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Outline
๏ Light Scalar Dark Matter

๏ Substructure 

• …in Galaxies

• …in Solar Systems

๏ Conclusions
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Big Question
3

Flat rotation curves Galaxy cluster collisions

What is the  
particle nature of 

Dark Matter?

Large scale structure Cosmic microwave background
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Wavelike Dark Matter Typical occupation number     
𝒩 ∼ 1026 × ( ρlocal

0.4 GeV/cm3 ) ( 10−5 eV

mϕ )
4

( 10−3

σ )
3

Must be bosonic

Can be bosonic 
or fermionic

Not particle-like
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Light Scalar Parameter Space
5
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1012

1015

1018Some high scale: 
• Symmetry breaking 
• Compactification 
• Mass of UV fermions 
• …etc

“Generically”, 

V(ϕ) = m2
ϕ f 2 [1 − cos ( ϕ

f )]
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Light Scalar Parameter Space
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1018Some high scale: 
• Symmetry breaking 
• Compactification 
• Mass of UV fermions 
• …etc

“Generically”, 

V(ϕ) = m2
ϕ f 2 [1 − cos ( ϕ

f )]

(Ultralight 
Dark Matter)
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Our Dark Matter Halo
๏ In the standard picture,

• Roughly spherical halo   

• Virial velocity 

• Local DM density 

σ ≃ 10−3 ≃ 200 km/sec

ρlocal ≃ 0.4 GeV/cm3

6

Galactic 
Center Sun

Earth

*not to scale
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Our Dark Matter Halo
๏ In the standard picture,

• Roughly spherical halo   

• Virial velocity 

• Local DM density 

σ ≃ 10−3 ≃ 200 km/sec

ρlocal ≃ 0.4 GeV/cm3

6

Galactic 
Center Sun

Earth

*not to scale

๏ For light scalar DM, however,

• Halo is “lumpy”!  

• Lumps can form, travel, merge, coalesce, …
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Axion DM is Wave-Like

7

https://www.youtube.com/watch?v=bY1S6rkWU0c

Based on simulations by Schive et al., 1407.7762
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Types of LSDM Substructure
1. Quasiparticles / Granules

2. Axion Stars / Solitons

3. Axion Halos around the Earth and Sun
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๏ LSDM is non-relativistic, with high occupation numbers ⇒ NR classical field

๏ Expand field in terms of non-relativistic wavefunction: 

๏ E.o.M is Gross-Pitaevskii+Poisson (GPP) equation:

ϕ(t, r) =
1

2 mϕ
[e−i mϕ t ψ(t, r) + c . c . ]

LSDM Equations of Motion
9

i
∂ψ
∂t

= [−
∇2

2mϕ
+ Vg ( |ψ |2 ) + Vint ( |ψ |2 )] ψ

Kinetic energy
(Repulsive)

Poisson Gravity

(Attractive)
∇2Vg = 4 π G mϕ ψ

2

Self-interactions
For axion potential,

V(ϕ) = m2
ϕ f 2 [1 − cos ( ϕ

f )] =
m2

ϕ

2
ϕ2 −

1
4! ( mϕ

f )
2

ϕ4 +
1

6! f 2 ( mϕ

f )
2

ϕ6 − . . .

Coherent state → Oscillates 
Leading time dependence
·ψ ∼ (mϕ − ω)ψ ≪ mϕψ

mϕ ∫ d3r |ψ |2 = M⋆

Normalization
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Quasiparticles / Granules
๏ Within a deBroglie wavelength,  

 
 

 
 
 
 
 
 
 
 

have very large occupation 

๏ These patches have random velocities, appear as traveling waves (“quasiparticles”)

๏ Generic expectation:  fluctuations around background density on distance scales , 
 
from constructive / destructive interference of LSDM waves   ⇒    

λdB =
1

mϕ σ
∼ 2000 km ( 10−9 eV

mϕ ) ∼ 12 AU ( 10−15 eV
mϕ ) ∼ 600 pc ( 10−22 eV

mϕ )

𝒩 ∼ 1026 × ( ρlocal

0.4 GeV/cm3 ) ( 10−5 eV

mϕ )
4

𝒪(1) λdB

δ ≡
ρ

ρlocal
∼ 𝒪(1)

10

(Earth scale) (Solar system scale) (Galaxy scale)

(assuming  )σ ∼ 10−3

Hui, Ostriker, Tremaine, Witten (1610.08297) 
Bar-Or, Fouvry, Tremaine (1809.07673)
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σ ∼ 10−3

λdB

λdB

The (Very) Local DM Density
11

Earth
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λdB

λdB

The (Very) Local DM Density
11

Earth

Centers et al. (1905.13650)
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The (Very) Local DM Density (2)
12

10-17 10-16 10-15 10-14 10-130.010.101
10100

Local density roughly 
constant b/c texp ≪ τc

Local density roughly  
constant if signal averaged  
over many coherence times 

Γc ≡
1
τc

≃ mϕ σ2 ≃ (mϕ R2
⋆)−1

1 crossing/year
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๏ At fixed mass , GPP equations have a unique* ground state configuration

๏ Mass-Radius relation is inverse:   , 
 
 
and over density is typically 

M⋆

M⋆ ≃ 10−11 M⊙ ( 10−5 eV
m2

ϕ )
2

( 200 km
R⋆ )

δ ≡
ρ

ρlocal
≫ 𝒪(1)

Axion Stars / Solitons
13

i
∂ψ
∂t

= [−
∇2

2mϕ
+ Vg ( |ψ |2 ) + Vint ( |ψ |2 )] ψ

0 2 4 6 8 100.0
0.5
1.0
1.5
2.0

*small caveat: stable ground 
state is local (not global) minimum 

of the action

Balance these forces 

 

