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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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This damped oscillation in 
ringdown phase should be 
explained by QuasiNormal 
Modes of final black hole
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Because of the black hole 
no-hair theorem, QNMs 

depend on mass and spin
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This allows us to know 
mass and spin of final BH 
by comparing observation 
and theoretical prediction 
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Why QNM?

•Direct connection with GW 
observation 

•AdS/CFT 

•Interesting in mathematical 
physics
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1. Black hole perturbation and 
QNMs  

2. A refined way 

3. A new perspective (ongoing)
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•Metric variation
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Linear Perturbation

gµ⌫ = ḡµ⌫ + �gµ⌫
<latexit sha1_base64="GTU5JAptNR4iELV0lsrvtxn6IvM="></latexit>

•Connection 

• Ricci tensor

��↵
µ⌫ =

1

2
ḡ↵�(r̄µ�g⌫� + r̄⌫�gµ� � r̄��gµ⌫)

<latexit sha1_base64="+gqF/7ciuO6EhecfbQPck9kA2Jg="></latexit>

Rµ⌫ = R̄µ⌫ + �Rµ⌫
<latexit sha1_base64="Vb7C6jsXV1jkUnc42hzRAIw5l4Y="></latexit>

�Rµ⌫ = r̄↵��
↵
µ⌫ � r̄⌫��

↵
µ↵

<latexit sha1_base64="RF/RndR0wGTM6VGBd9HJfaXV/hE="></latexit>



•Vacuum solution

•Background: Schwarzschild BH
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BH Perturbation

f(r) = 1� 2M

r
(2M = 1)

<latexit sha1_base64="NDo++GSJmU+UuGeqGrIS2NbCfMU="></latexit>

ds2 = ḡµ⌫dx
µdx⌫

<latexit sha1_base64="MIX0fY4VICG+v3w8aIcvsgKTIT0="></latexit>

= �f(r)dt2 +
dr2

f(r)
+ r2(d✓2 + sin2 ✓d�2)

<latexit sha1_base64="vqsVmGdtnCck6xgnV3zhg7i7iUg="></latexit>

R̄µ⌫ = 0
<latexit sha1_base64="FBWpfcSJj/hwdUXzcKA8R+JkOVs="></latexit>

Rµ⌫ = 0
<latexit sha1_base64="SKVSVvjFINPJ5NlADfiL3O4l0rc="></latexit>

�Rµ⌫ = 0
<latexit sha1_base64="i+U0kHbTYL87zVpCqmfaQv0l71o="></latexit>



•This condition leads to differential 
equations for 10 unknown 
functions 

•One can reduce the degree of 
freedom by fixing gauge symmetry 
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BH Perturbation

�gµ⌫
<latexit sha1_base64="y3qcECAInsFOrsBdf1NpQ0mMkPQ="></latexit>

xµ ! x0µ = xµ + ⇠µ(x)
<latexit sha1_base64="FLJHe8m56MpxWYZo6pY6hIF4Ws0="></latexit>

10 ! 6
<latexit sha1_base64="JNI2C4Ytk/QHU5m/FadD3/NOaJA="></latexit>



•The basic strategy is to separate 
(time+radial)-directions and 
angular parts
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Combinations of spherical harmonics

�gµ⌫ = hµ⌫(t, r)yµ⌫(✓,�)
<latexit sha1_base64="ee1ThJXIo9lptrjN2fGf8YmP+m4="></latexit>

BH Perturbation
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Regge-Wheeler Gauge
Regge & Wheeler 1957

�gµ⌫ = �goddµ⌫ + �gevenµ⌫
<latexit sha1_base64="qcb02DyHAzQjjOih48eKHt8e888="></latexit>

Each parity part can be treated separately

6 = 2 + 4
<latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="+2EQXbfLg3IKNzXPmY57JiB3RNM="></latexit><latexit sha1_base64="xK8rHgkRl7jv3sgKuWk04EPfrKw="></latexit><latexit sha1_base64="iR59Tym+u0ghsNnX8y5RKC/isRc="></latexit><latexit sha1_base64="zZ3Or5E2FC8rhcxPqQ07O6z30uo="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit><latexit sha1_base64="qsQ0dOHHeckq8ORzL11F0EvEJVQ="></latexit>

