"HB%& (H)*+"8('&, $&-./&0! 12

Joonho Kim (KIAS)

3$456"78"191/:1./;<0"1911.:/9;=;0"12/=:/>=??"@'AB"
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L MB58"@5"4AD6-"$"N7807PH$&"Q5&6"AB57P-0"A"4"8ADP$&"A7"N78
AB5"R$PSS78"OD8NS78"70"AB5"N$878'N$&"5845HT &5U"

Z()! try (e 'P)y= € 'Ei weighted sum over energy eigenstates

1" H

L VBHR5P$ADP5"70"AB5"N$878'N$&"5845HT&5"N78AP784"AB5"@5'K B/
=T

At low temperature, all high energy states are suppressed by e 7% <« 1
At high temperature, € '5 1 1.

L W'KB"ASHR5P$ADP5"$4-HRA7SN4"70"AB5"RSPSS78"OD8NS78"T5N7
$"'K776"54SHSAS"O7P"ABS"8DHTS5P"7O"H'NP74A$A54"8"$"K'%58"FXV:

Z(8) A=200 7T_20 for 2d CFT with central charge c.
P known as Cardy’s formula. [Cardy86]

3p
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L M5"$P5™"8A5P54A56"8"AB5"4'H'&$P0"B'KB"YASHRS5P$ADP5Z2"$4-HRA7
AB5"4DR5PN7807PH$&"865[0"8"=6"FXV4"@'AB"J\1"4DR5P4-HH5AP-:'

This observable enumerates all BPS microstates preserving some chosen supercharges.
It is the Witten index, counting (# of bosonic states) - (# of fermionic states).

L VB5"N7PP54R786'8K"F$P6-]&'G5"O7 PHD&SU"" [Di Pietro, Komargodski ‘14]

o - 167°
7(w) “20 exp i

(C _ a) 4 ... [Ardehali"15]
SW [Di Pietro, Honda '16]

L J7SN5"ABSA"AB5"$4-HRA7SN"OP55"585PK-"NSRADP54"HDNB"4H$&&
AB3$8"AB5"6:7:0:"N7D8A56"T-"N7807PH$&"$87H$&'540"$"$86"N:"

For example, in N=4 SYM theory, a = ¢ ~ |G| for any choice of gauge group G.



345(6764)468&9:",4&24#"6,<=(6

L VB5"B'KB"YASHR5P$ADP5Z"$4-HRA7SN4"455H4"T7P'8K0™8"N78AP%4
AB5"5[R5NAS6"AB5PH76-8SH'N"T5B$%'7P"70"AB5"&SPK5"J"KSDKS" Al

Low-temperature phase can be thought as a gas of glueballs and mesons.  F ~ O(NV)
High-temperature phase is a plasma of gluons and quarks. F ~ O(N?)

L V@7"RB$454"$P5"N7885NAS6" TH#ABA&%" "% ('RB$S45" AP$84'S780"
6D$&"A7T"AB5"WS@G'8K])$K5"AP$84'S78" 70" 6C T&$NG"B7&54:"

[Witten 98] [Aharony, Marsano, Minwalla, Papadodimas, Van Raamsdonk]

F/N? AdS-Schwarzschild BH solution

[Hawking, Page]
|h ! . ! e —— . . T

: T

. Thermal AdS: H\ Small BH: thermodynamically unfavored.

. F ~ O(NY) Large BH: thermodynamically preferred for above Typ.
F~O(Gy) ~O(N?)
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L "RRIP58A&-0"AB5"65N78Q8'8K" 7P"T&ING"B7&5 "RB$45"455H4"'8%'/
AB5"4DR5PN7807PH$&"865[0"6D5"A7"AB5"T7478,05PH'78"N$8N5&3S

Witten index = (# of bosonic states) - (# of fermionic states).

L 3DA"AB5"865["'4S&&"N7TPBAUS-+.,65K585PSN-"7O"H'NP74A$A54a"

1+3x%1 2x34+9x*1 6x°+11x8! 6x  +9x®+14x%1 21x10 +36xM 1 17x12 1 18x13 +114x14 1 194¢1°
+258x16 1 168171 112%™ +630x° 1 108K%° +1130x21 1 273?21 163X%23 +4104x%* ! 53642 + 3426x?
+3152x%7 1 13233%?%8 +21336x%° ! 1831%301 200431 +40752x%? ! 7688433 +78012x3* ! 1180&3 + - ..

for N=4 U(2) SYM

L MB58"@5"8%'%5&-"4AD6-"AB5"$4-HRA7SN"T5B%$%'7P"70"AB5"865[0
AB745"65K585P$N'54"$66"DR"@'AB"PSR'6&-"$&A5P8$S8K"4'K84:"