“Axion Star”

R⋆ ≃
M2

P

m2
ϕ M⋆
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Solving for (Spherical) Solitons
๏ Solitons exist along a continuous family of solutions 

๏ In spherical symmetry, easy! Solve using shooting method

14

·ψ = [−
∇2

2mϕ
+ Vg] ψ

∇2Vg = 4π G mϕ |ψ |2

∇2
x χ = 2 (Φ − μ) χ

∇2
xΦ = χ2

Simple equations of motion

ψ(r, t) = (
mϕ MP

4π ) e−i μ mϕ tχ(x)

r = x/mϕ

Vg(r) = mϕ Φ(r)
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Solving for (Spherical) Solitons
๏ Solitons exist along a continuous family of solutions 

๏ In spherical symmetry, easy! Solve using shooting method

14

·ψ = [−
∇2

2mϕ
+ Vg] ψ

∇2Vg = 4π G mϕ |ψ |2

∇2
x χ = 2 (Φ − μ) χ

∇2
xΦ = χ2

Simple equations of motion

ψ(r, t) = (
mϕ MP

4π ) e−i μ mϕ tχ(x)

r = x/mϕ

Vg(r) = mϕ Φ(r)

Let {  } be the solution 
set such that . 

 
This solution has the property 

χ1(x), Φ1(x), μ1
χ1(0) = 1

M1

M⊙

R1

kpc
≈ 2 × 108 ( 10−22 eV

mϕ )
2

Then any other solution {  } can be written as 

And they will have the properties

χλ(r), Φλ(r), μλ

χλ(x) = λ2 χ1(λx), Φλ(x) = λ2Φ1(λx), μλ = λ2 μ1

Mλ = λ M1, Rλ = λ−1R1

๏ In fact, all numerical solutions are related, by a scaling symmetry:
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๏ Evidence 1: Simulations

Do Solitons actually Form?   
15

Levkov, Panin, Tkachev (1804.05857)

Schive et al. (1407.7762)
Eggemeier and Niemeyer (1906.01348)

Mocz et al. (1705.05845)
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Do Solitons actually Form? (2)
๏ Evidence 2:  Analytic argument

• Gravitational relaxation of quasiparticles sufficient for formation

16

See e.g. Binney and Tremaine, “Galactic Dynamics, 2nd Edition”

Quasiparticle dispersion

Δv2 ≃ 8 N ( G M
Rgal v ) ln N

Velocity change per crossing

Δv2

v2
≃

8 ln N
N

Fractional velocity change

Soliton formation

trelax ≃
0.1 N
ln N

tcross

Relaxation to ground state
Hui, Ostriker, Tremaine, Witten (1610.08297) 

Bar-Or, Fouvry, Tremaine (1809.07673)

See also Levkov, Panin, Tkachev (1804.05857)

Analytic timescale matches simulation results!
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Axion Earth/Solar Halos
๏ A third substructure possibility:  Can LSDM be captured by external bodies?

๏ At the level of the E.o.M., configuration is very stable under perturbations (if it forms)

17

i
∂ψ
∂t

= [−
∇2

2mϕ
+ Vg ( |ψ |2 )] ψ i

∂ψ
∂t

= [−
∇2

2mϕ
+ Vg ( |ψ |2 ) + Vext ( |ψ |2 )] ψ

Balance these forces 

 

“Axion Star”

R⋆ ≃
M2

P

m2
ϕ M⋆

Balance these forces 

 

“Axion Halo”

R⋆ ≃
M2

P

m2
ϕ Mext
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Dark Matter in the Solar System
18

Halo supported by Sun 
“Solar Halo”

mϕ = 10−17 ÷ 10−13 eV
∼ mHz ÷ 10 Hz

Axion Halo

Earth

DM Background

Halo supported by Earth 
“Earth Halo”

mϕ = 10−13 ÷ 10−8 eV
∼ 10 Hz ÷  MHz

R⋆ > R⊕R⋆ > AU

R⋆ ≈
M2

P

m2
ϕ Mext

Axion Halo

DM Background

Sun

Earth
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Can Axion Earth/Solar Halos Form?
๏ No dedicated simulations

๏ Rough argument: If QP relaxation occurs (as with solitons),  
 
resulting ground state is plausibly an axion halo

๏ At present, can’t compute , but can still ask what’s still allowed / interestingδ

19

Quasiparticle dispersion 
(in the presence of e.g. star)

Axion halo formation??

Relaxation to ground state
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Substructure Summary
20

Quasiparticles / Granules 
• Fundamental, irreducible  

waviness of LSDM halos


• Typical size 


• Typical density 

λdB =
1

mϕ σ
δ ≃ 1
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Substructure Summary
20

Quasiparticles / Granules 
• Fundamental, irreducible  

waviness of LSDM halos


• Typical size 


• Typical density 

λdB =
1

mϕ σ
δ ≃ 1

Axion Stars / Solitons 
• Self-gravitating bound states, 

formed by grav. relaxation


• Typical size 


• Typical density 

R⋆ ≃
M2

P

m2
ϕ M⋆

δ ≫ 1

Earth Halo or Solar Halo 
• Bound to external objects,

• Formation? Work in progress


• Typical size 


• Typical density ???