(10 = 3 + 7)
<latexit sha1_base64="x8oHVsYT8OyfiworG7KVm//esIM="></latexit><latexit sha1_base64="x8oHVsYT8OyfiworG7KVm//esIM="></latexit><latexit sha1_base64="x8oHVsYT8OyfiworG7KVm//esIM="></latexit><latexit sha1_base64="x8oHVsYT8OyfiworG7KVm//esIM="></latexit>

✓ ! ⇡ � ✓
<latexit sha1_base64="VjXdLwkgnVGz8uGlXywPBQ/u38U="></latexit><latexit sha1_base64="VjXdLwkgnVGz8uGlXywPBQ/u38U="></latexit><latexit sha1_base64="VjXdLwkgnVGz8uGlXywPBQ/u38U="></latexit><latexit sha1_base64="VjXdLwkgnVGz8uGlXywPBQ/u38U="></latexit>

� ! ⇡ + �
<latexit sha1_base64="la17G3qtlvTB74l2ToDx8z7lHKg="></latexit><latexit sha1_base64="la17G3qtlvTB74l2ToDx8z7lHKg="></latexit><latexit sha1_base64="la17G3qtlvTB74l2ToDx8z7lHKg="></latexit><latexit sha1_base64="la17G3qtlvTB74l2ToDx8z7lHKg="></latexit>

�goddµ⌫ =

0

BB@

0 0 0 h0(t, r)
0 0 0 h1(t, r)
0 0 0 0

h0(t, r) h1(t, r) 0 0

1

CCA sin ✓
@Yl0

@✓

<latexit sha1_base64="dA4ArWLIXqxjPPAq0I7JvD4CVxw="></latexit>



•Substitute it into 
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Regge-Wheeler Equation

u(t, r) := r�1f(r)h1(t, r)
<latexit sha1_base64="MAweeWyIerIM0l1ln170ZzhamvU="></latexit>


� @2

@t2
+ f(r)

@

@r

✓
f(r)

@

@r

◆
� V (r)

�
u(t, r) = 0

<latexit sha1_base64="5C0gHMdA0vmBDnuJ2AJhCDIUbnQ="></latexit>

V (r) = f(r)


l(l + 1)

r2
� 3

r3

�

<latexit sha1_base64="dYC7Up7WHcJX4XCCks7u0lCFYdc="></latexit>

�Rµ⌫ = 0
<latexit sha1_base64="i+U0kHbTYL87zVpCqmfaQv0l71o="></latexit>



•The computation in the even parity 
sector is much more complicated 

•Nevertheless the final result also 
leads a single partial differential 
equation that has the same form as 
the RW equation with a different 
potential 

15

Even parity sector

Zerilli 1970



•Change of variable
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Boundary Conditions

@

@x
:= f(r)

@

@r
<latexit sha1_base64="HhfiR/Otxi8YJi2NEipLODOYIJE="></latexit>

(x = r + log(r � 1))
<latexit sha1_base64="Uz3wOM/Rol6os4AplmiPJgh4PxQ="></latexit>

Horizon x = �1
<latexit sha1_base64="AQ1hA3hyJRtE8xg7E/wm0FijxSE="></latexit>

x = +1
<latexit sha1_base64="HdY4GGwmueClTo4rexsZa91Qnm8="></latexit>

Infinity


� @2

@t2
+

@2

@x2
� V̂ (x)

�
û(t, x) = 0

<latexit sha1_base64="/BOUjuo366i88/bsFP0zabsG/Cc="></latexit>
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x
<latexit sha1_base64="9JBbuX1NAEtOnUD6fyrXl14kzKs="></latexit>

V̂ (x)
<latexit sha1_base64="MwIczj/safOijyIim4HaBVB6GTw="></latexit>



•Asymptotic behaviors 

• B.C.
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û(t, x) ⇠ ARe
�i!(t�x) +ALe

�i!(t+x) (x ! +1)
<latexit sha1_base64="5pxT+KE7xP9/poaC0JvV1yizX+Y="></latexit>

û(t, x) ⇠ BRe
�i!(t�x) +BLe

�i!(t+x) (x ! �1)
<latexit sha1_base64="QAJX/ceA+J4NR2ctrE87pOuMa9w="></latexit>

x
<latexit sha1_base64="9JBbuX1NAEtOnUD6fyrXl14kzKs="></latexit>

Boundary Conditions
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Such a boundary condition 
is realized by special 

values of ω

Damped Oscillation

!n = !Re
n � i!Im

n (!Im
n > 0)

