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Bogoliubov's Recursion

R(I) =Y Z(S)*T/S z(S) =12
SCTI veS

« S'is a set of disjoint UV divergent 1PI subgraphs S = {fy el ’ 87 M fyj — @}

. F/S is obtained by contracting each 7y & S into a pointin [°

. Z(fy) s the (local) UV counterterm associated to the 1PI graph 7

* The x -symbol indicates insertion



The UV counterterm

Z(I) = —K(Z || -AQE: F/S)

SCI'veS

* The sum does not include [°
« Z(I') is defined recursively
 Z(T')is a homogeneous polynomial in the external momenta of |’

* K projects out the singular part and is renormalisation scheme
dependent:
— It projects onto poles in € in MS

— It Taylor expands around external momentum in MOM



Example at 1-loop

/ APk
imD/2 (k2 4+ m?2)( k—l—p) + m?)

R produces the renormalised result:

W= e



Example at 1-loop: MOM scheme

In Momentum subtraction the UV counterterm evaluates to:

Zmom(‘<}) = _G ‘pzo Q /@il;]/{? k2 +1m K

Such that the renormalised Feynman graph is:

RMOM(O) = {} - Q



UV Divergences at 2 loops in MOM

/ dPk; dPk, 1
imwD/2 imD/2 (k2 + m2)((k1 + k2)? + m2)(k3 + m2)((k1 +p)? + m?)

UV divergent (sub) graphs:

W:G’ Z(W)°F/V:_7’p,k1=0'<}:_ Q {}
r:@, Z( S e (T ey ) @ G Q



UV Divergences at 2 loops in MOM

2 - (S et a0 O

And substituting the expressions in MOM we obtain:

RMOM(@) = @
(O -
-

ese)
{}



The Forest Formula

Bogoliubov’s recursion can be solved as
the forest formula [zimmermanni:

= 2w

Uel,(I') veU

A forest U Is a set of subgraphs {v. ..} which
are either nested v C v;or disjoint 4, N~, =0.
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Extensions of BPHZ

* The Connes-Kreimer Hopf Algebra

» The R-operation gives rise to a Hopf Algebra
» R-operation becomes a twisted antipode acting on a coproduct

Hod—2 geH

SN
N f

H®H—>H®H




Extensions of BPHZ

* The Connes-Kreimer Hopf Algebra / \
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» Generalises BPHZ to infra-red divergences in euclidean Feynman Graphs
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« A global version can be formulated using the Hard Mass expansion
[Chetyrkin]

« Recently extended local R+ formalism to arbitrary tensor/numerator
Feynman[FH, Ben Rujil]
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* Collinear Divergences [van Neerven]

« BPHZ formulation of collinear divergences
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What happens in the massless limit?

11



singularity localized on a plane surface. The complete
similarity of patterns of UV and IR singularities in posi-
tion and momentum space correspondingly forces us

to conclude that no reason on earth can prevent IR di-
vergences from being subtracted by counterterms pro-
portional to §-functions and their derivatives in mo-
mentum space in a way completely analogous to
Bogoliub ov'’s recipe_ [Chetyrkin, Tkachov 1982]
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Why are scaleless dimensionless integrals
zero in dimension regularisation?

Q /de 1 1 L,
D2[k22 ~ epv  em

To see this just insert 1 =

13



Extracting IR poles from UV poles

R*Q — 0
R*O = Q +Z(©)+Z(Q):0

UV counterterm IR counterterm

) 7 y)=-2({ y)=-K })=-

Infrared Rearrangement [VIadimirov 1980]



UV and IR Divergences at 2 loops

3 dPk de2 1
= - [
|
UV divergences: 19,1 ‘@‘ 1 @ 3

IR divergences: {g, Il}
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IR Factorisation

i @ / dPky dP ks 1 0 Q {z}
k1—0 ’L7‘l‘D/2 Z7TD/2 (kQ)Q(kQ —I—P)2 =

limF:ﬁ-F\’?

