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Introduction 

• One of the most important unsolved questions - find 
the phases of strongly coupled gauge theories 

• Nail down the mechanism of confinement in QCD 

• Find for how many flavors do we expect chiral 
symmetry breaking, does confinement persist for 
larger number of flavors, …?  

• Are there other phases realized? Expect at least 
conformal phase a la Banks-Zaks  



Introduction 

• Not that many tools available for studying this 
question 

• Lattice gauge theories (not yet applicable for chiral 
theories) 

• Anomaly matching conditions  

• ``Tumbling” for chiral theories - will discuss 

• Extrapolation from SUSY theories - will focus on 
this   



Exact results in SUSY gauge theories 

• SUSY gives powerful constraints on strong 
dynamics  

• Seiberg was able to nail down phase structure of 
SUSY QCD in 1994 using   

• Obtained many different phases depending on F vs 
N       

• Holomorphy 
• ’t Hooft anomaly matching  
• Instanton calculations 
• Integrating out/Higgsing 



SUSY QCD  

•  N=1 SUSY SU(N) gauge theory with F flavors  

• Moduli space (D-flat directions) parametrized by 
holomorphic gauge invariants, generically mesons       
                      and baryons   
where the baryons are totally antisymmetric in the 
flavor indices, and only exist for F≥N
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THE AFFLECK–DINE–SEIBERG SUPERPOTENTIAL

In the previous chapter we saw how holomorphy can largely determine the behav-
ior of pure SUSY Yang–Mills. We next turn to the case where there are quarks
and squarks as well as gluons and gluinos. When the number of quark flavors is
less than the number of colors then holomorphy is again very powerful.

9.1 Symmetry and holomorphy

Consider SU(N) SUSY QCD with F flavors (i.e. there are 2NF chiral supermul-
tiplets) where F < N . We will denote the quarks and their superpartner squarks
that transform in the SU(N) fundamental (defining) representation by Q and �,
respectively, and use Q and � for the quarks and squarks in the antifundamen-
tal representation. The theory has an SU(F ) ⇥ SU(F ) ⇥ U(1) ⇥ U(1)R global
symmetry. The quantum numbers of the chiral supermultiplets are summarized
in the following table1 where denotes the fundamental representation of the
group.

SU(N) SU(F ) SU(F ) U(1) U(1)R

�, Q 1 1 F�N
F

�, Q 1 -1 F�N
F

(9.1)

The SU(F ) ⇥ SU(F ) global symmetry is the analog of the SU(3)L ⇥ SU(3)R

chiral symmetry of non-supersymmetric QCD with three flavors, while the U(1)
is the analog2 of baryon number since quarks (fermions in the fundamental rep-
resentation of the gauge group) and antiquarks (fermions in the antifundamental
representation of the gauge group) have opposite charges. There is an additional
U(1)R relative to non-supersymmetric QCD since in the supersymmetric theory
there is also a gaugino.

Recall that the auxiliary Da fields for this theory are given by

Da = g(�⇤jn(T a)m
n �mj � �jn(T a)m

n �⇤mj) , (9.2)

where j is a flavor index that runs from 1 to F , m and n are color indices that run
from 1 to N , the index a labels an element of the adjoint representation, running

1As usual only the R-charge of the squark is given, and R[Q] = R[�]� 1.
2Up to a factor of N .
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ADS superpotential, runaway vacuum

Quantum modified constraint
s-confinement

Free magnetic phase

Conformal - non-abelian Coulomb phase
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F > 3N Theory IR free



F=0 - Pure SYM   

• No matter fields, no continuous flavor symmetry  

• Z2N discrete R-symmetry rotating gauginos   

• Dynamics: gaugino condensation  

•   

• Should be truly confining 
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h��i = �32⇡2!k⇤
3

10

SEIBERG DUALITY FOR SUSY QCD

Theoretical e↵ort in the mid-1990s (mainly due to Seiberg [1, 2]) led to a dra-
matic break-through in the understanding of strongly coupled N = 1 SUSY
gauge theories.1 After this work we now have a detailed understanding of the
IR behavior of many strongly coupled theories, including the phase structure of
such theories.

10.1 Phases of gauge theories
The phase of a gauge theory can be understood by considering the potential
V (R) between two static test charges a distance R apart.2 Up to an additive
constant we expect the functional form of the potential will fall into one of the
following categories:

Coulomb : V (R) ⇠ 1

R
Free electric : V (R) ⇠ 1

R ln(R⇤)

Free magnetic : V (R) ⇠ ln(R⇤)

R
Higgs : V (R) ⇠ constant
Confining : V (R) ⇠ �R .

(10.1)

The explanation of these functional forms is as follows. In a gauge theory
where the coupling does not run (e.g. at an IR fixed point or in quantum elec-
trodynamics (QED) at energies below the electron mass) we expect to simply
have a Coulomb potential. In a gauge theory where the coupling runs to zero in
the IR (e.g. QED with massless electrons) there is an inverse logarithmic cor-
rection to the squared gauge coupling and hence to the potential. Since electric
and magnetic charges are inversely related by the Dirac quantization condition,
the squared charge of a static magnetic monopole grows logarithmically in the
IR due to the renormalization by loops of massless electrons. Using electric–
magnetic duality to exchange electrons with monopoles, one finds that the loga-
rithmic correction to the potential for static electrons renormalized by massless
monopole loops appears in the numerator since the coupling grows in the IR. In
a Higgs phase the gauge bosons are massive so there are no long-range forces. In
a confining phase3 we expect a tube of confined gauge flux between the charges,

1For reviews of these developments see refs [3–5].
2Holding the charges fixed for a time T corresponds to a Wilson loop, eqn (7.12), with area

TR.
3More precisely a confining phase with area law confinement. Note, however, that with

dynamical quarks in the fundamental representation of the gauge group we can produce quark
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The phases of SUSY QCD   
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Quantum modified constraint
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0<F<N: ADS superpotential    
• First obtained by Affleck, Dine, Seiberg 1984 

• Dynamics generates a non-perturbative 
superpotential  

• For F=N-1 actually generated by instanton, 
calculable    

• Gauge group (partially) Higgsed 

•                              (at least for F=N-1) 

• For F<N-1 gaugino condensation in unbroken group 
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2 = 2m + p 2(F �N) . (9.14)

The solution of these equations is

n = �p =
1�m

N � F
. (9.15)

Since b = 3N � F > 0 we can only have a sensible weak-coupling limit (⇤! 0)
if n � 0, which implies p  0 and (because N > F ) m  1. Since W aW a

contains derivative terms, locality requires m � 0 and that m is integer-valued.
In other words, since we are trying to find a Wilsonian e↵ective action (which
corresponds to performing the path integral over field modes with momenta
larger than a scale µ) which is valid at low energies (momenta below µ) it must
have a sensible derivative expansion. So there are only two possible terms in the
e↵ective superpotential: m = 0 and m = 1. The m = 1 term is just the tree-level
field strength term. The coe�cient of this term is restricted by the periodicity of
✓YM to be proportional to b ln ⇤. So we see that the gauge coupling receives no
nonperturbative renormalizations. The other term (m = 0) is the A✏eck–Dine–
Seiberg (ADS) superpotential4:

WADS = CN,F

✓
⇤3N�F

detM

◆1/(N�F )

, (9.16)

where CN,F is in general renormalization scheme-dependent.