<latexit sha1_base64="o1mKBMgH3e/VCq7Ycv4FGR2X+z0=">AAAOa3icnZfPbxtFFMfHBUprqJvSQxFwWGGMEimN1oEWhGTUNL+aNimx87PNBmu9ntqjrHeX3XGasPU/wD/AgRNIHBAn/gYu/AMc+icgxKlIXDjw5u3YjtcPx66teN7MfL5v3rx5s45rgSsiaZrPMxdeefW1i69fupx9480ruatT197ajfx26PAdx3f9cL9mR9wVHt+RQrp8Pwi53aq5fK92tKjm9455GAnf25anAT9s2Q1PPBGOLWGoOvVLwapzV9pGoxpbrbbltTulZs+clrPhzGm/a8kml/asYQVNMZMtFE3Dkr5xO1s4OJk1gsOSsJo1O8wWgtLNxASyXj3JWn6LN+yqV+oaX1qSn8i4wjs3hZEaXGt1rK/adt2YHp743JypTuXNORNfxrBR1Eae6demf+1imVmsznzmsDZrMc48JsF2mc0ie </latexit>

e�i!nt = e�!Im
n te�i!Re

n t
<latexit sha1_base64="YGnFk/yjjft4+I222sO5Ccz5BWc="></latexit>



WKB Approximation
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û(t, x) = e�i!t (x)
<latexit sha1_base64="khvmib5lubJrvtDQR0MDa/lolWE="></latexit>

We can use results in 
scattering problem
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x
<latexit sha1_base64="9JBbuX1NAEtOnUD6fyrXl14kzKs="></latexit>

V̂ (x)
<latexit sha1_base64="MwIczj/safOijyIim4HaBVB6GTw="></latexit>


�✏2 d2

dx2
+ V̂ (x)

�
 (x) = !2 (x)

<latexit sha1_base64="U0YcFakIwkjet5UC9e6OTGGqr24="></latexit>



Scattering Problem
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!2
<latexit sha1_base64="ubfAoJLEXtU4A6GtkZPi9a3ZnBg="></latexit>

R
<latexit sha1_base64="A8Vgwjfhrzqo18ooruno/GqYQaU="></latexit>

T
<latexit sha1_base64="Mq0fnA3tyz8ysaSSUz4pW2dW+Bg="></latexit>

T =
e�w(a,b)�i�

(1 + e�2w(a,b))1/2
<latexit sha1_base64="lEJPzOsI7IdXGtmzKSz2E3uowps="></latexit>

R =
e�i�

(1 + e�2w(a,b))1/2
<latexit sha1_base64="AEhKrPKuNUaOEv2herbbwsWJRew="></latexit>

a
<latexit sha1_base64="dmBXvmJpjbvUppGoV3IFf03bXOQ="></latexit>

b
<latexit sha1_base64="KWCiAGRJxa/4Uu5SYhmU/StO/xA="></latexit>

x
<latexit sha1_base64="9JBbuX1NAEtOnUD6fyrXl14kzKs="></latexit>

1
<latexit sha1_base64="8MH0BFwWq4xudzEXs4MHeo7oqiA="></latexit>

w(a, b) :=
1

✏

Z b

a

q
V̂ (x)� !2dx

<latexit sha1_base64="h+hZ3oXW85OpuAFmSlJAzOKmZEU="></latexit>

Reflection and Transmission
V̂ (x)

<latexit sha1_base64="vb4xYTUKVjPUAP8yYS8J4+NJkec="></latexit>



Quantization Condition
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If the denominator of R and T 
vanishes, then the BC of QNM 

is realized (resonance)

2w(a, b) =
2

✏

Z b

a

q
V̂ (x)� !2dx = 2⇡i

✓
n+

1

2

◆

<latexit sha1_base64="G1bbPyGGnexBFULoBJ1J1G5feDg="></latexit>

Froeman et al. 1992
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• It is not easy to compute higher 
order corrections to quantization 
condition (I’ll be back later) 

• There are some other numerical 
methods 

• I will show an accurate and widely 
applicable way

Technical Problems

Accuracy Generality
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1. Black hole perturbation and 
QNMs  

2. A refined way 

3. A new perspective (ongoing)
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Analogy

E
<latexit sha1_base64="Zn3IgWaK5TRG3I0KMmQ5cNP6fcM="></latexit> !2

<latexit sha1_base64="ubfAoJLEXtU4A6GtkZPi9a3ZnBg="></latexit>

Bound state QNM

These are very similar
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Mapping to Bound States

