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Intensity frontier
Dark photon portal

ϵY

2
YμνF′ μν

- kinetic mixing between the hyper-charge gauge boson and dark photon

- SM particles couple to dark photon ϵejμ
e A′ μ

Beam-dump experiment (visible)
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SHiP collaboration, Rep. Prog. Phys., 2016

A′ → SM

F′ μν = ∂μA′ ν − ∂νA′ μ

(integration by parts)

ϵY cos θW = ϵ
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MeV � GeV dark matter are those whose interactions
with ordinary matter are mediated by new GeV-scale
“dark” force carriers (for example, a gauge boson that
kinetically mixes with the photon). Such models readily
account for the stability of dark matter and its observed
relic density, are compatible with observations, and have
important implications beyond the dark matter itself. In
these scenarios, high energy accelerator probes of sub-
GeV dark matter are as ine↵ective as direct detection
searches, because the missing energy in dark matter pair
production is peaked well below the Z ! ⌫⌫̄ background
and is invisible over QCD backgrounds[? ? ].

Instead, the tightest constraints on light dark matter
arise from B-factory searches in (partly) invisible decay
modes [? ], rare kaon decays [? ], precision (g � 2) mea-
surements of the electron and muon [? ], neutrino ex-
periments [? ], supernova cooling, and high-background
analyses of electron recoils in direct detection [? ]. These
constraints and those from future B-factories and neu-
trino experiments leave a broad and well-motivated class
of sub-GeV dark matter models largely unexplored. For
example, with a dark matter mass

⇠
> 70 MeV, existing

neutrino factories and optimisitic projections for future
Belle II sensitivity leave a swath of parameter space rel-
evant for reconciling the (g � 2)µ anomaly wide open
(see Figure 3). More broadly, the interaction strength
best motivated in the context of models with kinetically
mixed force carriers (mixing 10�5 . ✏ . 10�3) lies just
beyond current sensitivity across a wide range of dark
matter and force carrier masses in the MeV�GeV range.
These considerations, along with the goal of greatly ex-
tending sensitivity to any components of MeV�GeV dark
matter beyond direct detection constraints motivates a
much more aggressive program of searches in the coming
decade.

The experimental setup we consider can dramatically
extend sensitivity to long-lived weakly coupled states (see
Fig. 3), including GeV-scale dark matter, any component
of dark matter below a few GeV, and milli-charged parti-
cles. This includes a swath of light force carrier parame-
ters motivated by the (g�2)µ anomaly, extending beyond
the reach of proposed neutrino-factory searches and Belle
II projections (see Figure 3). The setup requires a small
1 m3-scale detector volume tens of meters downstream
of the beam dump for a high-intensity multi-GeV elec-
tron beam (for example, behind the Je↵erson Lab Hall A
or C dumps or a linear collider beam dump), and could
run parasitically at existing facilities. All of the above-
mentioned light particles (referred to hereafter as “�”)
can be pair-produced radiatively in electron-nucleus col-
lisions in the dump (see Fig. 2a). A fraction of these
relativistic particles then scatter o↵ nucleons, nuclei, or
electrons in the detector volume (see Fig. 2b).

Within a year, Je↵erson Laboratory’s CEBAF (JLab)
[53] will produce 100µA beams at 12 GeV. Even a simple
meter-scale instrument capable of detecting quasi-elastic
nucleon scattering, but without cosmic background re-
jection, positioned roughly 20 meters downstream of the
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FIG. 2: a) ��̄ pair production in electron-nucleus collisions
via the Cabibbo-Parisi radiative process (with A0 on- or o↵-
shell) and b) � scattering o↵ a detector nucleus and liberating
a constituent nucleon. For the momentum transfers of inter-
est, the incoming � resolves the nuclear substructure, so the
typical reaction is quasi-elastic and nucleons will be ejected.

Hall A dump has interesting physics sensitivity (upper,
dotted red curves in Fig. 3). Dramatic further gains
can be obtained by shielding from or vetoing cosmogenic
neutrons (lower two red curves), or more simply by us-
ing a pulsed beam. The lower red curve corresponds to
40-event sensitivity per 1022 electrons on target, which
may be realistically achievable in under a beam-year at
JLab. The middle and upper red curves correspond
to background-systematics-limited configurations, with
1000 and 2 · 104 signal-event sensitivity, respectively, per
1022 electrons on target. Though not considered in de-
tail in this paper, detectors sensitive to �-electron elas-
tic scattering, coherent �-nuclear scattering, and pion
production in inelastic �-nucleon scattering could have
additional sensitivity. With a pulsed beam, comparable
parameter space could be equally well probed with 1 to
3 orders of magnitude less intensity. A high-intensity
pulsed beam such as the proposed ILC beam could reach
even greater sensitivity (orange curve). The parameter
spaces of these plots are explained in the forthcoming
subsection.

The beam dump approach outlined here is quite com-
plementary to B-factory �+ invisible searches [50], with
better sensitivity in the MeV�GeV range and less sen-
sitivity for 1 � 10 GeV (see also [54]). Compared to
similar search strategies using proton beam dumps, the
setup we consider has several virtues. Most significantly,
beam-related neutrino backgrounds, which are the lim-
iting factor for proton beam setups, are negligible for
electron beams. MeV-to-GeV � are also produced with
very forward-peaked kinematics (enhanced at high beam
energy), permitting large angular acceptance even for a
small detector. Furthermore, the expected cosmogenic
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Sub-GeV DM search

Beam-dump experiment (invisible)
target shield

Dark photon portal to sub-GeV dark matter
- SM and DM particles couple to dark photon

e.g., E137, LSND, SHiP…
detector

(ϵejμ
e + eD jμ

eD)A′ μ

mA′ = 3mχ

- small kinetic mixing→ correct relic abundance
1
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Missing energy-momentum experiment e.g., LDMX …

LDMX collaboration, arXiv:1808.05219
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U(1)D

