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L MB58"@5"4AD6-"$"N78O7PH$&"Q5&6"AB57P-0"'A"'4"8$ADP$&"A7"N784'65P" 
AB5"R$PSS78"OD8NS78"7O"AB5"N$878'N$&"5845HT&5U"

L V5HR5P$ADP5"7O"AB5"N$878'N$&"5845HT&5"N78AP7&4"AB5"@5'KBA"O$NA7P:"

L W'KB"A5HR5P$ADP5"$4-HRA7SN4"7O"AB5"R$PSS78"OD8NS78"T5N7H54" 
$"K776"54SH$A5"O7P"AB5"8DHT5P"7O"H'NP74A$A54"'8"$"K'%58"FXV:"

! = T ! 1
<latexit sha1_base64="mCzKXlA04/8JR+EqufWJzOQLAjg=">AAAB9XicbVA9SwNBEJ2LXzF+RQUbm8Ug2BjubLRQCNhYRsgXJJe4t9kkS/b2jt05QzjyP2wsFLH1v9j5b9wkFpr4YODx3gwz84JYCoOu++VkVlbX1jeym7mt7Z3dvfz+Qc1EiWa8yiIZ6UZADZdC8SoKlLwRa07DQPJ6MLyd+vVHro2IVAXHMfdD2leiJxhFK7VbAUdKbkilnZ57k06+4BbdGcgy8X5IoXRUGz0AQLmT/2x1I5aEXCGT1Jim58bop1SjYJJPcq3E8JiyIe3zpqWKhtz46ezqCTm1Spf0Im1LIZmpvydSGhozDgPbGVIcmEVvKv7nNRPsXfmpUHGCXLH5ol4iCUZkGgHpCs0ZyrEllGlhbyVsQDVlaIPK2RC8xZeXSe2i6LlF796mcQ1zZOEYTuAMPLiEEtxBGarAQMMTvMCrM3KenTfnfd6acX5mDuEPnI9vBBCS/A==</latexit><latexit sha1_base64="lEZ/+4Bd7kBTqEkpALE33tCLyGo=">AAAB9XicbVDJSgNBEK2JW4xbVPDipTEIXgwzXvSgEPDiMUI2SCahp9NJmvQsdNcYhiH/4UVEEa/+izc/wP+wsxw08UHB470qqup5kRQabfvLyqysrq1vZDdzW9s7u3v5/YOaDmPFeJWFMlQNj2ouRcCrKFDyRqQ49T3J697wduLXH7jSIgwqmETc9Wk/ED3BKBqp3fI4UnJDKu303Bl38gW7aE9BlokzJ4XSUW0UJd/P5U7+s9UNWezzAJmkWjcdO0I3pQoFk3yca8WaR5QNaZ83DQ2oz7WbTq8ek1OjdEkvVKYCJFP190RKfa0T3zOdPsWBXvQm4n9eM8belZuKIIqRB2y2qBdLgiGZREC6QnGGMjGEMiXMrYQNqKIMTVA5E4Kz+PIyqV0UHbvo3Js0rmGGLBzDCZyBA5dQgjsoQxUYKHiEF3i1RtaT9Wa9z1oz1nzmEP7A+vgBwYaVCQ==</latexit><latexit sha1_base64="lEZ/+4Bd7kBTqEkpALE33tCLyGo=">AAAB9XicbVDJSgNBEK2JW4xbVPDipTEIXgwzXvSgEPDiMUI2SCahp9NJmvQsdNcYhiH/4UVEEa/+izc/wP+wsxw08UHB470qqup5kRQabfvLyqysrq1vZDdzW9s7u3v5/YOaDmPFeJWFMlQNj2ouRcCrKFDyRqQ49T3J697wduLXH7jSIgwqmETc9Wk/ED3BKBqp3fI4UnJDKu303Bl38gW7aE9BlokzJ4XSUW0UJd/P5U7+s9UNWezzAJmkWjcdO0I3pQoFk3yca8WaR5QNaZ83DQ2oz7WbTq8ek1OjdEkvVKYCJFP190RKfa0T3zOdPsWBXvQm4n9eM8belZuKIIqRB2y2qBdLgiGZREC6QnGGMjGEMiXMrYQNqKIMTVA5E4Kz+PIyqV0UHbvo3Js0rmGGLBzDCZyBA5dQgjsoQxUYKHiEF3i1RtaT9Wa9z1oz1nzmEP7A+vgBwYaVCQ==</latexit><latexit sha1_base64="bFKgqeeXjYSC4VH40d8nGr4ciHA=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgY7iz0UIhYGMZIV+QXMLeZpMs2ds7dueUcOR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF8RSGHTdbye3tr6xuZXfLuzs7u0fFA+PGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD8d3Mbz5ybUSkajiJuR/SoRIDwShaqdsJOFJyS2rd9MKb9oolt+zOQVaJl5ESZKj2il+dfsSSkCtkkhrT9twY/ZRqFEzyaaGTGB5TNqZD3rZU0ZAbP51fPSVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vHaCg2s/FSpOkCu2WDRIJMGIzCIgfaE5QzmxhDIt7K2EjaimDG1QBRuCt/zyKmlclj237D24pcpNFkceTuAUzsGDK6jAPVShDgw0PMMrvDlPzovz7nwsWnNONnMMf+B8/gD5dpF5</latexit>

Z (! ) ! tr H (e! ! H ) =
!

i " H

e! ! E i

<latexit sha1_base64="hMobOYot9joyClm3mrLOsccEKk4="></latexit><latexit sha1_base64="Hu97eDcDn+7exubuJwyFI+CYSJc="></latexit><latexit sha1_base64="Hu97eDcDn+7exubuJwyFI+CYSJc="></latexit><latexit sha1_base64="6kOS9w35w4hxyejv/jeti3I+9Vc="></latexit>