The potential is inverted

E := �!2
<latexit sha1_base64="P1FMH895aeZTCoMcdynLHnBDcdU="></latexit>


�✏2 d2

dx2
+ V̂ (x)

�
 (x) = !2 (x)

<latexit sha1_base64="U0YcFakIwkjet5UC9e6OTGGqr24="></latexit>

~ := i✏ ,
<latexit sha1_base64="lEcQOd3e24b2ZKmzGUJH+stWguU="></latexit>


�~2 d2

dx2
� V̂ (x)

�
 (x) = E (x)

<latexit sha1_base64="wXbjoO9SfwmvaUryOZnaOYiDrv0="></latexit>

Blome & Mashhoon 1984 
YH, arXiv:1906.07232



•Asymptotic behaviors
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exp

✓
�
p
�Ex

~

◆
! exp

✓
+
i!x

✏

◆

<latexit sha1_base64="sSpPs2dlWQz/PkSuuxlW7V88vTU="></latexit>

Mapping to Bound States

exp

✓
+

p
�Ex

~

◆
! exp

✓
� i!x

✏

◆

<latexit sha1_base64="5XHu8dzn+k0cuKd3KQxqtZg4XqI="></latexit>
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• Idea: Analytic continuation of the 
Planck parameter 

• The bound state problem is however 
not solved analytically 

• I use perturbation theory

It is clear that the inverted potential �V (r⇤) has the minimum, shown in the right of

figure 1, and usually has bound states for ~ > 0 and E < 0. We denote its bound state

energy by EBS
n (~) (n = 0, 1, 2, . . . ).

Now we consider the analytic continuation of ~. If setting ~ = i✏, the Schrödinger

equation (2.2) with E = �!2 formally coincides with (2.1). Therefore, it is expected that

the quasinormal frequency !QNM
n at ✏ = 1 is simply related to the bound state energy EBS

n

at ~ = i by

(!QNM
n )2 = �EBS

n (~ = i). (2.3)

This is the key equation in our analysis. Of course, to prove (or disprove) this optimistic

guess, we have to carefully see how the boundary conditions on both sides are related

by the analytic continuation of ~. Roughly speaking, in the bound state problem, the

exponentially decaying solution in r⇤ ! 1 behaves as e�
p
�E r⇤/~, and it is analytically

continued to the outgoing solution e+i!r⇤ , which is the boundary condition imposed at the

spacial infinity for the quasinormal modes. Similarly, the decaying solution e+
p
�E r⇤/~ in

r⇤ ! �1 is continued to the ingoing mode e�i!r⇤ at the horizon. Therefore both the

boundary conditions seem to be related appropriately by the analytic continuation.

However, this argument is quite intuitive. There is a possibility that the decaying

solution leads to a linear combination of the outgoing and the ingoing solutions after the

analytic continuation due to the Stokes phenomenon. The Stokes phenomenon in the WKB

analysis was rigorously formulated by Voros [19], now known as the exact WKB analysis.

We expect that the relation (2.3) is (dis)proved by the exact WKB analysis, but it is

beyond the scope of this work. We assume the relation (2.3) without any rigorous proofs.

We will check it by comparing the results obtained in this way with the known ones. This

is the main goal of this paper.

Let us comment on the di↵erence from the original proposal in [13–15]. The authors

in [13–15] considered the analytic continuation of the radial coordinate r or r⇤. To get

the inverted potential, one has to do the continuation of other parameters (mass, charge,

etc.) in the potential simultaneously, but the Planck constant is fixed. Here, we rather

analytically continue only the Planck constant. Though these complementary methods are

equivalent to each other, ours looks much simpler.

2.2 Re-deriving WKB results

We start with the Taylor expansion of the inverted potential:

�V (r⇤) = V0 +
1X

k=2

Vk (r⇤ � r0⇤)
k, (2.4)

where the inverted potential has the minimum at r⇤ = r0⇤. For the semiclassical perturba-

tive computation, it is more useful to define r⇤ � r0⇤ =
p
~x, and rewrite the Schrödinger

equation (2.2) as ✓
�
1

2

d2

dx2
+

V2

2
x2 + Vint(x)

◆
 (x) = ✏ (x), (2.5)

– 4 –

Mapping to Bound States
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Perturbation Theory

�~2 d2

dx2
� V̂ (x)

�
 (x) = E (x)

