
Postdoc Colloquium :
M2 & M5 Algebras , Miura Operators ,

and Gproducts . ( joint with D.Gaiotb
,

M
. Rapiñk)

• Quantization :

Poisson algebra A. 4- ,
- }

.

Quantization of A → Atn , flat deformation over Elt ]

such that [× , y ] = b- { I. 5) + GAY

F- ✗ modtn

Example : Moyal product on A- ☒ GET ]
,

✗ ☆ y = m(e± " ( ✗ ☒ y )) =x.y-i-i-iidifdjg-GHY.it
Usual multiplication Poisson tenser

Mla☒b) = a. b IT
'

dindj



V :
beater space , then @ [ T¥V ] Et ] ,

☆) vs

the Weyl algebra E( Pi ✗5)/ [ Pi ,✗i]=h 8!
•

Quantnmtlariltonionreduction-i.GRAt which induces P : 9 → End (Aa )
Assume

,
7- : 9 → At quantum moment

map
such that ¥ [A)

, y ] = play
then we define At # 9=(1-+14)

"

Ix = At . Span (Mx) - XK ) ) ✗ i
character of g.



•

QuantumNakajinaquiueruariety-Q.clwider
,

dimension vectors
1

:
Vertices ( gauge)

w_ : framing (flavour)

Repel ¥ .
E) = Hom ( Wr

,

Vi )⊕Hom(Kua,
,

Vala,)

g-
+ c-Do Afd

,

Glut = Ida

.GL/bi)Ez-MxlQ.u-.w-D:--Weyl(Repdu-.kD/fgH )



• Jordanquiue.CI: ✗ ☒

✗I 4¥
,

2,9 g-
5 ' ≤ i. 5 ≤ N

b I ≤ a. b ≤ K

[✗ He ] -- E. 8¥52 II. I :] __ 98985i

€q[Me . /N ,
K ) ] = GIN - invariants module left ideal generated by

i

:[X ,
Y ]; + 4- Jia - ez 8¥
[ normal order

✗Try ! - ✗FYI



•M2branealgekra_
Twisted M-theory on

¥¥:1¥e÷iii
Reduce &

, |
" " °:
¥¥i|¥*'¥÷:=

D2 ,
3d N=4 ADHM quiver gauge theory

Db : 7d Ulk ) SYM



↓Re ,

- deformation

ID 5 D

ADHIU quantum mechanics topological - holomorphic Chern - Simons

Éf☒.ir/XdaY+JdaI-Ez2e-,fd2-daTr(A*dAt-A&.A&A){

Rex#w

&
.

: Moyal product on EÉw
,

IT = E2zn2w

Algebra of local observables

Cle
,
[Me. /Nik ) ] C:( glk Eeiziw] )



Theorem [ Costello ] C; / glµ☒Eq[z,w ] ) is
-

Koszul dual to large N limit of Ice,[Me.IN ,k ) ]
-TÉfFF

Remark :
It is known that

C:(glkoxeeiz.in] )
!
≥ Ucfglk Giant )

Conjecture /Costello ] Uqfglk ☒ Ice, [2- in] ) is isomorphic
-

+• the

EE÷÷;ʰÉ¥ʰʰb
" 494 .

for generic E
,
92

.



RIK :
It is known

,
by the work of Etrhyof ,

and Kalina

et
.

al
.

,

that Dlk ) is large N limit of spherical
glk - extended rational Cherednik algebras B IN ,k )

G.Ez

Bas.IM/4=eHqsdN.k)ee-- %!

Heir
.
/Nik )=¢[5N ] ✗ " Xiu

,
Yi -yn >☒ 91¥

"

)

relations [Yi ,✗j]=8rj(Ea - Ea -2 Sierre )
e≠i

+ It Sij )E , Sijshij

Jhvj = Eab , i
☒ Eke
,j , Sij :( i. j ) - permutation C- £



•É ?

① Define Ekg . ] - subalgebra A%C Ice ,
[Me
,
/Niki ] [EH ]

generated by eab.mn = £
,

Ia

syn.IM/7Jbtn.m--&Tr(SymWYm))
②

Some of c , , eaa
, n.mn

= Eitn.cn
Relations

( z , to , is central

137 [ eab
; o.o ,

Ed ;n,m ] = Jfsead ;n.m - fade 'b;n,m
Easy § , [ t.e.egn.mj-meg.mn ,

,

[%
, ,

,
egn.mj-n.eg.mn

(5) [ ta
, ◦
,

lab
;n.m] = 2m lab; n-ii.my

,

[ to,z
,

lab
;n.m ] = - 2h eab

,
n- I

,
M-11

[tin
,

eab;n,m] = (n- n)eab;nm
16 ) [ -13,0

, eab ; i. o ]=0



(7)

Hard { KE ,
-1 Eat E) = 0

found using
=

spin - Calogero
"

representation .

(8)

③ Define Ack )= EEE , G) - algebra generated by efqn.m.tn.mn

with relations ( l ) - (8) .

theorem : A
""
is isomorphic to the large N limit

algebra define rn Costello 's work
.



