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BPS STATES

N = 2 4D SUPERALGEBRA =—> BOGOMOLNY-PRASAD-SOMMERFELD BOUND
{Qé:QﬁB} = QUZBP;L(Sg
{Q’;‘,Q}f} = 2e,562B 7 — BPS BOUND: ’ M = +/P,Pr > |Z]| ‘

{QdAaQB‘B} = —QGQﬂGABZ

P, — MOMENTUM VECTOR, Z € C — CENTRAL CHARGE
BPS STATE = SHORT MULTIPLET:

(f‘lQll +EQM — Q0% — §Q22) IBPS) = 0
(67'@12 + €012 +€71Q2" +£Q%) BPS) = 0
FOR A BPS STATE WE HAVE:

7% = —ci 7 Myps = |Z]

Hpps € H



SEIBERG - WITTEN SOLUTION FOR SUPER - YANG -MILLS

1 ]
L="Tr —TFWFWJFSTFWF +|Vuol® - [o M +fermiOHS}

4
CLASSICAL VACUA V (¢) = &-Tr [, ¢T]2 = 0 = MODULI SPACE {¢) ~ %a o3
GAUGE GROUP IS BROKEN IN IR, FOR EXAMPLE, SU(2) = U(1)g.

0(a) 4w i a2 & (A)‘““ )
— + = —log—“1 — loop” + e | — “4d inst.”
2r g(a)?2 w e P kz::l \a

7(a) :=
BPS PARTICLES — DYONS CHARGED IN U(1)1r 7 = (Pelectro, magnetic)-

J (i(TrF¢>—<TrF‘¢>) =a-p+ap -qdissa-p+a7'cl~q

SEIBERG-WITTEN SOLUTION:

\[ dzv/z —u \fu dza/z —u 2 dap
ap = — | ——, u=(Tr¢*), 7=—7
W T 22 — A2 da

A



M-BRANE DESCRIPTION I

a—%)\ ap—§)\ f@

, z€eC
22 _ A2

P y2=(z—u)(z —A?%)

72

" q—@ Y4+ — IR CURVE

C — UV CURVE

¥_ — IR CURVE

Y1 = 001, y2 = 002

M5-BRANE: X x RL3
dim=6= 2 4+ 4
M2-BRANES: o; X (BPS PARTICLE WORLD-LINE)
dim=3= 2 + 1



M-BRANE DESCRIPTION II

TWO BRANCHES OF SPECTRAL COVER: A4 (z) = + Y2 deviu secC

[81\']2] = I’clcctroA<Z) + CImagneti(:B(E) @

A
+(2) Z= § A= g,\+7§>\, §hr —A)
oM2 4
v BPS. dZ = (\s — A) = ¢i#0|az]
L: z(s) = x(s) +iy(s)
C dy _ _Im cf'%"cU (Ap—2_)
)\7(2) dx Ree™ ™0 (Ay—A_)

SIMPLE EXAMPLE: AD3 SPECTRAL COVER:

1
Yo A2+ (zs —3z+u) dz?> =0, u= 5Tr<¢2>, A =27(4 —u?)

u— 0 u — (Z1]1Z2)

72 T
v 72 u: 0 o

Y1+ 72 dim Hpps = 2 dim Hpps = 3



QUIVER QUANTUM MECHANICS

S o

BRANE PHYSICS QUIVER QUANTUM MECHANICS
n2 n3 n
>.< — GAUGE VECTOR MULTIPLET U(n)
o_)on o CHIRAL (HIGGS) MULTIPLET U(n) x U(m)
—_ n) X m
ni n4

dim. red.

N =1 4D SYM (QUIVER) = — N =4 SQM (QUIVER)
BPS STATE = GAUGE INVARIANT GROUND STATE (VACUUM)

V ~ |GAUGE - HigGs|?