<latexit sha1_base64="wXbjoO9SfwmvaUryOZnaOYiDrv0="></latexit>

x� x0 =
p
~q

<latexit sha1_base64="Gb8MxTLSdek1o29MGne5LmbUYu8="></latexit>

x0
<latexit sha1_base64="PgTKFewbc6HoBndrRyoY01SUgKc="></latexit>

x
<latexit sha1_base64="9JBbuX1NAEtOnUD6fyrXl14kzKs="></latexit>

✓
�1

2

d2

dq2
+

V2

2
q2 + Vint(q)

◆
 (q) = ✏ (q)

<latexit sha1_base64="RHGxNXYIvJCrtSWq1X8+Br9TzLc="></latexit>

Vint(q) =
1

2

1X

k=3

~k/2�1Vkq
k

<latexit sha1_base64="h8JAbKmhdsO7munGhzEQOnzOD1c="></latexit>

�V̂ (x) = V0 +
1X

k=2

Vk(x� x0)
k

<latexit sha1_base64="l6SOFYXT3Y3s/0mA09IQUztQX4c="></latexit>

Anharmonic 
oscillator

✏ =
E � V0

2~
<latexit sha1_base64="7W2rycuCkcsOwF5loNsGdzu8sY4="></latexit>



•Spectrum 

• There is a great MATHEMATICA 
package 

• This perturbative series turns out to 
be a divergent series

29

✏n = ✏(0)n + ~✏(1)n + ~2✏(2)n + · · ·
<latexit sha1_base64="EPyIx7khyPH++0cOBhp8vIDCg5Y="></latexit>

Sulejmanpasic & Ünsal 2016
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Borel(-Pade) Summation
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Borel summation is a basic tool in analysis of asymptotic series. We review this method

in appendix A.

As in appendix A, we define the Borel transform of (3.6) by

B[✏pertn ](⇣) :=
1X

k=0

✏(k)n

k!
⇣k. (3.7)

We denote its analytic continuation by B
C [✏pertn ](⇣). Then the Borel summation is given by

the Laplace transform:

✏pert,Borel
n (~) =

Z 1

0
d⇣ e�⇣

B
C [✏pertn ](~⇣), (3.8)

The Borel summed quasinormal frequency is finally defined by

(!Borel
n )2 := �(V0 + 2i✏pert,Borel

n (i)). (3.9)

We expect that !Borel
n gives the exact value of the quasinormal frequency.

We have the perturbative data up to the 200th order. To perform the Borel summation,

we need the analytically continued Borel transform B
C [✏pertn ](⇣). How do we get it from these

finite data? Probably, the Padé approximant is the best solution.5 Let us denote the Padé

approximant, with an order-M numerator and an order-N denominator, of a given function

f(z) by f [M/N ](z). To fix f [M/N ](z) uniquely, one needs the Taylor expansion of f(z) up to

zM+N . It is known that the Padé approximant works even outside the convergence circle,

and moreover captures the singularity structure of the original function.6 Because of this

nice property, the Padé approximant is suitable for our purpose. Finally, we perform the

Laplace transform (3.8) by replacing B
C [✏pertn ](~⇣) with its Padé B

[M/N ][✏pertn ](~⇣):

✏pert,[M/N ]
n (~) :=

Z 1

0
d⇣ e�⇣

B
[M/N ][✏pertn ](~⇣),

(![M/N ]
n )2 := �(V0 + 2i✏pert,[M/N ]

n (i)).

(3.10)

This practical prescription is sometimes called Borel–Padé summation.

In the computation of the quasinormal frequencies, we have to do the analytic continua-

tion ~ = i. The integrand of the Laplace transform becomes e�⇣
B
[M/N ][✏pertn ](i⇣). Therefore

it is important to see the singularities of B[M/N ][✏pertn ](⇣) on the positive imaginary axis. In

figure 3, we show the singularity structure of the Padé approximant B[100/100][✏pertn ](⇣) with

n = 0, 1. We do not find any singularities on the imaginary axis as well as on the real axis.

We conclude that the perturbative expansion (3.6) is Borel summable both for ~ 2 R and

for ~ 2 iR. We play the same game for other values of l. The Borel–Padé summations of

5
In [11], the Padé approximant was used for the original WKB series, which is divergent. Here we use

the Padé approximant of the Borel transform, which is convergent. As far as we know, the convergency of

Padé approximants is guaranteed for convergent series, but we are not sure whether it is so for divergent

series.
6
Since Padé approximants are rational functions, they never have branch point singularities. Neverthe-

less, Padé approximants tell us about branch cuts. A branch cut appears as a cluster of poles in Padé

approximants. Consider the Padé approximant of log(1 + z2), for instance.
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approximants. Consider the Padé approximant of log(1 + z2), for instance.