Izaguirre, Krnjaic, Schuster, and Toro, 
PRD, 2015; PRL, 2015
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Cosmic frontier

Self-interacting dark matter (SIDM)

- tensions between observations and naive prediction of 
collisionless cold dark matter (CDM) on galactic scales
- may be attributed to our incomplete understanding of 
astrophysical processes

σ/m ∼ 1 cm2/g

Small-scale issues Bullock and Bolyan-Kolchin, Ann. Rev. Astron. Astrophys., 2018

- reduce the central 
mass density of a halo 
→ core-cusp problem 

IC 2574, c200:-2.5�, M200:1.5×1011M�
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AK, Kaplinghat, Pace, and Yu, PRL, 2017

CDM

SIDM- change its density profile 
according to the baryon 
distribution → diversity problem

Tulin and Yu, Phys. Rept., 2018

- interaction within a dark sector
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Strongly-interacting massive particle (SIMP) σ/m ∼ 1 cm2/g

- contact interaction + perturbative Unitarity → sub-GeV DM

Sub-GeV SIMP

- naturally fit the sub-GeV DM experiments

- collect relic abundance
σ/m ∼ 1 cm2/g - strong interaction
(σannv) ∼ 3 × 10−26 cm3/s - weak interaction

- hierarchy?

- 3→2 process of “pions” via the Wess-Zumino-Witten 
(WZW) term

- small kinetic mixing

Hochberg, Kuflik, Murayama, Volansky, and Wacker, PRL, 2015

- “pions” charged under
Lee and Seo, PLB, 2015

Hochberg, Kuflik, and Murayama, JHEP, 2016

Berlin, Blinov, Gori, Schuster, and Toro, PRD, 2018

U(1)D

Planck collaboration, arXiv:1807.06209

-   -wave ← CMB constraintsp
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Our model

part 2

part 1

Integrates SIMPs and dark photon AK, Yamada, and Yanagida, arXiv:2004.13966

- dark sector consists of light “electron” and “monopole”

- “monopole” condensation → dark photon mass + confinement and 
chiral condensation of “electron” and “positron” → “pions” as SIMP DM

- “pions” are neutral under           → detectable only in 
LDMX-type experiments

- “pions” semi-annihilate into photon via kinetic mixing → 
correct relic abundance

U(1)D



-                  (Bianchi identity), but 
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Setup
Postulate light      Dirac “electrons” and scalar “monopole”

- known in SUSY gauge theories

NF

N = 2

- unknown full Lagrangian description

Seiberg and Witten, 
NPB, 1994; NPB, 1994

Argyres and Douglas, NPB, 1995

-            SUSY

- “electric”      cannot couple to “monopole” and vice versa

- conformal field theory at UV Argyres, Plesser, Seiberg, 
and Witten, NPB, 1997

- Dirac quantization

A′ 

∂μF̃′ μν = − gD jν
m′ ∂μF̃′ μν = 0

F̃′ μν =
1
2

ϵμνρσF′ ρσ

eDgD = 2πℤ

- quantum corrections are untamed without SUSY

- possibly explain small portal couplings

- Lagrangian sketches physical processes
- use naive dimensional analysis with   ‘sc c ∈ (0.1,1)
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“Monopole” condensation
“Monopole” condensation

- confine “electric” field in a local string

- assume chiral condensation

Nambu, PRD, 1974

- 

- confinement of “electron” and “positron”
- 1d “electric” potential

SU(NF) × SU(NF) → SU(NF)

e′ − e′ +
E′ 

e′ − e′ +

- local string
V(r) ∝ r

- (dual) Meissner effect in superconductors

⟨e′ iē′ j⟩ = Λ3Uij U = exp(2iπ′ /fπ)

- unbroken to stabilize “pions” 
as SIMP DM

- assume that the “pion” mass comparable with but smaller than 
the condensation scale Λ

- mass of dark photon mA′ 

mπ′ = cΛΛ

mA′ 
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Phenomenology
Scattering cross-section

σela

mπ′ 

=
(4π)4c1mπ′ 

4πΛ4
≃ 2.7 cm2/g ( c1c2

Λ

1/(4π) )
2

( mπ′ 

300 MeV )
−3

-                       so that Unitarity holds up to v → cc1c2
Λ < 1/(4π)

Coupling to dark photon
- no              interaction due to             flavor symmetryπ′ -π′ -A′ SU(NF)

-                                  (4π)2

Λ3
F̃′ 

μνTr[π′ ∂μπ′ ∂νπ′ ]

-                        (4π)3

Λ5
ϵμνρσTr[π′ ∂μπ′ ∂νπ′ ∂ρπ′ ∂σπ′ ]

3mπ′ < mA′ - invisible decay of dark photon

- subdominant for               or mπ′ < Λ NF = 2

- semi-annihilation (below)

- detectable only in LDMX-type experiments

- preserving                  and C(π → πT) P(π → − π)
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Kinetic mixing
Kinetic mixing

- two     and     preserving possibility:                  or
ϵ′ Y

2
YμνF′ μνC P

ϵY

2
YμνF̃′ μν

- usually       tensor and thus        pseudo-tensor
↔ the odd intrinsic parity of dark photon

F′ μν F̃′ μν

ϵY

2
YμνF̃′ μν

-                   and C(π′ → π′ T) P(π′ → − π′ T)

- the opposite is possible:
     is pseudo-vector and      is vector

e′ −
E′ 

e′ +

E′ B′ 

- generically both exists violating    P

pseudo-vectorvector

e′ −

P

e′ −

- consider one by one for simplicity

E′ i = − F′ 0i B′ i = −
1
2

ϵijkF′ jk

ϵejμ
e Ã′ μ- 
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Semi-annihilation

-                                    →
(4π)2

Λ3
F̃′ 

μνTr[π′ ∂μπ′ ∂νπ′ ] ϵcϵ
(4π)2

Λ3
BμνTr[π′ ∂μπ′ ∂νπ′ ]

- if Bianchi identify                  holds, on-shell photon cannot be 
emitted through kinetic mixing

- semi-annihilation

∂μF′ μν = 0

- preserving                  and C(π′ → π′ T) P(π′ → − π′ T)

-                                and                 by integration by partF̃′ μν = ∂μÃ′ ν − ∂νÃ′ μ ∂μBμν = 0

- Bianchi identify does not hold ∂μF′ μν = − eD jν
e′ 

Coupling to photon with
ϵY

2
YμνF̃′ μν

Semi-annihilation cross section

⟨σsemiv⟩ = c2
ϵ ϵ2 4π4m4

π′ 

Λ6 ( T
mπ′ ) -   -wave due to             flavor symmetrySU(NF)

π′ π′ → π′ A

p
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Co-evolution

Which temperature?

