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Background

Extended algebras acting on BPS states of supersymmetric field theories
IN various dimensions

 Supersymmetric indices/partition functions as characters

 (Quantum algebras acting on homology, K-theory, elliptic conomology
of quiver varieties

e 3d mirror symmetry and symplectic duality

Exponential N2 growth of states counted by indices. AdS, holography
— saddle points
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Quick review of 3d /' = 4 gauge theory Y

Quantised Higgs and Coulomb branch algebras. Modules

induced by boundary conditions. @ @ @

* Verma modules and exceptional Dirichlet

N
Hemisphere partition functions St x H2, factorisation and “IR
formulae” N

 (Concrete examples )

Twisted indices, Hilbert series and Poincaré polynomials B2 B:
POY O, O, O

‘/i >‘/2—> —

3d ADHM theory a] xaT x \;Tlx
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Background on 3d ./ = 4 theories

8 supercharges Q.

Gauge group G and representation £ = R @ R*

R-symmetry SU(2)y; X SU(2)
Global symmetry G X G

Generic mass and Fl deformations

m € (ty)’ and 1 € (t,)°

Deformation 7. Background vev for anti-diagonal R-symmetry combination /4 = 2%



3d ./ = 4 Quiver Lagrangians

Bifundamental

+ 3d /N = 4 vectormultiplet /
R =T*M
+3d /' = 4 hypermultiplets ~_

W, dim(W,) fundamentals

(X, Y)




Moduli spaces of vacua

Classical

N\

Higgs branch ./ ;; and Coulomb branch ./
\

Vectormultiplet scalars with monopoles V.,

M 1y and M - hyperkahler
Gy , G are tri-Hamiltonian isometries ue=X-Y
My ={pc=0,ug =¢}/G

Assumption: flow to superconformal fixed point. Isolated massive vacua

My and A - are symplectic resolutions with isolated singularities

m € t;;and & € t, are resolution and deformation parameters.



SQED|NV]

U(1) gauge

L) e
e =) 1% 1P = Y|’

N //tC:X>.Y>

theory.

Fundamental hypermultiplets (X, ;) withi = 1,..., N

G, = SUN) and G = U(1)

Masses m, ..

., My and Fl parameter

NN isolated vacua

Examples

T1SUN)]
=@
My = T*Fly, N

G=Ul)X..xXUN-1)
Gy = G-=SU(N)

Masses m, ..., my and Fl parameters 1y, ...,y

Vacua labelled by 6 € Sy

x=e"and { = e"




Higgs and Coulomb algebras

» Fix /' = 2 subalgebra U(l); X U(1)- C SUQR2)y X SUQ2)

» Ring of chiral operators/holomorphic functions C|.Z ;] and C[.Z ]

 Hyperkahler geometry equips with Poisson bracket

. : 2
Quantisation € Qnic=€Zy

Q background quantises chiral rings O,

C[%H] and ([A:[%C] g = e°




Example: SQED|/V]

Higgs algebra GA:[/%H] Coulomb algebra @[%C]

Generated by complex scalar ¢ and monopole operators v
Generated by X; and Y, y P ¢ P P +

P.B. quantised: [V, )A(j] = €0;; ([, V.] = £eb,
N
Moment map : XY =10 o R €
& X ) [
=1
Central quotient of U(81y) N
0.0, = [[@+mc+>)
5 3 Co =4+ L,C T A
€; = Xin, 1 <] i1 2
fij — Xin , 1>] Spherical rational Cherednik algebra — finite W algebra
h] =XY, =X, Y, J= I,...N—1

We will discuss Verma modules later!



Vortex moduli spaces

1

. Theory admits — BPS vortex solutions

« Hilbert space of £2-deformed theory in plane with mass deformations = Equivariant homology of VMS.
[Bullimore, Dimofte, Gaiotto, Hilburn, Kim]

: : : 1
* Relation between vortices and quasi-maps. Vortices are labelled by d = 2—J trF; X,Y —» My at infinity
T §2

Identifyd € Hy(M , 7)

» Kahler manifolds with isometries x, g "™ Quasimap degree

Algebraic description . QI\/IZZ[(UJ)1 — M ) [Okounkov]

g rotates P!

