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Voo @ and Wi - (@)
Review of U, ,(g) (g: affine Lie alg) and W, ,(g)

elliptic ( p: nome ) and dynamical analogue of U,(3)
in the Drinfeld realization

defined by gen. and rel.
— elliptic Drinfeld currents Ej(z),Fj(z),w]jF(z)

— II; : dynamical parameters (< Kahler param. )

Hopf algebroid str. as a co-alg. str.,
A:Upp = Ugp ® Ugp alg.hom.
Uq,p(E/l\[N) = Eq,p(a[N) (H.K '18)

~

E,,(gly) : central extension of Felder's EQG RLL = LLR*
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Ua.p (8) and W, (@)
Level-k U,,(g) realizes W,,(g) (p* = pqg )

In general,

Wy p+(g) : the deformation of the coset type WW-alg.

(a)r’—hv—k ® (a)k > (a)r—hv

@ For simply laced g:
the coset type W-alg. = the Hamiltonian reduction type W-alg.
Hence, W, ,+(g) < Frenkel-Reshetikhin's W, ;(g)

by (p,p*) < (g¢,t) (at least for k = 1)
@ For non-simply laced g : e.g. g = B](&)
W, p=(BnN) gives the deformation of Fateev-Lukyanov's WBy-alg.

Note also WBy 22 Hamiltonian reduction of B! (0|N) ( Ito '90 )
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Ua,p(8) and Wy, + (§)

Example
level-1 U, ,(slx) Wyi(sly) B="-
p=q* & q
pr=pg?=¢""Y & t
Fj(z) “ S;’(z)
E;(2) “ S;(2)

Y, )T el (2) & T(2) =3, Au(z) (w=1,---,N)
H L (zgAm) “ M(2) (Awata-Yamada '10)
Hw*qum o V(z) a=1,---,N—1

a l 1

11 I125 e p Br) Vi(2) u=p

m=1k=1
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Uap(8) and Wy, (o)

e.g. Intertwining Operators ( Vertex Operators ) of
the -modules

Uyp(sty) N

V, = V|[z,271]] : evaluation rep. ass.w. the vector rep. V = @C’UM

p=1
F o level-1 rep. with the h.w. A

O(z) : Fx—= V. @ Fwn
st. P(z)z = A(z)P(2) Vo e Uyp

Components are defined by ®(z) = Zv,ﬁ%@u(z).
o

Different coproducts A (standard) and AP (the Drinfeld copro.) yield
diffrent intertwiners ®(z) and ®”(z), respectively.

o dP(2) ~ W, (g)
o O(z) ~» (elliptic) ¢-KZ eq. , Stabe(F)
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Uap (@ and Wy e (9)

Integral Solution to the Elliptic Q—KZ eq. via Uy p(sly)
Theorem 1.1 (H.K '17, '18)  Under the zero-weight condition,

7, (Q 1@ (1) - By () = 74 dt D(t, =) Stabe(Fr;p),

TM™
N-1 A N—1 /2@ Ar=haey
= @ )
O(t,z) = || exp 1  log(IL/Tis) log Ht X NG
=1 a=1 1=1 \a=1
N—1 [ A A\C+D t(l) 25(l+1) *t(l> t(l) *t(l) t(l)
X H / Q) ( / /a 7p3 Q)
OGS D L0 1) 0 )
B o )t T 0

1N = 2, (a=1,---,n)

@ This is an elliptic and dynamical analogue of Mimachi '96.
o Geometrically, this is an elliptic analogue of the vertex function with
descendent in K7(T*Fl,,). See also Aganagic-Frenkel-Okounkov

“Quantum ¢-Langlands Corresp.” '17
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Ua,p(® and Wy p (0)

SPRINGER BRIEFS IN MATHEMATICAL PHYSICS 37

Hitoshi Konno

Elliptic Quantum
Groups

| Representations
and Related
Geometry

@ Springer
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Ug,p(8) and W,
Taking Residues at “tt = zp~ Y

i (@0 (1 01 (20
N-1 A

* >a=19la
= 3 I reemam) ™
d a€

D 1l=1

AL A GQ(pz (l+1)/p z (l)vp)dz,a—dl+1,b

<11 11

ot St QQ(ij£l+l)/Zj|(zl): Plda—dis1p

xStabe (F1;p)|F,

1<a#b< A

px ()