9.2 Consistency of WADS: moduli space
We can check whether the ADS superpotential is consistent by constructing
e↵ective theories with fewer colors or flavors by going out in the classical moduli
space or by adding mass terms for some of the flavors. Consider giving a large
VEV, v, to one flavor. This breaks the gauge symmetry to SU(N � 1) and one
flavor is partially “eaten” by the Higgs mechanism (since there are 2N�1 broken
generators) so the e↵ective theory has F �1 flavors. There are 2F �1 additional
gauge singlet chiral supermultiplets left over as well since

2NF � (2N � 1)� (2F � 1) = 2(N � 1)(F � 1) . (9.17)

We can write an e↵ective theory for the SU(N � 1) gauge theory with F � 1
flavors (since the gauge singlets only interact with the fields in the e↵ective gauge
theory by the exchange of heavy gauge bosons they must decouple from the gauge
theory at low energies, that is, they interact only through irrelevant operators
with dimension greater than 4). The running holomorphic gauge coupling, gL,
in the low-energy theory is given by

8⇡2

g2

L(µ)
= bL ln

✓
µ

⇤L

◆
, (9.18)

4First discussed by Davis et. al. [1] and explored in more detail by A✏eck et. al. in [2]
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◆1/(N�F )

, (9.16)

where CN,F is in general renormalization scheme-dependent.

9.2 Consistency of WADS: moduli space
We can check whether the ADS superpotential is consistent by constructing
e↵ective theories with fewer colors or flavors by going out in the classical moduli
space or by adding mass terms for some of the flavors. Consider giving a large
VEV, v, to one flavor. This breaks the gauge symmetry to SU(N � 1) and one
flavor is partially “eaten” by the Higgs mechanism (since there are 2N�1 broken
generators) so the e↵ective theory has F �1 flavors. There are 2F �1 additional
gauge singlet chiral supermultiplets left over as well since

2NF � (2N � 1)� (2F � 1) = 2(N � 1)(F � 1) . (9.17)

We can write an e↵ective theory for the SU(N � 1) gauge theory with F � 1
flavors (since the gauge singlets only interact with the fields in the e↵ective gauge
theory by the exchange of heavy gauge bosons they must decouple from the gauge
theory at low energies, that is, they interact only through irrelevant operators
with dimension greater than 4). The running holomorphic gauge coupling, gL,
in the low-energy theory is given by

8⇡2

g2

L(µ)
= bL ln

✓
µ

⇤L

◆
, (9.18)

4First discussed by Davis et. al. [1] and explored in more detail by A✏eck et. al. in [2]
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while instanton e↵ects are suppressed by8

e�Sinst / ⇤b . (9.48)

So for F = N�1 it is possible that instantons can generate WADS. Since SU(N)
can be completely broken in this case, we can do a reliable instanton calculation.
When all VEVs are equal the ADS superpotential predicts quark masses of order

@2WADS

@�i@�j ⇠
⇤2N+1

v2N
, (9.49)

and a vacuum energy density of order

����
@WADS

@�i

����
2

⇠

����
⇤2N+1

v2N�1

����
2

. (9.50)

Looking at a single instanton vertex we find 2N gaugino legs (corresponding to
2N zero modes) and 2F = 2N � 2 quark legs, as shown in Figure 9.1. All the
quark legs can be connected to gaugino legs by the insertion of a scalar VEV. The
remaining two gaugino legs can be converted to two quark legs by the insertion
of two more VEVs. Thus, a fermion mass is generated.

2N−2

I

Fig. 9.1. Instanton with 2N�2 quark legs (solid, straight lines) and 2N gaugino
legs (wavy lines), connected by 2N squark VEVs (dashed lines with crosses).

From the instanton calculation we find the quark mass is given by

m ⇠ e�8⇡2/g2
(1/⇢)v2N⇢2N�1

⇠ (⇤⇢)b v2N⇢2N�1
⇠ ⇤2N+1v2N⇢4N . (9.51)

8See eqn (8.43).

10

SEIBERG DUALITY FOR SUSY QCD

Theoretical e↵ort in the mid-1990s (mainly due to Seiberg [1, 2]) led to a dra-
matic break-through in the understanding of strongly coupled N = 1 SUSY
gauge theories.1 After this work we now have a detailed understanding of the
IR behavior of many strongly coupled theories, including the phase structure of
such theories.

10.1 Phases of gauge theories
The phase of a gauge theory can be understood by considering the potential
V (R) between two static test charges a distance R apart.2 Up to an additive
constant we expect the functional form of the potential will fall into one of the
following categories:

Coulomb : V (R) ⇠ 1

R
Free electric : V (R) ⇠ 1

R ln(R⇤)

Free magnetic : V (R) ⇠ ln(R⇤)

R
Higgs : V (R) ⇠ constant
Confining : V (R) ⇠ �R .

(10.1)

The explanation of these functional forms is as follows. In a gauge theory
where the coupling does not run (e.g. at an IR fixed point or in quantum elec-
trodynamics (QED) at energies below the electron mass) we expect to simply
have a Coulomb potential. In a gauge theory where the coupling runs to zero in
the IR (e.g. QED with massless electrons) there is an inverse logarithmic cor-
rection to the squared gauge coupling and hence to the potential. Since electric
and magnetic charges are inversely related by the Dirac quantization condition,
the squared charge of a static magnetic monopole grows logarithmically in the
IR due to the renormalization by loops of massless electrons. Using electric–
magnetic duality to exchange electrons with monopoles, one finds that the loga-
rithmic correction to the potential for static electrons renormalized by massless
monopole loops appears in the numerator since the coupling grows in the IR. In
a Higgs phase the gauge bosons are massive so there are no long-range forces. In
a confining phase3 we expect a tube of confined gauge flux between the charges,

1For reviews of these developments see refs [3–5].
2Holding the charges fixed for a time T corresponds to a Wilson loop, eqn (7.12), with area

TR.
3More precisely a confining phase with area law confinement. Note, however, that with

dynamical quarks in the fundamental representation of the gauge group we can produce quark
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F=N,N+1: special cases    
• Both have description in terms of gauge singlet 
mesons and baryons 

• F=N: Quantum modified constraint 

• ’t Hooft anomalies all matched (as long as the 
constraint is satisfied) 

F = N : CONSISTENCY CHECKS 171

Fig. 10.2. Squark VEV (dashed line with cross) gives a mass to a quark (solid
lines) and a gaugino (wavy line).

in such a theory there is confinement with chiral symmetry breaking in the dual
description and we must have the constraint

det(��)� bb = e⇤2eN
eff . (10.65)

However, the M equation of motion sets �� = 0, and matching the dual holo-
morphic gauge coupling gives

e⇤2eN
eff = e⇤3eN�F det0M , (10.66)

where det0M is the product of the N nonzero eigenvalues of M . Plugging this
into eqn (10.65) and using (10.34) gives

BB / det0M , (10.67)

so the classical constraint (10.7) of the original theory is reproduced in the dual
by a nonperturbative e↵ect.