- no              interaction → kinetic equilibrium does not holdπ′ -π′ -A

- co-evolution of       and       through 

Tπ′ ≠ T⟨σsemiv⟩ = c2
ϵ ϵ2 4π4m4

π′ 

Λ6 ( Tπ′ 

mπ′ )
nπ′ Tπ′ π′ π′ → π′ A

AK, Kim, Kim, and Sekiguchi, PRL, 2018

Binder, Bringmann, Gustafsson, 
and Hryczuk, PRD, 2017

- Higgs portal

-   -wave semi-annihilation

- efficient self-scattering → fπ′ =
nπ′ 

neq
π′ (Tπ′ )

e−Eπ′ /Tπ′ 

Co-evolution equations
·nπ′ + 3Hnπ′ = − nπ′ ⟨σsemiv⟩Tπ′ Tπ′ [nπ′ − 𝒥(Tπ′ , T )neq

π′ 
(Tπ′ )]

·Tπ′ + 3HTπ′ ( Tπ′ 

σE )
2

= − ( Tπ′ 

σE )
2 neq

A (Tπ′ )
neq

π′ (Tπ′ )
⟨ΔEσinvv⟩Tπ′ ,T=Tπ′ [nπ′ − neq

π′ 
(Tπ′ )𝒦(Tπ′ , T )]

- adiabatic cooling - heating through semi-annihilation

s
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Self-heating
Co-evolution equations simplified T < Tfo ∼ mπ′ /20

x = xfoYπ′ = cini
xfo

2
Yfo

Yπ′ =
nπ′ 

s
xπ′ =

mπ′ 

Tπ′ 

x =
mπ′ 

T

xπ′ = x

- well non-relativistic and negligible inverse process

- initial condition
at Yfo =

2xfo

λ(xfo)

d
dx

Yπ′ ≈ −
λ
x2

Y2
π′ 

λ =
xs⟨σsemiv⟩

2H
- one particle depleted 
per semi-annihilation

x
d

dx ( xπ′ 

x ) ≈
xπ′ 

x
+

2
3

λ̄Yπ′ ( xπ′ 

x )
2

λ̄ = − ( 5
4

−1) λ

- energy of
π′ π′ → π′ A

-   -wavep

�� ��� ��� ����
���

���

�

�

��

- w/ T = Tπ′ 

-  cini = 1

xfo = 20

Tπ′ = 30
T2

Tfo
∝

1
a2

π′ π′ → π′ A
- mass energy 
→ kinetic energy

�� ��� ��� ����

���

�

�

��

- depleted by 10
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Parameter plot
  -wave self-heating

-    times smaller cross section5 ⟨σsemiv⟩ ≃ 6 × 1026 cm3/s

-              ← full co-evolution equations (future work)xfo cini

- absorb uncertainties in

ϵ = 2 × 10−7c−1
ϵ c−3

Λ ( mπ′ 

100 MeV )
cϵ cΛ

  -wave self-heatingsp
AK, Kim, Kim, and Sekiguchi, PRL, 2018

- tiny change in Yχ

-
Y∞

π′ 
∼ 0.1 × Yfo Tπ′ ∼ 30

T2

Tfo
∝

1
a2-  

Tχ = 5 × T ∝
1
a

σ/m = 1 cm2/g

c ∈ (0.1,1) c1c2
Λ < 1/(4π)

σ/m = 0.1 cm2/g

mA′ = 4mπ′ 

 mA′ 
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ϵ′ Y

2
YμνF′ μν = −

ϵ′ Y

2
ỸμνF̃′ μν

Kinetic mixing

-     is vector and     is pseudo-vector as usualE′ B′ 

-              , but no ϵejμ
e A′ μ−ϵejμ

mA′ μ

- No dark photon production, but DM production through virtual photon

P(π′ → − π′ )

-                                     →
(4π)2

Λ3
F̃′ 

μνTr[π′ ∂μπ′ ∂νπ′ ] ϵcϵ
(4π)2

Λ3
B̃μνTr[π′ ∂μπ′ ∂νπ′ ]

- semi-annihilation

- preserving                   and C(π′ → π′ T)

π′ π′ → π′ A

- DM production

- LDMX sensitivity changes slightly ϵ → ϵ′ mA′ → Λ
 mA′ 
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ϵY

2
YμνF̃′ μν +

ϵ′ Y

2
YμνF′ μν

Kinetic mixing

electron

monopole

“electron”

“monopole”

Qe Qm QeD QmD

(QeQ′ m − Q′ eQm) + (QeDQ′ mD − Q′ eDQmD) = 1
Dirac quantization for dyons

−1

−1

−1

−1

−ϵ′ 

000
- condensation

0 0

ϵ′ −ϵ

0 0

0

−ϵ

- dyon
- violating   P

Schwinger, Science, 1969
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Summary

SIMP DM motivated by small-scale issues (cosmic frontier)

Dark photon portal to light DM under extensive search 
(intensity frontier)

Integrate SIMP and dark photon in light “electron”-“monopole” theory

“electron”-“positron” as SIMP DM only detectable in LDMX-type 
experiments (not in beam-dump experiments)

  -wave semi-annihilation into photon → self-heatingp
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Discussion
SIMP DM → velocity-independent cross section