weighted sum over energy eigenstates

e! ! E ! 1
<latexit sha1_base64="ZfeLwFpAtEC1TeIyBpQVglt3Yzc=">AAACBXicbVDLSgNBEOz1GeMr6lEPg0HwYtj1ogfBgAgeI5goJDHMTjrJkNkHM71KWHIRxF/x4kERr+IvePMb/AkniQeNFjQUVd10d/mxkoZc98OZmJyanpnNzGXnFxaXlnMrqxUTJVpgWUQq0hc+N6hkiGWSpPAi1sgDX+G53z0a+OdXqI2MwjPqxVgPeDuULSk4WamR28DLdIfVfCTOjvuspmW7Q1zr6Joxr5HLuwV3CPaXeN8kf/j2ecsAoNTIvdeakUgCDEkobkzVc2Oqp1yTFAr72VpiMOaiy9tYtTTkAZp6Ovyiz7as0mStSNsKiQ3VnxMpD4zpBb7tDDh1zLg3EP/zqgm19uupDOOEMBSjRa1EMYrYIBLWlBoFqZ4lXGhpb2WiwzUXZIPL2hC88Zf/kspuwXML3qmbLx7ACBlYh03YBg/2oAgnUIIyCLiBe3iEJ+fOeXCenZdR64TzPbMGv+C8fgEXtJnk</latexit><latexit sha1_base64="HzI5aoP6K5BcaXom6fQ1FBs/Yqs=">AAACBXicbVDJSgNBEO1xjXGLelSkMQheDDNe9CAYEMFjAmaBJIaeTiVp0rPQXaOEIRdB/BUvHhQRb+IvePMb9CPsLAdNfFDweK+KqnpuKIVG2/60pqZnZufmEwvJxaXlldXU2npRB5HiUOCBDFTZZRqk8KGAAiWUQwXMcyWU3M5p3y9dgdIi8C+wG0LNYy1fNAVnaKR6agsu431adQEZPevRqhKtNjKlgmtKnXoqbWfsAegkcUYkffL+dbv9mv/O1VMf1UbAIw985JJpXXHsEGsxUyi4hF6yGmkIGe+wFlQM9ZkHuhYPvujRXaM0aDNQpnykA/X3RMw8rbueazo9hm097vXF/7xKhM2jWiz8MELw+XBRM5IUA9qPhDaEAo6yawjjSphbKW8zxTia4JImBGf85UlSPMg4dsbJ2+nsMRkiQTbJDtkjDjkkWXJOcqRAOLkh9+SRPFl31oP1bL0MW6es0cwG+QPr7QeyPJvX</latexit><latexit sha1_base64="HzI5aoP6K5BcaXom6fQ1FBs/Yqs=">AAACBXicbVDJSgNBEO1xjXGLelSkMQheDDNe9CAYEMFjAmaBJIaeTiVp0rPQXaOEIRdB/BUvHhQRb+IvePMb9CPsLAdNfFDweK+KqnpuKIVG2/60pqZnZufmEwvJxaXlldXU2npRB5HiUOCBDFTZZRqk8KGAAiWUQwXMcyWU3M5p3y9dgdIi8C+wG0LNYy1fNAVnaKR6agsu431adQEZPevRqhKtNjKlgmtKnXoqbWfsAegkcUYkffL+dbv9mv/O1VMf1UbAIw985JJpXXHsEGsxUyi4hF6yGmkIGe+wFlQM9ZkHuhYPvujRXaM0aDNQpnykA/X3RMw8rbueazo9hm097vXF/7xKhM2jWiz8MELw+XBRM5IUA9qPhDaEAo6yawjjSphbKW8zxTia4JImBGf85UlSPMg4dsbJ2+nsMRkiQTbJDtkjDjkkWXJOcqRAOLkh9+SRPFl31oP1bL0MW6es0cwG+QPr7QeyPJvX</latexit><latexit sha1_base64="WBryRVtUXoin7BFPQiKyl80vmI0=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSDYGHZttLAIiGAZwTwgu4bZyd1kyOyDmbtKWNLY+Cs2ForY+g92/o2TR6GJBy4czrmXe+8JUik0Os63tbC4tLyyWlgrrm9sbm3bO7t1nWSKQ40nMlHNgGmQIoYaCpTQTBWwKJDQCPqXI79xD0qLJL7FQQp+xLqxCAVnaKS2fQB3+Qn1AkBGr4bUU6LbQ6ZU8kCp27ZLTtkZg84Td0pKZIpq2/7yOgnPIoiRS6Z1y3VS9HOmUHAJw6KXaUgZ77MutAyNWQTaz8dfDOmRUTo0TJSpGOlY/T2Rs0jrQRSYzohhT896I/E/r5VheO7nIk4zhJhPFoWZpJjQUSS0IxRwlANDGFfC3Ep5jynG0QRXNCG4sy/Pk/pp2XXK7o1TqlxM4yiQfXJIjolLzkiFXJMqqRFOHskzeSVv1pP1Yr1bH5PWBWs6s0f+wPr8AaBel1Q=</latexit>

At high temperature,     . 
e��E ⌧ 1

<latexit sha1_base64="u7TSL9wInHsW4ItRrkzQnCL0kEs=">AAAB/HicbVDLSgNBEOyNrxhfqx69DAbBi2HXix4EAyJ4VDAayMYwO+no4OyDmV5hWeKvePGgiFfv/oI3v8MfcPI4aLSgoajqprsrTJU05HmfTmlqemZ2rjxfWVhcWl5xV9cuTJJpgQ2RqEQ3Q25QyRgbJElhM9XIo1DhZXh7NPAv71AbmcTnlKfYjvh1LHtScLJSx13Hq2KHBSESZ8d9FijF/I5b9WreEOwv8cekevj1TnUAOO24H0E3EVmEMQnFjWn5XkrtgmuSQmG/EmQGUy5u+TW2LI15hKZdDI/vsy2rdFkv0bZiYkP150TBI2PyKLSdEacbM+kNxP+8Vka9/XYh4zQjjMVoUS9TjBI2SIJ1pUZBKreECy3trUzccM0F2bwqNgR/8uW/5GK35ns1/8yr1g9ghDJswCZsgw97UIcTOIUGCMjhAZ7g2bl3Hp0X53XUWnLGM+vwC87bNzYVlhA=</latexit><latexit sha1_base64="6cDI4wgyM7GJBcL4XM5lyq7Mv9s=">AAAB/HicbVDJSgNBEO2JW4zbaI5eGoPgxTDjRQ8uARE8RjALJDH0dCpJk56F7hohDPEzvHrxoIhX7x78AW9+hz9gZzlo4oOCx3tVVNXzIik0Os6XlZqbX1hcSi9nVlbX1jfsza2yDmPFocRDGaqqxzRIEUAJBUqoRgqY70moeL3zoV+5BaVFGFxjP4KGzzqBaAvO0EhNOws3yT6te4CMXgxoXUrqNu2ck3dGoLPEnZDc2fc7nt6ffBSb9me9FfLYhwC5ZFrXXCfCRsIUCi5hkKnHGiLGe6wDNUMD5oNuJKPjB3TXKC3aDpWpAOlI/T2RMF/rvu+ZTp9hV097Q/E/rxZj+6iRiCCKEQI+XtSOJcWQDpOgLaGAo+wbwrgS5lbKu0wxjiavjAnBnX55lpQP8q6Td6+cXOGYjJEm22SH7BGXHJICuSRFUiKc9MkDeSLP1p31aL1Yr+PWlDWZyZI/sN5+AFRkl6Y=</latexit><latexit sha1_base64="6cDI4wgyM7GJBcL4XM5lyq7Mv9s=">AAAB/HicbVDJSgNBEO2JW4zbaI5eGoPgxTDjRQ8uARE8RjALJDH0dCpJk56F7hohDPEzvHrxoIhX7x78AW9+hz9gZzlo4oOCx3tVVNXzIik0Os6XlZqbX1hcSi9nVlbX1jfsza2yDmPFocRDGaqqxzRIEUAJBUqoRgqY70moeL3zoV+5BaVFGFxjP4KGzzqBaAvO0EhNOws3yT6te4CMXgxoXUrqNu2ck3dGoLPEnZDc2fc7nt6ffBSb9me9FfLYhwC5ZFrXXCfCRsIUCi5hkKnHGiLGe6wDNUMD5oNuJKPjB3TXKC3aDpWpAOlI/T2RMF/rvu+ZTp9hV097Q/E/rxZj+6iRiCCKEQI+XtSOJcWQDpOgLaGAo+wbwrgS5lbKu0wxjiavjAnBnX55lpQP8q6Td6+cXOGYjJEm22SH7BGXHJICuSRFUiKc9MkDeSLP1p31aL1Yr+PWlDWZyZI/sN5+AFRkl6Y=</latexit><latexit sha1_base64="50mSfJe49vv0rabfUQYgOH3vBGU=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwYtj1ogcPARE8RjAPyK5hdtKbDJl9MNMrhCX+ihcPinj1Q7z5N06SPWhiQUNR1U13V5BKodFxvq2V1bX1jc3SVnl7Z3dv3z44bOkkUxyaPJGJ6gRMgxQxNFGghE6qgEWBhHYwup767UdQWiTxPY5T8CM2iEUoOEMj9ewKPORn1AsAGb2ZUE9K6vbsqlNzZqDLxC1IlRRo9Owvr5/wLIIYuWRad10nRT9nCgWXMCl7mYaU8REbQNfQmEWg/Xx2/ISeGKVPw0SZipHO1N8TOYu0HkeB6YwYDvWiNxX/87oZhpd+LuI0Q4j5fFGYSYoJnSZB+0IBRzk2hHElzK2UD5liHE1eZROCu/jyMmmd11yn5t451fpVEUeJHJFjckpcckHq5JY0SJNwMibP5JW8WU/Wi/VufcxbV6xipkL+wPr8AZ+mk2k=</latexit>

At low temperature,  all high energy states are suppressed by 

Z(�)
�!0���! exp

✓
⇡2c

3�

◆

<latexit sha1_base64="5w8yb1I1HCFYSCdJHnd5w8SIyv0="></latexit><latexit sha1_base64="Cn3JXgE6UYU+vNtoZmjbjQO2S7w="></latexit><latexit sha1_base64="Cn3JXgE6UYU+vNtoZmjbjQO2S7w="></latexit><latexit sha1_base64="JIhrzbNmwE+Gv2frS8GG7ahCO+0="></latexit>

for 2d CFT with central charge c. 
known as Cardy’s formula.  [Cardy ’86]
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L M5"$P5"'8A5P54A56"'8"AB5"4'H'&$P0"B'KB"YA5HR5P$ADP5Z"$4-HRA7SN4"7O" 
AB5"4DR5PN78O7PH$&"'865[0"'8"=6"FXV4"@'AB"J\1"4DR5P4-HH5AP-:"

This observable enumerates all BPS microstates preserving some chosen supercharges. 
It is the Witten index, counting (# of bosonic states) - (# of fermionic states).   

