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Partitinfunctions
* Thermodynamic properties of the system
* How average phenomenon emerges from

statistical distributions

* QFT : Euclidean path integral

* Entropy => Information / Microstates of the system.

Computing the PF of your
system / theory is crucial to your

ability to fully understand
it .



Also of mathematical →
studied intently by G. H . Hardy ,
J . Littlewood

,
S . Ramanujan ,interest

H . Rademacher

Ex : Simple integer partitions

plz) = {1+1,2+0} → ☒
, ☒

a-
Pl4) = {4+0,3+1,2+2 , 2+1+1 . → ME , 1¥, ☒ ,

1+1+1+1 }
Eh , 11€17

T
p /6) = 11

, pl 8)
= 22

, . .
. .



Simple partitions

of n , pln) ,,

Exponential
behaviour

.

>
n

Q : Lim Pln> = ?
sometimes
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Highly symmetricMore interesting partitions
?

f- (9) ? § # (partitions of a)
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→ functions



Partition functions special
partitions

of certain Quantum → that appear
in

number theoryBlack holes in string
and algebraic

theory geometry .



Physicists motivation
-

What is the smallest amount of information I

need to give you in order to compute the full ( indexed
)

black hole partition function ?

How easy is it ?
-

Yes
,
and only 2

grad students should be

1¥ , fine
.

Yeah . . . it's much simpler:



M.athematicia-nsmoti.at
ion

what is the relation between the .

① Oguri - Strom inger
- Vafa conjecture ,

Gromov - Witten invariants and mock - modular

forms ?

How does mock modularity arise from the

pre potential / of N : 2. supergravity
) ?

=



Black holes
→

Astrophysical : End point of gravitational collapse of a sufficiently
massive star

,
where grav . forces overcome neutron deg .

pressure .

Quantum Info : A system that saturates the bound for info .

storage in a volume :
→

Radius

f 21T RMT
> Mass

H
-

bekenstein
_h In 2

The human brain cannot store more

than ~ 1042 classical bits of information
.



☐
-

Ok . You're immortal
.

" §**
" what

'
Lex Luthor ?

I will memorize

-
And we thought

§
" ""
" ""
"

① Collapse
my
brain

insufferable
billionaire

into a
black

hole .

\ " ④☒☒#t
that the

most

and the
world

µ
was that Amazon

guy .

.



Disoerytodismissatdisery
Schwarzschild 's solution to Einstein Field eqs :

Brudi , das
ist ja

ds? - ( 1 -2¥)dt4_d + Fdr
'

2
,
echt bescheuert

.

(1-21)
t

¥÷¥¥¥¥r --0→ singularity !

f-
Einstein was dismissive of the solution .

o 1940 's - 50's work by Oppenheimer , Snyder and Wheeler

re - instigated work on Black holes .

° Today : Plenty of experimental evidence
1*1

EHT photo , Stellar motion maps by Genzeltco
. & Gheztco . , GRB 's . . . .



Entropy of black holes :

soBekenstein and Hawking → Entropy of black holes

leading contribution comes from its area .

Set of a black hole is zero . But . - .

→
semiclassical

S = ABHI
,

-1
→ Quantum /

Sub leading49N

Frue for ANY black hole
☐ Computing the ellipsis terms , or sub leading corrections to

entropy is difficult . Because it requires identifying
all

the saddle points to the gravitational path integral .

0 Try working with a quantum theory of gravity .



A QG theory / in the BH context) should :

1 . Tell us exactly what the entropy of a

black hole is . (Precision test of quantum
gravity )↳

What is the full partition function of
a BH ?

.

2 . What exactly we are counting ?

What are physical microstates ?

3- Dynamics of Black Holes + information . -
- .

↳ This is where the

prize elephant
sits .



Ptackhesandstringthegry :

• String theory is an attempt to quantize gravity , where

gravitational theories + QFT's arise in certain limits of

a higher dimensional quantum theory 1*1 .

→
particle trajectoryF•

in classical / QM :

w, some
world line

parametrization
.

✗

• in string theory
:
nt

Yi ,

"

world sheet
"

i
"

' r !
I 1 I

:

'

Conformal field
theory

'



String theory is a theory that turns a 2d CFT into
mm

1*7
a gravitational / QFT in d± 10 -

un mm mm

closed strings→ perturbative ly :

→ On
'

soli tonic
'

: open strings

backgrounds
( Branes) µ#

"

gauge fields
"

How do you create a black hole in string theory ?