0 ("2, /2,0 P)ayy—di
a b

0o (z,w /2, P)dyy—dy
a b

J: JWcg@c...c gV 1,0

JO = {jy) - < ]}\(l)}

For the full flag case, this gives an elliptic analogue of the 3d vortex

partition function for the T[U(N)] theory.
Elliptic Quantum Toroidal Algebra
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Uap (@ and Wy e (9)
Trigonometric Limit () — 0

(@0 )

0By (1) By, (2)]0) = f dt ¥79:(t, =) Stabe(Fr: p),
TM
N-—-1 1
= exp
E {10

NO) Ne1 /A® Ar—ha
log(I; /Tl 41) log | [T ¢ X It
p a=1 =1 a=1
N—1 | AW ACED gy a1 DRORRONRC

0 [H ("D 100, ) (D D (D 0y ]

<I)t'rig. (t, Z)

l I+1 l l v (l l
= a=1 b=1 (tg)/t;; )7p)°° 1<a<b<A() (p t( )/t( ) t( )/t( ); )

@ This is the vertex function in Kp(T*Fl,)

@ The full flag case gives an integral formula for the Macdonald
functions (Mimachi '96, Mimachi-Noumi '96, Noumi-Shiraishi '12)

@ The sum of residues at “t = zp~ %"

function for the T'[U(N)] theory.
Elliptic Quantum Toroidal Algebra Jan. 20, 2022 11/43
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Ua,t(811,¢or) and Linear Quiver Gauge Theoris
Rev. of U, +(gl; 1) and the Linear Quiver Gauge Theories

Uq,t(81 4or) has been applied to the instanton calculus and the study of
the AGT corresp. for the 5d & 6d lifts of the 4d N' = 2 SUSY gauge
theories. The essence is summarized as

o Wy(g) is realized on Uy ¢(aly 40,) @ -+ ® Upgt(81,t0r)

( Miki 07, Feigin-Hashizume-Hoshimo-Shiraishi-Yanagida '09,
Berstein-Feigin-Merzon '15, Awata et.al. '16)

o Intertwiners of Uy +(gl 4,.) w.r.t. the Drinfeld copro. realize the
refiened topological vertex (Awata-Feigin-Shiraishi '12)

@ A certain block of composition of such intertwiners realizes the
intertwiner of Uy ,(sln) (Zenkevich '18, Fukuda-Okubo-Shiraishi '19, '20)
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Uq,t (811, t0r) and Linear Quiver Gauge Theories
e.g. Triality in 5d Lift of A/ = 2 SUSY Gauge Theories

Aganagic-Haouzi-Shakirov '14, Nedelin-Pasquetti-Zenkevich'19, - - -
e.g. U(N)V~1 theory with N fundamental and anti-fundamental hypermultiplets
(An_1 type linear quiver gauge theory)

Ue) Uw) Olw)

B—0—O0—-. -—O—8

5d Nekrasov Instanton PF

Higgsing / } \ Higgsing (AGT corresp.?)
3d Vortex PF <— Corr. fnc. of the vertex ops.
taking<r_esidues of Wy (sly) (“g-conf. block” )
(3

<0‘(I)#1 (Zl) T (I)MN (ZN)’0>
in Uy, (sly)
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Uq,t (811, t0r) and Linear Quiver Gauge Theories
Triality in 6d Lift of A/ = 2 SUSY Gauge Theories

Nieri '15, Igbal-Kozcaz-Yau '15, - --
e.g. U(N) th. with N fundamental and anti-fundamental hypermultiplets
(A; type linear quiver gauge theory) V)

6d Nekrasov Instanton PF

Higgsing ,/ N\ Higgsing (AGT corresp.?)

4d Vortex PF = Trace of the vertex ops. of W), - (sl2)

taking?sidues (“elliptic conf. block” )
s
tr (Q@ (1) -+ Py ()
in Uq,p(g[2)

This can be understood by the “trace” of Uy (gl ;o) !
It should be distinguished from the elliptic quantum toroidal algebra !
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This talk : Elliptic Quantum Toroidal Algebra Uy ,(gl ;o,)

Main points:

e intertwiners ®(u), U*(u) w.r.t. the Drinfeld copro. and their
“sifted inverse” ®*(u), ¥(u)

® Uytp(aly 40) realizes the Jordan quiver W-alg. W, (T(Ap))
SU(4) Q-deformation parameters : ¢, t, p, p* s.t. ¢/t = p*/p

@ Nekrasov instanton PFs of the 5d & 6d lifts of the 4d A/ = 2* gauge
theories
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Elliptic Quantum Toroidal Algebra Ug ¢ p(8l1 tor)

Elliptic Quantum Toroidal Algebra U, ;,(gl; ,,)
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Elliptic Quantum Toroidal Algebra

Elliptic Quantum Toroidal Algebra Ug ¢ p(8l1 tor)

Elliptic Quantum Toroidal Algebra U, ; (gl s,

Let q,t,p € C*, |ql, [¢], Ip] < 1.
We define Uy ¢ (gly 10) to be a C-algebra generated by

amy @, KE, 4F2 (mez)\ {0}, nen).