– 8 –

Borel summation is a basic tool in analysis of asymptotic series. We review this method

in appendix A.

As in appendix A, we define the Borel transform of (3.6) by

B[✏pertn ](⇣) :=
1X

k=0

✏(k)n

k!
⇣k. (3.7)

We denote its analytic continuation by B
C [✏pertn ](⇣). Then the Borel summation is given by

the Laplace transform:

✏pert,Borel
n (~) =

Z 1

0
d⇣ e�⇣

B
C [✏pertn ](~⇣), (3.8)

The Borel summed quasinormal frequency is finally defined by

(!Borel
n )2 := �(V0 + 2i✏pert,Borel

n (i)). (3.9)

We expect that !Borel
n gives the exact value of the quasinormal frequency.

We have the perturbative data up to the 200th order. To perform the Borel summation,

we need the analytically continued Borel transform B
C [✏pertn ](⇣). How do we get it from these
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less, Padé approximants tell us about branch cuts. A branch cut appears as a cluster of poles in Padé
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In the computation of the quasinormal frequencies, we have to do the analytic continua-

tion ~ = i. The integrand of the Laplace transform becomes e�⇣
B
[M/N ][✏pertn ](i⇣). Therefore

it is important to see the singularities of B[M/N ][✏pertn ](⇣) on the positive imaginary axis. In

figure 3, we show the singularity structure of the Padé approximant B[100/100][✏pertn ](⇣) with
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the Padé approximant of the Borel transform, which is convergent. As far as we know, the convergency of
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Figure 3. The pole distributions of the Padé approximants B[100/100][✏pertn ](⇣) for n = 0 (left) and
for n = 1 (right). There are no singularities on the positive imaginary axis in both cases. A cluster
of poles implies a branch cut.

Table 1. The Borel–Padé summations of the quasinormal frequencies in the odd-parity gravita-
tional perturbations of the Schwarzschild black hole. We have computed the perturbative expansion
of ✏n up to the 200th order, and have used the (diagonal) Padé approximant of the Borel transform.
We show only the reliable stable parts of the numerical values. These values are consistent with all
the available data in the literature.

l n ![100/100]
n |![100/100]

n � ![99/99]
n |

2 0 0.74734336883608367159� 0.17792463137787139656i 6.4⇥ 10�24

1 0.693421993758327� 0.547829750582470i 1.3⇥ 10�16

2 0.602106909� 0.956553967i 8.0⇥ 10�11

3 0 1.19888657687498014548� 0.18540609588989520794i 4.8⇥ 10�42

1 1.16528760606659886123� 0.56259622687008808936i 5.0⇥ 10�34

2 1.10336980155690263277� 0.95818550193392446993i 8.6⇥ 10�26

4 0 1.61835675506447828139� 0.18832792197784649881i 7.0⇥ 10�53

1 1.59326306406900503032� 0.56866869880968143729i 1.2⇥ 10�44

2 1.54541906521341859968� 0.95981635024232615560i 8.0⇥ 10�37

the quasinormal frequencies are shown in table 1. These values are compared with known

results obtained by other methods. We have checked that ours are in excellent agreement

with the results obtained by Leaver’s method [24].

It is easy to see in table 1 that the convergence speed of the Borel–Padé summation

gets better for larger multipole numbers l and smaller overtone numbers n. This is because

that our method zooms in the bottom of the inverted potential, and it in general works

well for a potential with a deep well. This is a general property in perturbation theory.