Self-heating in a halo → different from SIDM (“duality")
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Randall et al., ApJ, 2008

Harvey, Robertson, Massay, 
and McCarthy, MNRAS, 2019

Kaplinghat, Tulin, and Yu, PRL, 2016
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Cosmic frontier



Thank you for your attention
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DM DM

DM TP

DM DM

DM DMCo-evolution equations
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Co-evolution equations

fχ =
nχ

neq
χ (Tχ)

exp(−Eχ /Tχ)

AK, Kim, Kim, and Sekiguchi, PRL, 2018

·nχ + 3Hnχ = − nχ⟨σsemiv⟩TχTχ[nχ − 𝒥(Tχ, Tϕ)neq
χ (Tχ)]

Efficient self-scattering 

- adiabatic cooling
- heating through semi-annihilation

·Tχ + 3HTχ (
Tχ

σE )
2

= − (
Tχ

σE )
2 neq

ϕ (Tχ)

neq
χ (Tχ)

⟨ΔEσinvv⟩Tχ,Tϕ=Tχ

× [nχ − neq
χ (Tχ)𝒦(Tχ, Tϕ)]

σ2
E = 3Tχ

non-relativistic: σ2
E = 3/2Tχ

relativistic: Tχ ∝ 1/a→
→ Tχ ∝ 1/a2

Tχ = Tϕ

→ Boltzmann 
equation for 
WIMP freeze-out

→
�
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Co-evolution equations
·nχ + 3Hnχ = − nχ⟨σsemiv⟩TχTχ[nχ − 𝒥(Tχ, Tϕ)neq

χ (Tχ)]
·Tχ + 3HTχ (

Tχ

σE )
2

= − (
Tχ

σE )
2 neq

ϕ (Tχ)

neq
χ (Tχ)

⟨ΔEσinvv⟩Tχ,Tϕ=Tχ

× [nχ − neq
χ (Tχ)𝒦(Tχ, Tϕ)]

𝒥(Tχ, Tϕ) =
neq

ϕ (Tϕ)

neq
ϕ (Tχ)

⟨σinvv⟩Tχ,Tϕ

⟨σinvv⟩Tχ,Tϕ=Tχ

𝒦(Tχ, Tϕ) =
neq

ϕ (Tϕ)

neq
ϕ (Tχ)

⟨ΔEσinvv⟩Tχ,Tϕ

⟨ΔEσinvv⟩Tχ,Tϕ=Tχ

σ2
E = 3Tχ

non-relativistic: σ2
E = 3/2Tχ

relativistic:

ΔE = Eϕ − ⟨Eχ⟩Tχ

σ2
E = ⟨E2

χ ⟩ − ⟨Eχ⟩2

𝒥(Tχ = Tϕ, Tϕ) = 1

𝒦(Tχ = Tϕ, Tϕ) = 1
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→ time

Proceed as WIMP freeze out
30 %-         difference in the relic abundance 
compared to Tχ = Tϕ ∝ 1/a
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Freeze-out

- no conversion → 
adiabatic cooling  

Tχ ∝ 1/a2

- mass deficit converted 
into the kinetic energy

Tχ ∝ 1/a→ self-heating



DM DM

DM DM

DM DM

DM TP

the era of self-heating

freeze-out & kinetic decoupling of �
(�semi)

freeze-out of self-interaction

(��)

time

(���!�� = H) (�self = H)(�semi = H)

self-heating

decoupling of self-scattering
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Decoupling of self-scattering (radiation-dominated)

Post-freeze-out evolution

Self-scattering 

Semi-annihilation
- only a tiny part of DM

TSM, self ≃ 1 eV r−1/3
χϕ ( 1 cm2/g

σself /mχ )
2/3

( mχ

1 GeV )
1/3

(
Tγ

Tϕ )
1/3

self

- sharing the mass deficit 
w/ others

T� / 1/a
<latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit>

T� / 1/a2
<latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit><latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit><latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit><latexit sha1_base64="Hb9+XrrFLqoDHWFfhXS1ah0/wMU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV3WmCLosunFZoS/ojEMmzbShmUlIMkIZBjf+ihsXirj1K9z5N6btLLT1QOBwzr3cnBMKRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx3FU4lJG3PGZS9EijCakLammpGekATFISPdcHwz9bsPRCrKk5aeCOLHaJjQiGKkjRTYR60g8/CI5tATkgvNoQvP0X1WzwO76tScGeAycQtSBQWagf3lDThOY5JozJBSfdcR2s+Q1BQzkle8VBGB8BgNSd/QBMVE+dksQg5PjTKAEZfmJRrO1N8bGYqVmsShmYyRHqlFbyr+5/VTHV35GU1EqkmC54eilEGTdNoHHFBJsGYTQxCW1PwV4hGSCGvTWsWU4C5GXiades11au7dRbVxXdRRBsfgBJwBF1yCBrgFTdAGGDyCZ/AK3qwn68V6tz7moyWr2DkEf2B9/gAKnZaJ</latexit>

T� / 1/a
<latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit><latexit sha1_base64="Ijiy3556dTvJlLhchp6l14hamDw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNUZEXRZdOOyQl/QGYZMmmlDM0lIMkIZu/BX3LhQxK2/4c6/MW1noa0HLhzOuZd774klo9p43rdTWlldW98ob1a2tnd299z9g7YWmcKkhQUTqhsjTRjlpGWoYaQrFUFpzEgnHt1O/c4DUZoK3jRjScIUDThNKEbGSpF71IzyAA/pBAZSCWkE9OE5gpFb9WreDHCZ+AWpggKNyP0K+gJnKeEGM6R1z/ekCXOkDMWMTCpBpolEeIQGpGcpRynRYT67fwJPrdKHiVC2uIEz9fdEjlKtx2lsO1NkhnrRm4r/eb3MJNdhTrnMDOF4vijJGLRvTsOAfaoINmxsCcKK2lshHiKFsLGRVWwI/uLLy6R9UfO9mn9/Wa3fFHGUwTE4AWfAB1egDu5AA7QABo/gGbyCN+fJeXHenY95a8kpZg7BHzifP2DtlQM=</latexit>