R⋆ ≃
M2

P

m2
ϕ Mext

δ =
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Substructure in Galaxies

10-23 10-20 10-17 10-14 10-11 10-8 10-5 10-2 101109

1012

1015

1018 Bar, Blas, Blum, Sibiryakov  (1805.00122)

Bar, Blum, JE, Sato  (1903.03402)

Blum, JE, Kim (To Appear)
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Look at Simulations again
22

Schive et al. (1407.7762)

Veltmaat and Niemeyer (1608.00802)

Mocz et al. (1705.05845)
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Look at Simulations again

๏ “Emperical” relation between  
 
soliton core and its host halo

22

Schive et al. (1407.7762)

Veltmaat and Niemeyer (1608.00802)

Mocz et al. (1705.05845)

Core Halo

Bar, Blas, Blum, Sibiryakov (1805.00122)
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The Soliton-Host Halo Relation
๏ Curious connection between central soliton and its host halo: 

 

                       

๏ Tested in the ranges  and 

๏ Verified by multiple independent simulations

Msol ≃ 109 M⊙ ( 10−22 eV
mϕ ) ( Mhalo

1012 M⊙ )
1/3

10−22 eV ≲ mϕ ≲ 10−20 eV 109M⊙ ≲ Mh ≲ 1012M⊙

23

Picks out one soliton solution 
from the -familyλ
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The Soliton-Host Halo Relation
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๏ Tested in the ranges  and 

๏ Verified by multiple independent simulations

Msol ≃ 109 M⊙ ( 10−22 eV
mϕ ) ( Mhalo

1012 M⊙ )
1/3

10−22 eV ≲ mϕ ≲ 10−20 eV 109M⊙ ≲ Mh ≲ 1012M⊙

23

Includes NFW-like profile, 
flat rotation curve

Look for corresponding velocity peak 
in central core of galaxies!

Picks out one soliton solution 
from the -familyλ

๏ If true, it implies  
 
 
                                           ( K

M )
soliton

≃ ( K
M )

halo
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๏ SPARC database: 175+ galaxies, with disc, bulge, and (sometimes) gas modeling

How do we test it?
24

ULDM Tests using SPARC: 

➤DM-only (spherical) 

➤w/ Baryons (azimuthal)

vobs
vbulge
vdisc
vgas

0 1 2 3 4 5
0

20
40
60

Lelli, McGaugh, Schombert (1606.09251)

Bar, Blas, Blum, Sibiryakov  
(1805.00122)

Bar, Blum, JE, Sato  
(1903.03402)(one example of dozens of similar candidates)

Can we see a peak 
in the inner core?

NFW part ☑
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Solving for (Non-Spherical) Solitons
๏ Baryonic effects introduce (disc-like) background potential

๏ Our work: develop simple algorithm to solve for soliton in azimuthally-symmetric 
 
potential

25

∇2
x χ = 2 (Φ − μ) χ

∇2
xΦ = χ2

∇2
x χ = 2 (Φ+Φb−μ) χ

∇2
xΦ = χ2

Simple equations of motion Less simple equations of motion!

Bar, Blum, JE, Sato (1903.03402)

∂χ
∂τ

= ∇2χ − 2 (Φ + Φb) χ

∇2Φ(R, z) = χ(R, z)2Input: Φ0, χ0 Iteratively 

solve 

lim
τ→∞

χsol(τ) ∝ e−2μτχsol(0)

Φsol, χsol

Φb update Φ

update χ

Converges
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

r [kpc]

0

10

20

30

40

50

60

70

80

v 
[k

m
/s

]

=10-4.05

=10-3.65

=10-3.45

UGC01281

SPARC example: Soliton with  mϕ = 10−22 eV

26

Soliton-Host  
Halo Relation

Heavier 
solitons

Lighter 
solitons

No sign of the predicted  
peak in rotational velocity!



Joshua Eby (Weizmann)                                                                                                                                 LSDM Substructure
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SPARC example: Soliton with  mϕ = 10−21 eV

27

Final constraint*: , gravity only!mϕ ≳ 10−21 eV
*if simulations 

didn’t miss something 
important
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Another Observable:  
QP Fluctuations Outside of the Core

๏ Stars, moving the the LSDM background, get stochastically ‘kicked’ by QPs

28

๏ QPs can be extremely massive, even with : 
 

 
 
 
 
 

   

δ ≃ 1

meff ≈
ρ

(mϕ σ)3
≈ 102 M⊙ ( 10−21 eV

mϕ )
3

( 10−3

σ )
3

ρ

0.01
M⊙

pc3

λdB ≈
1

mϕ σ
≈ 100 pc ( 10−21 eV

mϕ ) ( 10−3

σ )
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Another Observable:  
QP Fluctuations Outside of the Core

๏ Stars, moving the the LSDM background, get stochastically ‘kicked’ by QPs

28

๏ QPs can be extremely massive, even with : 
 

 
 
 
 
 

   

δ ≃ 1

meff ≈
ρ

(mϕ σ)3
≈ 102 M⊙ ( 10−21 eV

mϕ )
3

( 10−3

σ )
3

ρ

0.01
M⊙

pc3

λdB ≈
1

mϕ σ
≈ 100 pc ( 10−21 eV

mϕ ) ( 10−3

σ )

 with 
dσ2

⋆

dt
≃

σ2

Theat (1 +
2 σ2

⋆

σ2 )
− 3

2

Theat ≃ 0.14 Gyr ( mϕ

10−21 eV )
3 0.01

M⊙

pc3

ρ

2

σ

10 km
sec

6

This has been used previously to constrain LSDM 
using limits on Milky Way disk thickness; see 

Bar-Or, Fouvry, Tremaine (1809.07673)

Church, Ostriker, Mocz (1809.04744)

๏ Induces ‘heating’, increased velocity dispersion in population 
 

https://arxiv.org/abs/1809.04744
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Constraints in Milky Way Dwarfs?