L VB5"N7PP54R786'8K"F$P6-]&'G5"O7PHD&$U"" [Di Pietro, Komargodski ‘14]  

L J7SN5"AB$A"AB5"$4-HRA7SN"OP55"585PK-"N$RADP54"HDNB"4H$&&5P"6:7:O:" 
AB$8"AB5"6:7:O:"N7D8A56"T-"N78O7PH$&"$87H$&'540"$"$86"N:"

For example,  in N=4 SYM theory,    for any choice of gauge group G.

I(!) !!0���! exp

!
16⇡2

3!
(c� a) + · · ·

"

<latexit sha1_base64="3DmiRTBizyrc7IXD6i8FWpo+EPM="></latexit><latexit sha1_base64="yCNNqUPTHe5j/vdeKQVzOGO8eyo="></latexit><latexit sha1_base64="yCNNqUPTHe5j/vdeKQVzOGO8eyo="></latexit><latexit sha1_base64="UMDoRhD66De5yBDG1BAiPhKxyUY="></latexit>

[Ardehali ’15] 
[Di Pietro, Honda ’16]

a = c ⇠ |G|
<latexit sha1_base64="tJ5couVFkR8BjjglaSdVBGNgQSc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrtVUASh4EGPFewHtEvJptk2NMmuSbZQtv0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsK6jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLid+o0hVZpF8tGMYuoL3JMsZAQbK/n4BhHU1kyg8d24Uyi6JXcGtEy8jBQhQ7VT+Gp3I5IIKg3hWOuW58bGT7EyjHA6ybcTTWNMBrhHW5ZKLKj209nRE3RqlS4KI2VLGjRTf0+kWGg9EoHtFNj09aI3Ff/zWokJr/yUyTgxVJL5ojDhyERomgDqMkWJ4SNLMFHM3opIHytMjM0pb0PwFl9eJvVyyTsvlR8uipXrLI4cHMMJnIEHl1CBe6hCDQg8wTO8wpszdF6cd+dj3rriZDNH8AfO5w96+5E9</latexit>
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L VB5"B'KB"YA5HR5P$ADP5Z"$4-HRA7SN4"455H4"T7P'8K0"'8"N78AP$4A"A7" 
AB5"5[R5NA56"AB5PH76-8$H'N"T5B$%'7P"7O"AB5"&$PK5"J"K$DK5"AB57P-:""

Low-temperature phase can be thought as a gas of glueballs and mesons. 
High-temperature phase is a plasma of gluons and quarks. 

L V@7"RB$454"$P5"N7885NA56"T-"AB5"!"#$%&%"'"%("RB$45"AP$84'S780"
6D$&"A7"AB5"W$@G'8K])$K5"AP$84'S78"7O"^6C"T&$NG"B7&54:"
[Witten ’98] [Aharony, Marsano, Minwalla, Papadodimas, Van Raamsdonk] 

F ⇠ O(N0)
<latexit sha1_base64="8uEtSJiDfopv4rpOvgfmMKs2Omw="></latexit>

F ⇠ O(N2)
<latexit sha1_base64="hDzMH5IVmXFgAA/VDkMvWrowVRs="></latexit>

AdS-Schwarzschild BH solution 
[Hawking, Page]

Small BH: thermodynamically unfavored. 
Large BH: thermodynamically preferred for above THP.   

THP
T

Thermal AdS: 
F ⇠ O(N0)

<latexit sha1_base64="8uEtSJiDfopv4rpOvgfmMKs2Omw="></latexit>

F ⇠ O(G�1
N ) ⇠ O(N2)

<latexit sha1_base64="ZriEt6oPk73EeWci50mo+Xb5z9U=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VoF5akCoqrgqCuagX7gCYNk+m0HTp5MDMRSsh3uPFX3LhQxJ248W+ctFlo64ELh3Pu5d573JBRIQ3jW8stLa+sruXXCxubW9s7+u5eSwQRx6SJAxbwjosEYdQnTUklI52QE+S5jLTd8WXqtx8IFzTw7+UkJLaHhj4dUIykkhzdvLIE9aDlITnCiMW3SenaqffiYzMpwwWr3quWHb1oVIwp4CIxM1IEGRqO/mn1Axx5xJeYISG6phFKO0ZcUsxIUrAiQUKEx2hIuor6yCPCjqevJfBIKX04CLgqX8Kp+nsiRp4QE89VnemdYt5Lxf+8biQH53ZM/TCSxMezRYOIQRnANCfYp5xgySaKIMypuhXiEeIIS5VmQYVgzr+8SFrVinlSqd6dFmsXWRx5cAAOQQmY4AzUwA1ogCbA4BE8g1fwpj1pL9q79jFrzWnZzD74A+3rByNsn6M=</latexit>
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L ^RR$P58A&-0"AB5"65N78Q8'8K"_7P"T&$NG"B7&5`"RB$45"455H4"'8%'4'T&5"A7"
AB5"4DR5PN78O7PH$&"'865[0"6D5"A7"AB5"T7478,O5PH'78"N$8N5&$S78:"

Witten index = (# of bosonic states) - (# of fermionic states).   

L 3DA"AB5"'865["4S&&"N7D8A4")*+,"%$-+.,65K585P$N-"7O"H'NP74A$A54a"

L MB58"@5"8$'%5&-"4AD6-"AB5"$4-HRA7SN"T5B$%'7P"7O"AB5"'865[0 
AB745"65K585P$N'54"$66"DR"@'AB"P$R'6&-"$&A5P8$S8K"4'K84:"

L CDNB"3,X"N$8N5&$S78"H'KBA"T5"$%7'656 
T-"'8AP76DN'8K"AB5"P5&$S%5"RB$45"O$NA7P4:

1 + 3x2 ! 2x3 + 9x4 ! 6x5 + 11x6 ! 6x7 + 9x8 + 14x9 ! 21x10 + 36x11 ! 17x12 ! 18x13 + 114x14 ! 194x15

+ 258x16 ! 168x17 ! 112x18 + 630x19 ! 1089x20 + 1130x21 ! 273x22 ! 1632x23 + 4104x24 ! 5364x25 + 3426x26+

+ 3152x27 ! 13233x28 + 21336x29 ! 18319x30 ! 2994x31 + 40752x32 ! 76884x33 + 78012x34 ! 11808x35 + · · ·
<latexit sha1_base64="VnVq9TlrsylqWVoiLAut9cnxKdc="></latexit><latexit sha1_base64="VnVq9TlrsylqWVoiLAut9cnxKdc="></latexit><latexit sha1_base64="VnVq9TlrsylqWVoiLAut9cnxKdc="></latexit><latexit sha1_base64="VnVq9TlrsylqWVoiLAut9cnxKdc="></latexit>

for N=4 U(2) SYM



9+"6

L (8AP76DNS78"

L J\="CDR5PN78O7PH$&"(865["b5%'4'A56"

L F$P6-"X7PHD&$"7O"=6"J\1"CDR5PN78O7PH$&"(865["

L ^4-HRA7SN"c8AP7R-"$86"^6C?"3&$NG"W7&5



0*>4#5(6'(#)"+&A6$4?