10.8 F = N : consistency checks
The constraint (10.63) can be put in the form of an equation of motion arising
from a superpotential by introducing a Lagrange multiplier field, which we can
refer to as X:

Wconstraint = X
�
detM �BB � ⇤2N

�
. (10.68)

We can now check the consistency of the confined picture by adding a mass for
the Nth flavor. It is convenient to rewrite the meson field as

M =
✓ fM j

i N j

Pi Y

◆
, (10.69)

where fM is an (N � 1) ⇥ (N � 1) matrix. We can then write the mass term
for the Nth flavor in the confined description as Wmass = mY , so that the full
superpotential is

W = X
�
detM �BB � ⇤2N

�
+ mY . (10.70)

We then have the following equations of motion:

@W

@B
= �XB = 0 ,

@W

@N j
= X cof(N j) = 0 , (10.71)
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(a) (b)

Fig. 10.1. 3D slices of the field space, with 2D slices of the moduli space. (a) The
cones correspond to the classical moduli space (10.57). (b) The hyperboloids
correspond to the quantum deformed moduli space (10.63).

no singular points, and the moduli space is smooth. This is an example of a
theory that exhibits “complementarity” [18] since we can go smoothly from a
Higgs phase (large VEVs) to a confining phase (VEVs of O(⇤)) without going
through a phase transition. Complementarity holds in any theory where there
are scalars (in our case they are squarks) in the fundamental representation13 of
the gauge group. In such a theory we can take any colored field and, by multi-
plying by enough scalar fields, we can form a color singlet operator.14 In other
words any color charge can be screened. In a theory where screening does not
happen a Wilson loop15 can obey an area law (which indicates confinement) or
a perimeter law (which happens in a Higgs phase) and it can therefore act as
a gauge-invariant order parameter which can distinguish between the area law
confinement phase and the Higgs phase. In a screening theory a Wilson loop will
always obey a perimeter law (even if confinement occurs, since all the dynamics
takes place along the perimeter of the loop where the screening occurs) as it does
in a Higgs phase. Thus, in screening theories there is no gauge-invariant order
parameter that can distinguish between a confining phase and a Higgs phase, so
there can be no phase transition between the two regimes and the theory exhibits
complementarity.

Returning to the discussion in Section 10.6 of the low-energy e↵ective theory
for the dual of SUSY QCD with F flavors and a meson with rank N , we see that

13Also known as defining or faithful representations of the gauge group.
14In the perturbative regime this color singlet operator is just the original colored field

multiplied by VEVs, while in the regime of small VEVs it can be a complicated nonperturbative
object.

15A Wilson loop corresponds to a closed quark loop, see eqn (7.12). If the expectation value
of the loop goes like e�c1A, where A is the area enclosed by the Wilson loop it is said to obey
an area law. If the expectation value of the loop goes like e�c2L, where L is the length of the
perimeter of the Wilson loop it is said to obey a perimeter law.
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is violated! To understand what is going on it is helpful to use holomorphy and
the symmetries of the theory. The flavor invariants are:

U(1)A U(1) U(1)R

detM 2N 0 0
B N N 0
B N �N 0

⇤2N 2N 0 0

. (10.60)

Note that the R-charge of the squarks, (F �N)/F , vanishes since F = N . Thus,
a generalized form of the constraint that has the correct ⇤ ! 0 and B,B ! 0
limits is

detM �BB = ⇤2N

 
1 +

X

pq

Cpq

�
⇤2N

�p (BB)q

(detM)p+q

!
, (10.61)

with p, q > 0. For hBBi � ⇤2N the theory is perturbative, but with Cpq 6= 0 we
find solutions of the form

detM ⇡
�
BB

�(q�1)/(p+q)
, (10.62)

which do not reproduce the weak coupling ⇤ ! 0 limit, thus we can conclude
Cpq = 0. Therefore, the quantum constraint is:

detM �BB = ⇤2N . (10.63)

First note that this equation has the correct form to be an instanton e↵ect since

e�Sinst / ⇤b = ⇤2N . (10.64)

Also note that we cannot take M = B = B = 0, that is we cannot go to the
origin of moduli space (this situation is referred to as a “deformed” moduli space).
This means that the global symmetries are at least partially broken everywhere
in the quantum moduli space. A classification of theories with quantum deformed
moduli spaces was given in ref. [17]

For some examples, consider the following special points with enhanced sym-
metry: M j

i = ⇤2�j
i , B = B = 0 and M = 0, BB = �⇤2N . In the first case,

with M = ⇤2, the global SU(F ) ⇥ SU(F ) ⇥ U(1) ⇥ U(1)R symmetry is bro-
ken to SU(F )d ⇥ U(1) ⇥ U(1)R, that is the theory undergoes chiral symmetry
breaking and, as in non-supersymmetric QCD, the chiral symmetry is broken
to the diagonal subgroup. For BB = �⇤2N the global symmetry is broken to
SU(F ) ⇥ SU(F ) ⇥ U(1)R, that is baryon number is spontaneously broken. For
large VEVs we can understand this symmetry breaking as a perturbative Higgs
phase with squark VEVs giving masses to quarks and gauginos (See Fig. 10.2).
There is no point in the moduli space where gluons become light, so there are



F=N,N+1: special cases    

• F=N+1 s-confinement - all `t Hooft anomalies 
matched by meson+baryons 

• Dynamical superpotential implements classical 
constraints   

• Both F=N,N+1 ``screened phase” - complementarity 
no phase boundary between Higgs and screened 
phase
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global symmetry elem. anomaly = comp. anomaly
U(1)2U(1)R �2FN = �2N2

U(1)R �2FN + N2
� 1 = �(F 2

� 1)� 1� 1
U(1)3R �2FN + N2

� 1 = �(F 2
� 1)� 1� 1

U(1)RSU(F )2d �2N + N = �N

. (10.81)

At M = 0, BB = �⇤2N only the U(1) symmetry is broken. The composites
transform as:

SU(F ) SU(F ) U(1)R

M 0
B 1 1 0
B 1 1 0

. (10.82)

The linear combination B +B gets a mass with the Lagrange multiplier field X.
The anomalies match as follows:

global symmetry elem. anomaly = comp. anomaly
SU(F )3 N = F
U(1)RSU(F )2 �N 1

2
= �F 1

2

U(1)R �2FN + N2
� 1 = �F 2

� 1
U(1)3R �2FN + N2

� 1 = �F 2
� 1

. (10.83)

which, again, agree because F = N .