m ≫ T

�

�
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

�
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

�
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit> �

<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

�
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

�
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>

�
<latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit><latexit sha1_base64="TwKQu5I6W5bc9HOXn7rGty6B3x4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGtCYD+sNr+nNgVeJX5IGlGgP61+DUUIzyZSlghjT973UBjnRllPBZrVBZlhK6ISMWd9RRSQzQT6/dYbPnDLCUaJdKYvn6u+JnEhjpjJ0nZLY2Cx7hfif189sdB3kXKWZZYouFkWZwDbBxeN4xDWjVkwdIVRzdyumMdGEWhdPzYXgL7+8SroXTd9r+veXjdZNGUcVTuAUzsGHK2jBHbShAxRieIZXeEMSvaB39LForaBy5hj+AH3+AP+rjjI=</latexit>



mWDM = 5.3 keV
<latexit sha1_base64="gZJcsAUS/z3ZpXGQxll+H+1ATK8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkLiA90IRV24ESrYBzQhTKbTduhMEmYmQgnZufFX3LhQxK2/4M6/cZpmoa0HLhzOuZd77wliRqWy7W+jNDe/sLhUXq6srK6tb5ibW00ZJQKTBo5YJNoBkoTRkDQUVYy0Y0EQDxhpBcOrsd96IELSKLxXo5h4HPVD2qMYKS355i73U1dw2Lq+zeAFPLWOoXsIc2lImplvVm3LzgFniVOQKihQ980vtxvhhJNQYYak7Dh2rLwUCUUxI1nFTSSJER6iPuloGiJOpJfmf2RwXytd2IuErlDBXP09kSIu5YgHupMjNZDT3lj8z+skqnfupTSME0VCPFnUSxhUERyHArtUEKzYSBOEBdW3QjxAAmGlo6voEJzpl2dJ88hybMu5O6nWLos4ymAH7IED4IAzUAM3oA4aAINH8AxewZvxZLwY78bHpLVkFDPb4A+Mzx+SYpcy</latexit><latexit sha1_base64="gZJcsAUS/z3ZpXGQxll+H+1ATK8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkLiA90IRV24ESrYBzQhTKbTduhMEmYmQgnZufFX3LhQxK2/4M6/cZpmoa0HLhzOuZd77wliRqWy7W+jNDe/sLhUXq6srK6tb5ibW00ZJQKTBo5YJNoBkoTRkDQUVYy0Y0EQDxhpBcOrsd96IELSKLxXo5h4HPVD2qMYKS355i73U1dw2Lq+zeAFPLWOoXsIc2lImplvVm3LzgFniVOQKihQ980vtxvhhJNQYYak7Dh2rLwUCUUxI1nFTSSJER6iPuloGiJOpJfmf2RwXytd2IuErlDBXP09kSIu5YgHupMjNZDT3lj8z+skqnfupTSME0VCPFnUSxhUERyHArtUEKzYSBOEBdW3QjxAAmGlo6voEJzpl2dJ88hybMu5O6nWLos4ymAH7IED4IAzUAM3oA4aAINH8AxewZvxZLwY78bHpLVkFDPb4A+Mzx+SYpcy</latexit><latexit sha1_base64="gZJcsAUS/z3ZpXGQxll+H+1ATK8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkLiA90IRV24ESrYBzQhTKbTduhMEmYmQgnZufFX3LhQxK2/4M6/cZpmoa0HLhzOuZd77wliRqWy7W+jNDe/sLhUXq6srK6tb5ibW00ZJQKTBo5YJNoBkoTRkDQUVYy0Y0EQDxhpBcOrsd96IELSKLxXo5h4HPVD2qMYKS355i73U1dw2Lq+zeAFPLWOoXsIc2lImplvVm3LzgFniVOQKihQ980vtxvhhJNQYYak7Dh2rLwUCUUxI1nFTSSJER6iPuloGiJOpJfmf2RwXytd2IuErlDBXP09kSIu5YgHupMjNZDT3lj8z+skqnfupTSME0VCPFnUSxhUERyHArtUEKzYSBOEBdW3QjxAAmGlo6voEJzpl2dJ88hybMu5O6nWLos4ymAH7IED4IAzUAM3oA4aAINH8AxewZvxZLwY78bHpLVkFDPb4A+Mzx+SYpcy</latexit><latexit sha1_base64="gZJcsAUS/z3ZpXGQxll+H+1ATK8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkLiA90IRV24ESrYBzQhTKbTduhMEmYmQgnZufFX3LhQxK2/4M6/cZpmoa0HLhzOuZd77wliRqWy7W+jNDe/sLhUXq6srK6tb5ibW00ZJQKTBo5YJNoBkoTRkDQUVYy0Y0EQDxhpBcOrsd96IELSKLxXo5h4HPVD2qMYKS355i73U1dw2Lq+zeAFPLWOoXsIc2lImplvVm3LzgFniVOQKihQ980vtxvhhJNQYYak7Dh2rLwUCUUxI1nFTSSJER6iPuloGiJOpJfmf2RwXytd2IuErlDBXP09kSIu5YgHupMjNZDT3lj8z+skqnfupTSME0VCPFnUSxhUERyHArtUEKzYSBOEBdW3QjxAAmGlo6voEJzpl2dJ88hybMu5O6nWLos4ymAH7IED4IAzUAM3oA4aAINH8AxewZvxZLwY78bHpLVkFDPb4A+Mzx+SYpcy</latexit><latexit sha1_base64="gZJcsAUS/z3ZpXGQxll+H+1ATK8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkLiA90IRV24ESrYBzQhTKbTduhMEmYmQgnZufFX3LhQxK2/4M6/cZpmoa0HLhzOuZd77wliRqWy7W+jNDe/sLhUXq6srK6tb5ibW00ZJQKTBo5YJNoBkoTRkDQUVYy0Y0EQDxhpBcOrsd96IELSKLxXo5h4HPVD2qMYKS355i73U1dw2Lq+zeAFPLWOoXsIc2lImplvVm3LzgFniVOQKihQ980vtxvhhJNQYYak7Dh2rLwUCUUxI1nFTSSJER6iPuloGiJOpJfmf2RwXytd2IuErlDBXP09kSIu5YgHupMjNZDT3lj8z+skqnfupTSME0VCPFnUSxhUERyHArtUEKzYSBOEBdW3QjxAAmGlo6voEJzpl2dJ88hybMu5O6nWLos4ymAH7IED4IAzUAM3oA4aAINH8AxewZvxZLwY78bHpLVkFDPb4A+Mzx+SYpcy</latexit>

