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BPS States

N “ 2 4d superalgebra ùñ Bogomolny-Prasad-Sommerfeld bound
!

QA
α , Q̄ 9βB

)

“ 2σµ

α 9β
PµδA

B
!

QA
α , Q

B
β

)

“ 2εαβε
ABZ̄

!

Q̄ 9αA, Q̄ 9βB

)

“ ´2εαβεABZ

,

/

/

/

.

/

/

/

-

ùñ BPS bound: M “
a

PµPµ ě |Z|

Pµ – momentum vector, Z P C – central charge

BPS state = short multiplet:
´

ξ´1Q1
1 ` ξQ̄

911 ´ ξ´1Q2
2 ´ ξQ̄

922
¯

|BPSy “ 0
´

ξ´1Q1
2 ` ξQ̄

912 ` ξ´1Q2
1 ` ξQ̄

921
¯

|BPSy “ 0

For a BPS state we have:

ξ´2 “ ´ei arg Z MBPS “ |Z|

HBPS Ă H



Seiberg-Witten solution for Super-Yang-Mills

L “ Tr
„

´
1

4g2 FµνF
µν `

θ

32π2 Fµν F̃
µν ` |∇µφ|

2
´
g4

2

”

φ, φ:
ı2

` fermions


Classical vacua V pφq “
g4

2 Tr
“

φ, φ:
‰2

“ 0 ùñ Moduli space xφy „ 1
2a σ3

Gauge group is broken in IR, for example, SUp2q ùñ Up1qIR.

τpaq :“
θpaq

2π
`

4πi
gpaq2 “

i

π
log

a2

Λ2 “1 ´ loop” `

8
ÿ

k“1
ck

ˆ

Λ
a

˙4k

“4d inst.”

BPS particles – dyons charged in Up1qIR γ “ ppelectro, qmagneticq:

Z “
1
g2

ż

S2
RÑ8

`

ixTrFφy ´ xTr F̃ φy
˘

“ a ¨ p ` aD ¨ q
class

„ a ¨ p ` aτcl ¨ q

Seiberg-Witten solution:

a “

?
2
π

Λ
ż

´Λ

dz
?
z ´ u

?
z2 ´ Λ2

, aD “

?
2
π

u
ż

Λ

dz
?
z ´ u

?
z2 ´ Λ2

, u “ xTrφ2y, τ “
daD

da



M-brane description I

a “

¿

γ1

λ, aD “

¿

γ2

λ, λ “

?
2

2π
dz

?
z ´ u

?
z2 ´ Λ2

, z P C

Σ : y2 “ pz ´ uqpz2 ´ Λ2q

´Λ Λ u 8

γ1
γ2

Σ´ – IR curve

C – UV curve

Σ` – IR curve

γ1 “ Bσ1, γ2 “ Bσ2

M5-brane: Σ ˆ R1,3

dim “ 6 “ 2 ` 4
M2-branes: σi ˆ pBPS particle world-lineq

dim “ 3 “ 2 ` 1



M-brane description II

Two branches of spectral cover: λ˘pzq “ ˘
?

2
4π

dz
?

z´u
a

z2´Λ2 , z P C

rBM2s “ pelectroApΣq ` qmagneticBpΣq

C

d`

λ`pzq

λ´pzq

Z “
ű

BM2
λ “

ş

`

λ` ´
ş

`

λ´ “
ş

`

pλ` ´ λ´q

BPS: dZ “ pλ` ´ λ´q “ eiϕ0 |dZ|

` : zpsq “ xpsq ` iypsq

dy
dx

“ ´
Im e´iϕ0

`

λ`´λ´

˘

Re e´iϕ0
`

λ`´λ´

˘

Simple example: AD3 spectral cover:

Σu : λ2 `
`

z3 ´ 3z ` u
˘

dz2 “ 0, u “
1
2

Tr xφ2y, ∆ “ 27p4 ´ u2q

u Ñ 0 u Ñ 8 MS wall pZ1||Z2q

γ1 γ2

γ1 ` γ2

γ1γ2
u : 0 8

dim HBPS “ 2 dim HBPS “ 3



Quiver Quantum Mechanics

Brane physics Quiver quantum mechanics

n1

n2 n3

n4

n
– Gauge vector multiplet Upnq

n m
– Chiral (Higgs) multiplet Upnq ˆ Upmq

N “ 1 4d SYM (Quiver)
dim. red.

ÝÑ N “ 4 SQM (Quiver)
BPS state = Gauge invariant ground state (Vacuum)

V „ |Gauge ¨ Higgs|2

Coulomb branch:
xGaugey ‰ 0
xHiggsy “ 0

Higgs branch:
xGaugey “ 0
xHiggsy ‰ 0



Hall halo

Coulomb branch

Ai“1,2,3 “

¨

˚

˚

˝

x
p1q

i . . . 0
...