๏ Potential probe of LSDM in the range , again gravity only!10−21 eV ≲ mϕ ≲ 10−20 eV

29

50 100 500 1000
51015 Sextans
51015 LeoII
51015 Fornax51015 Carina

50 100 500 1000

UrsaMinor
Sculptor

LeoI
Draco

PRELIMINARY

PRELIMINARY

Blum, JE, Kim (To Appear)
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LSDM in Galaxies Summary
๏ Simulations predict the formation of a central soliton in galaxies when LSDM  

 
mass is 

• Soliton-Host Halo Relation tells us the (likely) properties of this soliton

• Translates into kinematic constraint: Peak in rotational velocity not observed in       large sample of SPARC galaxies! Constraint: 

• Baryons do not seem to spoil the picture

๏ Quasiparticle fluctuations in the outer halos ‘heat’ stellar populations

• Measured velocity dispersion of Milky Way Dwarf Spheroidal galaxies      can potentially probe 

10−22 eV ≲ mϕ ≲ 10−20 eV

mϕ ≳ 10−21 eV

10−21 eV ≲ mϕ ≲ 10−20 eV

30
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Substructure in our  
Solar System

10-23 10-20 10-17 10-14 10-11 10-8 10-5 10-2 101109

1012

1015

1018
Banerjee, Budker, JE, Kim, Perez (1902.08212)

Banerjee, Budker, Flambaum, JE, Kim, Matsedonskyi, Perez (1912.04295)
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Recall the Picture:
32

Halo supported by Sun 
“Solar Halo”

mϕ = 10−17 ÷ 10−13 eV
∼ mHz ÷ 10 Hz

Axion Halo

Earth

DM Background

Halo supported by Earth 
“Earth Halo”

mϕ = 10−13 ÷ 10−8 eV
∼ 10 Hz ÷  MHz

R⋆ > R⊕R⋆ > AU

R⋆ ≈
M2

P

m2
ϕ Mext

Axion Halo

DM Background

Sun

Earth
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Constraints on “Extra” Local DM?
33

Mext M1

M2

M2 − M1

Inner orbit “measures” M1 + Mext

Outer orbit “measures” M2 + Mext

Comparison of the two “measures” , 
the “extra” mass contained between the orbits

M2 − M1
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Constraints on “Extra” Local DM?
33

10-17 10-15 10-13 10-11 10-9 10-710-1210-1010-810-610-410-2100

Mext M1

M2

M2 − M1

Inner orbit “measures” M1 + Mext

Outer orbit “measures” M2 + Mext

Comparison of the two “measures” , 
the “extra” mass contained between the orbits

M2 − M1
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Constraints on “Extra” Local DM?
33

10-17 10-15 10-13 10-11 10-9 10-710-1210-1010-810-610-410-2100

Solar System Ephemerides 
(Mercury, Mars, Saturn)

Mext M1

M2

M2 − M1

Inner orbit “measures” M1 + Mext

Outer orbit “measures” M2 + Mext

Comparison of the two “measures” , 
the “extra” mass contained between the orbits

M2 − M1
Pitjev and Pitjeva (1306.5534)
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Constraints on “Extra” Local DM?
33

10-17 10-15 10-13 10-11 10-9 10-710-1210-1010-810-610-410-2100

Lunar Laser Ranging 
+ LAGEOS Satellite

Solar System Ephemerides 
(Mercury, Mars, Saturn)

Mext M1

M2

M2 − M1

Inner orbit “measures” M1 + Mext

Outer orbit “measures” M2 + Mext

Comparison of the two “measures” , 
the “extra” mass contained between the orbits

M2 − M1
Pitjev and Pitjeva (1306.5534) Adler (0808.0899)
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Effects on Experimental Sensitivity
1. Increased density: 

 
Experimental signals  
 
 
 
Can be many orders of magnitude  
 
above “naive” local DM density

∝ ϕ

34

Earth
 Halo

Solar Halo

(contours:  )M⋆/Mext
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Effects on Experimental Sensitivity
1. Increased density: 

 
Experimental signals  
 
 
 
Can be many orders of magnitude  
 
above “naive” local DM density

∝ ϕ

34

2. Long timescale for coherent oscillation 
 
 

 (Earth halo) 
 
 

 (Solar halo)

τϕ ≳ 103 sec ( 10−9 eV
mϕ )

3

τϕ ≳ 1010 sec ( 10−15 eV
mϕ )

3

Earth
 Halo

Solar Halo

(contours:  )M⋆/Mext
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Example: CASPEr Electric 
35

10-16 10-14 10-12 10-10 10-8 10-610-35
10-30
10-25
10-20
10-15
10-10

๏ Based in Boston University

๏ Search for axion coupling  
 

 

๏ Induces oscillating atomic EDM signal

ℒ ⊃
i gd

2
ϕ N̄ σμνγ5 N Fμν

Figure from Alex Sushkov 
of Boston University
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Example: CASPEr Electric 
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Example: CASPEr Electric 
35

10-16 10-14 10-12 10-10 10-8 10-610-35
10-30
10-25
10-20
10-15
10-10

๏ Based in Boston University

๏ Search for axion coupling  
 

 

๏ Induces oscillating atomic EDM signal

ℒ ⊃
i gd

2
ϕ N̄ σμνγ5 N Fμν

Figure from Alex Sushkov 
of Boston University

10-16 10-14 10-12 10-10 10-8 10-610-35
10-30
10-25
10-20
10-15
10-10

10-16 10-14 10-12 10-10 10-8 10-610-35
10-30
10-25
10-20
10-15
10-10
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Effects on Experimental Sensitivity (2)
36