G global symmetries
Isolated fixed points

K-theoretic vertex functions



Example: Laumon space/Handsaw quiver

Laumon spaces resolution of singularities Dz = Ql\/lﬁ,l{(J-D1 — flag)

Realisation as handsaw quiver variety [Nakajima]

BQ B'Z B-g
"IIII’____—‘lllli}__ 1i!|l. d B do B e b,

a b a b o a b

N

P1 P2 PL—1 PL

Will discuss y, genera and Poincaré polynomials



Example

« SQED|N] vortex moduli space

(0 o
A

N 1

1




Another Example

8 . QI\/If{(L L' = HilbN(C?))

 Smooth quiver description?

| o )((@Vir) —Localisation formula

M, = Hilb"(C?)



Hemisphere partition function

« We compute partition function on hemisphere S L'w H? T* boundary

. . =(2,2) boundary condition & on T? \

A

Zvortex ~ X(Ovir.) X
ZSl x H2 — ZClassicaIZI-loopZVortex — o .

[Benini and Peelaers] [Fujitsuka, Honda and Yoshida]
Modification of [Yoshida and Sugiyama]—with particular B.C.

ds’ = dr? + r’(d6? + sin’ Odg?)

Twisted boundary conditions 7 ~ 7 + fr




State-operator map

“Casimir energy” * Relate the hemisphere partition function to count of

L — Half index

ZS’l < H2 — 6¢I

Ry+R4 Ry-R
. Tr%gg(—l)FqJ' — Al‘ — AxFHé:FC

 We will compute half index




Exceptional Dirichlet

- Boundary conditions &, associated to each vacua o

- Dirichlet & for /' = 4 vector multiplet

e -

- Lagrangian splitting of the hypers L €

'YL‘ach

Recipe for computing half index
- Fully breaks G, preserves 1;and 1 Vector multiplet [Dimofte, Gaiotto and Paquette]

1
(q2t%;q)

» L chosen to give &, C M (q)

00 Z yFei™ x [matter index|(¢™u)

meZ \

/ Boundary hypers
Boundary monopoles



Example: SQED|N]

Fix chamber €, = {m; < ... <my}and C-= {& > 0}

@ I specifies particular vacuum

(’LX]-:O, }/j:O ] >1

Boundary symmetry U(1),

N First compute Dirichlet half-index: /

J
Effective CS level \

Expansions in g spin

Specialise fugacity z = xl-_lt—%q_% for non-zero chiral breaking combination of flavour, gauge and R-symmetry



0

Result: SQED|/V]

From the hemisphere localisation N
Zr = ZiCI Zz.l‘lo‘)p Zivortex » Vortex moduli space is handsaw quiver
(2

Different O
Z'iCl — 6¢i ’ / @ (]:mN
1—1 Zi . N %t—lﬁ. / \ \
qa:j  q oo q x; q 1 fixed point
(2 1 .. H T ? 1 N-1
j=1 (q2tw—’€; Q) j=i+1 (?5 q)
J 00 v 00
1
N §tﬁ; ) Vortex __ d d

Z;/ortex — <(q%t_%)N§>m H (q Lj q m Z’L ZC Xt(Qa)

. ' d>0
m>0 j=1 (Q;; CI)
J m




Why exceptional Dirichlet?

Bo
- Exceptional Dirichlet mimics vacuum at infinity —factorisation ~
* Flow to thimbles in IR RW sigma model—associated to vacua \.

- General pr|n0|ple [Bulllmore Dimofte, Gaiotto and Hilburn] that &% yields B.

modules for C[.Z ] and Cl. | 3 %‘?ﬂ‘ik//(;bdy

- Exceptional Dirichlet &%, yields Verma modules

“Casimir” e? « > Highest weight of Verma

- N/ = 4 limits of hemisphere partition functions are Verma module characters

Action on boundary operators < > Equivariant homology VMS



Specialised limits

Ry+R4 Ry —R
IB:TrHB(—l)FqJ+ 5 At — AxFHﬁFC

B-limit: t — g2 A-limit; £ — g2
7P .= lim Ip=1Ir (B)wFH I(A) = lim Z ="Tr_a fFO
B ! His B P 1M
4 supercharges: Higgs operators (1-loop only) 4 supercharges: Coulomb operators (vortex only)
€¢a - “Equivariant vacuum energy”




@ T*P!