10.9 F = N + 1: s-confinement
For SUSY QCD with F = N + 1 flavors Seiberg [8] again found that all the ‘t
Hooft anomaly matching conditions can be satisfied with just the color singlet
meson and baryon fields; thus this theory is also confining. This theory also
exhibits complementarity [18] since screening can occur (as discussed at the
end of Section 10.7). However, the theory with F = N + 1 flavors does not
require chiral symmetry breaking, that is we can go to the origin of moduli
space. Furthermore, the theory develops a dynamical superpotential. Confining
theories that screen, do not spontaneously break global symmetries, and have
dynamical superpotential have been dubbed “s-confining” [19].

Recall that the color singlet composites transform as:

SU(F ) SU(F ) U(1) U(1)R

M 0 2

F
B 1 N N

F
B 1 �N N

F

. (10.84)

To see that spontaneous chiral symmetry breaking does not occur we begin by
recalling the classical constraints on the meson and baryon fields. For F = N +1
flavors the baryons are flavor antifundamentals (and the antibaryons are flavor
fundamentals) since they are antisymmetrized in N = F � 1 colors:

Bi = ✏i1,...,iN ,iBi1,...,iN , (10.85)
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@W

@Z
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↵

⇤2N�1

⇣
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0
� cof(Z)

⌘
= 0 , (10.99)

@W

@U
=

↵

⇤2N�1
ZB

0 = 0 , (10.100)

@W

@U
=

↵

⇤2N�1
B0Y = 0 (10.101)

@W

@X
=

↵

⇤2N�1

⇣
B0B

0
� detM 0

⌘
+ m = 0 . (10.102)

The solution of these equations is:

Y = Z = U = U = 0 , (10.103)

detM 0
�B0B

0 =
m⇤2N�1

↵
=

1
↵

⇤2N
N,N . (10.104)

Equation (10.104) gives the correct quantum constraint (10.63) for F = N flavors
if and only if ↵ = 1.

Plugging the solutions of the equations of motion into the superpotential
(10.96) we find the e↵ective superpotential is

We↵ =
X

⇤2N�1

⇣
B0B

0
� detM 0 + m⇤2N�1

⌘
. (10.105)

With the usual matching relation for the holomorphic gauge coupling we find

m⇤2N�1 = ⇤2N
N,N , (10.106)

so

We↵ =
X

⇤2N�1

⇣
B0B

0
� detM 0 + ⇤2N

N,N

⌘
. (10.107)

Holding ⇤N,N fixed as m ! 1 implies that ⇤ ! 0, so X becomes a Lagrange
multiplier field in this limit. Thus, we can completely reproduce the superpoten-
tial (10.68) used to discuss F = N flavors in Section 10.8.

Thus, to summarize we have determined that the correct superpotential for
the confined description of SUSY QCD with F = N + 1 flavors is:

W =
1

⇤2N�1

h
BiM j

i Bj � detM
i

. (10.108)

Since the point M = B = B = 0 is on the quantum moduli space, we should
worry about what singular behavior occurs there. Naively gluons and gluinos
should become massless. What actually happens is that only the components of
M , B, B become massless. That is we simply have confinement without chiral
symmetry breaking. This is the type of theory that ‘t Hooft was searching for
when he proposed his anomaly matching conditions [20].
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F > 3N Theory IR free



N+1<F<3N: Seiberg duality    
• In this range there is a magnetic dual (Seiberg 1994) 

• Electric theory 

• Magnetic theory  

• Flow to the same IR theory - describe the same low-
energy physics 

• All anomalies matched, same flat directions, can 
move up and down by integrating out, Higgsing…
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N+1<F<3/2 N: Free magnetic theory    
• The magnetic SU(F-N) group is actually IR free 

• In this range the theory will have free dual gluons, 
quarks and meson in the IR  

• An emergent gauge symmetry! In the UV start out 
with SU(N) and in the IR end up with completely 
different group. ``Massless composite gauge 
bosons” - could be used for composite model 
building etc.  

•

10

SEIBERG DUALITY FOR SUSY QCD

Theoretical e↵ort in the mid-1990s (mainly due to Seiberg [1, 2]) led to a dra-
matic break-through in the understanding of strongly coupled N = 1 SUSY
gauge theories.1 After this work we now have a detailed understanding of the
IR behavior of many strongly coupled theories, including the phase structure of
such theories.

10.1 Phases of gauge theories
The phase of a gauge theory can be understood by considering the potential
V (R) between two static test charges a distance R apart.2 Up to an additive
constant we expect the functional form of the potential will fall into one of the
following categories:

Coulomb : V (R) ⇠ 1

R
Free electric : V (R) ⇠ 1

R ln(R⇤)

Free magnetic : V (R) ⇠ ln(R⇤)

R
Higgs : V (R) ⇠ constant
Confining : V (R) ⇠ �R .

(10.1)

The explanation of these functional forms is as follows. In a gauge theory
where the coupling does not run (e.g. at an IR fixed point or in quantum elec-
trodynamics (QED) at energies below the electron mass) we expect to simply
have a Coulomb potential. In a gauge theory where the coupling runs to zero in
the IR (e.g. QED with massless electrons) there is an inverse logarithmic cor-
rection to the squared gauge coupling and hence to the potential. Since electric
and magnetic charges are inversely related by the Dirac quantization condition,
the squared charge of a static magnetic monopole grows logarithmically in the
IR due to the renormalization by loops of massless electrons. Using electric–
magnetic duality to exchange electrons with monopoles, one finds that the loga-
rithmic correction to the potential for static electrons renormalized by massless
monopole loops appears in the numerator since the coupling grows in the IR. In
a Higgs phase the gauge bosons are massive so there are no long-range forces. In
a confining phase3 we expect a tube of confined gauge flux between the charges,

1For reviews of these developments see refs [3–5].
2Holding the charges fixed for a time T corresponds to a Wilson loop, eqn (7.12), with area

TR.
3More precisely a confining phase with area law confinement. Note, however, that with

dynamical quarks in the fundamental representation of the gauge group we can produce quark

157



3/2N < F < 3N:     

• The electric and magnetic groups flow to the same 
IR fixed point 

• Conformal phase, ``non-Abelian Coulomb phase” 

•  Close to the edges of the boundary could be 
perturbative - electric or magnetic Banks-Zaks fixed 
points  

•
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Pure SYM - gaugino condensation
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ADS superpotential, runaway vacuum

Quantum modified constraint
s-confinement

Free magnetic phase

Conformal - non-abelian Coulomb phase
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F > 3N Theory IR free



The phases of SUSY QCD   
• A beautiful picture, BUT very different from what we 
expect in non-SUSY QCD 

• Lattice simulations suggest only 2 phases  

• Would like to start making connection between 
SUSY and non-SUSY theories 

• Chiral symmetry breaking  
• For large number of flavors (perhaps as 

high as F>3N) conformal phase 



How to add SUSY breaking?   
• Clearly one of the most important questions - started 
very early on  

• Aharony, Sonnenschein, Peskin, Yankielowicz ’95: 
add soft SUSY breaking on electric side  

• Guess effect on magnetic side  

• Assumed positive soft breaking masses for 
composites 

• For F<N gave ``right” symmetry breaking pattern, but 
for F=N unpredictive, no 𝞆SB for F>N  
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How to add SUSY breaking?   