<N

COULOMB BRANCH: HIGGS BRANCH:
{GAUGE) # 0 {GAUGE) = 0
(HiGGs) = 0 (Higgs) # 0




HALL HALO
COULOMB BRANCH
<D0
Ai:1,2,3 = — T 1,....n = (mgk>7zék)’m§k)>
0 :v<n)

QUIVER NODE WITH U(n) — n “ELEMENTARY” BPS PARTICLES:

Btg B
ﬂ' _
B E

DSZ PAIRING. JM/h = Dee — Do = (Yo, Vo) = #(o — 0) — #(e — o)

U(1) U(1)
v . o2 ’ <'\/1»’7/2> =1

BACK TO AD3 THEORY:

T

\Ij.(rzﬂ799)=672HU7’7%(1_COS,L9)7%< 1 — cos?d >

—e'? sin ¥
_ 1A+ 2wl

(ry=Fo = 2 Im 71 (u) Z2(u)

DIVERGES ON MS WALL Z;(u)||Z2(u)



BPS ALGEBRA THROUGH SCATTERING

SCATTERING S-MATRIX:

BPS(71,1 s
HBPS Y1+ 72, k) (s):+

M2
BPS('yg, Y1+72

DEFINE MULTIPLICATION STRUCTURE m!

m:  HBpS,y; @ HBPS,y» — HBPS,v1+72
U, -0, = Zsfj\l/k
k

QUESTIONS:
1. DOES THIS ALGEBRA TELL US ANYTHING ABOUT WALL-CROSSING?
2. DOES THIS ALGEBRA RESEMBLE ANYTHING FAMILIAR?

GAS OF BPS PARTICLES (OR FOCK SPACES) —
==KONTSEVICH-SOIBELMAN WALL-CROSSING FORMULA!

F(1,0) ®m F(o,1) = F(0,1) @m F(1,1) ®m F(1,0)

Z(l.l)(’“) MS WALL Z(1,1)(u)

Zooyw) -7 Zo)w) | Zio.n) (1) ,/g\z(l,m(u)



MELTING CRYSTALS

D.G. AND MASAHITO YAMAZAKI ARXIV:2008.07006

HIGGS BRANCH

CHIRAL MASS mc: FLAVOUR U(nf) = “FREEZE” GAUGE * U(ny)

ON COULOMB BRANCH WE EXPECT (GAUGE) ~

ON HIGGS BRANCH WE EXPECT (GAUGE) = 0
HOWEVER, WE EXPECT (GAUGE) ~ I:Imcc

MATHEMATICALLY m¢ RESEMBLES EQUIVARIANT ACTION
FOR TORIC CALABI-YAU MANIFOLDS WE HAVE. BPS STATES = CRYSTALS

CY 1-FOLD | 1D CRYSTAL ® ® L ®

CY 2-FOLD | 2D CRYSTAL h

CY 3-FOLD | 3D CRYSTAL

MELTING CRYSTAL MODEL FOR DT INVARIANTS OF CY MANIFOLDS



BPS ALGEBRA |

INDUCED STATYSTICS OF NODES (PARTICLES):
STATYSTICS

#(SELFT-LOOPS) |
EVEN FERMIONIC
oDD BOSONIC
ALGEBRA GENERATED BY:
Cormemme bl o) = Iz -2) e
fo: Ne—>mne—1 A
fo@) == |TE-o)" 1]

72}-1 TNe — Ne

s

“MONOPOLE OPERATOR
(HECKE MODIFICATION)

C




BPS ALGEBRA Il

RESULTING ALGEBRA — QUIVER YANGIAN:

(ENIUIBINES =t

Yo (2)ea(y) = Po,o(x — y)es(y)ihe(a) ,

Bo (@) fo(y) = [pare(z — )] fo(y)e(2) ,
ee(@)ea(y) ~ (D) 1*lpe o(z — y)esW)es (@) ,
fo@)fo(y) ~ (D)1 [pe oz = )] fo() fu(2) ,

[T (2 +mc,a)
acarrows(e—e)
©Ye,0(z) = (1-LOOP) =
St V B CEry
bearrows(e—e)

BPS ALGEBRA(zy = z"w"™) =Y (ﬁ[n‘m>

QUIVER DIAGRAM zy = 26 DYNKIN DIAGRAM glg



SUMMARY

1. BPS STATES IN SUPERSYMMETRIC FIELD THEORIES GIVE NICE MODEL
FAMILIES TO STUDY NON-PERTURBATIVE EFFECTS

2. THERE ARE PROBLEMS IN ENUMERATIVE GEOMETRY WHOSE SOLUTIONS
ARE GIVEN BY INDICES (OR OTHERS OBSERVABLES) OF BPS STATES

3. BPS STATES ESTABLISH A PHENOMENON OF WALL-CROSSING AND GIVE
RISE TO BPS ALGEBRA

4. IN CERTAIN CASES BPS ALGEBRA RESEMBLE FAMILIAR ALGEBRAS. THIS
FACT CAN BE USED AS A SUPPORT FOR DUALITY RELATIONS.

THANK YOU FOR YOUR ATTENTION!