Vacuaa = 1,2

Example: 7[SU(2)]

Coulomb side ‘

11 \™ = (q%txa/ny)m A A
ZVortex,a — (q2t 46) H ( / . ) 14
= o (@275 0)m
A-limit (G +m + g) | B =0,
og(&)log(r ' Verm n
c lg(lf)l(g)( D1 1 Half index erma Lower with
X, = € e
1-¢
Highest weight Quasimaps
A-limit
ZVortex,a — Z §th(Q;n) > ZVortex,a — E &-m (# fp)

m>0 m>0

A A A € A €
V_|_V_ — (qﬁ + ml,q: — 5)(§0 ~+ mz,q: — _)

2

€. . €
Vv, =(@+mc+ 5)((P TNy ct 5)

P B) =0

6
RN

1 1




Recap so far

- Compute hemisphere partition functions and half indices with exceptional Dirichlet boundary conditions

- Specialised limits give Verma modules of @[%H] and @[%C]

lim Z,(z,&q,t) = xC(zoré)

1
t—)qi 2



Factorisation Zm, = ) HoH,

- H , holomorphic block [Beem, Dimofte and Pasquetti] — 3d analogue of #1* setup

- Gluing corresponds to Heegaard decomposition of ./ 4

» Demonstrated in various cases by Coulomb branch localisation

-Examples include /3 = S* X, zS', S), S°xS'  Factorise
L . . Z Mo = ZpPert. ZVor. 2 Ant;
* Factorisation into hemisphere is exact Ms 2@: Pert. < Vor.<Anti vor. ¢ € SL2.2)
X

- Demonstrated for SQED|/NV | and ADHM [SC, Bullimore, Zhang] and [SC, Dorey, Zhang]



Application: IR formulae

1
t—)qi 2

ZMz = Zzgle2Z(5Xl X H 2 lim Z,(z,¢,q,t) = x5 (zoré)
84

In the specialised ./ = 4 limits we find e.qg.

Zio = Xl@Xl (@Y, Ze=) XX (E),
zh =) XX@)xl@), Z5,=> XX

Zgs =Y X (2)XS (),

— [Gaiotto and Okazaki]



A and B twisted indices

Choose Ry, = 2U(1)y or Ry = 2U(1), and place theory
on §* X, g S' with background R-symmetry flux Geometry [SC, Dorey and Zhang]

d d ] d d\||2
=Z = » HyH, =
l E.g. Coulomb branch localisation [Benini and Zaffaroni] ; § Xt(Q ) 5% a5 ; Ao ; H ; § Xt (Qa) ‘ |

\

Global Laumon space

ZSQXA,le ZH €7Q7 a(xag;q—lﬂf)

Angular momentum ¢ is “Q-exact” ) > X; 9enus of compact space



Poincareé polynomial limit

ZSl X H2 — ZClassicalzl-loopZVortex

gt — 0
ZVortex(ajag; Q7t) q— 0 \

Z1.100p(t, ) = Generating function

§ :gk § :tDim. attracting set

k>0 f.p. [Bialynicki-Birula]

lim y(Q) = P(n~1(0)) ~_

q—0

Poincaré polynomial

* Only vortices contribute in this limit — R-charge graded Verma characters

* Mirror limit only 1-loop contributions — generating function



3d mirror symmetry XY

* IR duality of 3d gauge theories [Intriligator and Seiberg]

Neumann
My M meé tot < Exceptional Dirichlet ?
» Boundary conditions transform non-trivially Uirichlet
2o — Uagzﬂ
\
Elliptic stable envelopes
) TP lim ZX = lim ZI) lim ZX = lim ZIY
Two simplifying limits w3 50 ¥4 50 s e

Proof?

* Exchanges perturbative and non-perturbative contributions



IY

| ®,
Q rpl § Ck TISU(2)| Example

Self-mirror dual

(gz; q) tq:v q qx; q _1_~\k (4T5q)k
— z'.l-loopz.Vortex — = k IX — Il-loopIVOrtex — ( : )OO Z (t 1(]§) ( )
(tq; @) o (%3 q)0 (9; )
1
: Y _ _ k — : A — —
Polilnrg,réz. — IVortex — k§>:0§ ____ Polilnrcrzia,réz Il—loop 1 — o

/

Generating function of handsaw quiver Poincaré polynomials [Nakajima]



Twisted index and Hilbert series

Twisted index on X = S? of 3d ./ = 4 theories computes Hilbert series

By By By
Example T[SU(N)] @—@ ---------- @ o VB B Bug
Twisted index/Hilbert series factorises: N O e YT
P1 P2 PL—-1 PL
—1
Zoog,st = ¥ Zsim2(qt)Zsixm2 (g t)
aeSN 1-loop contributions only l.e. Poincaré polynomials
d d
Free to send ¢ — 0 =z 1 1 / Zfﬂ P(2,)
siast = 3 1 d
A ,1—t£lL,;/£Bj 1—ta:7;/:z;j

aceSN 1< 1>

_ gl — ;i 7o = HS.(TISUN)