• Around same time: Evans, Hsu, Schwetz ‘95  

• Couple to spurions and use holomorphy and broken 
global symmetries  to restrict the allowed SUSY 
breaking terms  

• In their analysis they still found runaway direction for 
ADS case  



How to add SUSY breaking?   
• Another more systematic approach: Cheng & 
Shadmi 1998 

• Try to find the mapping of SUSY breaking by turning 
it into a gauge mediated model  

• Add extra massive quark flavor and couple that 
directly to SUSY breaking spurion X 

• Map    

• Will be essentially messenger in UV theory, 
calculate effect in IR          
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How to add SUSY breaking?   
• Calculated resulting soft breaking terms using 
RGE’s  

• Result - free magnetic:   

• They find runaway direction either in squark or 
meson field 

• Symmetry breaking pattern is not as expected in 
QCD         

Then from (3.28), (3.29) we have

d

dt
X = −8

N̄2 − 1

N̄
αmM̃

2
g̃ + (4Nf + 2N̄)αλX + (4Nf + 2N̄)αλA

2 , (3.37)

d

dt
Y = −4(N̄2 − 1)αmM̃

2
g̃ . (3.38)

Combining (3.37) with (3.26), we obtain

d

dt
ln





M̃2
g̃

X



 = (4Nf−12N̄)αm+8
N̄2 − 1

N̄
αm

M̃2
g̃

X
−(4Nf+2N̄)αλ−(4Nf+2N̄)αλ

A2

X
. (3.39)

Substituting in the asymptotic relations between αλ and αm, A and M̃g̃, we find M̃2
g̃ /X → 1

in evolving to low energies. Since M̃g̃ scales toward zero, we obtain the interesting sum rule,

X = m̃2
q + m̃2

q̄ + m̃2
M → 0, (3.40)

in the extreme infrared. It also tell us that some of the masses squared will be negative! To

get the individual masses we integrate (3.38) and the result is

(N̄m̃2
q(p)−Nfm̃

2
M(p)) = (N̄m̃2

q(v)−Nfm̃
2
M(v))+

N̄2 − 1

Nf − 3N̄
M̃2

g̃ (v)



1−
(

αm(p)

αm(v)

)2


 . (3.41)

Since αm(p) → 0 as p → 0, we can solve for the asymptotic scalar masses from (3.40), (3.41),

m̃2
q = m̃2

q̄ = −m̃2
M

2
=

1

2Nf + N̄

[

(

N̄m̃2
q(v)−Nfm̃

2
M(v)

)

+
N̄2 − 1

Nf − 3N̄
M̃2

g̃ (v)

]

. (3.42)

The masses in the infrared are determined by the particular combination of the masses gen-

erated at the high scale. As we have seen, the first part, N̄m̃2
q(v)−Nfm̃2

M (v), is negative for

large N̄ and Nf . In fact, it is always negative for Nf > 3N̄ . If there were not the gaugino

mass contribution, or if the gaugino mass contribution is small, as for Nf much larger than

3N̄ , the dual squark masses squared are negative and the meson masses squared are positive.

The dual squarks will get vevs to break the gauge and global symmetries. We will discuss the

resulting vacuum and symmetry breaking pattern in the next section. For Nf close to 3N̄ ,

the gaugino mass contribution is of the same order as the initial scalar masses, and it may

change the signs of the masses squared of the dual squarks and the mesons.

3.2 Magnetic Banks-Zaks fixed point

For 3
2N̄ < Nf < 3N̄ , there is a nontrivial fixed point for the gauge coupling [1]. The fixed

point is at weak coupling in the limit of large N̄ and Nf , with Nf/N̄ = 3− ε fixed and ε # 1.

To lowest order in ε it can be obtained by examining the 2-loop RGE of the gauge coupling,

d

dt
αm = 2(Nf − 3N̄)α2

m + 2

(

−6N̄2 + 2N̄Nf + 2Nf
N̄2 − 1

N̄

)

α3
m − 4Nf

N̄
α2
mαλ . (3.43)
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How to add SUSY breaking?   
•  Arkani-Hamed & Rattazzi ‘98; Luty & Rattazzi ‘99  
   
• Map of soft breaking masses through the duality by 

coupling to background anomalous gauge fields, 
gauged U(1)R and SUGRA 

• However ignored pure AMSB effects  

• Magnetic squark runaway, results not clear for F=N 



How to add SUSY breaking?   
• Most systematic previous approach:   
  Abel, Buican, Komargodsky ‘11     

• Idea: Conserved currents are easy to exactly map 
through the duality 

• Relate SUSY breaking terms in UV to conserved (or 
anomalous) currents and find the corresponding 
Noether currents in the IR  

• For F>N+1 result 

One interesting consequence of the above discussion is that, upon acting with D
2
on

both sides of the mapping in (3.10), we find the physical relation between the electric and

magnetic field strengths

W 2
α,el −→

2Nf − 3Nc

3Nc −Nf
W 2

α,mag. (3.11)

This is again an exact result.9

3.1. Soft SUSY-Breaking

We can immediately apply the results in (3.10) and (3.11) to study the mapping of

soft terms in the electric theory to soft terms in the magnetic theory. To that end, consider

deforming the UV Lagrangian by adding the bottom components of the current in (3.6)

and the electric field-strength bilinear in (3.11) so that we give small squark and gaugino

soft masses to the electric fields

δLel = −m2JA|−mλ(W
2
α,el + hc)| = −m2

(
QQ† + Q̃Q̃†

)
+mλ(λ

2
el + c.c.) , (3.12)

where we take m2 and mλ positive with m,mλ # Λel,mag, and Λel,mag are the dynamical

scales of the electric and magnetic theories respectively.