mWDM = 4.09 keV
<latexit sha1_base64="V+NdKSy/qyZ6vQZDhaHtcwQJBlo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYRECupCKOrCjVDBPqAJYTKdtENnkjAzEUrI0o2/4saFIm79BHf+jdO0C209cOFwzr3ce0+QMCqVbX8bpYXFpeWV8mplbX1jc8vc3mnJOBWYNHHMYtEJkCSMRqSpqGKkkwiCeMBIOxhejf32AxGSxtG9GiXE46gf0ZBipLTkm/vcz1zBYfv6NocXsGbZ59A9hoU2JK3cN6u2ZReA88SZkiqYouGbX24vxiknkcIMSdl17ER5GRKKYkbyiptKkiA8RH3S1TRCnEgvKx7J4aFWejCMha5IwUL9PZEhLuWIB7qTIzWQs95Y/M/rpio88zIaJakiEZ4sClMGVQzHqcAeFQQrNtIEYUH1rRAPkEBY6ewqOgRn9uV50jqxHNty7mrV+uU0jjLYAwfgCDjgFNTBDWiAJsDgETyDV/BmPBkvxrvxMWktGdOZXfAHxucPD8eXcQ==</latexit><latexit sha1_base64="V+NdKSy/qyZ6vQZDhaHtcwQJBlo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYRECupCKOrCjVDBPqAJYTKdtENnkjAzEUrI0o2/4saFIm79BHf+jdO0C209cOFwzr3ce0+QMCqVbX8bpYXFpeWV8mplbX1jc8vc3mnJOBWYNHHMYtEJkCSMRqSpqGKkkwiCeMBIOxhejf32AxGSxtG9GiXE46gf0ZBipLTkm/vcz1zBYfv6NocXsGbZ59A9hoU2JK3cN6u2ZReA88SZkiqYouGbX24vxiknkcIMSdl17ER5GRKKYkbyiptKkiA8RH3S1TRCnEgvKx7J4aFWejCMha5IwUL9PZEhLuWIB7qTIzWQs95Y/M/rpio88zIaJakiEZ4sClMGVQzHqcAeFQQrNtIEYUH1rRAPkEBY6ewqOgRn9uV50jqxHNty7mrV+uU0jjLYAwfgCDjgFNTBDWiAJsDgETyDV/BmPBkvxrvxMWktGdOZXfAHxucPD8eXcQ==</latexit><latexit sha1_base64="V+NdKSy/qyZ6vQZDhaHtcwQJBlo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYRECupCKOrCjVDBPqAJYTKdtENnkjAzEUrI0o2/4saFIm79BHf+jdO0C209cOFwzr3ce0+QMCqVbX8bpYXFpeWV8mplbX1jc8vc3mnJOBWYNHHMYtEJkCSMRqSpqGKkkwiCeMBIOxhejf32AxGSxtG9GiXE46gf0ZBipLTkm/vcz1zBYfv6NocXsGbZ59A9hoU2JK3cN6u2ZReA88SZkiqYouGbX24vxiknkcIMSdl17ER5GRKKYkbyiptKkiA8RH3S1TRCnEgvKx7J4aFWejCMha5IwUL9PZEhLuWIB7qTIzWQs95Y/M/rpio88zIaJakiEZ4sClMGVQzHqcAeFQQrNtIEYUH1rRAPkEBY6ewqOgRn9uV50jqxHNty7mrV+uU0jjLYAwfgCDjgFNTBDWiAJsDgETyDV/BmPBkvxrvxMWktGdOZXfAHxucPD8eXcQ==</latexit><latexit sha1_base64="V+NdKSy/qyZ6vQZDhaHtcwQJBlo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYRECupCKOrCjVDBPqAJYTKdtENnkjAzEUrI0o2/4saFIm79BHf+jdO0C209cOFwzr3ce0+QMCqVbX8bpYXFpeWV8mplbX1jc8vc3mnJOBWYNHHMYtEJkCSMRqSpqGKkkwiCeMBIOxhejf32AxGSxtG9GiXE46gf0ZBipLTkm/vcz1zBYfv6NocXsGbZ59A9hoU2JK3cN6u2ZReA88SZkiqYouGbX24vxiknkcIMSdl17ER5GRKKYkbyiptKkiA8RH3S1TRCnEgvKx7J4aFWejCMha5IwUL9PZEhLuWIB7qTIzWQs95Y/M/rpio88zIaJakiEZ4sClMGVQzHqcAeFQQrNtIEYUH1rRAPkEBY6ewqOgRn9uV50jqxHNty7mrV+uU0jjLYAwfgCDjgFNTBDWiAJsDgETyDV/BmPBkvxrvxMWktGdOZXfAHxucPD8eXcQ==</latexit><latexit sha1_base64="V+NdKSy/qyZ6vQZDhaHtcwQJBlo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYRECupCKOrCjVDBPqAJYTKdtENnkjAzEUrI0o2/4saFIm79BHf+jdO0C209cOFwzr3ce0+QMCqVbX8bpYXFpeWV8mplbX1jc8vc3mnJOBWYNHHMYtEJkCSMRqSpqGKkkwiCeMBIOxhejf32AxGSxtG9GiXE46gf0ZBipLTkm/vcz1zBYfv6NocXsGbZ59A9hoU2JK3cN6u2ZReA88SZkiqYouGbX24vxiknkcIMSdl17ER5GRKKYkbyiptKkiA8RH3S1TRCnEgvKx7J4aFWejCMha5IwUL9PZEhLuWIB7qTIzWQs95Y/M/rpio88zIaJakiEZ4sClMGVQzHqcAeFQQrNtIEYUH1rRAPkEBY6ewqOgRn9uV50jqxHNty7mrV+uU0jjLYAwfgCDjgFNTBDWiAJsDgETyDV/BmPBkvxrvxMWktGdOZXfAHxucPD8eXcQ==</latexit>