L c8DH5P$A54"$&&"3)C"4A$A54"RP545P%'8K"4DR5PNB$PK54U"
L FB5H'N$&"R7A58S$&4"O7P"Cd_=`"'47H5AP-"$86"Cd_;`"b]4-HH5AP-:"

L 35N7H5"$"M'e58"'865["$f5P"'HR74'8K" :"

L (865R58658A"7O"AB5"P5KD&$A7P"g0"47"@5"O7PH$&&-"A$G5"AB5"&'H'A""g"h"/:"
L F$8"T5"5%$&D$A56"OP7H"AB5"OP55"iXV"N$&ND&D4:

[Romelsberger] [Kinney, Maldacena, Minwalla, Raju]
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<latexit sha1_base64="U2CweBxKCUWhTPz+ZBRtpvVrkpc="></latexit><latexit sha1_base64="W+3at/fKlmuP4HPL1B7SPHctBhM="></latexit><latexit sha1_base64="W+3at/fKlmuP4HPL1B7SPHctBhM="></latexit><latexit sha1_base64="PUN40L+WjC2DcS7HBDx+w15NYBI="></latexit>
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<latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit><latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit><latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit><latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit>
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<latexit sha1_base64="BcLi/1d75bT8DJf19/zW0dO+0GU="></latexit><latexit sha1_base64="BcLi/1d75bT8DJf19/zW0dO+0GU="></latexit><latexit sha1_base64="BcLi/1d75bT8DJf19/zW0dO+0GU="></latexit><latexit sha1_base64="BcLi/1d75bT8DJf19/zW0dO+0GU="></latexit>
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<latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit><latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit><latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit><latexit sha1_base64="GjWe2HmqUXtk2Owt/n+/xWuFhV8="></latexit> !
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<latexit sha1_base64="naeUihTttZWFMJcuIYTHCkTGG1M="></latexit><latexit sha1_base64="naeUihTttZWFMJcuIYTHCkTGG1M="></latexit><latexit sha1_base64="naeUihTttZWFMJcuIYTHCkTGG1M="></latexit><latexit sha1_base64="naeUihTttZWFMJcuIYTHCkTGG1M="></latexit>
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<latexit sha1_base64="T39QQ85Dp8PUX2fejReBdsnpEtQ="></latexit><latexit sha1_base64="T39QQ85Dp8PUX2fejReBdsnpEtQ="></latexit><latexit sha1_base64="T39QQ85Dp8PUX2fejReBdsnpEtQ="></latexit><latexit sha1_base64="T39QQ85Dp8PUX2fejReBdsnpEtQ="></latexit>



0"$$+4&9(<68&B6"+%;<;

L (8AP76DN5"AB5"&$PK5"J"5'K58%$&D5"6'4AP'TDS78:""
L VB5"'865["N$8"T5"5[RP54456"$4U"

L )7&-$G7%"&77RU"$8"7P65P"R$P$H5A5P"O7P"_65`N78Q85H58A:"

L Apply the saddle point approxima2on.  [Kinney, Maldacena, Minwalla, Raju] 
L At real-valued chemical poten2als,   is most dominant. 
L j$D44'$8"'8A5KP$&"h"AB5"4DR5P]KP$%'A78"4R5NAPDH"78"^6C?"k"C?:
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<latexit sha1_base64="Z073ao1N6eKJY6VfAgSF7g/ku/8="></latexit><latexit sha1_base64="f12vQdcN20WkxVsekf6sR29xxj0="></latexit><latexit sha1_base64="f12vQdcN20WkxVsekf6sR29xxj0="></latexit><latexit sha1_base64="0hFYNgzG41SxUCIe2lt+WaWoXl8="></latexit>

! n = 0
<latexit sha1_base64="uXNzBvjM8K10KF0+NjkO5VMCYok=">AAAB8nicbZDLSgMxFIbPWC+13upl5yZYBFdlxo0iCAU3LivYC7RDyaSZNjSTDMkZoZSCL+HGhSJufQYfwp1vY3pZaOsPgY//nEPO+aNUCou+/+2t5FbX1jfym4Wt7Z3dveL+Qd3qzDBeY1pq04yo5VIoXkOBkjdTw2kSSd6IBjeTeuOBGyu0usdhysOE9pSIBaPorFbb9HVHkWvik06x5Jf9qcgyBHMoVY4+c48AUO0Uv9pdzbKEK2SSWtsK/BTDETUomOTjQjuzPKVsQHu85VDRhNtwNF15TE6d0yWxNu4pJFP398SIJtYOk8h1JhT7drE2Mf+rtTKML8ORUGmGXLHZR3EmCWoyuZ90heEM5dABZUa4XQnrU0MZupQKLoRg8eRlqJ+XA8d3Lo0rmCkPx3ACZxDABVTgFqpQAwYanuAFXj30nr03733WuuLNZw7hj7yPH8DGkbA=</latexit><latexit sha1_base64="vARv1LjSUKGcIV973fz7M3TZlf0=">AAAB8nicbZC7SgNBFIbPJl5ivMVLZzMYBKuwa6MIQsDGMoK5QLKE2ckkGTI7s8ycFULIY9hYKGLrM1jb2Nj5Nk4uhSb+MPDxn3OYc/4okcKi7397mezK6tp6biO/ubW9s1vY269ZnRrGq0xLbRoRtVwKxasoUPJGYjiNI8nr0eB6Uq/fc2OFVnc4THgY054SXcEoOqvZMn3dVuSK+KRdKPolfyqyDMEciuXD92zy+ZFW2oWvVkezNOYKmaTWNgM/wXBEDQom+TjfSi1PKBvQHm86VDTmNhxNVx6TE+d0SFcb9xSSqft7YkRja4dx5Dpjin27WJuY/9WaKXYvwpFQSYpcsdlH3VQS1GRyP+kIwxnKoQPKjHC7EtanhjJ0KeVdCMHiyctQOysFjm9dGpcwUw6O4BhOIYBzKMMNVKAKDDQ8wBM8e+g9ei/e66w1481nDuCPvLcfZSeTqg==</latexit><latexit sha1_base64="vARv1LjSUKGcIV973fz7M3TZlf0=">AAAB8nicbZC7SgNBFIbPJl5ivMVLZzMYBKuwa6MIQsDGMoK5QLKE2ckkGTI7s8ycFULIY9hYKGLrM1jb2Nj5Nk4uhSb+MPDxn3OYc/4okcKi7397mezK6tp6biO/ubW9s1vY269ZnRrGq0xLbRoRtVwKxasoUPJGYjiNI8nr0eB6Uq/fc2OFVnc4THgY054SXcEoOqvZMn3dVuSK+KRdKPolfyqyDMEciuXD92zy+ZFW2oWvVkezNOYKmaTWNgM/wXBEDQom+TjfSi1PKBvQHm86VDTmNhxNVx6TE+d0SFcb9xSSqft7YkRja4dx5Dpjin27WJuY/9WaKXYvwpFQSYpcsdlH3VQS1GRyP+kIwxnKoQPKjHC7EtanhjJ0KeVdCMHiyctQOysFjm9dGpcwUw6O4BhOIYBzKMMNVKAKDDQ8wBM8e+g9ei/e66w1481nDuCPvLcfZSeTqg==</latexit><latexit sha1_base64="Gs9j93/21VEKalKc70rchmxy9AE=">AAAB8nicbZBNSwMxEIZn61etX1WPXoJF8FR2vSiCUPDisYKthXYp2TTbhmaTJZkVytKf4cWDIl79Nd78N6btHrT1hcDDOzNk5o1SKSz6/rdXWlvf2Nwqb1d2dvf2D6qHR22rM8N4i2mpTSeilkuheAsFSt5JDadJJPljNL6d1R+fuLFCqwecpDxM6FCJWDCKzur2zEj3FbkhPulXa37dn4usQlBADQo1+9Wv3kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdKppwG+bzlafkzDkDEmvjnkIyd39P5DSxdpJErjOhOLLLtZn5X62bYXwV5kKlGXLFFh/FmSSoyex+MhCGM5QTB5QZ4XYlbEQNZehSqrgQguWTV6F9UQ8c3/u1xnURRxlO4BTOIYBLaMAdNKEFDDQ8wyu8eei9eO/ex6K15BUzx/BH3ucPnbWQGw==</latexit>
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<latexit sha1_base64="34ls0nt6KFlu1SM4KTAuWYK5vdY="></latexit>
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<latexit sha1_base64="f2Px968BEy1t4bRJb8Wve1+qgGQ="></latexit>
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L VB$A"4$66&5"R7'8A"N$8"T5"D84A$T&5"@'AB"N7HR&5["NB5H'N$&"R7A58S$&4:"

L l5AZ4"'84R5NA"AB5"$T7%5"OD8NS78"$A"

Red line: where the function value becomes negative. 
 
The instability arises only when imaginary value of  
chemical potentials is non-zero, within a certain range. 