Since the soft deformations in (3.12) are small (compared to Λel,mag), we can treat the

underlying dynamics of the theory as supersymmetric and work in the “probe approxima-

tion,” where the subleading O(m/Λ) and O(mλ/Λ) corrections to the IR soft masses are

neglected.10 For simplicity, we also neglect possible contributions to scalar masses squared

9 The reader may wonder how this relates to the claim W 2
α,el → −W 2

α,mag made in [34] and

elsewhere. The main point is that this mapping is derived by using the holomorphic scale matching

relation, which means that W 2
α,el → −W 2

α,mag is only valid modulo trivial elements of the chiral

ring. By the ABJ equation, the squares of the field strengths are themselves trivial in the chiral

ring of the undeformed theory and so the mapping W 2
α,el → −W 2

α,mag carries the same information

as 0 = 0. (The relation W 2
α,el → −W 2

α,mag has nontrivial content if the theory is deformed.) On

the other hand, our result in (3.11) gives the physical normalization which can be measured, for

instance, by studying correlation functions at long distances. Note that the exact result also has a

sign flip in the free magnetic phase, so the interpretation of one coupling growing while the other

decreasing, remains.
10 In QCD this is what one does to follow quark masses in the chiral Lagrangian. In the chiral

Lagrangian, however, there is an incalculable overall coefficient in the mapping. This incalculable

coefficient can be expressed in terms of the mass of the physical pion, and the probe approximation

amounts to expanding in mπ
fπ

. In our case, since we solved for the mapping exactly, no incalculable

coefficients arise.
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scaling like m2
λ. These may be important for phenomenological applications, but we will

not discuss them here.

In this approximation, we see from (3.10) and (3.11) that the magnetic deformation

corresponding to (3.12) is

δLmag = −m2 · 2Nf − 3Nc

3Nc −Nf

(
qq† + q̃q̃† − 2MM †

)
+mλ · 2Nf − 3Nc

3Nc −Nf
(λ2mag + c.c.) , (3.13)

These results agree with [7,8,12]. Our derivation shows that the ability to map soft

terms follows from the simple mapping of the electric and magnetic R-symmetry (the role

of the R-symmetry was also emphasized, although from a slightly different perspective, in

[12]).

Note that if all the masses in the UV are positive, then, in the IR, the magnetic

squarks are tachyonic (we are in the free magnetic phase and so 2Nf − 3Nc < 0). It

turns out that even the magnetic D-terms and superpotential do not help to stabilize the

magnetic squarks; for example, there is an instability along the direction q ∼ 1I, q̃ = 0,

M = 0.11 Our approximation does not allow one to know where the theory settles.

However, it is interesting to note that we can stabilize the dynamics by considering

a simple deformation of SQCD. To see this, consider weakly gauging baryon number with

some small gauge coupling, gB. Then, it is easy to prove that there are no instabilities

which take us out of the calculable regime (as long as gB is not too small). Indeed, one

finds a vacuum with q ∼ m
gB

1I, q̃ = 0, M = 0 and of course a similar vacuum with q

interchanged with q̃. Therefore, all we need for calculability is that gB is much larger

than m/Λ but sufficiently smaller than all the other couplings in the theory. This vacuum

breaks the magnetic gauge symmetry and Higgses baryon number too. The remaining

non-Abelian flavor symmetry is SU(Nf −Nc)×SU(Nc)×SU(Nf ). (Note the color-flavor

locking phenomenon. Ideas along these lines thus present an opportunity for extending

various recent studies such as [35-38] into the non-supersymmetric domain.) If, on the

other hand, the gauge coupling gB is sufficiently large compared to the gauge and Yukawa

couplings of the theory, a different stable vacuum appears, where q ∼ q̃ ∼ m and M = 0.

Both of these vacua will be mentioned again briefly in the last section, motivated by some

possible phenomenological applications.

11 By the equation q ∼ 1I, we mean that we choose the upper left (Nf −Nc)× (Nf −Nc) block

to be proportional to the unit matrix, and the rest of the entries to be zero. The same comment

applies everywhere below.
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How to add SUSY breaking?   
• Baryonic runaway direction, breaking pattern not like 
in QCD again  

• Consistent with Cheng/Shadmi 

• Would like to find a different method where we have 
full control over all aspects of SUSY breaking  

• Ideally should produce symmetry breaking pattern 
consistent with QCD at least as a local minimum 



The use of AMSB    
• Recent proposal of Murayama ’21: use anomaly 
mediated SUSY breaking for perturbing the Seiberg 
exact results  

• AMSB: originally ``designed” to provide a specific 
implementation for MSSM with predictive soft 
breaking patterns  

• Here we will simply use it only to study phases of 
gauge theories, not as a BSM model 

• Assumption of AMSB: SUSY breaking mediated 
purely by supergravity, no direct interaction between 
SUSY breaking sector and matter sector  



 AMSB    

• Assume matter sector sequestered - no direct 
interactions with SUSY breaking generated  

• Only source of SUSY the auxiliary field of 
supergravity multiplet    

Randall, Sundrum ‘98 
Giudice, Luty, Murayama, Rattazzi ’98  
see also Arkani-Hamed, Rattazzi ‘98

SUSY Matter sector/SQCD

SUGRA



 AMSB    

• Best way to describe effect of AMSB is via the 
introduction of the Weyl compensator 𝚽 

• This conformal compensator is a spurion for super-
Weyl transformations  (SUSY rescaling + U(1) 
rotations) with weight 1 

• The effects of SUSY will show up through the 
coupling  

• With the spurion    

Pomarol, Rattazzi ‘99
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W + c.c. (2)

Here, K (W ) is the Kähler potential (superpotential)
of the theory, and m is the parameter of supersymme-
try breaking. When the theory is conformal, � can be
removed from the theory by rescaling the fields �i !
��1

�i. On the other hand, violation of conformal invari-
ance leads to supersymmetry breaking e↵ects. Solving
for auxiliary fields, the superpotential leads to the tree-
level supersymmetry breaking terms

Ltree = m
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Dimensionless coupling constants do not lead to super-
symmetry breaking e↵ects because of the conformal in-
variance at the tree-level. However, conformal invariance
is anomalously broken due to the running of coupling con-
stants, and there are loop-level supersymmetry breaking
e↵ects in tri-linear couplings, scalar masses, and gaugino
masses,

Aijk(µ) = �1

2
(�i + �j + �k)(µ)m, (4)
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Here, �i = µ
d
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d
dµ�i, and �(g2) = µ

d
dµg

2.
In general, physical masses are the sum of contributions
from the superpotential (tree-level or non-perturbative),
tree-level AMSB (3) and loop-level AMSB (4,5,6).

In the supersymmetric SU(Nc) QCD with Nf flavors
in the fundamental representation (SQCD), I find at the
leading order of ASQCD

m
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2Ci(3Nc �Nf )m
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, (7)

m� =
g
2

16⇡2
(3Nc �Nf )m. (8)

Here, Ci =
N2

c�1
2Nc

, and m
2
Q > 0 in the range Nf < 3Nc

where the theory is asymptotically free. Therefore, the
squarks and gauginos acquire mass and the massless par-
ticle content is identical to that of non-supersymmetric
QCD. As m is increased beyond the dynamical scale of
the gauge theory ⇤, gluinos and squarks can be inte-
grated out, and the theory does become QCD. I do not

know a priori whether the change in m is continuous.
There may or may not be a phase transition as m crosses
O(⇤). Nonetheless, SQCD with AMSB is continuously
connected to QCD, and I hope to learn something about
the dynamics of QCD by studying SQCD with AMSB.
The most remarkable property of the anomaly

mediated supersymmetry breaking is its ultraviolet-
insensitivity. The expressions for the supersymmetry
breaking parameters above depend on wave function
renormalization and running coupling constants, which
jump when heavy fields are integrated out from the the-
ory. It turns out that the threshold corrections from the
loops of heavy fields precisely give the necessary jump.
Therefore the above expressions remain true at all en-
ergy scales and depend only on the particle content and
interactions present at that energy scale. This point can
be verified explicitly in perturbative calculations, and is
very transparent in the DR scheme [17].
One way to intuitively understand the ultraviolet-

insensitivy is the analogy to quantum field theory in
curved spacetime. To describe QCD in a curved space-
time, I couple the QCD Lagrangian to the background
spacetime metric. When QCD confines, I switch to the
chiral Lagrangian, and I couple it to the same metric.
This is because the back reaction of QCD dynamics to
the metric is suppressed by the Planck scale and can
be safely ignored. For anomaly-mediated supersymme-
try breaking, the Weyl compensator can be viewed as a
part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.

