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Planck 2015

Optics

Lights propagates freely 
 when the mean free path  
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Gravitational Waves

GWs propagates freely all the time!
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LIGO detection of GWs
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Detection of GWs



ΩGW ≡
1

ρcr

dρGW

d log k

f [Hz]

Future GW detectors

[Schimitz, 2002.04615]



10−15

10510−10 10−5 1

10−10

10−5

f/Hz

Primordial GWs

Induced GWs

LIGO
Pulsar Timing

SK
A

First Order 
Phase Transition

LISA

Space-based

Ground-based

EP
TA

BBO/DECIGO

Possible SGWB Sources

9

ΩGW ≡
1

ρcr

dρGW

d log k

incoherent 
superposition of 
GWs from inspirals



10−15

ΩGW

10510−10 10−5 1

10−10

10−5

f/Hz

primordial tensor 
perturbation

reheating

LISA

LIGO
PT

A

DECIGO

SK
A

Features in PGW can be used  
to detect the thermal history  

of the universe [Boyle and Steinhardt 05]

10

f =
1.65 × 10−7

2π
T

GeV ( g*s

100 )
−1/3

( g*

100 )
1/2

Hz



10−15

ΩGW

10510−10 10−5 1

10−10

10−5

f/Hz

primordial tensor 
perturbation

reheating

LISA

LIGO
PT

A

DECIGO

SK
A

Features in PGW can be used  
to detect the thermal history  

of the universe [Boyle and Steinhardt 05]

11

Late PGW can be 
indirectly detected by 

CMB B-mode 
polarizations: 

BICEP3/Keck Array 
AliCPT 

LiteBIRD

f =
1.65 × 10−7

2π
T

GeV ( g*s

100 )
−1/3

( g*

100 )
1/2

Hz



10−15

ΩGW

10510−10 10−5 1

10−10

10−5

f/Hz

primordial tensor 
perturbation

reheating

LISA

LIGO
PT

A

DECIGO

SK
A

late reheating

DECIGO/BBO is designed  
to detect the PGWs  

and reheating12



10−15

ΩGW

10510−10 10−5 1

10−10

10−5

f/Hz

LIGO
PT

A
SK

A

incoherent 
superposition 
by BH/NS 
binaries

LISA

[Peters & Mathews, 1963]

13

ΩGW ≈
(Gπ)2/3

3ρc
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c f 2/3 ∫
zmax

0

R(z)
(1 + z)4/3H(z)

.

[Wang+. 2018]
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Figure 1: Deflagration (left) and detonation (right). In deflagration vwall < vsound, and the growing bubble
wall pushes the fluid in front of it. In detonation vwall > vsound, and the bubble wall drags the fluid behind it.

Figure 2: Fluid kinetic energy density at t = 500/Tc, 1000/Tc and 1500/Tc, at h = 0.15Tc, corresponding
to the growth phase of the bubbles, end of bubble collisions and after the bubbles have vanished. The shock
waves caused by the bubbles remain for a long time after the transition has completed.

3. Results

We show here results from simulations corresponding to relatively weak transition with latent
heat L = (9/40)T 4

c . The phenomenological field-fluid coupling parameter is set to h/Tc = 0.1,
0.15 and 0.2. For the detailed simulation parameters we refer to [26].

When h is small, the coupling between the field and the fluid is small, allowing the bubble
wall to propagate quickly. The moving bubble wall causes fluid flows. The three values of h
are chosen so that we obtain three different bubble growth types: at h = 0.1 the wall velocity is
vwall > vsound = 1/

p
3 (detonation), at h = 0.15 vwall ⇡ vsound (Jouguet) and at h = 0.2 vwall < vsound

(deflagration). The moving bubble wall causes fluid flows: in deflagration, the wall pushes a thick
layer (thickness µ bubble size) of fluid ahead of itself, whereas in detonation the bubble wall drags
a layer of fluid behind it. This is illustrated in Figure 1.

In Figure 2 we show three snapshots of fluid kinetic energy density from a simulation at
h = 0.15, taken at the bubble growth stage, collision stage and after the bubbles have vanished.
During the growth stage the kinetic energy is concentrated near the growing bubble walls. Af-
ter the bubbles have collided the bubble walls vanish, but the fluid flow continues propagating as
spherical compression waves, i.e. sound.

The contribution of the field and fluid to the stress-energy tensor (and hence gravitational
waves) can be quantified by introducing RMS fluid velocity Ūf and the equivalent field quantity:

(ē + p̄)Ū2
f =

1
V

Z
dV tfluid

ii , (ē + p̄)Ū2
f =

1
V

Z
dV tfield

ii . (3.1)
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[Hindmarsh+ 2015]

first order 
phase 
transition
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MHD turbulence
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[Caprini+ 1512.06239]
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ΩGW = 2.33 × 10−9 @f = 3.17 × 10−8/hz

PTA discovered SGWB?