3. Modified velocity dispersion: 
 
Some experimental signals  
                                  (e.g. CASPEr-Wind, GNOME, …) 

• Two components:

• Wavefunction is hydrogen-like,  
 
                       ⇒ , “radial gradient”

• Experiment, on Earth, moves through axion halo 
 
                       ⇒ , “tangential gradient”

∝ ∇ϕ

ϕ(r) ∝ exp(−r/R⋆)

∇radϕ ∝
1

R⋆

∇tanϕ ∝ vrel
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The Effect of the Gradient
๏ Nuclear Magnetic Resonance often used to search for pseudoscalar LSDM 

 
couplings, e.g. in CASPEr-Wind experiment

๏ Signal is ∝ ( ⃗∇ ϕ) × ⃗S N

37

⃗S N

Axion Halo

Earth 
(Rotating)

(
⃗

∇
ϕ) tan

( ⃗∇ ϕ)rad

⃗S N
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Orientation and DM Wind
38

Earth Halo

Earth
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Orientation and DM Wind
38

( ⃗∇ ϕ)rad × ⃗S N → 0

Earth Halo

Earth

( ⃗∇ ϕ)rad
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Orientation and DM Wind
38

( ⃗∇ ϕ)tan × ⃗S N ≠ 0

( ⃗∇ ϕ)rad × ⃗S N → 0

Earth Halo

Earth

( ⃗∇ ϕ)rad

(
⃗

∇
ϕ) tan

Rota
tin

g
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Orientation and DM Wind
38

( ⃗∇ ϕ)tan × ⃗S N → 0( ⃗∇ ϕ)tan × ⃗S N ≠ 0

( ⃗∇ ϕ)rad × ⃗S N ≠ 0( ⃗∇ ϕ)rad × ⃗S N → 0

Earth Halo

Earth

( ⃗∇ ϕ)rad

(
⃗

∇
ϕ) tan

Rota
tin

g
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Orientation and DM Wind
38

( ⃗∇ ϕ)tan × ⃗S N → 0( ⃗∇ ϕ)tan × ⃗S N ≠ 0

( ⃗∇ ϕ)rad × ⃗S N ≠ 0( ⃗∇ ϕ)rad × ⃗S N → 0

Sun

Earth Halo

Earth

( ⃗∇ ϕ)rad

Solar Halo

(
⃗

∇
ϕ) tan

RevolvingEarth

Ea
rth

Earth

( ⃗∇ ϕ)rad

Rota
tin

g

( ⃗∇ϕ)tan
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Orientation and DM Wind
38

( ⃗∇ ϕ)tan × ⃗S N → 0( ⃗∇ ϕ)tan × ⃗S N ≠ 0

Signal depends both on detector orientation and latitude!

( ⃗∇ ϕ)rad × ⃗S N ≠ 0( ⃗∇ ϕ)rad × ⃗S N → 0

Sun

Earth Halo

Earth

( ⃗∇ ϕ)rad

Solar Halo

(
⃗

∇
ϕ) tan

RevolvingEarth

Ea
rth

Earth

( ⃗∇ ϕ)rad

Rota
tin

g

( ⃗∇ϕ)tan
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Signal Modulation (Solar Halo)
39

0 5 10 15 200.00.20.40.60.81.0

0 5 10 15 200.00.20.40.60.81.0

0 5 10 15 200.00.20.40.60.81.0
Latitude Effects

Tangential Gradient

Annual Modulation

Radial Gradient

Daily Modulation

๏ Upshot: Sideband analysis in existing axion experiments can distinguish virialized LSDM from 
 
bound axion halos in our solar system
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Conclusions
๏ Substructure is a generic prediction of LSDM, relevant over very wide mass range

๏ For LSDM at galactic scales:

• Solitons not found in large sample of galactic rotation curves; constrain 

• Absence of excess velocity dispersion in Milky Way Dwarf Spheroidal galaxies potentially probes      

๏ For LSDM at solar system scale:

• Scalar ‘halos’ bound to Earth or Sun offer novel modulating signals and directional information (if they in fact form)

• Phenomenology interesting! Such halos can be probed even for very small couplings, due to large density and      enhancement to coherence properties (compared to virialized DM)

10−22 eV ≲ mϕ ≲ 10−21 eV

10−21 eV ≲ mϕ ≲ 10−20 eV

40

Thanks!
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Bonus Round
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Light Scalars: Phenomenological Story

๏ DM field 𝝓 with extremely small mass 

๏ Can have scalar or pseudoscalar couplings to matter

๏ Might couple only gravitationally…!

10−22 eV ≲ mϕ ≲ eV

42

Scalar:
ℒ ⊃ ge ϕ ē e +

gγ

4
ϕ FμνFμν

Graham, Kaplan, Rajendran (1504.07551) 

Flacke, Frugiuele, Fuchs, Gupta, Perez (1610.02025)

ℒ ⊃
gϕγγ

4
ϕ F̃μν Fμν +

i gd

2
ϕ N̄σμνγ5 N Fμν

1) Equivalence Principle, long-range forces 

2) Oscillation of fundamental constants 1) Resonant magnetic cavity  

2) Nuclear magnetic resonanceme → me + ge ϕ(t) α → α + gγ ϕ(t)

Probe by atomic clocks, nuclear transitions… Probed by ADMX, CASPEr…

“Axions” / “ALPs”

“Relaxions”

“Dilatons”