Let us set

,¢+(Z) = Kexp (— Z 1 fn;)m am(fyl/?z)m) exp (Z : 71 am(,yl/Qz)m> 7

m>0 m>0 P
- - m p™" —m
o= e (- X0 et o ().
m>0 m>0 p
et(z) =S ais
neL

. elliptic Drinfeld currents
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Elliptic Quantum Toroidal Algebra Ug ¢ p(8l1 tor)

1—p", _
o, & ()] = =22 ==L (37 ) et
n 1—p*

fom, 2™ (2)] = "2 (v 22) e (2, p),

(), 5~ (w)] = TZDEZYD (5071 )i (w) — vz )™ (v w))

g(p” *m*) g(p ,p) g(p” f,p

(1—q/t)
2t ()2t (w) = g(z/w;p*) et (w)at (2),
v (e ) = gle/wiple” (W (2)
“Le(p® (BT -2 - )t e ()t (W)

+permutations in z,w,u = 0,

w U U w _ _ _
9(p—.p) 9(p—.p) 9(p—,P) (g oL E) z” (2)z” (w)z™ (u)
+permutations in z,w,u = 0,
where

fm = (1= ¢")(1 —t7")(1 = (t/a)™),

L 00(a )0 ((a/D))0,(t2) D o ()
g(Z,p) - ep(qZ)ep((Q/t)712)91)(7571,2)7 9(1( )*( 7p)00(p/ 7p)00
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Elliptic Quantum Toroidal Algebra Ug ¢ p(8l1 tor)

Hopf Algebroid Structure via A

Let ® denote a tensor product with extra condition
F(z;p")a®b = a®F(z;p)b,  p"=py’

The following gives the Drinfeld coproduct for Uy ¢, = Ug ¢ (81 10r)-

AD(,y:tl/2) :i:l/2®,yj:1/2

AP (p*(2)) = < o 2BeE( ) )

AP (zt(2) = 182* (v,)%2) + 2t (g BV (1) *2),
AP(@=(2)) =2~ (5 / 2B+ 9t (1) ) B w({)z).

Here v(1) = 7®1,7(2) = 1®7.
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Typical Uq,t,p (811 tor

Uq,tvp(gluor)—modules
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Typical Ugq,t,p (811 ¢, )-modules

Vector Representation V' (u) v € C*
Definition 3.1

We say that an U, ;,,-module has level (k,1) € C? if v'/2 acts by ¢"/? and

K acts by (q/t)/?.

For u € C*, V(u) := Spanc { [u]; (j € Z) } has a level-(0,0)
Uyt p-module structure by
w*(2)[u]j = a* ()d(¢’u/2)[ul 41,
2™ (2)[ul; = a” (p)d(¢’~u/2) [ul-1,
0

£yl = @ /20 /2) |
¢ ( )[ ]J p(qﬁu/z) p(qj_lu/z) [ ]J

where

(/)5 ) oo (PtF D) oo
(25 9) 00 (PGTL5 D)oo

a*(p) = (1 -+
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Typical Ugq,t,p (811 ¢, )-modules

Semi-Infinite Tensor Product Rep. Fou (q-Fock Rep. )

In the trig. case: Feigin?-Jimbo-Miwa-Mukhin ‘11

Applying AP repeatedly, one can extend the level (0,0) U, ,- module
structure inductively to the semi-infinite tensor product rep. of level (0,1)

FOV cVw)dV(u(t/q) BV (u(t/q) *)D- -
spanned by vectors

Ny = [uln—1®[u(t/@) 2@ u(t/q) r—3®
A=A >X>-) A =0 forl>1.
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Typical Ugq,t,p (811 ¢, )-modules