™

L CDNB"3,X"N$8NS&$S78"H'KBA'"TS"$% '€
T-"8AP76DN'S8K"AB5"P5&$S%5"RB$45"C . ~ -
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L J\="CDR5PN7807PH%$&"(865["'b5%'4'A56"

L "M-HRA7SN"c8AP7R-"$86""6BG&ING"W7&S



O*>4#5(6I(#)"+&A6$47 [Romelsberger] [Kinney, Maldacena, Minwalla, Raju]

L c8DH5P$A54"$&&"3)C"4A$A54"RP545P% '8K"4ADRBRNBSRK54U"
L FBS5H'N$&"R7A585%&4"O7P"Cd_="47H5AP-"$86"Cd_; "b]4-HH5AP-."

| "3 "2 #
Tr e! I E e! I Qg e! " di Wlth E = Q;I;++ |||
| =1 1=1
11 11 1 1 11 1 1 ||¢ 3 ¢ 2 [ - 11
L 35N7H5"$"M'e58"865["$f5P"HR74'8K"™ 2., 1 | = ~ 2 1 +2" :

lle!!IQl!!ijl Q-I—-I——I— —0
© ol 113 ol B
e 1 Qi ’S—i-—i— — 0

L (865R58658A"70"AB5"P5K DERAT@5"O7PH$&&-"A$G5"ABG B H'A™
L F$8'T5"5%$&D$A56"OP7H"AB5"OP55"iXV " N$&ND&DA4:

. | 70 ¢
In" g

! N # 1 # $15,S3(! 1)n 1e
2= ldi]aexp n 17 Zslnhn L a25|nh”'2

a,b=1 n=1 S$1,52,83=+1




0"$$+4&9(<688B6"+%;<;

L (8AP76DN5"AB5"&$PK5"J"5'K58%$&D5"6' 4AE?)'(ED%7§; Zé T — Q)
L VB5"865["'N$8"T5"5[RP54456"$4U"

N2T[, (1 - e "AT)
_ / I dpn exp (—Z - Hi-(l T /Onp—n)

n#0 n=1

L )7&-$G7%"&77RU"$8"7P65P"R$PFTHS5ASP"O7P"_65 N78Q85H58A:"
IN

— * —
pn=0pp =5 €
a=1

—inao,

L Apply the saddle point approximation. [Kinney, Maldacena, Minwalla, Raju]

L At real-valued chemical potentials, |, = 0 is most dominant.
L $D44'$8"8ALKP$&"n"AB5"4ADR5P]KP$%'A78"4R5NAPRK"Z8"6C
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L VBSA"4$66&5"R7'8A"NS8"TS"DB84AST&S"@'AB"N7HR&S5["NB5H'N$& "R 7/

11,1 _e_AI)
Hiu—e—wi)] <!

Re

L I5AZ4"84R5NA"AB5"$T7%5"ODBNA78*EY'= A3 and w; = wo

Red line: where the function value becomes negative.

The instability arises only when imaginary value of
chemical potentials is non-zero, within a certain range.

[Choi, JK, Seok Kim, Nahmgoong '18]

L 154478"&5$P856U"

VBS"F$P6-"O7PHD&$"N$8"T5'"HRP7%56"T0.3-§
#3'/0"1*23*%*AB5"NB5H'N$&"R7A58S$&4:

exp(! tRe(!))
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O*>4#5(6I(#)"+&A6$47 [Romelsberger] [Kinney, Maldacena, Minwalla, Raju]

L F784'65P"AB5"4DR5PN7807PH$&"865["'O7P"$8"$PT ' AP$P-"=6"J\1"CFX
Tryy [e—ﬁge—wljle—wnge—AR} with  £=1{0_,0}

The relevant R-symmetry group is now only U(1).
There can be an extra flavor symmetry, for which we may introduce the chemical potentials.

L 35N7H5"$"M'e58"865["78&-"$f5P"HR74'8K; + wy — 2A = 2mi ™™
L (865R58658A"70"AB5"P5K DERA7@5"07PH$&&-"ASG5 " ABG BH'A™

L M5P"$&&0"AB5"865['N$8"TH"@P'e58"8"$"4&'KBA&-"H76'Q56"O7PHU"
I — Tr H - e' IR e' " 1(J1+ R/ 2)e| " 2(J2+ R/ 2)

The usual (-1)F is replaced with (-1)R. Still qualifies as a Witten index since [R, Q: ] = Qi
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L c$NB"HD&SR&5AZ4"N78AP'TDS78"4"6P54456"T-"AB5"RB$45"O$SNATP

I x . R-charge of the top component in a given SUSY multiplet.
This improves the high temperature’ asymptotics of the superconformal index.