If one considers the scalar perturbations (s = 0), things get worse. In the case of l = 0,

– 9 –
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Quasinormal Frequencies

Remarkable accuracy! 
Easy to apply to other cases

YH, arXiv:1906.07232
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1. Black hole perturbation and 
QNMs  

2. A refined way 

3. A new perspective (ongoing)

Contents
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QNMs for spherically 
symmetric BHs are related 
to supersymmetric gauge 

theories
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Regge-Wheeler equation 
for Schwarzschild BH

Quantum Seiberg-Witten 
curve for Nf=3 SYM
=

Example



Regge-Wheeler Equation
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r = 0, 1
<latexit sha1_base64="KEUpIAprJKj58AS61IMFQT1WcOk="></latexit>

r = 1
<latexit sha1_base64="wMPXQGjvY1rP/Ofid13DvOyeHPw="></latexit>

Regular singularities


f(r)

d

dr
f(r)

d

dr
+ !2 � V (r)

�
�(r) = 0

<latexit sha1_base64="kjSEFWqbu3xNC3PISqD8gImXGYk="></latexit>

f(r) = 1� 1

r
,

<latexit sha1_base64="WS2EaRIyvr9EtN9lZfVLAqYQT5U="></latexit>

Irregular singularity

V (r) = f(r)


l(l + 1)

r2
� 3

r3

�

<latexit sha1_base64="dYC7Up7WHcJX4XCCks7u0lCFYdc="></latexit>



Riemann sphere

Singularities
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Nf = 4
<latexit sha1_base64="cPtrXXfn3GMLfArGtEfL//VDlVo="></latexit>

Nf = 3
<latexit sha1_base64="alQmMA4+NiRNuW6BWPZH3HtFZ5A="></latexit>

0
<latexit sha1_base64="qUXfzHz5n43G8ODiiVzq4vHDDGw="></latexit>

1
<latexit sha1_base64="mvhy9AqBxQ+knbe7UD57AvnGRWQ="></latexit>

1
<latexit sha1_base64="pVjTprLv+K1wtfiqf3CHG4uX2VI="></latexit>

Confluent HeunHeun

Gaiotto 2009

“Confluence”

Decopling 
limit



Seiberg-Witten Curve
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K(p) = p2 � u+
⇤

4

✓
p+

m1 +m2 +m3

2

◆

<latexit sha1_base64="ezqiK+QTzjk/EaAsdzfv5AgFiLw="></latexit>

K+(p) = (p+m1)(p+m2)
<latexit sha1_base64="et7unrLwULiXwMXNDmEUsofrBaQ="></latexit>

K�(p) = p+m3
<latexit sha1_base64="75MpHqxnoY2cNXOI3MAEeee4sQ0="></latexit>

⌦ = dp ^ dx
<latexit sha1_base64="l5M6RZKmjYBlduPe4NgY3XX/jY8="></latexit>

K(p)� ⇤1/2

2
(eix/2K+(p)e

ix/2 + e�ix/2K�(p)e
�ix/2) = 0

<latexit sha1_base64="imoEJNIEA/F8xk65h9AulsQ6gpA="></latexit>

Symplectic form

Hanany & Oz 1995



Quantum SW Curve
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We regard x and p as canonical 
variables, and replace them 
noncommuting operators

[x, p] = i~
<latexit sha1_base64="AfpVNteQs7OASiFALWQxPhg9pC0="></latexit>

p = �i~@x
<latexit sha1_base64="tiY/nA21a7se65ML26/fZ8EEi6s="></latexit>

SW curve → 2nd order ODE



Quantum SW Curve
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we get the RW equation!

u =
1

4
+ l(l + 1)� 2!2,

<latexit sha1_base64="sW2iZ3BYO4+euAatksgI7JS9Jes="></latexit>

By the following identification 
between SW and BH parameters,

⇤ = 8i!
<latexit sha1_base64="pzkU1cIyATd4RVfT8vYZfRN5npA="></latexit>

2p
⇤
e�ix = r ,
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m1 = 2 + i!, m2 = �2 + i!, m3 = i!
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Expectation

1

2⇡✏

I

�
p0(x)dx = n+

1

2
<latexit sha1_base64="ZHwBMXCX6TRlFKNnRYv1Vx/kFKs="></latexit>

Quantization condition

@F0(a)

@a
= n+

1

2
<latexit sha1_base64="7JFdcaP/dkl/Wr/ZqAO5X/ZttXM="></latexit>

Probably all the quantum corrections 
are systematically included by 
Nekrasov’s partition function

Nekrasov & Shatashvili 2009
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D-dim Schwarzschild
Regular: D-2

Kodama & Ishibashi 2003

…
1

2

3 4 5

D-1

D-2

D-dim Schwarzschild-AdS

1

2

3 4 5

D

D-1

D+1

…

D-3

D-2

Irregular: 1

Regular: D+1
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Summary

•I proposed an efficient way to 
compute QNMs by perturbation 
theory 

•This method is widely applicable 

•“QNM/SYM” correspondence