Theorem 3.2

The following gives a level-(0,1) action of Uy, on ]—"750’1)_

()41 _

(s (i) 2 Op (tui /u;)0p (qui/tu;) _
) AP 1] Op(qusfu)bp(uifuy)
N 76y L) +1
o (z — g 1/2 1, 2) p(qu;/tui) Op (tu;/ui)
(2)|\) g p)(q/t) 25 (¢ i/ H u]/tuz) ,Elﬁp(quj/ui)
76y o)+
RN, /t1/2H9 fjjjﬁ H B,
e0)+1
oo F e s,

where we set u; = g™t~

IA—=1;),
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Typical Ugq,t,p (811 ¢, )-modules

Geometric Interpretation

Conjecture 3.1

The action in Theorem 3.2 gives a level-(0,1) action of Uy ¢, on
®|)‘| ET<H11b‘)\|(Cz)) withT =C*xC* xC* > (q,t,u) via

IA),'s < fixed point classes [A]’s

Moreover,

ZStab ‘ Stabe (1)

gives an elliptic analogue of Macdonald symmetric function.

Cf. Uge(oly 1or) ™ P, Kr(Hilb, (C?))  Feigin-Tsymbaliuk ‘11
Ugp(aly) ~ @, Er(T*F1)) HK'18
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Typical Ugq,t,p (811 ¢, )-modules

Theorem 3.3 (Level (0,0) rep. in terms of the elliptic Ruijsenaars op.)

(Cf. Miki '07 trig.case)
+1
On Clat, -+ o],
txl/:zz]
ZH (@i/2)Tqz,,
o 1]# O, ( xl/xj
_ t Loi/x
. N | e S
i=1 j#i g J
N -1
H O, ( x]/z (gt /2)
U W ba T/ |,
or N
(-t = (g/t)"™) m
Q= - ij (m € Z\{0}).
j=1
In particular, the zero-mode x7 = f\z\:o %x*(z) acts as the elliptic Ruijsenaars
difference operator.

Elliptic Quantum Toroidal Algebra Jan. 20, 2022 25 /43



Typical Ugq,t,p (811 ¢, )-modules

Level (1, N) Representation FY of Ugp(9Y tor)
Proposition 3.4 ( Feigin-Hashizume-Hoshino-Shiraishi-Yanagida'09)

The following gives a level (1, N') representation on the Fock module

él,N) of auy, carrying a vacuum weight u € C* .

B N[t % (t/q)n/4 t/q 3n/4 L
T (2) = uz (6) eXp{_Zl—(t/q) } Xp{zl_ (t/a)" }»

n>0 n>0

AN /)™ (/)"
z (2)=u "z (7> exp{zl_(t/q)nanz }exp{—zl_(t/q)nanz }

n>0

n/4 n/4
eXp{ Z v t/an —nZ"} exp {Z (i/f)pn anz‘"},

n>0 n>0

X n/4 n/4
v (2) = (E) exp {_ Z (i/ﬁ)pn }exp {Z p" t/qzon Z—n}7

n>0 n>0

M\Z

oy = Ly
1-p

1

" (M€ Zpo), 4V = (t/0)", hence p” = py/t.

v
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Intertwining Operators of Ug ¢, p (gl ¢, )-modules

Intertwining Operators of U, ; ,(gl; 4,-)-modules
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Intertwining Operators of Ug ¢, p (gl ¢, )-modules

Type | ®(u) : FUb ) — FOVRFEMY

—uv
Plz)®(u) = ®(u)x (Vo € Ug.t.0)
Theorem 4.1
D(u) = |A),8Px(u),
A
" u, v, A YAt i1
() = TR gy [T 7 (/)0 ),
(ZJ)€>\

Po(u) = exp {— > ij;”«t/qﬂ/?u)’"} exp { > j:((t/qwzu)-m}.

where 7 (z) = uz"N (t/q)*N 4z~ (2), NA(0) = N4(0) =1,

a(0)+1,0(0
< P)\ P)\ >qt= é ~> CI)‘NA(p) = HDE)\ ep(q © ¢ ( )) = Cl)\(p)
T eaaNi(p)  Tloex Op(q*@HOF) " ex(p)’

t* ()‘7 U, v, N) = (qilv)il)\l(fu)Nlek(qv t)N'

Cf. Trig. case : Awata-Feigin-Shiraishi '12
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Intertwining Operators of Ug ¢, p (gl ¢, )-modules