L X7P"H765&4"@'AB"$"M%$%7P"4-HH5APSBT7[A8A4"A7"D4'8K'F"HB6"
4B'f'8K"$"MP%7P"NBSH'N$&"R7AS58S$& " T-"$"4D'AST &5 HIK'8SP-"% P&l

L VB5"865["'N$8"T5"5%$&DIAS56"OP7H"ABS"OPS5"IXV"'NS&ND&DA4:

B 1 (—1)™ 2sinh(nA) .
2y = exp Z n (1 + 2 sinh(nw1/2) 2 Sinh(nw2/2)) Xads (n&)}

n>1

— > 1= [M]az  Zyx
tn(rx—l)einw(a) _ tn(—T’X—I—l)e—inw(a)

) i (_1)n—1 ’
Zy = exp Z o Z ( 2 sinh(nwi /2) 2 sinh(nws /2) )]

L n weR
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L M5"4AD6-"AB5"$4-HRA7SN4"70"AB5"4DR5PN7807PH$&1'868[18
'8"@B'NB"H'NP74A3A54"@2B'4%+-045,'$""%(-' "$P5"67H'8$8A."

Abuse of terminology: | will loosely call it the high ‘temperature’ limit, or the Cardy limit.
Here the ‘temperature’ means the inverse of the chemical potential ~ |w ™

L (8"AB5"F$P6-"&'H'A0"AB5"N78AP'TDS78"OP7H"4AB7PA"HD&SR&5A4"TE

S :
Zy — exp <+ Z oo, Z Li3(_@S(A+w-a))>
1

s=d= pEAG

S . s(1—nr 1sw(«
Ze s oxp ( CY Y iyl >)>
s== weR

i7T’I“)(|

L Quite different from the asymptotics without the phase factor e

7'('2 w1 + Wy

Zy = exp (Ow”)), Zx — exp ( (1 —rx)|Rx|+ O(w0)>

0 W19



0"$$+48&9(<68&B6"+%;<;
L M5"$RR&-"AB5"4$66&5"R7'8A"$SRRP7[H$S78"A7"AB5"B7&787H-"8A5KI

T = /[da] exp [Z wl‘;( Z Lig(—es(Atipa)y _ Z Lig(—es(lrx)A+z'sw(Oé)))]

s=x= pEAG weR

Looking for the most dominant saddle points, especially for the high temperature regime!
See also [Benini, Milan 18] [Cabo-Bizet, Cassani, Martelli, Murthy '19]

L (BAD'S%5&-0"AB5"H74A"67H'8$8A"4$66&5"R7'8A"4B7D&6"T5"SA"ABS"
041:042:“':()4|G| =0

When the holonomy variable gets a non-zero value, gauge symmetry is partially broken.

L W'KB"ASHR5P$ADPS5"T5B$%'7P"70"$8"$4-HRA7SN]OP55"K$DK5"AB57
65N78Q8'8K" _5:K:0"nD$PGO"K&D78 0"PSABS5P"AB$8"N78Q8'8K"7P"W'k

We expect the (modified) superconformal index to see the deconfining phase.
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L M5"8DH5P'N$&&-"AS54A"7TDP"N78ESNADPS"SNP744"%$P'7DA4" I\1"5[$HF
SQCDs, N=4 SYM, N=1 with 2 adj.,Argyres-Douglas theories, ISS, BCl, SU(2)3 with trifund

/ | . B 4
ﬂn\ AN e
wqgr WY
50(5) Nf=8. ,(A1,:A\4)'A[.)-the(2)ryl Mol SUG)N=T

L X7P"$&&"A54A56"5[$HR&540"AB5"67H'8$8A"4$66&5"R7'8A™4"SA"ABS™

X1 — (g — ":Oé|(;|:0

We assume this will be true also for other N=1 theories See also [Honda '19] [Ardehali*19]
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L (845PS8K"AB5"4$66&5"R7'8A"%$&D5 " TSNG"A7"AB5"8ASKP$&0"@5"Q
log(Z) = Y ——(IG| Lig(—™*) = Y [Ruy| Lig(—e*1774))

w1
s==+ 142 X

Lig(—ex) - Lig(—e_x) = — 6 — 6

Tr R = |G|+ ) (rx —1)*Rx| = 2 (5a - 3c)
X

TrR' = |G|+ ) (rx —1)|Rx| =16(a—c) ,
X

v
A3 2A &(ba — 3 2(a —
log(Z) = Tr R® g A _8Baz30) s STlazc)
0w wo 0w wo 27w1we 3w W9

[JK, Seok Kim, Song 19] [Cabo-Bizet, Cassani, Martelli, Murthy '19]