[NANOGrav, 2009.04496]
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PTA discovered SGWB?

ΩGW =
2π2f 2

yr

3H2
0

A2
SGWB ( f

fyr )
5−γ

[NANOGrav, 2009.04496]

fyr = 3.17 × 10−8 Hz .
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Cosmic String 
[Ellies+,  
Blasi+,  
Buchmuller+, 
Samanta+]

Induced GW (broad) 
[Vaskonen+, Kohri+,]

First Order  
Phase Transition 
[Nakai+, 
Addazi+, 
Neronov+,…]

Induced GW 
(flat) 
[De Luca+, 
Sugiyama+]
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CMB anisotropy 



CMB anisotropy 

[Planck 2015, 4 knots] 

Power spectrum of ℛ

Reconstruction

25



Lack of 
constraints 
on small 
scales

26

CMB anisotropy 

Power spectrum of ℛ

Reconstruction



Lack of 
constraints 
on small 
scales

27

CMB anisotropy 

Power spectrum of ℛ

Reconstruction



PBH

Lack of 
constraints 
on small 
scales

EG γ-ray 
femtolensing  
microlensing 

LIGO 
CMB μ-distortion

nonlinear 

pertu
rbation

gravitational 

collapse

hk

ℛp

ℛk−p

induced GWs

LIGO/Virgo 
KAGRA 

LISA/Taiji/Tianqin 
BBO/DECIGO

hk

28

CMB anisotropy 

Power spectrum of ℛ

Reconstruction



PBH

Lack of 
constraints 
on small 
scales

EG γ-ray 
femtolensing  
microlensing 

LIGO 
CMB μ-distortion

nonlinear 

pertu
rbation

gravitational 

collapse

hk

ℛp

ℛk−p

induced GWs

LIGO/Virgo 
KAGRA 

LISA/Taiji/Tianqin 
BBO/DECIGO

hk

29

cross-check

CMB anisotropy 

Power spectrum of ℛ

Reconstruction



PBH

Lack of 
constraints 
on small 
scales

EG γ-ray 
femtolensing  
microlensing 

LIGO 
CMB μ-distortion

nonlinear 

pertu
rbation

gravitational 

collapse

hk

ℛp

ℛk−p

induced GWs

LIGO/Virgo 
KAGRA 

LISA/Taiji/Tianqin 
BBO/DECIGO

hk

30

cross-check

CMB anisotropy 

Power spectrum of ℛ

Reconstruction



a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

31

Rad.dom. 
1/Hr ~a2

Matt.dom. 
1/Hr ~a3/2

scale factor

physical length

Hubble horizon



a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

32

Rad.dom. 
1/Hr ~a2

Matt.dom. 
1/Hr ~a3/2

scale factor

physical length

Hubble horizon

CMB anisotropy

Power spectrum of ℛ



a/k*

a* aend a0are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

There is a peak on the primordial density 
perturbation, which leaves horizon and gets 
frozen at a*. 

?
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The formation of 
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The peak scale re-enters the horizon at radiation 
dominated era. If it exceeded some critical value 
of O(1), PBH will form. Its mass is O(MH).

PBHs

?
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[Zeldovich & Novikov 1966] 
[Hawking 1971] 
[Carr & Hawking 1974]
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abundance = High-σ tail

Redshifted after equality:

Redshift

aini

δc ∼ 0.41
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hk hk
ℛp

ℛk−pInduced GWs
• EoM of the tensor perturbation:


• The induced (secondary) GWs are 


• The energy density parameter is then


• In the radiation dominated universe we have

ΩGW ∼ ⟨hh⟩ ∼ ⟨ΦΦΦΦ⟩ ∼ 𝒫2
Φ ∼ 𝒫2

ℛ

ℛ =
2
3

Φ

hk ∼ ∫ dη × (Green function)∫ d3p × (Transfer function) × ΦpΦk−p

37

h′ ′ k + 2ℋh′ k + k2hk ∼ ∫ d3pΦpΦk−p × (transfer functions)

[Baumann+ 2007, Ananda+ 2007, Saito and Yokoyama 2008]
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[Matarrese+, 1997]

[Ananda+, 2007]
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352

Fig. 1. Top: The energy density of the induced GWs for the power spectrum for a peak width, ∆ =
0.0, 1.0 × 10−3, 1.0 × 10−1, 1.0. Bottom: Energy density of scalar-induced GWs associated with PBH
formation together with current pulsar constraint (thick solid line segment) and sensitivity of various
GW detectors (convex curves). Solid wedged lines indicate the energy density with the parameters
(ΩPBHh2, MPBH) = (10−5, 102M") (left), (10−1, 1020g) (right) for sufficiently small ∆ (thick lines) and
∆ = 1.0 (thin lines).