L l54478"&5$P856U"

VB5"F$P6-"O7PHD&$"N$8"T5"'HRP7%56"T- 
#$'/0"1*23*%+"AB5"NB5H'N$&"R7A58S$&4:
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<latexit sha1_base64="ec8ZpCTRfX2aQhYkXzvivcH7aKo="></latexit><latexit sha1_base64="OPsEnHY/zN/Jr/WKpOG/wkl3HlE="></latexit><latexit sha1_base64="OPsEnHY/zN/Jr/WKpOG/wkl3HlE="></latexit><latexit sha1_base64="27l4OplZEN1GUBwAuzkxm17/SZU="></latexit>

�1 = �2 = �3 and !1 = !2 ⌧ 1
<latexit sha1_base64="6VPrp7wr/zTnYo7YaNQDGtX4ZDw=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZKiiCUNCFSwVrC52hZNLTGsxkhuSMWIa+khvfRNy4UMStL2HaDnj9IfDlP+eQnD9KpTDoec9OaWZ2bn6hvFhZWl5ZXXPXN65MkmkOTZ7IRLcjZkAKBU0UKKGdamBxJKEV3ZyM661b0EYk6hKHKYQxGyjRF5yhtbruWXAKElnXp8e0wPoX7tGABgh3mFOmenRkb0kMg6J9inUaSEn9rlv1at5E9C/4BVRJofOu+xj0Ep7FoJBLZkzH91IMc6ZRcAmjSpAZSBm/YQPoWFQsBhPmk41HdMc6PdpPtD0K6cT9PpGz2JhhHNnOmOG1+V0bm//VOhn2D8NcqDRDUHz6UD+TFBM6jo/2hAaOcmiBcS3sXym/ZppxtCFXbAj+75X/wlW95lu+2K82joo4ymSLbJNd4pMD0iBn5Jw0CSf35Im8kFfnwXl23pz3aWvJKWY2yQ85H59b/aaj</latexit><latexit sha1_base64="6VPrp7wr/zTnYo7YaNQDGtX4ZDw=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZKiiCUNCFSwVrC52hZNLTGsxkhuSMWIa+khvfRNy4UMStL2HaDnj9IfDlP+eQnD9KpTDoec9OaWZ2bn6hvFhZWl5ZXXPXN65MkmkOTZ7IRLcjZkAKBU0UKKGdamBxJKEV3ZyM661b0EYk6hKHKYQxGyjRF5yhtbruWXAKElnXp8e0wPoX7tGABgh3mFOmenRkb0kMg6J9inUaSEn9rlv1at5E9C/4BVRJofOu+xj0Ep7FoJBLZkzH91IMc6ZRcAmjSpAZSBm/YQPoWFQsBhPmk41HdMc6PdpPtD0K6cT9PpGz2JhhHNnOmOG1+V0bm//VOhn2D8NcqDRDUHz6UD+TFBM6jo/2hAaOcmiBcS3sXym/ZppxtCFXbAj+75X/wlW95lu+2K82joo4ymSLbJNd4pMD0iBn5Jw0CSf35Im8kFfnwXl23pz3aWvJKWY2yQ85H59b/aaj</latexit><latexit sha1_base64="6VPrp7wr/zTnYo7YaNQDGtX4ZDw=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZKiiCUNCFSwVrC52hZNLTGsxkhuSMWIa+khvfRNy4UMStL2HaDnj9IfDlP+eQnD9KpTDoec9OaWZ2bn6hvFhZWl5ZXXPXN65MkmkOTZ7IRLcjZkAKBU0UKKGdamBxJKEV3ZyM661b0EYk6hKHKYQxGyjRF5yhtbruWXAKElnXp8e0wPoX7tGABgh3mFOmenRkb0kMg6J9inUaSEn9rlv1at5E9C/4BVRJofOu+xj0Ep7FoJBLZkzH91IMc6ZRcAmjSpAZSBm/YQPoWFQsBhPmk41HdMc6PdpPtD0K6cT9PpGz2JhhHNnOmOG1+V0bm//VOhn2D8NcqDRDUHz6UD+TFBM6jo/2hAaOcmiBcS3sXym/ZppxtCFXbAj+75X/wlW95lu+2K82joo4ymSLbJNd4pMD0iBn5Jw0CSf35Im8kFfnwXl23pz3aWvJKWY2yQ85H59b/aaj</latexit><latexit sha1_base64="6VPrp7wr/zTnYo7YaNQDGtX4ZDw=">AAACMXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZKiiCUNCFSwVrC52hZNLTGsxkhuSMWIa+khvfRNy4UMStL2HaDnj9IfDlP+eQnD9KpTDoec9OaWZ2bn6hvFhZWl5ZXXPXN65MkmkOTZ7IRLcjZkAKBU0UKKGdamBxJKEV3ZyM661b0EYk6hKHKYQxGyjRF5yhtbruWXAKElnXp8e0wPoX7tGABgh3mFOmenRkb0kMg6J9inUaSEn9rlv1at5E9C/4BVRJofOu+xj0Ep7FoJBLZkzH91IMc6ZRcAmjSpAZSBm/YQPoWFQsBhPmk41HdMc6PdpPtD0K6cT9PpGz2JhhHNnOmOG1+V0bm//VOhn2D8NcqDRDUHz6UD+TFBM6jo/2hAaOcmiBcS3sXym/ZppxtCFXbAj+75X/wlW95lu+2K82joo4ymSLbJNd4pMD0iBn5Jw0CSf35Im8kFfnwXl23pz3aWvJKWY2yQ85H59b/aaj</latexit>
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<latexit sha1_base64="h2Hf+sd0E8VoSIe1yYmnd1zBjWc=">AAACD3icbZDLSgNBEEVrfMb4irp0MyhKBJUZXegy4MZlIsYEMiH0dGpiY8+D7hpJGOYPBPEP/AY3LhRx69adf2MnceHrQsPhVhXVdf1ECk2O82FNTE5Nz8wW5orzC4tLy6WV1Qsdp4pjnccyVk2faZQiwjoJkthMFLLQl9jwr06G9cY1Ki3i6JwGCbZD1otEIDgjY3VK2x72k/KeR4FiPHPz7DD3CPuUnWFe9uIQe6wjdnY6pU1n3xnJ/gvuF2xWFm5r9wBQ7ZTevW7M0xAj4pJp3XKdhNoZUyS4xLzopRoTxq9YD1sGIxaibmeje3J7yzhdO4iVeRHZI/f7RMZCrQehbzpDRpf6d21o/ldrpRQctzMRJSlhxMeLglTaFNvDcOyuUMhJDgwwroT5q80vmUmGTIRFE4L7++S/cHGw7xqumTR2YawCrMMGlMGFI6jAKVShDhxu4AGe4Nm6sx6tF+t13Dphfc2swQ9Zb5//Gp4O</latexit><latexit sha1_base64="3CqCjodhG5sV+8Z8r18efY4G/fk=">AAACD3icbZC7SgNBFIZnvRujrloKshiUBFR2tdBSsLFUMRfIhjA7OZsMmb0wc1YMy76BILY+g5WNhSK2tna+jDi5FBr9YeDjP+dw5vxeLLhC2/40Jianpmdm5+ZzC/nFpWVzZbWiokQyKLNIRLLmUQWCh1BGjgJqsQQaeAKqXvekX69egVQ8Ci+xF0MjoO2Q+5xR1FbT3HbhOi7uuuhLylInSw8yF+Ea0wvIim4UQJs2eanUNAv2nj2Q9RecERSO87fnD/dfG2dN88NtRSwJIEQmqFJ1x46xkVKJnAnIcm6iIKasS9tQ1xjSAFQjHdyTWVvaaVl+JPUL0Rq4PydSGijVCzzdGVDsqPFa3/yvVk/QP2qkPIwThJANF/mJsDCy+uFYLS6BoehpoExy/VeLdahOBnWEOR2CM37yX6js7zmaz3UaO2SoObJONkmROOSQHJNTckbKhJEb8kieyYtxZzwZr8bbsHXCGM2skV8y3r8BWQef0A==</latexit><latexit sha1_base64="3CqCjodhG5sV+8Z8r18efY4G/fk=">AAACD3icbZC7SgNBFIZnvRujrloKshiUBFR2tdBSsLFUMRfIhjA7OZsMmb0wc1YMy76BILY+g5WNhSK2tna+jDi5FBr9YeDjP+dw5vxeLLhC2/40Jianpmdm5+ZzC/nFpWVzZbWiokQyKLNIRLLmUQWCh1BGjgJqsQQaeAKqXvekX69egVQ8Ci+xF0MjoO2Q+5xR1FbT3HbhOi7uuuhLylInSw8yF+Ea0wvIim4UQJs2eanUNAv2nj2Q9RecERSO87fnD/dfG2dN88NtRSwJIEQmqFJ1x46xkVKJnAnIcm6iIKasS9tQ1xjSAFQjHdyTWVvaaVl+JPUL0Rq4PydSGijVCzzdGVDsqPFa3/yvVk/QP2qkPIwThJANF/mJsDCy+uFYLS6BoehpoExy/VeLdahOBnWEOR2CM37yX6js7zmaz3UaO2SoObJONkmROOSQHJNTckbKhJEb8kieyYtxZzwZr8bbsHXCGM2skV8y3r8BWQef0A==</latexit><latexit sha1_base64="iGngIHbsNFOiNFrIGeFNCnlDWnQ=">AAACD3icbZC7SgNBFIZn4y3G26qlzWJQEtCwq4WWARvLKOYC2RBmJ2eTIbMXZs5KwrJvYOOr2FgoYmtr59s4uRQa/WHg4z/ncOb8Xiy4Qtv+MnJLyyura/n1wsbm1vaOubvXUFEiGdRZJCLZ8qgCwUOoI0cBrVgCDTwBTW94Nak370EqHoV3OI6hE9B+yH3OKGqrax67MIpLpy76krLUydLzzEUYYXoLWcmNAujTLi+Xu2bRrthTWX/BmUORzFXrmp9uL2JJACEyQZVqO3aMnZRK5ExAVnATBTFlQ9qHtsaQBqA66fSezDrSTs/yI6lfiNbU/TmR0kCpceDpzoDiQC3WJuZ/tXaC/mUn5WGcIIRstshPhIWRNQnH6nEJDMVYA2WS679abEB1MqgjLOgQnMWT/0LjrOJovrGL1ZN5HHlyQA5JiTjkglTJNamROmHkgTyRF/JqPBrPxpvxPmvNGfOZffJLxsc3kkmcQg==</latexit>