. . .
...

0 . . . x
pnq

i

˛

‹

‹

‚

ÝÑ ~rk“1,...,n “

´

x
pkq

1 , x
pkq

2 , x
pkq

3

¯

Quiver node with Upnq ÝÑ n “elementary” BPS particles:

~E

~E

~B

~B

DSZ pairing: JEM{~ “ p‚q‚ ´ p‚q‚ “ xγ‚, γ‚y “ #p‚ Ñ ‚q ´ #p‚ Ñ ‚q

Back to AD3 theory: γ1 γ2

Up1q Up1q
, xγ1, γ2y “ 1

Ψ pr, ϑ, ϕq “ e
´ r

2R0 r´ 1
2 p1 ´ cosϑq

´ 1
2

ˆ

1 ´ cosϑ
´eiϕ sinϑ

˙

xry “ R0 “
1
2

|Z1puq ` Z2puq|

Im Z1puqZ̄2puq
Diverges on MS wall Z1puq||Z2puq



BPS algebra through scattering

Scattering S -matrix:
»

—

—

—

–

BPSpγ1, iq

BPSpγ2, jq

BPSpγ1 ` γ2, kq

fi

ffi

ffi

ffi

fl

psq “
Sk

ij

s ´M2
γ1`γ2

Define multiplication structure m:

m : HBPS,γ1 b HBPS,γ2 ÝÑ HBPS,γ1`γ2
Ψi ¨ Ψj “

ř

k

Sk
ijΨk

Questions:

1. Does this algebra tell us anything about wall-crossing?

2. Does this algebra resemble anything familiar?

Gas of BPS particles (or Fock spaces) ùñ

ùñKontsevich-Soibelman wall-crossing formula:

Fp1,0q bm Fp0,1q – Fp0,1q bm Fp1,1q bm Fp1,0q

Zp1,0qpuq

Zp1,1qpuq

Zp0,1qpuq Zp0,1qpuq

Zp1,1qpuq

Zp1,0qpuq

MS wall



Melting crystals

D.G. and Masahito Yamazaki arXiv:2008.07006

Higgs branch
Chiral mass mC: flavour Upnf q = “freeze” gauge Upnf q

On Coulomb branch we expect xGaugey „

On Higgs branch we expect xGaugey “ 0

However, we expect xGaugey „ mC

Mathematically mC resembles equivariant action
For toric Calabi-Yau manifolds we have: BPS states “ Crystals

CY 1-fold 1d crystal

CY 2-fold 2d crystal

CY 3-fold 3d crystal

Melting crystal model for DT invariants of CY manifolds



BPS algebra I

Induced statystics of nodes (particles):

#(selft-loops) statystics
even fermionic
odd bosonic

Algebra generated by:

ê‚ : n‚ Ñ n‚ ` 1
f̂‚ : n‚ Ñ n‚ ´ 1
ψ̂‚ : n‚ Ñ n‚

e‚pzq “

”

Tr pz ´ Φq
´1 , ê‚

ı

f‚pzq “ ´

”

Tr pz ´ Φq
´1 , f̂‚

ı

“Monopole operator”
(Hecke modification)



BPS algebra II

Resulting algebra – Quiver Yangian:

re‚pxq, f‚pyqu „ δ‚,‚
ψ‚pxq ´ ψ‚pyq

x´ y
,

ψ‚pxqe‚pyq » ϕ‚,‚px ´ yqe‚pyqψ‚pxq ,

ψ‚pxqf‚pyq » rϕ‚,‚px ´ yqs
´1 f‚pyqψ‚pxq ,

e‚pxqe‚pyq „ p´1q|‚||‚|ϕ‚,‚px´ yqe‚pyqe‚pxq ,

f‚pxqf‚pyq „ p´1q|‚||‚| rϕ‚,‚px ´ yqs
´1 f‚pyqf‚pxq ,

ϕ‚,‚pzq “ p1-loopq “

ś

aParrowsp‚Ñ‚q

pz `mC,aq

ś

bParrowsp‚Ñ‚q

pz ´mC,bq

BPS algebrapxy “ znwmq “ Y
´

pgln|m

¯

Quiver diagram xy “ z6 Dynkin diagram pgl6



Summary

1. BPS states in supersymmetric field theories give nice model
families to study non-perturbative effects

2. There are problems in enumerative geometry whose solutions
are given by indices (or others observables) of BPS states

3. BPS states establish a phenomenon of wall-crossing and give
rise to BPS algebra

4. In certain cases BPS algebra resemble familiar algebras. This
fact can be used as a support for duality relations.

Thank you for your attention!


