX1JNrfEOronm/TkaEYIb1tDME4="></latexit><latexit sha1_base64="YX1JNrfEOronm/TkaEYIb1tDME4="></latexit><latexit sha1_base64="YX1JNrfEOronm/TkaEYIb1tDME4="></latexit><latexit sha1_base64="YX1JNrfEOronm/TkaEYIb1tDME4="></latexit>

Pile-up model

speciÞc example
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f ! < 1 avoids formation of horizon
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

f < 0 precursor
0 < f < 1 dark energy star

f = 1 horizon would form

Evolution parameter f ($)

evolution of!
density proÞlef =- 0.75
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

evolution of!
radial pressure proÞle

f < 0 precursor
0 < f < 1 dark energy star

f = 1 horizon would form

Evolution parameter f ($)
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

evolution of!
tangential pressure!
proÞle

f < 0 precursor
0 < f < 1 dark energy star

f = 1 horizon would form

Evolution parameter f ($)
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

evolution of!
pressure anisotropy

f < 0 precursor
0 < f < 1 dark energy star

f = 1 horizon would form

Evolution parameter f ($)
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

evolution of!
momentum!
ßow proÞle

f < 0 precursor
0 < f < 1 dark energy star

f = 1 horizon would form

Evolution parameter f ($)
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

weak energy condition!
satisÞed at any t, r

minimum Tµ! kµ k! over time-likekµ
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

co
re

surface

r

$

r

$

r

$

r

$

co
re

surface

co
re

surface

co
re

surface

- 1

0

1

2

3

4

pr"

pT Sr

Beltracchi, Gondolo 2019a



Pile-up model

Form a pr = pT = -# = const core of increasing radius
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Pile-up model

Form a pr = pT = -# = const core of increasing radius

Force balance in equilibrium conÞguration

In the inversion zone, the pressure gradient force and the gravitational force point inwards 
and are balanced by the anisotropy force.
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An exact time-dependent interior 
Schwarzschild solution



Schwarzschild stars

A spherically-symmetric, static, constant density star

ds2 = ! f (r ) dt2 +
dr2

h(r )
+ r 2(d! 2 + bBM2 ! d" 2)

with

f (r ) =

!
1
4 (3a ! b)2, r " R,
1 ! R s

r , r # R,

h(r ) =

!
b2, r " R,
1 ! R s

r , r # R.

where

a =
"

1 ! R s
R , b =

"
1 ! R s r 2

R

Schwarzschild 1916



Schwarzschild stars

¥The pressure is everywhere Þnite if R/Rs > 9/8 = 1.125 (Buchdahl bound).

¥For R/Rs < 9/8, the pressure diverges at Þnite radius R0 = 3R
�

1 ! 8
9

R
R s

¥The singularity is integrable in the sense that 

Mgrav(V ) =

�

V
(� + px + py + pz)

�
�gtt dV
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is Þnite in any volume V Mazur, Mottola 2015



Formation of a Schwarzschild star

Time-dependent exact solution of EinsteinÕs equations

Beltracchi, Gondolo (in prep.)

Ansatz: the radius of the Schwarzschild star depends on time, R = R(t)

Then Töµ ö! =

!

"
#

! Sr 0 0
Sr pr 0 0
0 0 pT 0
0 0 0 pT

$

%
&

anisotropic pressure pr != pT

momentum flow Sr

Continuity of pr and pT at the surface of the star gives

2R ¬R(Rs " R) + úR2(Rs + 8R) = 0 ,

which can solved analytically to find
t ! t 0

t s
= F

' R s
R

(

where t0 and ts are integration constants and

F (x) = 1
2942

'
8! 28x +35 x 2

8(1 ! x )7/2 " 1
(
.
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Formation of a Schwarzschild star
Beltracchi, Gondolo 2019b
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Figure 1: Time dependence of the radiusR(t). The solid (orange) line is the full solution. The

dashed (blue and gray) lines are the early and late time approximations. The (red) point marks

the central pressure divergence at÷R = 9 / 8, (t ! t0)/t c = 47072/ 105. The plot has an inset region

showing earlier times in more detail.

For reference, our solution gives

d ÷R
dt

= !
( ÷R ! 1)9/ 2

!
÷Rtc

,
d2 ÷R
dt2

=
( ÷R ! 1)8(8 ÷R + 1)

2 ÷R2t2
c

. (18)

These expressions lead to

! = 3! r 2 ÷R6a16 (b! a)(9a2 + 5ab! 3b2 ! a2b2)
(3a ! b)3 b4 t2

c
, (19)

Sr = !
2r ! a9 ÷R3

|3a ! b|btc
. (20)

The pressure atr = 0 diverges when ÷R = 9/ 8, which happens whent! t0
tc

= 47072/ 105 "

448.3. On the surface of the star (r = R), one hasb = a = (1 ! RS/R )1/ 2 and ! = 0,

as imposed. Ast # $ for collapse (or !$ for expansion), the star radiusR # RS,

the density becomes! S = 3M/ (4" R3
S) for r < R S and zero otherwise, the pressure becomes

pr = pT = ! ! S for r < R S and zero otherwise. So our solution describes collapse (expansion)

of a constant-density anisotropic object ending (starting) as a sphere with vacuum equation

of state pr = pT = ! ! and radius equal to the Schwarzschild radius.
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Formation of a Schwarzschild star

Curvature singularities in the spacetime diagram
Beltracchi, Gondolo 2019b

singularities in coordinates (arctan ÷r, arctan( ÷R ! 1)) is depicted in Fig. 3. The Þrst line

of singularities follows the inÞnite pressure surface. Its endpoints areA = (0 , arctan 1
8),

corresponding to ÷r = 0, ÷R = 9/ 8, and B = ( ! / 4, 0), corresponding to ÷r = 1, ÷R = 1. The

second line of singularities is atR " # . Its endpoints areC = (0 , ! / 2) and D = ( ! / 2, ! / 2).
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Figure 3: Diagram showing the singularities of the Ricci scalar and the pressure anisotropy! .

The singularity associated with the inÞnite pressure surface is the blue line bounded by A and B.

The singularity at R " # is the red line joining C and D. The dotted black line is the surface of

the object on which the anisotropy is set to 0 by our boundary condition.

B. Energy density and radial pressure

The radial pressurepr (t, r ) and energy density" (t, r ) proÞles for our dynamical solution

are the same as in the static solution at anyR. For completeness we show them in Fig 4.
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Conclusions

We found explicit time-dependent semi-analytic 
solutions of EinsteinÕs equations giving the collapse 
of a spherical object to a dark energy star.

A dark energy star is a Þnite region of space with 
equation of state p = %"  typical of dark energy.

Our exact solution is interesting because exact time-dependent 
solutions of EinsteinÕs Þeld equations are rare.

Our Òpile-upÓ solutions have no horizons and no singularities 
and obey the weak energy condition at all times and positions.