� 1
3 Im(!i)

<latexit sha1_base64="p8+etBNhXQS193hm7TYTXaP4NlY=">AAACCXicbZA9SwNBEIbn/DZ+RS1tFkVQULnTQsuAjXYKRoVcCHububi4e3fszonhuNbGwr/gD7CxUMTWf2Dnv3GTWPj1wsLDOzPMzhtlSlry/Q9vaHhkdGx8YrIyNT0zO1edXzi1aW4E1kWqUnMecYtKJlgnSQrPM4NcRwrPosv9Xv3sCo2VaXJC3QybmncSGUvByVmtKtsMKTZcFEFZ7JQh4TUVh7pcC1ONHd6S663qir/l98X+QvAFK7Xpu+N7ADhqVd/DdipyjQkJxa1tBH5GzYIbkkJhWQlzixkXl7yDDYcJ12ibRf+Skq06p83i1LiXEOu73ycKrq3t6sh1ak4X9netZ/5Xa+QU7zULmWQ5YSIGi+JcMUpZLxbWlgYFqa4DLox0f2XigrtgyIVXcSEEv0/+C6fbW4HjY5fGBgw0AUuwDGsQwC7U4ACOoA4CbuABnuDZu/UevRfvddA65H3NLMIPeW+f0o+b1w==</latexit><latexit sha1_base64="3Le1CL5HNb3hqs9iWQTcCYMDA4A=">AAACCXicbZC7SgNBFIZnvRtvUUtBBkVQUNnVQsuAjXYJmAtkQ5idnI2DM7vLzFkxLNvaWNj7DDYWitj6Bna+jDi5FN5+GPj4zzmcOX+QSGHQdT+csfGJyanpmdnC3PzC4lJxeaVm4lRzqPJYxroRMANSRFBFgRIaiQamAgn14PKkX69fgTYijs6xl0BLsW4kQsEZWqtdpHs+hprxzMuzw9xHuMbsTOXbfqygy9pip13cdPfdgehf8EawWZq/qzzcf66X28V3vxPzVEGEXDJjmp6bYCtjGgWXkBf81EDC+CXrQtNixBSYVja4JKdb1unQMNb2RUgH7veJjCljeiqwnYrhhfld65v/1ZophsetTERJihDx4aIwlRRj2o+FdoQGjrJngXEt7F8pv2A2GLThFWwI3u+T/0LtYN+zXLFp7JKhZsga2SDbxCNHpEROSZlUCSc35IE8kWfn1nl0XpzXYeuYM5pZJT/kvH0BLHydmQ==</latexit><latexit sha1_base64="3Le1CL5HNb3hqs9iWQTcCYMDA4A=">AAACCXicbZC7SgNBFIZnvRtvUUtBBkVQUNnVQsuAjXYJmAtkQ5idnI2DM7vLzFkxLNvaWNj7DDYWitj6Bna+jDi5FN5+GPj4zzmcOX+QSGHQdT+csfGJyanpmdnC3PzC4lJxeaVm4lRzqPJYxroRMANSRFBFgRIaiQamAgn14PKkX69fgTYijs6xl0BLsW4kQsEZWqtdpHs+hprxzMuzw9xHuMbsTOXbfqygy9pip13cdPfdgehf8EawWZq/qzzcf66X28V3vxPzVEGEXDJjmp6bYCtjGgWXkBf81EDC+CXrQtNixBSYVja4JKdb1unQMNb2RUgH7veJjCljeiqwnYrhhfld65v/1ZophsetTERJihDx4aIwlRRj2o+FdoQGjrJngXEt7F8pv2A2GLThFWwI3u+T/0LtYN+zXLFp7JKhZsga2SDbxCNHpEROSZlUCSc35IE8kWfn1nl0XpzXYeuYM5pZJT/kvH0BLHydmQ==</latexit><latexit sha1_base64="jslGk3M4VWS6MFPkaseE9rcNylw=">AAACCXicbZA9SwNBEIb3/IzxK2ppsxgEBZU7LbQM2GgXwSRCLoS9zVyyZPfu2J0Tw3GtjX/FxkIRW/+Bnf/GzUehiS8sPLwzw+y8QSKFQdf9dubmFxaXlgsrxdW19Y3N0tZ23cSp5lDjsYz1XcAMSBFBDQVKuEs0MBVIaAT9y2G9cQ/aiDi6xUECLcW6kQgFZ2itdoke+xhqxjMvz85yH+EBs2uVH/ixgi5ri8N2qeyeuCPRWfAmUCYTVdulL78T81RBhFwyY5qem2ArYxoFl5AX/dRAwnifdaFpMWIKTCsbXZLTfet0aBhr+yKkI/f3RMaUMQMV2E7FsGema0Pzv1ozxfCilYkoSREiPl4UppJiTIex0I7QwFEOLDCuhf0r5T1mg0EbXtGG4E2fPAv10xPP8o1brhxN4iiQXbJHDohHzkmFXJEqqRFOHskzeSVvzpPz4rw7H+PWOWcys0P+yPn8AWW+mgs=</latexit>

F ⇠ O(N0)
<latexit sha1_base64="waWhBVK7P6n8q9BhmIXWgYEkECY="></latexit>

F ⇠ O(N2)
<latexit sha1_base64="QFOca/wSO3KPlPHi1iygLoICvTE="></latexit>

[Choi, JK, Seok Kim, Nahmgoong '18]
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0*>4#5(6'(#)"+&A6$4?

L F784'65P"AB5"4DR5PN78O7PH$&"'865["O7P"$8"$PT'AP$P-"=6"J\1"CFXV: 

The relevant R-symmetry group is now only U(1). 
There can be an extra flavor symmetry, for which we may introduce the chemical potentials. 