Recap so far

» Twisted index computes Hilbert series

» Factorising twisted index gives formula for Hilbert series in terms of Poincaré polynomial of quasi-
map space

» 3d mirror symmetry provides generating function of Poincaré polynomials

. Concrete for Tp[S U(N)] theories — Handsaw quivers

* Will now discuss more complicated, “speculative” example



3d ADHM Example

Worldvolume theory N D2 branes on single D6 intype IIA  r=1

4

N M?2 branes +«— SUGRA AdS, X S’

o

BH entropy in Cardy limit [Choi and Hwang] from vortex partition functions

3
1 1 D
lim 4 log(gq) 4 p— H* ~ emNz\/AlAzA:SALL

g—1



O

Torus action on HilbV(C?)

Mirror self dual / \

M 1, = HilbN(C?) with G, = U(1) and Ry — R~ = U(1)

Vacua labelled by partitions |A| = N

Hb Wgq — Wr—1p — €2
E., = E wt v
kit — Hb?é Wk,a — Wk b) k,aYk,a

@[% -] described by [Nakajima and Kodera]

Hb wk,a o wk+1>b + 62 —1 t+60,k

Fk,t — E : Uk,awk,a

a—1 Hb¢a(wk,a - wk,b)

e (Cyclotomic rational Cherednik algebra

C| A ;] gauge invariant polynomials in (A, B, I, J)

QMS(P" — HilbY (C?))  Zvortex = ¥ (*X(Ovir.)
d



ADHM hemisphere partition function

A A A A
Z SlxD = z Classical zZ 1-loop z Vortex

. log ¢ log z log v log 2 logulog¢ log u log v
Z()\)lassical — e [ESE)\ C(S)] log g 6[236)\ h(S)] log q 6[23@‘ h(S)] logq e [236)\ C(S)] Tog q

New

’ I T
/ y * |
N Z00p = | | (qzor ) FIAE)F Ly =ar(s)Ha(s)=1, g) HE
1-loop (ZCL)\(3)+l>‘(s)+1u_a>‘(S)+l>‘(s)+]‘; q)

o0

SEA

Familiar-ish

h \ LIy (v e)
ZVortex — Z (Ct2q 4) H > H

—1.
TERPP(A) SEA (qu ’q)—ws s,t;)\
s#t

Fuses exactly!

S
|
()
D=
L)
==
c
|
N
N[
L)
N



Verma character limits

A Z (C 1 1)|7r| H (’u,2’08_1;q) H (qu_zz_z;Q) (zuz_z7Q) Z)‘ H (qzaA(S)'l'l)\(3)‘|‘1u_a'>\(3)+l>\(3)_1;q)oo
zZ ortex — tiq_Z _ —Ts Tt Ts LU 1-loop — an (s S —ans (s s ]
o r€RPP()) son (vs 15‘1)43 s tEA (Zj—g;q) (qzu‘l,fj—;;q) " SEX (z2x (&) Fha(s)Hlymax(s)Ha )+ g) o
S#t Tt—Ts Tt—Ts
Verma limit Mirror Verma limit
v
v
Z glﬂ E— H (1) (s)
_ ~ax(s)+ix(s)+1
7€RPP()\) oy L2

/

Fixed points on QM space

Generating function




Representation theory

e Verma modules of @[/%C]?

* 7 boundary operators < > Fixed points on QMf{(HiIbN (C%))

e Action of @[/%C] on RPPs?

ZClassical ZVortex

\ /

XA(C[M(;]) — 652_7; S ser (85 Xoen ha(s) Z C|7T|




Poincareé polynomial limit

. 2,,—1. qu_Z;‘j—t;q zu;‘j—t;q a)(s)+ir(s)+1,,—ax(s)+Ix(s)—1.
Eortex = D (Ct%q_%)l lH (u vfl,’q)_“s 11 ( S )“t‘“s ( : )’”‘“8 Z00p = 1| ((qZZaA(S)+l>\(8)+1f1’j—a>\(S)+lA(s)+1"q))oo
TERPP()\) SEA (qu ’q)—ws s,tEX (%;Q) (qzu—l;‘j—z;q) SEA 54 ) oo
37ét Tt—Ts TTt—Tg
v
Y (W) ki) b)) i S— I i
T€RPP(\) cex 1 — zax(8)+Ha(s)+1¢ 5 (—ax(s)+in(s)+1)

