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Origins from Physics

Electrodynamics Weak/Strong force
G=U(1) G=SU(2)/SU(3)

Maxwell 1864/ Weyl 1918 Yang and Mills 1954
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What is gauge theory ?

In physics, a gauge theory is a type of field theory in which the Lagrangian
(action functional) is invariant under certain Lie group G of local
transformations.

In mathematics, we fix the data E → X ,

E is a vector bdl w/ str gp G

X is a manifold with geo strs, e.g. metric, cpx str, symplectic str · · ·

A(E ) space of connections

G(E ) group of gauge transformations
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Mathematical study of gauge theories

In 1970’s, Atiyah began studying gauge theory from
math point of view.

For example:
† Atiyah-Bott: gauge theory on Riemann surfaces
† Atiyah-Drinfeld-Hitchin-Manin:

constructed ‘instantons’ on R4

† Atiyah-Hitchin-Singer:
computed dim of moduli spaces of instantons

After the introd of instantons to math, Hitchin
studied its dim reduction to Riemann surfaces,
which has great impact in many areas, e.g.
† Hyperkähler metric and integrable system
† Non-abelian Hodge-theory
† Mirror symmetry and geo Langlands program
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Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd,

Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds,

e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)

† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Instantons on 4 manifolds

(X , g): closed ori Riem 4-mfd, Hodge star

∗ : Ω2(X )→ Ω2(X ), s.t. ∗2 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω2(X ,EndE )

Definition

An instanton is a connection A s.t. F+
A := FA + ∗FA = 0

Since 1982, Donaldson used moduli spaces of
instantons to give striking applications to the
differential topology of 4-manifolds, e.g.
† Diagonalizable thm (combined with Freedman’s
result, it implies that many topo 4-mfds do not
have smooth str !)
† Infinitely many smooth strs on R4 !

Yalong Cao (Kavli IPMU) Gauge theories on geometric spaces Dec. 4, 2020 5 / 11



Higher dimensional gauge theories

In 1996, Donaldson and Thomas proposed to study gauge theories on
higher dims > 6. To have nice theories, base mfds can’t be arbitrary.
Based on Berger’s classification of holonomy gp of Riemann mfd, they
concentrated on following cases:

Calabi-Yau 3-folds or 4-folds

G2 manifolds

Spin(7) manifolds
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Manifolds with speicial and exceptional holonomy

Calabi and Yau Calabi-Yau manifold

Joyce first constructed Joyce manifold
examples of G2 and Spin(7) manifolds
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Gauge theory on Calabi-Yau 4-folds

(X , g , J): CY 4-fold (i.e. cpx ori 4-folds, w/ holo vol form Ω), one defines

∗4 := Ωy ◦ ∗ : Ω0,2(X )→ Ω0,2(X ), s.t. ∗24 = id .

Coupled w/ bdl (E , h), it exts to an involution ∗y Ω0,2(X ,EndE )

Definition

A SU(4)-instanton is a connection A s.t. (F 0,2
A )+ := F 0,2

A + ∗4F 0,2
A = 0

MSU(4): moduli space of solutions of SU(4)-instantons

Q: Donaldson type inv associated w/ MSU(4) ?

Need: (1) compactness, (2) transversality, (3) orientability

For (1), analysis too difficult ! Need alge geo for help
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Gauge theory on Calabi-Yau 4-folds

Note that
F 0,2
A = 0⇒ (F 0,2

A )+ = 0, ch2(E ) ∈ H2,2(X )

The converse is also true by a characteristic class argument

So one could use alge geo to compactify MSU(4) (by adding coherent
sheaves)

For (2), need a virtual class construction

(due to Borisov-Joyce in general, C.-Leung in special cases, also recent
alge-geo. approach by Oh-Thomas)

For (3), C.-Gross-Joyce proved it for any CY 4-fold

As we use alge geo method, so can start w/ moduli of sheaves (no bdl
inside), which leads to more interesting applications
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Applications

(1) Gopakumar-Vafa type invs on CY4: Gromov-Witten inv are in
general not integers, because of multiple covers.

Klemm-Pandharipande
defined GV type invs on CY4 from GW invs and conj their integrality.

In joint works with D. Maulik and Y. Toda, we used sheaf counting invs to
give an approach to KP’s invs. Advantage: integrality is then obvious !

(2) Counting solid partitions: a solid partition π = {πijk}i ,j ,k>1 is a
sequence of non-negative integers s.t.

πijk > πi+1,j ,k , πijk > πi ,j+1,k , πijk > πi ,j ,k+1,∑
i ,j ,k>1

πijk <∞

The problem of counting solid partitions is a very difficult question.
In a joint work with M. Kool, we use counting inv of ideal sheaves of pts
on C4 to give a conjectural formula for counting weighted solid partitions.
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THE END

Thank you for your attention !
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