System of branes + strings→ increase string coupling

large gs → effective black hole geometry



But ! studying partition functions for generic black

holes is still difficult .

M

# String states ~ e r Susskind suggested

~ e.
MZ ) some renormalization should

# of bh states help alleviate this but
we still don't know how/
what this procedure
looks like .

BUT :
Exist a class of black holes for which we

don't need to worry about renormalization
.

When the theory has more supersymmetry

( NZ 2)
,
there are so called

"

BPS
" states .



BPSes :

• When # of supersymmetry 2 2 , one can
extend the supersymmetry

algebra .
To this extension

, you can
associate a conserved charge .

"

central charge
"

: 2- c- ¢ 1*7

• M =/ 2- I → BPS limit

BPS states are very robust . Independent of physical

coupling , or visually even values of moduli / parameters .

I
enumerative geometry

and number theory .



BPS black holes :

BÉÉig and branes : spectrum Indendent of gs .

Bps
partition

= iii.¥÷¥¥
"

functionSCFT
:

I 7

9s -0 9s>1

Q : What are these BPS partition functions
?

Idea : Compute individually in SCFT
and BH

description and see if they agree .

Example : 113ps states in N4 string theory in
5d :

4-
Area law of BH = leading growth in SCFT .

[Strominger , Vafa]



SCFT's
→

→ Partition functions are
1- loop calculations (*)

reparametrization of torus① Should not affect the PF

Such functions that are in /co - variant with reparametrization

of torus ⇒ Modular forms , Jacobi forms
.

(* Siegel modular forms)

MF 's / JF 's / SMF 's are highly symmetric functions

that are periodic . → Fourier expansion
.

↳ Flq)=§
Black hole degeneracies . ! -



To compute these pf's EXACTLY :

→
"
Modular

"

symmetry of PF .

→ Cfo) to < 0 . [ Finitely many]
→ Some other functions known as

multiplier systems and Kloosterman

sums

I



Hardy - Ramanujan - Rademacher circle method :

an > o) = Rad [KL ; M ; C 10<0'D
-

t
I
-

Smallest input
complexity of BPS black holes .



# of charges PF Rad

• Only electric / mag f-(e) = { ccnlqn ✓
n>- INI (ME)

Zero ang
. mom .

Fait)={ clmllqiy
'

✓
o Only elec /mag -1

nil

ang
mom CJF)

° Dyonict ang - mom
FC2.oiz-J-dgcln.mil)

him , L ~

gnpmy
'

subtle
CSMF)

N=4 ,
N=8 ~ okay . N=2 - ?



Analogy for subtlety : Wall crossing

→ You think you're computing an invariant . But no .

Sudden jumps .

Basically . . . .

→
if you were a

bouncer at a club

and you
saw this guy ,

what

would you do
? This guy is

obviously 2 kids
in a trenchcoat .



Dyonic black holes :

→
y sneaky guys

!

¥ → Not genuine
•••• → •. ! black holes . But the

SIF sort of has counted

them already .

So
you

have to go take
the effort of

removing these guys from
the SMF .

In doing so , you lose the beautiful symmetry

of the SMF .



.

-

if you remove these singly charged
bound states .

But :

You get something beautiful
( and fascinating) .

m

SMF /g. p,y) = { JF / g. y) p
m

fraudulent
JF / g. y) = 2-

Dyonic

Cq ,y )
+ =L lqy)

↳
Hot . Mock

↳ meromorphic
modular

Types of functions predicted / written down by Ramanujan shortly before

he died . Study gained more prominence only in 2003 .



° Circle method of MJF 's is much more complicated .

+ Need to know what argument to feed it ?

I
Only need to know singly charged BH

PF - ( coloured partition of 24 colours)

Dedekind eta : nle)
-"'

=⑤ IT a- grj
"

n 71

!
° 1- → 1- loop correction to k3 prepotential

Mz)
"

[ Yau - Zaslow]



From the gravity side
,
there are

geometric techniques due to Atiyah , Bott ,

Duistermaat , Heckman :

( somewhat analogous to Anderson Localization) .

generate full PF !

→ Agrees with SCFT for
N= 8 .

(modular) .

Q : How does gravity see mock - modularity ?



Many more mathematical structures to explore . . .

reach out to me to have a chat

about these things !



Thank
YOU .