Couplings  ∝ 1/f

Pseudoscalar:
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Minimizing NR energy
43

N=.85Nc

N=.9Nc

N=.95Nc

N=Nc

0.05 0.10 0.50 1 5 10

- 10

- 8

- 6

- 4

- 2

0

Dilute Axion Stars

R ∼
MP

mϕ f

M⋆ ≈
M2

P

m2
ϕ R⋆

×
10

−
14

Large : Balance these forcesR⋆

Chavanis (1103.2050), with Delfini (1103.2054)

E[ψ] = ∫ d3r [ |∇ψ |2

2mϕ
+

1
2

Vg |ψ |2 −
1

16 f 2
|ψ |4 +

1
288 mϕ f4

|ψ |6 − . . . ]
E(R⋆)

M⋆
∼

a
m2

ϕ R2
⋆

−
b G M⋆

R⋆
−

c M⋆

m2
ϕ f 2 R3

⋆
+

d M2
⋆

m4
ϕ f4 R6

⋆
− . . .or

Dilute 
Axion Stars

Kaup (Phys Rev 1968);  
Ruffini and Bonazzola (Phys Rev 1969)
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Minimizing NR energy

๏ Example: QCD axion              

43

N=.85Nc

N=.9Nc

N=.95Nc

N=Nc

0.05 0.10 0.50 1 5 10

- 10

- 8

- 6

- 4

- 2

0

Dilute Axion Stars

R ∼
MP

mϕ f

M⋆ ≈
M2

P

m2
ϕ R⋆

ρdilute ∼ m2
ϕ f 2 ( f 2

M2
P ) ≲ ρwater

Rdilute ∼ 𝒪(100) km

Mmax ∼ 𝒪(10−11)M⊙

Mmax ≈ 10
MP f
mϕ

×
10

−
14

Large : Balance these forcesR⋆ Maximum stable mass:

Chavanis (1103.2050), with Delfini (1103.2054)

E[ψ] = ∫ d3r [ |∇ψ |2

2mϕ
+

1
2

Vg |ψ |2 −
1

16 f 2
|ψ |4 +

1
288 mϕ f4

|ψ |6 − . . . ]
E(R⋆)

M⋆
∼

a
m2

ϕ R2
⋆

−
b G M⋆

R⋆
−

c M⋆

m2
ϕ f 2 R3

⋆
+

d M2
⋆

m4
ϕ f4 R6

⋆
− . . .or

Dilute 
Axion Stars

Kaup (Phys Rev 1968);  
Ruffini and Bonazzola (Phys Rev 1969)
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Minimizing NR energy

๏ Example: QCD axion              

43
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ϕ f 2 ( f 2

M2
P ) ≲ ρwater

Rdilute ∼ 𝒪(100) km

Mmax ∼ 𝒪(10−11)M⊙

Mmax ≈ 10
MP f
mϕ

×
10

−
14

Large : Balance these forcesR⋆ Maximum stable mass:

Chavanis (1103.2050), with Delfini (1103.2054)

E[ψ] = ∫ d3r [ |∇ψ |2

2mϕ
+

1
2

Vg |ψ |2 −
1

16 f 2
|ψ |4 +

1
288 mϕ f4

|ψ |6 − . . . ]
E(R⋆)

M⋆
∼

a
m2

ϕ R2
⋆

−
b G M⋆

R⋆
−

c M⋆

m2
ϕ f 2 R3

⋆
+

d M2
⋆

m4
ϕ f4 R6

⋆
− . . .or

Dilute 
Axion Stars

Kaup (Phys Rev 1968);  
Ruffini and Bonazzola (Phys Rev 1969)

Transition 
Branch 

(unstable)
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Minimizing NR energy (2)

๏ Example: QCD axion              

44

Dense Axion Stars

M⋆ ∼ m2
ϕ f2 R3

⋆

Small : Balance these forcesR⋆

E[ψ] = ∫ d3r [ |∇ψ |2

2mϕ
+

1
2

Vg |ψ |2 −
1

16 f 2
|ψ |4 +

1
288 mϕ f4

|ψ |6 − . . . ]
E(R⋆)

M⋆
∼

a
m2

ϕ R2
⋆

−
b G M⋆

R⋆
−

c M⋆

m2
ϕ f 2 R3

⋆
+

d M2
⋆

m4
ϕ f4 R6

⋆
− . . .or

M ≈ m2
ϕ f 2 R3

• However, very unstable to decay (to relativistic axions)

Braaten, Mohapatra, Zhang (1512.00108)

Dense 
Axion Stars

N=.85Nc

N=.9Nc

N=.95Nc

N=Nc

0.05 0.10 0.50 1 5 10

- 10

- 8

- 6

- 4

- 2

0

R ∼
MP

mϕ f

ρdense ∼ m2
ϕ f2 ∼ Λ4

QCD

Rdense ∼ 𝒪(10) cm

M ∼ 𝒪(10−11)M⊙

2.×10- 6 4.×10- 6 6.×10- 6 8.×10- 6 0.00001

- 0.4

0.2

0.0

0.2
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Maximum Axion Halo Density
45

Captured
by Earth

by Sun10-18 10-16 10-14 10-12 10-10 10-8 10-610-4210-3710-3210-2710-2210-17
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Scalar LSDM Couplings
๏ Classic experiments look for long-range force from virtual 𝝓 exchange

46

Arvanitaki, Huang, Van Tilburg (1405.2925)
Hees, Minazzoli, Savalle, Stadnik, Wolf (1807.04512)

10-21 10-18 10-15 10-12 10-910-31
10-26
10-21
10-16
10-11

10-21 10-18 10-15 10-12 10-910-31
10-26
10-21
10-16
10-11

➤ Is there a way to do better??