1—0

The remaining graph ' \ 7 is constructed by deleting vertices and
edgesof v in T

16



Subtraction of IR and UV at 2 loops



Subtraction of IR and UV at L loops

(for massive external legs)

}E: Z(S S)«T/S\ S

SCfﬁCF
SNS=0

e UV counterterm:

( Z Z(S *F/S\S)

SIS
SNS=0

* |IR counterterm:

Z(FO):—K( % Z(é)*Z(S)*PO/S\S)
_Srmoéig@m



IR subgraph search

* Wield external lines into point:

.

* Remaining graphs of UV Spinneys are IR spinneys:

-5+ smes= O

19



Evaluating IR counterterms

IR counterterms can be extracted from UV
counterterms from the relation:

R*(Tg) = 0

where T is an arbitrary scaleless logarithmically
divergent vacuum graph

20



What is R* good for?

The idea of R* is not to somehow “renormalise away” IR
divergences, but to construct an efficient algorithm for extracting
UV anomalous dimensions from maximally simple 1-scale Feynman
graphs via Infrared rearrangment (IRR).

Theorem [Chetyrkin, Tkachov 1982]

IRR allows one to extract the renormalisation constants
of arbitrary L-loop Feynman graphs or amplitudes from products of
1-scale propagator Feynman graphs of lower loops.

21



Infrared Rearrangement

Choosing an IRR which has the incoming lines connected by a
single propagator always allows to play the following trick:

S-=[5
/ mD/2 ( k+P

L=3 L=2

dPk 1
'/WD/Q ((k + P)2)2(k2)2e

L=1 (with non integer power)

22



Results




o (Q%

03}

0.2

0.1}

= QCD 0x(M,) = 0.1181 = 0.0011

v T decays (N3LO)
a DIS jets (NLO)

0 Heavy Quarkonia (NLO)
e'e jets & shapes (res. NNLO)

pp —> jets (NLO)
pp —> tt (NNLO)

(@]
® c.w. precision fits (NNNLO)
v
v

April 2016

Bu)

10 0 [GeV] 100
_dog(p) S (
dlogu? nz%ﬁn

[pdg2016]

24



History of the QCD beta function

- 50
- 1965 [Vanyashin, Terentev]; 1970 [Khriplovich];1972 [T'Hooft];
- 1973 [Gross, Wilczek; Politzer]
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History of the QCD beta function

- B0
- 1965 [Vanyashin, Terentev]; 1970 [Khriplovich];1972 [T'Hooft];
- 1973 [Gross, Wilczek; Politzer]
Joik
- 1974 [Caswell; Jones]
- 1979 [Egorian, Tarasov]
" Po:
- 1980 [Tarasov, Vladimirov, Zharkov]
- 1993 [Larin, Vermaseren]

" B3

- 1997 [van Ritbergen, Vermaseren, Larin]
- 2005 [Czakon]

"By
- 2016 [Baikov, Chetyrkin, Kihn]
- 2016 partial results [Luthe, Maier, Marquard, Schroeder]

- 2017 [FH, Ruijl, Ueda, Vermaseren, Vogt]
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Calculation

e Forcer ...ooomso

— Parameteric solution of IBPs for up to 4-loop
massless self energy graphs

e Automated R* ...o:omme

— for arbitrary tensor Feynman graphs

* Background field gauge:

— Extract beta from background field self energy [abbot 81]

30
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General gauge group

Besides C4,Cr we only need the symmetric group
Invariant tensors

dred = % Te(TT°TT* 4+ five bed permutations )

dged = % Tr(C*C’CeC* five bed permutations )

a
1™ are the generators of the fermionic representation.

a . .
C" are the generators of the adoint representation.