Refined generating function of RPPs




Neumann boundary condition

Throughout we have been using particular Dirichlet boundary conditions

Neumann boundary condition is expected to yield simple modules @

[Bullimore, Dimofte, Gaiotto and Hilburn]

Consider p = N, > 1. |.e. general Jordan quiver

My = /%N,p instanton moduli space G, = SU(p)



T'ISU(N)| analogy

 Neumann boundary condition is computed via contour integral

ZS'lxD[ZbCi;qa t] —
dz tog (=) 1og (¢) N—1 Hz;e]( (a)/a:,f“),q)oo N-1 a atl (th( ) /g0 ,q)

7{}_[“1_[1 xga) al;Il I (th(a)/xga),q) ggg ( (a+1)/ (a). )

Integral form of Macdonald polynomial

l Verma limit

\Y) N

Borel-Welil-Bott — compact Lagrangian core is complete flag



Equivalent for ADHM

N N ~1 N 1

7{ 1l dsq _+ 1laze(8asy 50) T (SaSy 2t 245 @)oo
SlxD_

N'! a= 1271-280’ ab 1(808b 1t 1q7q)00 a,b=1 Sasb Zt27Q)oo

Hﬁ SaZit 2Q7 )

a=11=1 SGCIJ t27q)

Choice of &%

l Verma limit
N N N
ZN % dSa S_C J_—[a;éb (]. —_ 3a,3b H ﬁ
p N' Sl) 11 218, @ 1_.:;]1,\,]6:1 (]_ zsasb_l a,—l oy 1 —x;8,

ZNp(B) = Qioyn (T1, -+, Tp; 2)

Milne polynomial g — 0 of Haiman-Garcia Macdonald polynomial

Character of KR module / XXZ spin chain partition function

Geometry
w =70 N
C
Y
D p
Hanany-Tong Lagrangian X (@(C ))

Simple module of Nakajima and Kodera @[% cl?



Refined Topological Vertex

. Quasi-maps to Hilb™(C?) should be related to vertex

« g — 0 limit coincides with the refined topological vertex

1-loop piece

-~

AN gl IV !
(}1_1)1(1) ZslxD — tl t2 H l)\(S)-l—lt—a)\(S)

sex 1 — 1 2
Classical piece = framing factors (IKV) —1
C(/),@,A (t=1ty",9=1)



Twisted index gluing L ZBA ZBA oBA B

g—0 Classical““Classical “~1-loop ““1-loop

A
[Al=N

. Twisted index = Hilbert series of Hilo¥(C?)

* |dentify the twisted index gluing with the gluing of vertices.

Poincaré polynomials

e

1
. 3} AN 0,0,
ql_% 1- lOOp(Z C q, ) SEH)\ 1 . za,)\(s)+l>\(s)+1t%(—a)\(S)‘l'l)\(S)‘l‘].) , ZVO’I‘teX V
1
l Z L) =
21 IOOP(Z Ga ) 1_-[‘ 1 — zaa(s)+ia(s)+13(—ax(s)+ix(s)=1) ’ . 1 .
= 1 Interpret as conifold O(—1) @ O(—1) — P* amplitude
llII(l) ZClasslcal(Z C q, ) = z2 2 sex hA(s)t_Z 2usex A(s) )
q—
lim Zg;\SSlcal(z, (g7 ht) = 22 Lsex ha(8)g=1 Laea als) Independence of g...

q—0

P (8)+l,\(8)+1t%(—a>\(3)+l>\ (3))

SEA

[Al=N

(1 _ pax(s)+Ha(s)+1p3(— aA(S)-l-l)\(S)-l-l)) ( Zak(s)—l—lx(s)-l—lt%(—GA(S)-I-ZA(S)—l))

\

Nekrasov’s partition function



Summary
Hemisphere partition functions realise factorisation

Verma character formulae for ., partition functions

 Geometric interpretation
Twisted index, Hilbert series and Poincaré polynomials
Detailed study of ADHM example

» Connections to topological vertex



Further directions

 Quasi-map interpretation of 1-loop contributions
* Mirror symmetry of boundary conditions

 Geometric interpretation of Cardy limit I Zso

3/2
» Phase with non-trivial scalingof N = |A]i.e. ~ e’

* Relevance of Hanany-Tong lagrangian and simple modules??



Thanks