L 35N7H5"$"M'e58"'865["78&-"$f5P"'HR74'8K" :"""
L (865R58658A"7O"AB5"P5KD&$A7P"g0"47"@5"O7PH$&&-"A$G5"AB5"&'H'A""g"h"/:"

L ^f5P"$&&0"AB5"'865["N$8"T5"@P'e58"'8"$"4&'KBA&-"H76'Q56"O7PHU"

The usual (-1)F is replaced with (-1)R.  Still qualifies as a Witten index since

!1 + !2 � 2� = 2⇡i
<latexit sha1_base64="T0tYmraOnAqjKZma+WPNsiyKQJU="></latexit>

with E = {Q�,Q†�}
<latexit sha1_base64="jgInv0NfIHU8oyIo+WsTeyXkzE0="></latexit>

TrH
h
e��Ee�!1J1e�!2J2e��R

i

<latexit sha1_base64="gB9u1l5CrRmnG3ZNzJVSAvxREgw="></latexit>

[Romelsberger] [Kinney, Maldacena, Minwalla, Raju]

I = Tr H

!
e! iR e! " 1 (J 1 + R/ 2) e! " 2 (J 2 + R/ 2)

"

<latexit sha1_base64="IdFxli50jx/vH203DSCuxgyqGlc="></latexit>

[R, Q! ] = Q!
<latexit sha1_base64="ttqmXy7CNJaXCyhVZqMIA/CO/RA="></latexit>
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ei⇡rX
<latexit sha1_base64="YnXsAcQH4mWqunPW8ydy+nx9Pj4="></latexit>

rX
<latexit sha1_base64="8DXjjvUJTGlYj4Gxw4hav0c8Kd8="></latexit>

L c$NB"HD&SR&5AZ4"N78AP'TDS78"'4"6P54456"T-"AB5"RB$45"O$NA7P" :"

 :  R-charge of the top component in a given SUSY multiplet. 
This improves the high ‘temperature’ asymptotics of the superconformal index. 

L X7P"H765&4"@'AB"$"m$%7P"4-HH5AP-0"_]1`R"$H7D8A4"A7"D4'8K"_]1`F"$86"
4B'f'8K"$"m$%7P"NB5H'N$&"R7A58S$&"T-"$"4D'A$T&5"'H$K'8$P-"%$&D5:"

L VB5"'865["N$8"T5"5%$&D$A56"OP7H"AB5"OP55"iXV"N$&ND&D4:

ZV = exp
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✓
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◆
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5

ZX = exp
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X
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X
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✓
tn(rX�1)einw(↵) � tn(�rX+1)e�inw(↵)

2 sinh(n!1/2) 2 sinh(n!2/2)

◆#

<latexit sha1_base64="qQ3tEsPmNEW16piLUFOaIJFP9rs="></latexit>

I =
!

[d!" ] á ZV

"

X

ZX

<latexit sha1_base64="r22ayLa9isGEfrzQV+dHXsgUtx0="></latexit>



L M5"4AD6-"AB5"$4-HRA7SN4"7O"AB5"4DR5PN78O7PH$&"'865["'8 
'8"@B'NB"H'NP74A$A54"@'AB"045+",4%+-045,'$'"%(-' "$P5"67H'8$8A:"

Abuse of terminology: I will loosely call it the high ‘temperature’ limit, or the Cardy limit. 
Here the ‘temperature’ means the inverse of the chemical potential  

L (8"AB5"F$P6-"&'H'A0"AB5"N78AP'TDS78"OP7H"4B7PA"HD&SR&5A4"T5N7H54"

L Quite different from the asympto2cs without the phase factor !

B;%)>8(=5&1#44&C64#@%

|!1,2| ⌧ 1
<latexit sha1_base64="DMQOU7B5upUzPcsoelWGkk0pHiA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKTBEUVwU3LivYC7TDkEkzbWguQ5IR6rT4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/JHCaPaeN63U1hZXVvfKG6WtrZ3dvfc/YOmlqnCpIElk6odIU0YFaRhqGGknSiCeMRIKxreTOutB6I0leLejBIScNQXNKYYGWuF7tG4KznpozDzz6uTMewyBv3QLXsVbya4DH4OZZCrHrpf3Z7EKSfCYIa07vheYoIMKUMxI5NSN9UkQXiI+qRjUSBOdJDNrp/AU+v0YCyVfcLAmft7IkNc6xGPbCdHZqAXa1Pzv1onNfFVkFGRpIYIPF8UpwwaCadRwB5VBBs2soCwovZWiAdIIWxsYCUbgr/45WVoViu+5buLcu06j6MIjsEJOAM+uAQ1cAvqoAEweATP4BW8OU/Oi/PufMxbC04+cwj+yPn8ASSulFM=</latexit><latexit sha1_base64="DMQOU7B5upUzPcsoelWGkk0pHiA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKTBEUVwU3LivYC7TDkEkzbWguQ5IR6rT4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/JHCaPaeN63U1hZXVvfKG6WtrZ3dvfc/YOmlqnCpIElk6odIU0YFaRhqGGknSiCeMRIKxreTOutB6I0leLejBIScNQXNKYYGWuF7tG4KznpozDzz6uTMewyBv3QLXsVbya4DH4OZZCrHrpf3Z7EKSfCYIa07vheYoIMKUMxI5NSN9UkQXiI+qRjUSBOdJDNrp/AU+v0YCyVfcLAmft7IkNc6xGPbCdHZqAXa1Pzv1onNfFVkFGRpIYIPF8UpwwaCadRwB5VBBs2soCwovZWiAdIIWxsYCUbgr/45WVoViu+5buLcu06j6MIjsEJOAM+uAQ1cAvqoAEweATP4BW8OU/Oi/PufMxbC04+cwj+yPn8ASSulFM=</latexit><latexit sha1_base64="DMQOU7B5upUzPcsoelWGkk0pHiA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKTBEUVwU3LivYC7TDkEkzbWguQ5IR6rT4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/JHCaPaeN63U1hZXVvfKG6WtrZ3dvfc/YOmlqnCpIElk6odIU0YFaRhqGGknSiCeMRIKxreTOutB6I0leLejBIScNQXNKYYGWuF7tG4KznpozDzz6uTMewyBv3QLXsVbya4DH4OZZCrHrpf3Z7EKSfCYIa07vheYoIMKUMxI5NSN9UkQXiI+qRjUSBOdJDNrp/AU+v0YCyVfcLAmft7IkNc6xGPbCdHZqAXa1Pzv1onNfFVkFGRpIYIPF8UpwwaCadRwB5VBBs2soCwovZWiAdIIWxsYCUbgr/45WVoViu+5buLcu06j6MIjsEJOAM+uAQ1cAvqoAEweATP4BW8OU/Oi/PufMxbC04+cwj+yPn8ASSulFM=</latexit><latexit sha1_base64="DMQOU7B5upUzPcsoelWGkk0pHiA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKTBEUVwU3LivYC7TDkEkzbWguQ5IR6rT4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/JHCaPaeN63U1hZXVvfKG6WtrZ3dvfc/YOmlqnCpIElk6odIU0YFaRhqGGknSiCeMRIKxreTOutB6I0leLejBIScNQXNKYYGWuF7tG4KznpozDzz6uTMewyBv3QLXsVbya4DH4OZZCrHrpf3Z7EKSfCYIa07vheYoIMKUMxI5NSN9UkQXiI+qRjUSBOdJDNrp/AU+v0YCyVfcLAmft7IkNc6xGPbCdHZqAXa1Pzv1onNfFVkFGRpIYIPF8UpwwaCadRwB5VBBs2soCwovZWiAdIIWxsYCUbgr/45WVoViu+5buLcu06j6MIjsEJOAM+uAQ1cAvqoAEweATP4BW8OU/Oi/PufMxbC04+cwj+yPn8ASSulFM=</latexit>

⇠ |!�1|
<latexit sha1_base64="V2VLtNll0cAURaKnU8TiFwtNiUo="></latexit>
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<latexit sha1_base64="y4FK3XhMz7WPBKzIvY5Iwx+9jx0="></latexit>
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✓
⇡2

6

!1 + !2

!1!2
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◆

<latexit sha1_base64="IQGoaX6FqsdHXKZAqVplPHkv3rg="></latexit>

ei⇡rX
<latexit sha1_base64="YnXsAcQH4mWqunPW8ydy+nx9Pj4="></latexit>
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↵1 = ↵2 = · · · = ↵|G| = 0
<latexit sha1_base64="p184qMvXdvnqbp8NDEG5deXB+m0="></latexit>

L M5"$RR&-"AB5"4$66&5"R7'8A"$RRP7['H$S78"A7"AB5"B7&787H-"'8A5KP$&:"

Looking for the most dominant saddle points, especially for the high temperature regime! 
See also [Benini, Milan ’18] [Cabo-Bizet, Cassani, Martelli, Murthy ’19] 

L (8AD'S%5&-0"AB5"H74A"67H'8$8A"4$66&5"R7'8A"4B7D&6"T5"$A"AB5"7P'K'8:"

When the holonomy variable gets a non-zero value,  gauge symmetry is partially broken. 