31
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Old Results
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Bo
A

Po =

158
27

Old Results

—4Cp1pn,
205

CATznf ,
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Bo =

A

fa =

Bs

Old Results

11 4
E C14 § TF nf )
34 20
2857 1415 205

44 22 4 158 o oo

?CFTF k =7 Cy 1y nf ,

150653 44 dateds 380 704

of (581 4) » St (92
A\ 0% T, 9 a

30143 136 7073 656
Ca Trmy <" 81 Cé) + G CpTpy < LG CS)

4204 352 g ored 512 1664
Ch(jgj}"%’<_' 27 Cé) N ( " E Cé)

7930 224 1352 704
46CpTpny + CiTpny ( CS) + CETE nf ( iy <3>

81 27 9
17152 448 daded“de 704 512
2= D F F 2
AT (G +5 %)+ TR (t5 T3 9)
424 s 1232 ;
213 Cy 1, an 13 Crip nf s
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5-loop result

[confirmed by Luthe, Maier, Marquard and Schroeder; Chetyrkin, Falcioni, FH, Vermaseren]

58206235 1630 g - 1045 ) Jabed Jabed nss 40336 9940
L CA( 3588 8L ° ' 5 s = Canf (— = (3 — 704Gy + <5>
d ghed g gbed 514 18716 15400 i
+ %CA <_T+ (s — 968 ¢y — C5) o di=ldgt (4160 5120C 12800<>
T 5
o 5048959 10505 sl R 3
i (‘ 972 = 5 Gt C5> \ crqins (2077 9736 112 320
3 8141995 902 8720 4L Ty ( i o _C5>
1944 e < 736 5680( +224€)
. i 3 4
LGP C T, (_542132 50581 . @ o 12820 <5> aCrlpny (—o7 — = 3
22 1 2
L 5696 7480 i 4157 + CETR nf <—& - 76—6£ — g@)
+ C,C2Tun, <3717+ e g5> _ CiTen ( +128 g3> S iy
d gbed g ghed 3520 2624 1280
dgbed ] abed 904 20752 4000 s e D R
ot %TF ny (T G3 + 352 ¢y + C5) i N Tp ny < 9 3 3 + 256 (4 + C5>
lgbed ] abed 11312 127736 67520 3o el el 4,4 (856 %
dgbed ] abed 1280 . 6400
5 %CFHJ” (—320+ 3 Cs + C5>
843067 18446 104 .~ 2200
+ Gl ( 486 o= 3 - C5>
5701 26452 944 16()()
+ Cf CeTEnf? ( 160 G5 —C4 C5) .
R e Result of computing ~150.000
Ceto g ( - + B ) :
oy 18 T e five-loop Feynman diagrams
+ CITn ( 2144 4640 <5>
dgbed g abed 3680 40160 1280
+ AT (-5 G- 83261 - —— G )
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Ba

QCD

[agrees with result of Baikov, Chetyrkin and KUhn]

152

2 38
4 29857 5033 N 325
= —— — ——n n
- 2 IsE e
149753 1078361 6508
o e L ST <_ o <3>
2 ( 50065 i 6472 ) 1093
f\ 162 S 729
8157455 621885 88209
G — —5— Ca — 288000
< 336460813 4811164 o 33935 o 1358995 C)
1944 g1 6 >
(25960913 698531 ¢ 10526 ¢ 381760 C)
"t 1944 i . :
. ( 630559 48722 (ot 1618 @ C) (1205 .
5832 o3 = ow > "r \ 2016

31
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QED

[agrees with result of Baikov, Chetyrkin, KUhn and Rittinger]

4 44
60 = gnf ) 61 = 4nf 3 62 —_— _2nf - 677/2 3
760 832 1232
e 2 3
P s et R (27 "9 Cg) o
4157 7462
Bi = n, (Tﬂzscg) + n] (_T 992 (5 + 2720 g5)

3(_21758+16000C_@C_1280C>+n4(856+128€_>
81 o7 @ 3 > 3 ) T \uz " 97 P
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n¢-dependence

~

B = —p(as)/(asBo)