29

Irŝiĉ et al., PRD, 2017

Baur et al., JCAP, 2016
m� = 0.1GeV

<latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit><latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit><latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit><latexit sha1_base64="j/c7Y9zWdo3me8+f6dKoe15Rfjo=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwICURQS9C0YMeK9gPaELYbKft0t0k7G6EEnLw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzwoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSaFJYx7LTkgUcBZBUzPNoZNIICLk0A5H1xO//QBSsTi61+MEfEEGEeszSrSRArsigsyjQ5bjS+zUXOyd4MyTAt9AKw/sqlNzpsCLxC1IFRVoBPaX14tpKiDSlBOluq6TaD8jUjPKIS97qYKE0BEZQNfQiAhQfjZ9IsdHRunhfixNRRpP1d8TGRFKjUVoOgXRQzXvTcT/vG6q+xd+xqIk1RDR2aJ+yrGO8SQR3GMSqOZjQwiVzNyK6ZBIQrXJrWxCcOdfXiSt05pr4rs7q9avijhKqIIO0TFy0Tmqo1vUQE1E0SN6Rq/ozXqyXqx362PWumQVMwfoD6zPH7pZljY=</latexit>

m� = 1GeV
<latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit><latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit><latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit><latexit sha1_base64="qTUE/dFm+xen54htTwnSw3FJKaQ=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJCHoRih70WMF+QBPKZjtpl+4mYXcjlBC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+xi7wRnnhT4Bpp51644VWcCPE/cglRQgXrX/vJ6MU0FRJpyolTHdRLtZ0RqRjnkZS9VkBA6JH3oGBoRAcrPJi/k+MgoPRzG0lSk8UT9PZERodRIBKZTED1Qs95Y/M/rpDq88DMWJamGiE4XhSnHOsbjPHCPSaCajwwhVDJzK6YDIgnVJrWyCcGdfXmeNE+rrlN1784qtasijhI6QIfoGLnoHNXQLaqjBqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucP1HSVxA==</latexit>

m� = 10GeV
<latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit><latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit><latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit><latexit sha1_base64="5bJh45hM61mJMnG7aU+EvSf20jM=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoigl6Eogc9VrAf0ISy2U7apbtJ2N0IJQS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8IOFMacf5thYWl5ZXVktr5fWNza1te2e3qeJUUmjQmMeyHRAFnEXQ0ExzaCcSiAg4tILh9dhvPYBULI7u9SgBX5B+xEJGiTZS194X3cyjA5bjS+w62DvBmScFvoFm3rUrTtWZAM8TtyAVVKDetb+8XkxTAZGmnCjVcZ1E+xmRmlEOedlLFSSEDkkfOoZGRIDys8kPOT4ySg+HsTQVaTxRf09kRCg1EoHpFEQP1Kw3Fv/zOqkOL/yMRUmqIaLTRWHKsY7xOBDcYxKo5iNDCJXM3IrpgEhCtYmtbEJwZ1+eJ83TqutU3buzSu2qiKOEDtAhOkYuOkc1dIvqqIEoekTP6BW9WU/Wi/VufUxbF6xiZg/9gfX5A0jolf4=</latexit>

Suppression of Galactic-scale structure 
AK, Kim, and Kim, PRD, 2018
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Sub-GeV SHDM behaves as warm dark matter (WDM)
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the observed number

30

Missing satellite problem w/ WDM
Kennedy, Frenk, Cole, and 
Benson, MNRAS, 2014

mWDM ≳ 2 keV

WDM reduces a predicted number 
of satellite galaxies
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Observed dwarf/law-surface 
brightness (LSB) galaxies                                       
→ cored profile

Oman et al., MNRAS, 2015

31

Core-cusp problem

a.k.a. inner mass deficit problem
- overpredict the circular 

velocity by a factor of
  (        in mass)

∼ 2
∼ 4

Collisionless cold dark matter (CDM) 
→ cuspy profile

normalized radius
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Oh et al., AstroJ, 2011

M ∼ 1010-11 M⊙

prediction

data

prediction
data



32

Oman et al., MNRAS, 2015
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Diversity of inner rotation curves
Collisionless dark matter prediction: inner circular velocity is 
almost uniquely determined by outer circular velocity
↔ observations show diversity

✴ unique prediction 
is related with the 
concentration-mass 
relation

- overpredict the circular 
velocity by a factor of

          (          in mass)∼ 2 ∼ 4

Vmax = 80-100 km/s
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Key observation

⇢DM(~x) = ⇢0DM exp(��(~x)/�2)

�� = 4⇡G(⇢DM + ⇢baryon)
- inner profile is exponentially 

sensitive to baryon distribution 

Baryons form complex objects, which show a large diversity
→ SIDM particles, redistributed according to 
formed baryonic objects, can show a diversity

✴ do not rely on unconstrained subgrid astrophysical processes
   take into account observed baryon distribution

Iso-thermal → Boltzmann distribution
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SIDM-only simulation

Elbert et al., MNRAS, 2015
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Iso-thermal halo
Self-scattering leads to thermalization of DM halos at          
where self-scattering happens at least one time until now

r < r1

σ/m ρ(r1)v(r1) tage = 1

Mhalo ∼ 1010M⊙
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NGC 6503, c200:median, M200:2.5×1011M�
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Impacts in observed galaxies