Nf < Nc

The dynamics is described in terms of the meson fields
M

ij with the non-perturbative A✏eck–Dine–Seiberg
(ADS) superpotential

W = (Nc �Nf )
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. (9)

The SQCD has a run-away potential and hence no ground
states. When M � ⇤2, Mij = M�ij describes the D-flat
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grated out, and the theory does become QCD. I do not
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There may or may not be a phase transition as m crosses
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connected to QCD, and I hope to learn something about
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ory. It turns out that the threshold corrections from the
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Therefore the above expressions remain true at all en-
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be verified explicitly in perturbative calculations, and is
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chiral Lagrangian, and I couple it to the same metric.
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part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
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 AMSB    

•  If the matter sector is conformal: can scale out 𝚽 by 
rescaling the fields 

• For example if                         and 

•                             rescaling will completely remove 𝚽 
from the theory - no SUSY breaking 

• SUSY breaking will be tied to violations of 
conformality! UV insensitive process!  
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to AMSB to work out the ground state exactly. In par-
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control. I will then discuss how it may be connected to
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QCD. As m is increased beyond the dynamical scale of
the gauge theory ⇤, gluinos and squarks can be inte-
grated out, and the theory does become QCD. I do not
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There may or may not be a phase transition as m crosses
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jump when heavy fields are integrated out from the the-
ory. It turns out that the threshold corrections from the
loops of heavy fields precisely give the necessary jump.
Therefore the above expressions remain true at all en-
ergy scales and depend only on the particle content and
interactions present at that energy scale. This point can
be verified explicitly in perturbative calculations, and is
very transparent in the DR scheme [17].
One way to intuitively understand the ultraviolet-

insensitivy is the analogy to quantum field theory in
curved spacetime. To describe QCD in a curved space-
time, I couple the QCD Lagrangian to the background
spacetime metric. When QCD confines, I switch to the
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to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
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control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
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below is encouraging. I assume Nc � 3 in the discussions
below.
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where the theory is asymptotically free. Therefore, the
squarks and gauginos acquire mass and the massless par-
ticle content is identical to that of non-supersymmetric
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the gauge theory ⇤, gluinos and squarks can be inte-
grated out, and the theory does become QCD. I do not
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part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
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ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.
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what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
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 Loop induced AMSB effects 

• Loop induced breaking terms provide positive 
squark masses and gaugino mass - massless 
spectrum that of ordinary QCD  

• For AMSB version of MSSM slepton masses were 
problematic - right handed sleptons were tachyonic. 
Here only AF gauge group - AMSB gives perfect UV 
boundary condition  



A surprise - tree-level AMSB effects

• If there is a non-scale invariant superpotential: will 
contribute to AMSB potential  

• Vanishes for dim 3 superpotential, but not in general 

• Expression for general Kähler potential: 
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chiral Lagrangian, and I couple it to the same metric.
This is because the back reaction of QCD dynamics to
the metric is suppressed by the Planck scale and can
be safely ignored. For anomaly-mediated supersymme-
try breaking, the Weyl compensator can be viewed as a
part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.
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grated out, and the theory does become QCD. I do not
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ory. It turns out that the threshold corrections from the
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ergy scales and depend only on the particle content and
interactions present at that energy scale. This point can
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chiral Lagrangian, and I couple it to the same metric.
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the metric is suppressed by the Planck scale and can
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part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.
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The upper part is an Nf ⇥ Nf block, while the lower
part (Nc � Nf ) ⇥ Nf . Therefore the Lagrangian along
this direction in ASQCD is
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The corresponding potential is
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Note that there is now a well-defined minimum (see
Fig. 1),
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The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,

Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.

I find the superpotential

W = X
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Here, �, are dimensionless coupling constants. I find
two candidate ground states which I work out to the first
order in m ⌧ ⇤.

One is

M
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�1/Nc⇤�ij , B = B̃ = 0,

X = �
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2⇤2

. (16)

The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
massive mesinos.

The other is

M
ij = 0, B = B̃ = 

�1/2⇤,

X = 
�1

m, V = �(2)�1
m

2⇤2
. (17)

The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc

1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.
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1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.

(Murayama ’21)



A non-perturbative AMSB potential 

•                                                    term is key  

• Non-perturbative effect involving SUSY breaking  

• AMSB allows us to pin down this term  

• Formally tree-level but really must be a non-
perturbative effect including SUSY breaking  

• Will stabilize ADS superpotential!  

• Will give rise to proper symmetry breaking pattern!
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The upper part is an Nf ⇥ Nf block, while the lower
part (Nc � Nf ) ⇥ Nf . Therefore the Lagrangian along
this direction in ASQCD is

L =

Z
d
4
✓�⇤�2Nf�

⇤
�

+

Z
d
2
✓�3(Nc �Nf )

✓
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. (11)

The corresponding potential is

V =
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Note that there is now a well-defined minimum (see
Fig. 1),

Mij = ⇤2

✓
4Nf (Nc +Nf )

3Nc �Nf

⇤

m

◆(Nc�Nf )/Nc

�ij . (13)

The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,

Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.

I find the superpotential

W = X
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Here, �, are dimensionless coupling constants. I find
two candidate ground states which I work out to the first
order in m ⌧ ⇤.

One is

M
ij = �

�1/Nc⇤�ij , B = B̃ = 0,

X = �
�2/Ncm, V = �Nc�

�2/Ncm
2⇤2

. (16)

The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
massive mesinos.

The other is

M
ij = 0, B = B̃ = 

�1/2⇤,

X = 
�1

m, V = �(2)�1
m

2⇤2
. (17)

The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc

1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.



Phase for QCD* for Nf<Nc  

• Symmetry breaking pattern 

• As in QCD, massless DOF’s just pions 

• Could be continuously connected to actual QCD for 
m>>𝚲                                                    
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Note that there is now a well-defined minimum (see
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The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,
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Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.
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Here, �, are dimensionless coupling constants. I find
two candidate ground states which I work out to the first
order in m ⌧ ⇤.