Alternative approach to the Cardy free energy is the background field method on S3.
The anomaly coefficient naturally appears here due to the 't Hooft anomaly matching.
[Banerjee et al.’12] [Jensen et al.’13] ....[Di Pietro, Komargodski '14] ... [Choi, JK, Seok Kim,Nahmgoong 18]
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L '%58"AB5"ADR5PN7807PH$&"865[0"AB5"H'NP74A3A5"65K585P$N-"4"
5[APSNAS6"T-"A$G'8K"$8"8%5P45"[SR&INS"AP$8407PHSS78:

(R, J;) = / AA dus; T(A,w;) exp (AR + 3, wily)

L (8"R$PSND&IPO"AB5"$4-HRA7SN"58AP7R-" 65K585P$N- "$A"&SPK5S" T
N7H54"OP7H"AB5"4%66&5"R7'8A"SRRP7['H$S78"70"AB5"$T7%5"8A5K

L VB'4"4"AB5"I5K586P5"AP$8407PH$S78"70"AB5"F$P6-"OP55"585PK-U

[Hosseini, Hristov, Zaffaroni "17]

8(ha — 3c) A3 4 814 (a — c)
27&)1&]2 3(4]1&)2

S(R, Jz) = A+ BRA + Jijwy + Jows

A* w*

(Wlth W1 + Wy — 20\ = 27TZ)
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L X7P"$"=6"J\1"CFXV0"AB5"$4-HRA7SN"58AP7R-"4"K'%58"T-

Re(S) = +2Y3312 (3¢ — 2a)' 3 7 - J*/3 + O(J'/3) > 0
Notice that an interacting N=1 SCFT satisfies the Hofman-Maldacena bound: % <aj/c< %

L 0754"AB'4"$4-HRA7SN"58AP7R-"4$ADP3$A5"AB5"DRR5P"T7D860"
"5:0"AB5"APD5"58AP7R-"AB$A"N7D8A4"AB5"3)C"4ASAS A" @RIXB7DA" ]:

Compute the true BPS degeneracy for free chiral/vector theories,
from their BPS partition function (as opposed to the Witten index).

7C(3
Strue(Jl,JQ) = C( ) + Jiwy + Jowse ~ 4.467 (J1J2)1/3.

4&)1&)2 Wy =w*

Compare with the asymptotic entropy from the index:

Re(S) = 2.995J%/3  (afree chiral multiplet)
Re(S) =0 (a free vector multiplet)
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L F784'65P"AB5"$4-HRA7SN"OP55"585PK-"70"B7&7KP$RB'N"CFXV4:"
Example: N=1 quiver theory engineered from N D3-branes on (3 / Z,,, orbifold.

L Restoring flavor chemical potentials, the entropy function becomes
N=4 SYM [Hosseini, Hristov, Zaffaroni"17] / N=2 quiver [Honda19] / N=1 quiver [JK, Seok Kim, Song ‘19] [Amariti et al."19]

A1AxA
18283

W12

2
(R—F)A1+ (R—B)Ay+ (R+ F + B)As+ ) Juw,

1=1

S:pN2

L Imposing the charge relation Im(S) = 0 of known black holes:

S=2! 3R2-F2_-B2_-BF —pN2(J;+ J;) ~ O(N?)

This agrees with the Bekenstein-Hawking entropy of large black hole in AdSs X Yp».
[Hosseini, Hristov, Zaffaroni “17]. See also [Cabo-Bizet et al.”18][Choi, JK, Seok Kim, Nahmgoong '18] [Benini, Milan'18],...
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L M5"4AD6'56"AB5"F$P6-]&'G5"$4-HRA7SN4"70"AB5" H76'Q56 "865[:""

8(Ha — 3c) A3 4 874 (a — c)

A with wq + woy — 2A = 274
2'(w1wo 3w1wo

Z—>exp(

L (HSK'8$P;NB5H'N$&"R7A585%&4"7TTAAPDNA4"AB5"3,X"N$8N5&$S 780"
'HRP7%'8K"AB5"B'KB"YASHR5P$ADP5Z"$4-HRA7SN4"70"AB5™865]:"

L C7H5SH54"AB5"$4-HRA7SN"58AP7R-"N$8"43ADP$A5"AB5"DRR5P T 7L
SNN7D8S8K"O7P"AB5"HINP74N7R'N"S58APTRTZENG®B 7&54:"

L XDADP5"RP7T&5H4U™
L C$66&5"R7'SA"$8$&-4'4"T5-786"AB5"FSP6-"&'H'A:"  [Benini,Milan"18]
L |585P$&'q$S78"A7"7AB5P"6'H584'784: [CaborBizet etal. 1]