1+ 0.565884 crs + 0.453014 o2 + 0.676967 v + 0.580928 o’
1+ 0.490197 o + 0.308790 o + 0.485901 a2 + 0.280601 o.*
1+ 0.401347 o + 0.149427 o2 + 0.317223 o2 + 0.080921 ot
1+ 0.295573 g — 0.029401 o2 + 0.177980 o2 + 0.001555 o,

Convergence enhanced for larger nf
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Scale Evolution at low scales

Let us hypothetically fix

a(6.3GeV) = 0.2

1.06

1.04

1.02

O nro ! O NLo

n. = 4, fixed value at 40 CeVe |

IIIII| 1 IIIIIIII | IIIIIIII 1 1 111111
7 J

1 10 10° 5 10 10

1)

40



Same computational method applies to decay rates too!

On Higgs decays to hadrons and the R-ratio at N*LO

F. Herzog®, B. Ruijl*’, T. Ueda®, J.A.M. Vermaseren® and A. Vogt®

“Nikhef Theory Group
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bLeiden Centre of Data Science, Leiden University
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Same computational method applies to decay rates too!

On Higgs decays to hadrons and the R-ratio at N*LO

F. Herzog®, B. Ruijl*’, T. Ueda®, J.A.M. Vermaseren® and A. Vogt®

“Nikhef Theory Group
Science Park 105, 1098 XG Amsterdam, The Netherlands

1 [hep-ph] 4 Jul 2017

bLeiden Centre of Data Science, Leiden University

& + > bb at NaLO

g Hadronic R-ratio at N4LO

gH—>g.gatN4Lo

. Firstindependent confirmation of results by
Baikov, Chetyrkin and Kuehn
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Unitarity

Unitarity allows to obtain the decay rate from the imaginary part of the

corresponding self energy

V2 Gy
FH—)gg — MH

‘01‘2 Im HGG(—MI_QI — 25)
Analytic continuation leads to a prefactor proportional to

2
Im(—p® —id) " = Lme (1 (L;E) | )

Upshot: The decay rate can be extracted from the UV poles of the
self energy, making it possible to use the R*-method.
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Analytic result

47
GG 2\ N n
v () = Gl¢7) = 142 9.0,
A4 n—1
73 14
9= = ?CA ?ln’fa
Sdshaie L) 6665 88
gy = Cf [ P C2—110C3] — Oy [2—7—§C2+4C3]
131 508
ki it ¥ | Dhchs AN
15420961 45056 178156 3080
e
g3 = Gy 790 & i G 3 ]
2670508 8084 9772
_OA”f[ 33 2T g _€5]
23221 572
— CuCyny [ “ - 225G - 1364G, — 160 g5]
Bl 413308 - 1354 56

104 SICELE R 64
+C’an 440——{2—2404}, —nf[ R CQ—§C3]
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Analytic result at 5 Ioops

=y [597;15;3:279 i 58922423654 - 2512?402 . 29?1256 o 266200 G - Oy {46;12;273 1022228 o 2387120 Al 14908 2 Cz e 800 S
181277200 e 1219000 - 96350 7} — Cpn? {22%351 62924 o 52300 A Cz Cs}
= dgb;idzm {6;;;6 T 54;60 G 14508 o 13?7)60 il 19260 e 61360 4 | {773024 0610 2210 64 CQ}
A I 2187 243 81 9 2
_ Cin, [1022&;;;736 . 41528473004 - 881821352 o 211736 &2 4 9680 Cots
it 1099220 e 88900 o 35900 G}
o {3482994186545 — 29340¢, % Gt %6 o 19360 e
| 35240 A 17200 L 70300 4
+ oy | ot - B+ B 6+ B2 - B o0
o { 1030 _ 56y 4560+ 5600 4 In contrast to the beta

function here also weight 6,7

df}dedfjde 44864 140128 3328 5, 20800 14080 ., 2240
o ng = i 2 Gi= T Cr
Ny 27 9 5 3 3 3 -terms are present
26855351 3479386 83536 19472 1760 1240 160 .,
+ C} f|: 513 <1 & 3+ B G+ (Gl — (¢ +7C3}
29816212 71888 563948 224 . 7040 7000 640
+ CpCynf { 79 5 2T o7 ¢z + EC — (03— = (3 }
90491 200 138968 352
dl‘;dedgde 5 | 68096 39424 1024 2560
- | S - S G- e 412806 - ¢
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Scale and scheme dependence of I'(H — gg)