[many more] …………

(Effective Yukawa potential)

Force Range [meters] Force Range [meters]
10810111014

ℒ ⊃ ge ϕ ē e +
gγ

4
ϕ FμνFμν

105 10210810111014 105 102



Joshua Eby (Weizmann)                                                                                                                                 LSDM Substructure

Scalar LSDM Couplings
๏ Classic experiments look for long-range force from virtual 𝝓 exchange

46

Arvanitaki, Huang, Van Tilburg (1405.2925)
Hees, Minazzoli, Savalle, Stadnik, Wolf (1807.04512)

10-21 10-18 10-15 10-12 10-910-31
10-26
10-21
10-16
10-11

10-21 10-18 10-15 10-12 10-910-31
10-26
10-21
10-16
10-11

➤ Is there a way to do better??

[many more] …………

(This is really the goal)

(Effective Yukawa potential)

Force Range [meters] Force Range [meters]
10810111014

ℒ ⊃ ge ϕ ē e +
gγ

4
ϕ FμνFμν

105 10210810111014 105 102
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Atomic Physics Probes
๏ Cutting-edge atomic experiments are achieving incredible sensitivity to variation  

 
of fundamental constants!

๏ Now possible at high frequency!

๏ Advantage: direct coupling to scalar field density 

47

( δme

me )
exp

≃ 10−14 ( δα
α )

exp
≃ 10−16(Today)

( δme

me )
exp

≃ 10−18 ( δα
α )

exp
≃ 10−18(Near future)

Aharony, Ackerman, Ozeri, Perez, 
Savoray, Shaniv (1902.02788)

Antypas, Tretiak, Garcon, Ozeri, 
Perez, Budker (1905.02968)

see e.g. Dynamical decoupling 

 Atomic spectroscopy
10−8 eV ⇔ 1 MHz
10−15 eV ⇔ 1 Hz

|ϕ | = 2 ρDM /mϕ

ℒ ⊃ ge ϕ ē e +
gγ

4
ϕ FμνFμν
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๏ Big boost in the presence of an axion halo!

Sensitivity to Axion Halos
48

10-20 10-17 10-14 10-11 10-810-2910-2710-2510-2310-2110-19

10-20 10-17 10-14 10-11 10-810-26
10-24
10-22
10-20
10-18
10-16

Solid:                         

Dashed:      

10−16

10−18

Solar Halo

10-20 10-17 10-14 10-11 10-810-2910-2710-2510-2310-2110-19

10-20 10-17 10-14 10-11 10-810-26
10-24
10-22
10-20
10-18
10-16

Earth Halo

Solid:             

Dashed:             

Dotted:

10−14

10−16

10−18

Banerjee, Budker, JE, Kim, Perez (1902.08212)