- Observed stellar disk 
makes SIDM inner 
circular velocity       
times higher 

∼ 3

→ reproducing flat 
circular velocity at

AK, Kaplinghat, Pace, and Yu, PRL, 2017

✴ Hereafter σ/m = 3 cm2/g

10-20 kpc

M* = 5.5 × 1010 M⊙
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compact stellar disk extended stellar disk

Diversity in stellar distribution

 

Similar outer circular velocity and stellar mass, 
but different stellar distribution

- compact → redistribute SIDM significantly
- extended → unchange SIDM distribution

AK, Kaplinghat, Pace, and Yu, PRL, 2017

M* = 0.83 × 1010 M⊙ M* = 0.57 × 1010 M⊙
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Intrinsic scatter

Intrinsic diversity of DM halos 
should be taken into account to 
explain the observed diversity

AK, Kaplinghat, Pace, and Yu, PRL, 2017
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Gravothermal evolution

∂M
∂r

= 4πr2ρ - equation of continuity

DM fluid: Lagrangian picture

∂ (ρν2)
∂r

+
GMρ

r2
= 0 - hydrostatic equilibrium

3
ν ( ∂ν

∂t )
M

−
1
ρ ( ∂ρ

∂t )
M

=
1
ν2

δu
δt - energy conservation

- nature of DM
Initial condition: NFW profile

ρNFW =
ρs

r/rs(1 + r/rs)2
w/ concentration-mass relation ↔      -ρs rs

Dutton and Macciò, MNRAS, 2014



39

Self-scattering
Pure SIDM - heat conduction

δucond

δt
= −

1
4πr2ρ

∂L
∂r

L
4πr2

= − κm
∂
∂r

ν2 κ−1 = κ−1
SMFP + κ−1

LMFP

κSMFP =
75 π

64
ρλ2

amtself
- collisional limit

- free-streaming limit

tself =
m

aρσselfν

Koda and Shapiro, MNRAS, 2011

a =
16
π

κLMFP =
3
2

C
ρH2

mtself
C = 0.75

- conductivity

λ ≪ H

λ ≫ H

H =
ν2

4πGρ

λ =
m

σself ρ
- free-streaming length

- Jeans (gravitational) length

DM DM

DM DM
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SIDM-only simulation

Elbert et al., MNRAS, 2015
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Iso-thermal halo
Self-scattering leads to thermalization of DM halos at          
where self-scattering happens at least one time until now

r < r1

σ/m ρ(r1)v(r1) tage = 1

Mhalo ∼ 1010M⊙



 

Elbert et al., MNRAS, 2015

M ∼ 1010 M⊙

increasing σ/m
core collapse
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Core-collapse of SIDM

Two regimes of pure SIDM

- collisional limit

- free-streaming limit λ ≫ H

λ ≪ H

decreasing        → CDMσ/m

increasing        → CDM!σ/m

Ann and Shapiro, MNRAS, 2005

→ maximal core size rcore ≲ 0.5rs

M200
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One more important effect: heating
- make a difference from pure SIDM

→ DM evaporation from the inner region of a halo

Self-heating dark matter

Self-scattering 

Semi-annihilation
- only a tiny part of DM

- sharing the mass deficit 
w/ others m ≫ T ∼ mν2

- velocity dispersion

DM DM

DM DM

DM DM

DM TP
�
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Self-heating: energy deposit

δusemi

δt
=

ρ ⟨σsemivrel⟩
m

ξδE
m

ξ = b ×
r
λ r=rs

δE =
m
4

- deposit efficiency w/ a fudge factor

≃ 0.0002 b ( rs

3.43 kpc ) ( ρs

0.011 M⊙/pc3 ) ( σself /m
0.1 cm2/g )

b

Energy deposit through semi-annihilation

1
ν2

δusemi

δt
=

ρ ⟨σsemivrel⟩
m

ξδE
mν2

= ( νNFW(rs)
ν )

2

( ρ
ρNFW(rs) ) 1

theat

Heating time scale

AK and Kim, arXiv:1911.09717

theat ≃
138 Gyr

b ( M200

109 M⊙ )
0.68

( m
1 MeV ) ( 6 × 10−26cm3/s

⟨σsemivrel⟩ ) ( 0.1 cm2/g
σself /m )
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Sample halos
AK and Kim, arXiv:1911.09717

For given             and                 σself /m ⟨σsemivrel⟩

theat ≃
138 Gyr

b ( M200

109 M⊙ )
0.68

( m
1 MeV ) ( 6 × 10−26cm3/s

⟨σsemivrel⟩ ) ( 0.1 cm2/g
σself /m )

h�semivreli = 6⇥ 10�26 cm3/s
b = 3, �self/m = 0.1 cm2/g

NFW
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m = 9MeV

smaller     has a bigger impact toward smaller-size halosm
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Comparison w/ observations
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m = 0.9MeV

pure SIDM

m = 9MeV

m = 0.9MeV

pure SIDM

m = 9MeV

Mimic velocity-dependent pure SIDM preferred by observations

AK and Kim, arXiv:1911.09717

m ≃ 60 MeV (
Tϕ

Tγ )
eq

( mWDM

5.3 keV )
2

( σself /m
0.1 cm2/g )

1/2

→ require hierarchical temperature 

for m ∼ 1 MeV

Tϕ ≲ Tγ /100

WDM constraints
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Comparison w/ observations
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SHDM ↔ velocity-dependent SIDM? No!
- core-collapse

- monotonically escalating impacts toward smaller-size halos

→ differentiate SHDM and pure SIDM by smaller-size halos
rcore(t) ≃ 1.4rs ⋅ (t/theat)0.57ρcore(t) ≃ 0.2ρs ⋅ (theat /t)

AK and Kim, arXiv:1911.09717

rcore ≲ 0.5rs

- dwarf galaxies