T | T T T T I T T T T .I T T T T T I T T T T I T T T T
2 b FH—-gg)/ly, | 2. TH-g9/T,
d MS 1 L miniMOM
'\"‘;. _ . _-;'/ -:"::: e
S S ==Co T R = T — SRR
1.8 — .“‘-...," Tt == 138 7’ .“"‘*-...‘__‘_- —
i ) i 1
1.6 —— N'LO 4 16L A .
I 3 ; —— N'LO
--- N’LO X
--- N'LO
_____ N2LO -—- N%LO
La= NLO 0S o I A NLO 0S n
| | | | 1 I | I | | | | I
100 200 300 100 200 300
n/GeVv n/ GeV

Pnavo(H = gg) = Do (1.844 £ 0.011geries &= 0.045 0, (a1),1% )
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First moments of N4LO
Splitting functions

 Splitting functions are the (non-local) anomalous dimensions of the parton

distribution functions:

d
d log 1?

filw, p) = Z/ %Bﬂy)fj(x/y,u)



First moments of N4LO
Splitting functions

 Splitting functions are the (non-local) anomalous dimensions of the parton
distribution functions:

d
d log 1?

filw, p) = Z/ %Pz-j(y)fj(x/y,u)

* Rxis applicable for
Mellin moments via
the OPE

Ogu--xm _ 1 FOHL DF2 Dln-1 [rocin
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First moments of N4LO
Splitting functions

 Splitting functions are the (non-local) anomalous dimensions of the parton
distribution functions:

d
d log 1?

filz, 1) :Z/ %Pz-j(y)fj(x/y,u)

* Rxis applicable for
Mellin moments via
the OPE

* Used R* to compute N=2,3 moments of the N4LO non-singlet splitting
functions [arxiv:1812.11818] and first approximation for the five-loop cusp
anomalous dimension in QCD
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2 0%



First moments of N4LO
Splitting functions

Splitting functions are the (non-local) anomalous dimensions of the parton
distribution functions:

d
d log 1?

filz, 1) :Z/ %Pn(y)fj(x/y,u)

R+ is applicable for
Mellin moments via
the OPE

Used R* to compute N=2,3 moments of the N4LO non-singlet splitting
functions [arxiv:1812.11818] and first approximation for the five-loop cusp
anomalous dimension in QCD

Ogu--xm _ 1 O D2 in-1 fracgin
2 0%

With enough Mellin-moments one can approximate (or even "bootstrap”) the
complete splitting functions
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Automating R* for general QFTs

* Input: Lagrangian, 1PI correlator
e Output: UV counterterm

[ = (D7 (z1)... 0 " () ) 1p1

L = ZCZOZ

1




Renormalising the SM EFT at
two loops (D=6)

d
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already 84(59) operators at D=6, 993 at D=8,...

[Henning, Lu, Melia, Murayama]
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Renormalising the SM EFT at
two loops (D=6)

Covprr = Lo+ LO+LO0+£04 0 D=3 2

 Many operators and they mix!
already 84(59) operators at D=6, 993 at D=8,...

[Henning, Lu, Melia, Murayama]

* Full AD mixing matrix so far only known at 1-loop

[Jenkins, Manohar, Trott; ... ]

» 2-loop corrections to ADs:
- Improve accuracy of SM EFT predictions

- Allow to run Wilson coefficients up to higher scales to
address impact on: Vacuum stability, Inflation, ..