•DCk
)

①Lenny:

Assume Es invertible
,

then 7- surjective

homomorphism 1-
""
→ Be,q(Mk) . generated by :

Éyi ego,ni→É✗iⁿ☒E%i-12,0 É2j=i F- 1

Proof uses Dunkl representation

② Use the above lemma
,

and compare with

generators in Kalina 's work on large N limit of
Bqe . (MK )

,

we can show an explicit isomorphism
A "
"
≈ D

'" (Assume G. E} is invertible )



•PhysrcsMeanmy_ofA""=D
KE ,-1%-19=0

toric CY} : Cle
,

✗ THE" =
q"

E3

① For -11k )
.

M2 wraps ② For DM
.

M2 wraps

i ¥5¥
↳/

"

E
]



Single M2 wrap Eez Fundamental Wilson line
to JD

in 5D CS

Algebra of local operators = glk ☒Guff , w] [ E , ]

= Ha
,
a. ( 1

,
K )

N stacks of M2 → He
,
↳ (N .

K )

Alk ' =D
""

: different brane setting realizing

same duality ÷ Obs (Sd Cs)
! ≈ Obs Chiversal linedefect )



.IE/3ua1rtyM2
Can also wrap ICE

,
→ antifund Wilson

in JD CS

symmetry Eat ICE}

Algebraically .

this is
Remade

. If K-1 . duality

it
' "
-4A

"" is enhanced to triatity
E
,

E, E
} E

,

✗ ↳✗
✗ ↳ y } tn.ml-tn.ruJai ↳ JI
JI - I } lab ;n.m - ebay.m-E.8batn.rs



•B-Algebm&Yangian_:
① If A is 2- graded algebra . define B- algebra

B. (A) = Ao /(E. Ai • A- i )
grading on A

" '
: deg (eab.mn/=deyltn.rn)--n-m

② Conjecture [Costello ] BCA" ' ) ≈ Ye
,

(glk ) for generic Ez
.

③EH ,

Observe that TEEN ] ↳ &
,
Lacy .×)

"

- Jb

gives an embedding of Ye
,
(gli ) ↳ AM . degree zero .

Check_ : Ya / gdk ) → BIA
"" ) is linear isomorphism .

if % -1-0
.



.MS/3ranes-:M5
can wrap (Toric 4- cycles ≤ CY} ) ✗ Ew

{ reduce to 517

Surface defect in 5 D CS

Expectations. Obs (SD GLK Cs on QÉ×Ew×R+ )
!

It

1h5 algebra✗ ◦de algebra ( glk - extended Was )
yik ) 51

Affine Yongsan of gdk



• D-efectfusi.gs

①
"

[
"
→

[→ . µ ☐alw ) : A'
*'
→A'"☒A'" kw'D

I 1

Dyy : Y'
"
→ y

'"
☒ y

'" [ see Kodaira - Ueda ]
②

÷÷¥→%⇒
③¥ gauge invariance

implies
' A.y :

ACK >→A'"☒ ylk )

we worked out explicit formulae for these coproducts
and checked Various co associativity conditions



•M2-M5intersecti_

We propose that
Miura operator

I

consider ¢2 - J :(4. Éa) - to> C- V49did ☒ Be,a( 1. K )
¥ÉÉFÉÑÑuk

left action 1-
""
→ Be .az/l.k )

Y'
'"
→ Mode alg fuk' /glk ) ) [see Kubra - Ueda]

Right action d-
""
→ Bae ( 414

Then day ( x) . How -5814 Eba ) . / °> = K2w-J:(with ) / o ) • ✗

b-✗ EACH



Earth. If G. : A'
"
→ EE.si] is the augmentation ,

then

(G. ☒ [d) ◦ Day . d-
""
→ Y

'"
vs the standard

embedding of DDCA inside affine Yangian [ see Guay]

Remark2_ it
"" _ÉA" ' ☒ y '"

commutesf f
YCK )Y, ya" ☒ yet )

Remark3_: We actually have Dylw) : Y
"↳ A'" ☒ y Guild

such that d-
""É A'" ☒ aw

- ' D

↓ ↓ Commutes

ylk ) -04% ☒ y
'"
((wt ) )



Remark4_ Two points of view on Dfw )

① 7- B. (NHK
,

K )→ BIN , K ) ☒ Blah ,k)Kw 'D

f f
¥11: ☒ www.kt-BIM.k ) ☒ Blm ,k)Kw 'D

#-) Dalal , Oylw )

② For a vertex algebra V ,

we can construct

Ñ+lV)ÉÑ+M☒Ñ+Mkw 'D

↓ ↓
ñlv ) Ñ+H☒ñHkw 'D



(V ) : Modification of mode algebra of V
U

ñ+lv) positive part

Assume Wy exists
,

then

it"
"
- ñ+lw¥:)

ya '~ñlw¥• )



• Compatibility between Dfw) & Day

Physics Mathematics

Ovlw) is tinctoria

1-17-47
v. =w¥•µµµµµ,µµµµy,w*•µ*y→#
k=W¥•☒W¥•