L W'KB"A5HR5P$ADP5"T5B$%'7P"7O"$8"$4-HRA7SN]OP55"K$DK5"AB57P-"'4"
65N78Q8'8K"_5:K:0"nD$PG0"K&D78`0"P$AB5P"AB$8"N78Q8'8K"7P"W'KK456:"

We expect the (modified) superconformal index to see the deconfining phase.

I =

Z
[d↵] exp
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s=±
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⇢2�G

Li3(�es(�+i⇢·↵))�
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<latexit sha1_base64="NJOapSDe6DDUl63Gp3EvZwwaUCs="></latexit>
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L M5"8DH5P'N$&&-"A54A"7DP"N78E5NADP5"$NP744"%$P'7D4"J\1"5[$HR&54:"

SQCDs, N=4 SYM, N=1 with 2 adj., Argyres-Douglas theories, ISS, BCI, SU(2)3 with trifund. 

L X7P"$&&"A54A56"5[$HR&540"AB5"67H'8$8A"4$66&5"R7'8A"'4"$A"AB5"7P'K'8:""

We assume this will be true also for other N=1 theories. See also [Honda ’19] [Ardehali ’19]

SO(5) Nf=8 (A1, A4) AD-theory BCI Model SU(3) Nf=7

↵1 = ↵2 = · · · = ↵|G| = 0
<latexit sha1_base64="p184qMvXdvnqbp8NDEG5deXB+m0="></latexit>



L (845PS8K"AB5"4$66&5"R7'8A"%$&D5"T$NG"A7"AB5"'8A5KP$&0"@5"Q86"

Alternative approach to the Cardy free energy is the background field method on S3.  
The anomaly coefficient naturally appears here due to the ’t Hooft anomaly matching. 
[Banerjee et al. ’12] [Jensen et al. ’13] …. [Di Pietro, Komargodski ’14] … [Choi, JK, Seok Kim, Nahmgoong ’18]

B;%)>8(=5&1#44&C64#@%
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<latexit sha1_base64="KK+BCzqgenhJRJedHRG9qm4aDsc="></latexit>
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<latexit sha1_base64="QIcGROUyHqhNd3UJ1V3iEEDRxNI="></latexit>

Li3(�ex)� Li3(�e�x) = �x3
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� ⇡2x

6
<latexit sha1_base64="lokBq+JRnFTRkkTWt6mu2veCxdQ="></latexit><latexit sha1_base64="lokBq+JRnFTRkkTWt6mu2veCxdQ="></latexit><latexit sha1_base64="lokBq+JRnFTRkkTWt6mu2veCxdQ="></latexit><latexit sha1_base64="lokBq+JRnFTRkkTWt6mu2veCxdQ="></latexit>
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X

X
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9 (5a� 3c) ,

TrR1 = |G|+
X

X
(rX � 1)|RX | = 16(a� c) ,

<latexit sha1_base64="uRjmKjGXzkqYwGtO6Izd5MquDUk="></latexit>

[JK, Seok Kim, Song ‘19] [Cabo-Bizet, Cassani, Martelli, Murthy ’19]
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B;%)>8(=5&C68#(>%

L j'%58"AB5"4DR5PN78O7PH$&"'865[0"AB5"H'NP74A$A5"65K585P$N-"'4"
5[AP$NA56"T-"A$G'8K"$8"'8%5P45"l$R&$N5"AP$84O7PH$S78:""

L (8"R$PSND&$P0"AB5"$4-HRA7SN"58AP7R-"_65K585P$N-`"$A"&$PK5"NB$PK54"
N7H54"OP7H"AB5"4$66&5"R7'8A"$RRP7['H$S78"7O"AB5"$T7%5"'8A5KP$&:"

L VB'4"'4"AB5"l5K586P5"AP$84O7PH$S78"7O"AB5"F$P6-"OP55"585PK-U"
[Hosseini, Hristov, Zaffaroni ’17]

⌦(R, Ji) =

Z
d� d!i I(�,!i) exp (�R+

P
i !iJi)

<latexit sha1_base64="KDWgoduy6u87LjTA4rlMf8VgRyQ="></latexit>
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<latexit sha1_base64="6g1n6uNdeR2FkWP44DfxIWzz9aw="></latexit>

(with !1 + !2 � 2� = 2⇡i)
<latexit sha1_base64="hFXkSCCeplj91IXcFNDoeWJdaX0="></latexit>
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L X7P"$"=6"J\1"CFXV0"AB5"$4-HRA7SN"58AP7R-"'4"K'%58"T- 
 

Notice that an interacting N=1 SCFT satisfies the Hofman-Maldacena bound: . 

L o754"AB'4"$4-HRA7SN"58AP7R-"4$ADP$A5"AB5"DRR5P"T7D860" 
':5:0"AB5"APD5"58AP7R-"AB$A"N7D8A4"AB5"3)C"4A$A54"@'AB7DA"_]1`X"p"J7:"

Compute the true BPS degeneracy for free chiral/vector theories,  
from their BPS partition function (as opposed to the Witten index). 

Compare with the asymptotic entropy from the index:

Re(S) = +21/3 31/2 (3c� 2a)1/3 ⇡ · J2/3 +O(J1/3) > 0
<latexit sha1_base64="Upk1WqEhatDu8sK9GjkxFeFv8Y4="></latexit>

1
2 < a/c < 3

2
<latexit sha1_base64="hjvetapb3P6wXLchLuQqIEScCxU="></latexit>

Strue(J1, J2) =
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����
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' 4.467 (J1J2)
1/3.

<latexit sha1_base64="Papv2RL68xnGO0eh2UKkMWygVb0="></latexit>

Re(S) = 2.995 J2/3
<latexit sha1_base64="4VmFd8m+70ISCFY97tflW1IW6DM="></latexit>

Re(S) = 0
<latexit sha1_base64="aVxPYXWrEl44yG93osmxv9gy+Qc="></latexit>

(a free chiral multiplet) 
(a free vector multiplet)
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L F784'65P"AB5"$4-HRA7SN"OP55"585PK-"7O"B7&7KP$RB'N"CFXV4:"
Example: N=1 quiver theory engineered from N D3-branes on C3 / Z2p orbifold. 

L Restoring flavor chemical poten2als, the entropy func2on becomes 
N=4 SYM [Hosseini, Hristov, Zaffaroni ’17] / N=2 quiver [Honda ’19] / N=1 quiver [JK, Seok Kim, Song ‘19] [Amariti et al. ‘19]  

L Imposing the charge rela2on  of known black holes: 

This agrees with the Bekenstein-Hawking entropy of large black hole in AdS5 X Yp,p. 
[Hosseini, Hristov, Zaffaroni ‘17]. See also [Cabo-Bizet et al. ’18][Choi, JK, Seok Kim, Nahmgoong '18] [Benini, Milan ’18], …
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<latexit sha1_base64="q0q4OE9V5DfDzTlZ+6U4QUbZ3Vk="></latexit>

Im(S) = 0
<latexit sha1_base64="TXvfwBGU6t/gg5LCErsH3XgzNy0="></latexit>

S = 2 !
!

3R2 � F 2 � ÷B 2 � ÷BF � pN 2(J1 + J2) ⇠ O(N 2)
<latexit sha1_base64="DspSUtk+mSKMwvKbkBdoW+0Do/0="></latexit>
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L M5"4AD6'56"AB5"F$P6-]&'G5"$4-HRA7SN4"7O"AB5"_H76'Q56`"'865[:""

L (H$K'8$P-,NB5H'N$&"R7A58S$&4"7T4APDNA4"AB5"3,X"N$8N5&$S780"
'HRP7%'8K"AB5"B'KB"YA5HR5P$ADP5Z"$4-HRA7SN4"7O"AB5"'865[:"

L C7H5SH54"AB5"$4-HRA7SN"58AP7R-"N$8"4$ADP$A5"AB5"DRR5P"T7D860"
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