δα
α

δme

me
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<latexit sha1_base64="dxyllAK9Sar4N60kvhN7IzuyNdE=">AAACBXicbVBNS8NAEN3Urxq/oh71sFgKHrQkIqgHoejFYwXTFpoYNtttu3Q3CbsboYRcPPlTPAmKePVHePLfuG1z0NYHA4/3ZpiZFyaMSmXb30ZpYXFpeaW8aq6tb2xuWds7TRmnAhMXxywW7RBJwmhEXEUVI+1EEMRDRlrh8Hrstx6IkDSO7tQoIT5H/Yj2KEZKS4G1zwMvGVB4CR37Pjt2cugdwcwTHJJmHlgVu2ZPAOeJU5AKKNAIrC+vG+OUk0hhhqTsOHai/AwJRTEjuVn1UkkShIeoTzqaRogT6WeTN3JY1UoX9mKhK1Jwopq/JjLEpRzxUHdypAZy1huL/3mdVPXO/YxGSapIhKeLeimDKobjTGCXCoIVG2mCsKD6WIgHSCCsdHKmTsGZ/XmeuCe1i5pze1qpXxVxlMEeOACHwAFnoA5uQAO4AINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx83Z5aT</latexit><latexit sha1_base64="dxyllAK9Sar4N60kvhN7IzuyNdE=">AAACBXicbVBNS8NAEN3Urxq/oh71sFgKHrQkIqgHoejFYwXTFpoYNtttu3Q3CbsboYRcPPlTPAmKePVHePLfuG1z0NYHA4/3ZpiZFyaMSmXb30ZpYXFpeaW8aq6tb2xuWds7TRmnAhMXxywW7RBJwmhEXEUVI+1EEMRDRlrh8Hrstx6IkDSO7tQoIT5H/Yj2KEZKS4G1zwMvGVB4CR37Pjt2cugdwcwTHJJmHlgVu2ZPAOeJU5AKKNAIrC+vG+OUk0hhhqTsOHai/AwJRTEjuVn1UkkShIeoTzqaRogT6WeTN3JY1UoX9mKhK1Jwopq/JjLEpRzxUHdypAZy1huL/3mdVPXO/YxGSapIhKeLeimDKobjTGCXCoIVG2mCsKD6WIgHSCCsdHKmTsGZ/XmeuCe1i5pze1qpXxVxlMEeOACHwAFnoA5uQAO4AINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx83Z5aT</latexit><latexit sha1_base64="dxyllAK9Sar4N60kvhN7IzuyNdE=">AAACBXicbVBNS8NAEN3Urxq/oh71sFgKHrQkIqgHoejFYwXTFpoYNtttu3Q3CbsboYRcPPlTPAmKePVHePLfuG1z0NYHA4/3ZpiZFyaMSmXb30ZpYXFpeaW8aq6tb2xuWds7TRmnAhMXxywW7RBJwmhEXEUVI+1EEMRDRlrh8Hrstx6IkDSO7tQoIT5H/Yj2KEZKS4G1zwMvGVB4CR37Pjt2cugdwcwTHJJmHlgVu2ZPAOeJU5AKKNAIrC+vG+OUk0hhhqTsOHai/AwJRTEjuVn1UkkShIeoTzqaRogT6WeTN3JY1UoX9mKhK1Jwopq/JjLEpRzxUHdypAZy1huL/3mdVPXO/YxGSapIhKeLeimDKobjTGCXCoIVG2mCsKD6WIgHSCCsdHKmTsGZ/XmeuCe1i5pze1qpXxVxlMEeOACHwAFnoA5uQAO4AINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx83Z5aT</latexit><latexit sha1_base64="dxyllAK9Sar4N60kvhN7IzuyNdE=">AAACBXicbVBNS8NAEN3Urxq/oh71sFgKHrQkIqgHoejFYwXTFpoYNtttu3Q3CbsboYRcPPlTPAmKePVHePLfuG1z0NYHA4/3ZpiZFyaMSmXb30ZpYXFpeaW8aq6tb2xuWds7TRmnAhMXxywW7RBJwmhEXEUVI+1EEMRDRlrh8Hrstx6IkDSO7tQoIT5H/Yj2KEZKS4G1zwMvGVB4CR37Pjt2cugdwcwTHJJmHlgVu2ZPAOeJU5AKKNAIrC+vG+OUk0hhhqTsOHai/AwJRTEjuVn1UkkShIeoTzqaRogT6WeTN3JY1UoX9mKhK1Jwopq/JjLEpRzxUHdypAZy1huL/3mdVPXO/YxGSapIhKeLeimDKobjTGCXCoIVG2mCsKD6WIgHSCCsdHKmTsGZ/XmeuCe1i5pze1qpXxVxlMEeOACHwAFnoA5uQAO4AINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx83Z5aT</latexit><latexit sha1_base64="dxyllAK9Sar4N60kvhN7IzuyNdE=">AAACBXicbVBNS8NAEN3Urxq/oh71sFgKHrQkIqgHoejFYwXTFpoYNtttu3Q3CbsboYRcPPlTPAmKePVHePLfuG1z0NYHA4/3ZpiZFyaMSmXb30ZpYXFpeaW8aq6tb2xuWds7TRmnAhMXxywW7RBJwmhEXEUVI+1EEMRDRlrh8Hrstx6IkDSO7tQoIT5H/Yj2KEZKS4G1zwMvGVB4CR37Pjt2cugdwcwTHJJmHlgVu2ZPAOeJU5AKKNAIrC+vG+OUk0hhhqTsOHai/AwJRTEjuVn1UkkShIeoTzqaRogT6WeTN3JY1UoX9mKhK1Jwopq/JjLEpRzxUHdypAZy1huL/3mdVPXO/YxGSapIhKeLeimDKobjTGCXCoIVG2mCsKD6WIgHSCCsdHKmTsGZ/XmeuCe1i5pze1qpXxVxlMEeOACHwAFnoA5uQAO4AINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx83Z5aT</latexit>

10 �
3
eV

<latexit sha1_base64="sMgBKhkIIojDlKeS3biJwAO+LFk=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUuignorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJWQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefuvNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0Itk1U=</latexit><latexit sha1_base64="sMgBKhkIIojDlKeS3biJwAO+LFk=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUuignorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJWQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefuvNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0Itk1U=</latexit><latexit sha1_base64="sMgBKhkIIojDlKeS3biJwAO+LFk=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUuignorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJWQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefuvNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0Itk1U=</latexit><latexit sha1_base64="sMgBKhkIIojDlKeS3biJwAO+LFk=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUuignorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJWQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefuvNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0Itk1U=</latexit><latexit sha1_base64="sMgBKhkIIojDlKeS3biJwAO+LFk=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUuignorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJWQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefuvNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0Itk1U=</latexit>

10 �
5
eV

<latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit> 10 �
7
eV

<latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit>
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ye
ar

<latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit>

� =
1

<latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit>

� =
10
3

<latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit>

� =
10
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<latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit>
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<latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit>

f
=
10

6 G
eV

<latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit>

f
=
10

8 G
eV

<latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit> f
=
10

10
G
eV

<latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit>

G
NO

M
E

<latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit>

relaxion
stars

<latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit>

Detect transient axion stars on earth?

49

Banerjee, Budker, JE, Kim, Perez (1902.08212)

Γ ∝ ρlocalR3
⋆ m2

ϕ

δ ∝ ρ−1
local R−4

⋆ m−2
ϕ

(Difficult)
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Solving for Solitons (1.5)
๏ The energy in the soliton is  

 

๏ Therefore , and 

E = ∫ d3x [ |∇ψ |2

2 m2
ϕ

+
Φ |ψ |2

2 ] =
M2

P

4π mϕ ∫ d3x [ ∇χ2

2
+

Φ χ2

2 ] =
μ
3

M

Eλ =
μλ

3
Mλ =

λ3

3
μ1 M1 ≈ − 0.476 λ3 M2

P

mϕ
Mλ ≈ 2.06 λ

M2
P

mϕ

50
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Do baryons shift the soliton-host halo relation?
51

mϕ = 10−22 eV mϕ = 10−21 eV

Bar, Blum, JE, Sato (1903.03402)