SMEFT constraints from EDMs

spin

* loop QCD effects are important for .,
extracting Wilson coefficients from _ T-Reversal
low energy experiments, such as ﬁ =

Neutron EDM measurements Y




SMEFT constraints from EDMs

spin

* loop QCD effects are important for .,
extracting Wilson coefficients from _ T-Reversal
low energy experiments, such as ﬁ =

Neutron EDM measurements Y

* The dominant operator relevant
for Neutron EDMs is the operator

Aw ,ab b
Ow = ?f ) CgumﬁGgﬁGupgip [Weinberg 1989]
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Method: Use R*-method with background field
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Calculation of 2-loop AD of
Weinberg’'s operator

Method: Use R*-method with background field
method

Pros: B
- Operator does not mix!

Cons:

- Need to compute at least 3-pt 5~
function with 3 derivatives

(2pt function vanishes)

- e"P7 not well defined in dimreg. We used both T
Hooft-Veltman and Larin scheme check.

Status:

- Have a result, now checking the 4-pt function.




Summary

* Presented the R* method - a powerful tool for extracting anomalous
dimensions of arbitrary QFTs as well as decay rates in massless QCD

* Presented a new result for the five-loop beta function of Yang Mills
Theory with fermions valid for arbitrary simple compact gauge group

* Briefly presented results for decay rates at N4LO; in particular a new
result for the decay rate H—qg

e Future Plans with R*:

— Build fully automated tools for extracting anomalous dimensions for arbitrary
(potentially non-renormalisable) QFTs, e.g. operators in the OPE of splitting
functions, SM EFT, (Super-) Gravities, ..
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Backup



Global R*

[Chetyrkin; Chetyrkin, Falcioini, FH, Vermaseren ]

* Computationally more efficient than local
approach

» Conceptually demanding and case specific (!)

* Used this method to compute all the Yang-
Mills renormalisation constants for arbitrary
gauge parameter dependence
at 5 loops [arxiv:1709.08541]

* Method paper in progress



Global R*

* Procedure
- Insert a mass Into propagators next to a particular vertex v:

P P

— Derive the global UV counterterm

- Expand around large M
— Derive the global IR counterterm

Z(T(Q)) = T (M)+ (VI (M) +6 2y %6 Z



Convergence study

5-loop effects only visible for very
high values of coupling, but even
then perturbativity seems under
great control.
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n ¢ -convergence Study

This represents the value for (¢gfor which
nth order is a quarter of the previous order. | QCD, n, flavours

09.01.2017 ZPW 2017
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N-convergence study

5n—1<N) |
4 Bn(N)

With this parameterisation the series
converges for

09.01.2017
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N
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3

3

3

3

3

Vesmrn e S EUE esmn S MmN B8 sn |

=

New

SlEEmeame e B

NS NG NG NG A NG

H—qgg nrdependence

S

= 14 7.188498 o, + 32.61874 a2 + 112.031 o + 300.278 o) + . . .
= 1+ 6.445775 o + 23.69992 o2 + 56.1329 o’ + 64.5259 o + . . .
= 1+ 5.703052 a + 15.51204 2 + 12.6660 o* — 69.3287 o + . ...
= 1+ 4.960329 a; + 8.055116 a2 — 19.2021 o> — 120.458 o + . ..
= 1+4.217606 o + 1.329135 a2 — 40.3039 o> — 107.042 0.2 + . ..
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Analytic continuation 7-terms

G(¢®) = 1+ 3.952348 a, + (10.629125 — 3.673611) o
+ (28.57606 — 35.42782) o + (89.55798 — 164.81711) o

 Underlined contributions stem from analytic continuation and can be predicted
from lower orders.

* Cancellations are observed between the genuine and analytic continuation terms
- but the precise cancellation pattern changes at different loop orders.

g, = 1267.05129 — 1048.43622 — (394.681626 — 281.704409) n,
+ (37.9589880 — 25.1937144) nf — (1.28868582 — 0.89082162) n;
+ (0.01284135 — 0.01026045) no;* .
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