Downloaded from https://academic.oup.com/ptp/article-abstract/126/2/351/1838316
by guest
on 14 July 2018

Induced GWs

β ∼ erfc( ℛc

2𝒫1/2
ℛ

)fPBH ∼ 4.11 × 108β(M)( M
M⊙ )

−1/2
PBH abundance

ΩGW ∼ ⟨hh⟩ ∼ ⟨ΦΦΦΦ⟩ ∼ 𝒫2
Φ ∼ 𝒫2

ℛ

[Saito & Yokoyama 2008]
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[Bird+ 2016, Sasaki+ 2016]
fIGW ∼ 3Hz ( MPBH

1016g )
− 1
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LIGO has not detected 
GWs from sub-solar-mass 
BH, which gives an upper 

bound for PBH abundance. 
[LIGO, 1808.04771]
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LIGO PBH
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OGLE 5-year result: 
6 planet-mass candidates 

[Mróz+ 1707.07634] 
[Niikura+ 1901.07120]

× 6

Planet-mass PBH
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[Tada and Yokoyama, 1904.10298] 
[Carr+, 1906.08217] 
[Scholtz and Unwin, 1909.11090] 
[Kusenko+, 2001.09160] 
[Witten, 2004.14192] 
… 
[Domènech and SP, 2010.03976]

Planet-mass PBH
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No sensitivity on small 
scales 
  
Finite Size Effect: 

  

Wave effect:

M < 5 × 10−10M⊙ ( Rs

R ⊙ )
2

M < 4 × 10−10M⊙ ( λs

μm )

[Sugiyama+ 1905.06066]
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PBH-DM
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[Kawasaki+ 9710259] 
[Frampton+ 1001.2308] 
[Kawasaki+ 1207.2550] 
[Inomata+ 1711.08596] 
[SP+ 1712.09896] 
…



[SP, Zhang, Huang & Sasaki, JCAP1805, 042]

PBH from R2-inflation

Planck 
constraint

r = tensor spectrum
scalar spectrum

ns = spectral tilt
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PBH as all DM

fPBH = PBH energy density
CDM energy density

If PBH serves as all DM, 
the induced GWs must be 

detectable by LISA, 
independent of         or        .𝒜ℛ FNL

ℛ = ℛG + FNLℛ2
G

ΩGW ∼ 𝒫2
ℛ,G + F2

NL𝒫3
ℛ,G + F4

NL𝒫4
ℛ,G

[Cai, SP, and Sasaki, PRL122, 201101]

GW energy density



[Cai, SP, Wang, and Yang, JCAP1910, 059]

PBHs as LIGO events
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PBHs as LIGO events
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PTA discovered SGWB?

ΩGW =
2π2f 2

yr

3H2
0

A2
SGWB ( f

fyr )
5−γ

[NANOGrav, 2009.04496]

fyr = 3.17 × 10−8 Hz .

ΩGW ∼ f3

ΩGW ∼ f 0



PTA discovered SGWB?
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What is the implication of the small power?
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Broad Peak of 𝒫ℛ
𝒫ℛ(k) =

𝒜ℛ

2πΔ
exp (−

ln2( f /f*)
2Δ2 )



IGW from Broad Peak
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ΩGW ≡
1

ρcr

dρGW

d log k
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(with κ = f /f*, K = κe3Δ2/2)

[SP and Sasaki, JCAP 09 (2020) 037]
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d log k
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Ω(peak)
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Ω(peak)
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Infrared Scaling

f3
 Universal  
Infrared  
Scaling:



first order 
phase 
transition

incoherent 
superposition 
by BH/NS 
binaries

induced 
GWs

Universal infrared scaling f3

[Cai, SP, and Sasaki, arXiv:1909.13728] 

The infrared scaling of the GW 
spectrum is k3, as (1) k is smaller than 
all the scales of the source term; and 
(2) k-mode reenter the horizon in the 

radiation dominated universe.

Infrared Scaling of SGWB



Infrared Scaling of SGWB

[Domènech, SP, and Sasaki, JCAP 08 (2020) 017]



Infrared Scaling of SGWB

[Domènech, SP, and Sasaki, JCAP 08 (2020) 017]

Flat GW spectrum from 
non-standard cosmology
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[Domènech and SP, 2010.03976]

−0.091 ≲ w ≲ 0.048



NANOGrav PBHs

[Domènech and SP, 2010.03976]
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Summary 
• Induced GWs is one of the most important scientific goal of the next 

generation GW detectors, which has fruitful phenomena together with 
PBH physics.


• IGW and PBH-DM: If PBHs can serve as all the DM, induced GWs 
must be detectable by space-based GW detectors.      


• Shape of IGW: It depends crucially on the width of the scalar peak. 
We found analytical formulae for both cases in the radiation-
dominated universe, which is useful for signal searching in the future.


• NANOGrav has detected common-spectrum PTA time residuals 
which might be the first detection of SGWB. We show that this can 
be connected to the recently reported planet-mass PBHs.  
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