Type Il dual  U*(v) : FM@FSD 5 FUNHY

—uv
zU* (v) = U*(v) AP (z) (Vo € Uy rp)
Theorem 4.2
* _ * =~ ’ (1,N) r_ cl (p)
BWE=VEE@EN) e FmY, = 2,
* o qn(xl)t()\yuaUaN 1/4 —i+1 j—1
Ui(v) = W (Zg[@fﬂ (t/q) ),
W5 (u) = exp { > CLm((t/fz)l/QU)m}exp {— > Zm((t/Q)l/%)m} :
m>0 m>0 "
where T+ (z) = u 2N (t/q) 73NV et (2),
t()‘vuvva) = (_uv)ul(_v)_(N+l)‘>\‘f>\(Q7 t)_N_l'
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Intertwining Operators of Uq. ¢,p(aly 0. )-modules

Type | “shifted inverse” &*(v) : FV@FMY) — pLNH

v —Uuv
We define ®*(u) by

P(0)E = 2" (0)(1N),8¢) €€ RN
n(\) - ’
CI)K(’U,) — q t()\7’l),p 1U7N)N>\(p)

/
5

: &)A(pflu)*l :

Oa(w) = @p(u) [ & ((¢/0)" "t ¢ )

(4,5)eEX
Then ®*(u) satisfies similar relations to the type | dual intertwining
relations “z®*(v) = ®*(v)AP(2)", but not exactly the same !

Hopefully, there is a suitable dual representation to féo’l), and ®*(u) can

be interpreted as the dual intertwining operator to ®(u) w.r.t. such dual
representation.

The same happens for the shifted inverse of the type Il dual VO.
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Ugq,t,p(811 tor) and Affine Quiver W-alg. U'p‘p* (F(;l“))

Ugtp(8ly 40r) and Affine Quiver W-alg. W, (D(Ag))
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Uq,t,p(811,t0r) and Affine Quiver W-alg. W, .« (:F(f

Remember : U, ,(g) realizes W, ,+(g)

e.g. the level-1 elliptic currents F;(z), F;(z) of Uq,p(sA[N)

<= screening currents S;"(z), S; (z) of W, +(gly)

Theorem 5.1 (H.K '14)
Let ®P(2) : V = V,@V' s.t. ®P(2)x = AP (2)®P(2) Vz e Uy,
Then the generating functions T'(z) of W, ,«(gly) is realized as

Z 1<I>D( )

We have the same statement for D](\}) and B](\P.

Elliptic Quantum Toroidal Algebra Jan. 20, 2022
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Uq,t,p(8!1 tor) and Affine Quiver W-alg. le r

o (D(Ap))

Uyip(8l140r) and Affine Quiver W-algebra W, -(I'(Ay))
Screening currents :

The level (1, N) rep. of Uy, : v/% = (t/Q)V/4, p* =pq/t

Setting s\ = (t/q)™"2 __ am

\vrq) /
m

A,y S, = ——~——a.,,, we have
L= (t/g)m ™ L—(t/q)™ ™

2 ((t)q)4z) = (;}‘V (;)Nm)il :exp {j: Z st zm} :

m#0
and
1 1-—pm _
[STJ;N j;] = _Em(l —q m)(l — tm)5m+n70,
_ 11—p™
[3m78n] =

——(1—=q¢ ™) (1 —t"™)0man.o-
T (= (L= o

One of z*((t/q)'/*z) coincides with the screening current of the affine
quiver W-algebra W), - (I'(Ap)) in Kimura-Pestun'15 with the SU(4)
()-deformation parameters p, p*, q,t s.t. p/p* =t/q (Nekrasov '16).
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Uqg,t,p(8l1 tor) and Affine Quiver W-alg. W,

Generating Function

T(u) = & (W)(u) =Y ®3(u)®x(u) =Y Cr(g,t,p) : ©*x(w)@x(u) :

One finds A A
X ENEL I vyw/e® I Y(a/tyu/d® !
OeA(N) HcR()N)

where ¢" = ti=1g=I*! for O = (i,5) € ) etc. ,

=: exp Z Ymt~ "

m#0

1— pm,
with y,,, = T(q/t)mma;n satisfying

m

_ 1{d-p™d-p™)
[ymayn] - _E (1 — qm)(l — tfm) 5m+n,0~

Hence this operator part coincides with the one of W, (T(Ap)) in
Kimura-Pestun'15.
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Uq,t,p (811, ¢0r) and Affine Quiver W-alg. W, , « (F(f’

OPE coefficient x normalization factors of ®3(u), ®y(u) yields

Cr(q,t,p) = C ¢MNZo(t, 471, p)
where

-1
— p* N (t/q) 2 _Phg P
t , C
R (4541, P)oo
70 (t, gL p*) = H (1 — pg?@+1D)) (1 — pg=al@—4O)-1)
A ) ’ oex (]_ — qa(D)+1tZ(D))(1 _ q_a(\:‘)t_é(‘:‘)_l) .

9

Note that >, =k Z (t g~ !, p*) is the equivariant Hirzebruch y,-genus
with y = p of H1lbk(C2) (Li-Liu-Zhou'04). Hence

S @5 (1) (u)
A
= e aMzR gy [T Yl [T Y(a/tu/e® !
A

OeA(N) BMcR())

coincides with the gen. fnc. of W), - (T'(Ap)) in Kimura-Pestun'15.
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Instanton Calculus in the 5d & 6d Lifts of
the 4d N = 2* Theories
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The 5d & 6d lifts of the AV = 2* U(1) Theory

w=c>S aMzfow gty T Yw/d®) T Y((a/tyu/d™ ™
A

OeA(N) HMeR(N)
From this we immediately obtain the instanton PF of the 5d lift of the
N =2* U(1) Theory

(O[T (u) CZq‘A'ZAO Loty =c> d" S z{tqp).

k>0 A
I\=k

xp-genus of Hilbg(C?)
gk

c
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This result and T'(u) = ), ®3(u)®y(u) indicate

]_—1()1,1\1)

(Hollowood-Igbal-Vafa'08)
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The 5d & 6d lifts of the AV = 2* U(1) Theory

The trace gives the instanton PF of the 6d lift of the N' = 2* U(1) theory

tI‘}_(LN+1)Q_dT(U) = CQ Z qM|Z:\40 (ta q_lvp; Q)a (NS (C*

—uv

A
where
Zh(t Q) = [ 2% "D D)o (pg D)
D oo 0@ @HHAD)0g (a1 D))
Note :

Z Zfo (t,q %, p; Q) is the equivariant elliptic genus of Hilby(C?).

A=k
(Haghighat-Igbal-Kozcaz-Lockhart-Vafa'l5)
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U(M) Theory

The 5d & 6d Lifts of the N = 2*

):CMZCI];\/[ Z HZ)\())\(J)ujwtqlvp)

T(ul) cee T(U,M
=0 AL L AM) g,
= A0 =k
M
H H Y(u/q") JI Ya/t)u/d™™":,
I=10eA(x BcR(\W)

where Uji = uj/ui,
x—1 M+N(t/q)1/2,

qu =qp” M =p
(1 _puqau(ﬂ)ﬁ-ltf)\(\])) (1 _ puq_‘“(.)t_é“(.)_l)

Z)\, (u;tvq_lup) = _ _
H Dre‘[)\ (1_uan(D)+ltlx(D)) m, (1—uqax(.)t £, (W) 1)

T(uyp)---T(upr) gives the higher dim. extension of W), ,«(I'(Ap)).
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We obtain the instanton PF of the 5d lift of the ' = 2* U(M) theory

(OIT (ur) -~ T(urr)|0) = Car Y i (Mear),
k=0

where

M
Xp (Mo, nr) = Z HZ)\(i))\(j)(uj,i;t,qil:p)

NORNCIEY
T IA0)|=k

is the xy (y = p) genus of the moduli space of rank M instantons with
charge k.

(Haghighat-lgbal-Kozcaz-Lockhart-Vafa '15)
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The trace gives the instanton PF of the 6d lift of the N' = 2* U(M) theory

tr]__(l,N+1)Q_dT(U1) - T(up) = Com Z CI’?w Ep,@ (Mo 1),

where

M
Ep,@(My,nr) = Z H 2y 20 (W53 1, ', Q),

A1) M) ii=1
55 A0 =k

Zyoao (ust, g p; Q)
00 (pugse) D1 () 11 0 (pug™>® ®W¢=Eo) ®-1)
O (ug™ D140 (D)) 0o (ug™ W4 ®-1)

Oel® Wc)\G)

Note :

Ep. (M 1) gives the equivariant elliptic genus of the moduli space of
rank M instantons with charge k.
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Hence we have shown a new AGT correspondence :

Instanton PF of the 5d & 6d lifts of the 4d N = 2* th.
<= corr. fnc. of ijp*(F(go))

via a realization of me*(F(ﬁo)) by Uy.t.p(8l tor)
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