One is

M
ij = �

�1/Nc⇤�ij , B = B̃ = 0,

X = �
�2/Ncm, V = �Nc�
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The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
massive mesinos.

The other is

M
ij = 0, B = B̃ = 

�1/2⇤,

X = 
�1

m, V = �(2)�1
m

2⇤2
. (17)

The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc

1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.
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The Phases of AMSB QCD

• We have seen for Nf < Nc get chiral symmetry 
breaking                                              QCD-like vacuum 

• What happens for higher flavors? More subtle, recent 
analysis                                                 
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SU(Nf )L ⇥ SU(Nf )R ! SU(Nf )V

Nf=Nc - Quantum Modified Constraint

• The first case where baryons show up 

• Seiberg:   

• Issue: VEVs O(𝚲) - higher order corrections in 
Kahler not suppressed!                                                
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
(Nc �Nf )⇥Nf . Since the Kähler potential is canonical
in the variable �, one can use (2) to obtain

V =

�����2Nf
1
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✓
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◆1/(Nc�Nf )
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Note that there is now a minimum at

Mij = ⇤2
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m

◆(Nc�Nf )/Nc

�ij . (13)

The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
units where ⇤ = 1. The moduli space contains two
special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
points.

A. Meson point

To satisfy the constraint at the meson point we make
the change of variables

M = (1+BB̄)1/Nce
⇧ = 1+

1

Nc
BB̄+⇧+

1

2
⇧2+· · · (15)

where ⇧ is a traceless complex matrix. In what follows
we will work to quadratic order. The Kähler potential is
built out of flavor invariants, e.g. TrM†

M , (TrM†
M)2,

TrM†
MM

†
M , etc. Notice that they will all contribute

at quadratic order in the hadron superfields. Let’s exam-
ine the ⇧ contribution of the first term:

TrM†
M � Tr⇧†⇧+

1

2
Tr⇧2 +

1

2
Tr⇧†2

. (16)

A useful formula going forward will be the tree level
AMSB potential corresponding to K = '

†
'+ ↵/2 ('2 +

'
†2). Using the general formula (1), we get

VAMSB = ↵
2
m

2
'
†
'+

↵

2
m

2('2 + '
†2) (17)

= (↵2 + ↵)m2(Re')2 + (↵2
� ↵)m2(Im')2.

Setting ↵ = 1 corresponds to the Kähler potential for
each component of ⇧ in (16), so that the Im⇧ are the
massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The

most general form of the Kähler potential at quadratic
order is

K � ↵(B†
B + B̄

†
B̄) +

�

2
(BB̄ + c.c.) (18)

(Gomes, Murayama, Noether, Ray-Varier, Telem +C.C.) 



Nf=Nc - Quantum Modified Constraint

• Use non-linear analysis 

• Meson point (in units where 𝚲=1)  

• 𝚷 is a traceless complex matrix 

• What is the Kähler potential? 

• For example:  

• Resulting potential: for                                               
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
(Nc �Nf )⇥Nf . Since the Kähler potential is canonical
in the variable �, one can use (2) to obtain
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
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M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
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massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The

most general form of the Kähler potential at quadratic
order is
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
(Nc �Nf )⇥Nf . Since the Kähler potential is canonical
in the variable �, one can use (2) to obtain
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
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special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
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A. Meson point

To satisfy the constraint at the meson point we make
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Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The

most general form of the Kähler potential at quadratic
order is

K � ↵(B†
B + B̄

†
B̄) +

�

2
(BB̄ + c.c.) (18)

3

M�ij describes the D-flat direction

Q = Q̄ =

0

BBBBBBBBB@

1 · · · 0
...

. . .
...

0 · · · 1

0 · · · 0
...

...
...

0 · · · 0

1

CCCCCCCCCA

�, M = �
2
. (11)

Here, Q and Q̄ are the quark/anti-quark superfields. The
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
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of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .
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partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.
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However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
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Instead we should perform a non-linear analysis us-
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Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.
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In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
units where ⇤ = 1. The moduli space contains two
special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
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each component of ⇧ in (16), so that the Im⇧ are the
massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
(Nc �Nf )⇥Nf . Since the Kähler potential is canonical
in the variable �, one can use (2) to obtain
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
units where ⇤ = 1. The moduli space contains two
special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
points.

A. Meson point

To satisfy the constraint at the meson point we make
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⇧ = 1+
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we will work to quadratic order. The Kähler potential is
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each component of ⇧ in (16), so that the Im⇧ are the
massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
(Nc �Nf )⇥Nf . Since the Kähler potential is canonical
in the variable �, one can use (2) to obtain
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
units where ⇤ = 1. The moduli space contains two
special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
points.

A. Meson point
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the change of variables

M = (1+BB̄)1/Nce
⇧ = 1+

1

Nc
BB̄+⇧+

1

2
⇧2+· · · (15)

where ⇧ is a traceless complex matrix. In what follows
we will work to quadratic order. The Kähler potential is
built out of flavor invariants, e.g. TrM†
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flavor symmetry. Goldstone’s theorem ensures that all
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contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.
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In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
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The low-energy degrees are meson fields Mij and
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space is subject to the quantum modified constraint
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We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
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special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
points.

A. Meson point

To satisfy the constraint at the meson point we make
the change of variables

M = (1+BB̄)1/Nce
⇧ = 1+

1

Nc
BB̄+⇧+

1

2
⇧2+· · · (15)

where ⇧ is a traceless complex matrix. In what follows
we will work to quadratic order. The Kähler potential is
built out of flavor invariants, e.g. TrM†

M , (TrM†
M)2,

TrM†
MM

†
M , etc. Notice that they will all contribute

at quadratic order in the hadron superfields. Let’s exam-
ine the ⇧ contribution of the first term:

TrM†
M � Tr⇧†⇧+

1

2
Tr⇧2 +

1

2
Tr⇧†2

. (16)

A useful formula going forward will be the tree level
AMSB potential corresponding to K = '

†
'+ ↵/2 ('2 +

'
†2). Using the general formula (1), we get

VAMSB = ↵
2
m

2
'
†
'+

↵

2
m

2('2 + '
†2) (17)

= (↵2 + ↵)m2(Re')2 + (↵2
� ↵)m2(Im')2.

Setting ↵ = 1 corresponds to the Kähler potential for
each component of ⇧ in (16), so that the Im⇧ are the
massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The

most general form of the Kähler potential at quadratic
order is

K � ↵(B†
B + B̄

†
B̄) +
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2
(BB̄ + c.c.) (18)
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Here, Q and Q̄ are the quark/anti-quark superfields. The
upper part is an Nf ⇥Nf block, while the lower part is
(Nc �Nf )⇥Nf . Since the Kähler potential is canonical
in the variable �, one can use (2) to obtain
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Note that there is now a minimum at
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
units where ⇤ = 1. The moduli space contains two
special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
points.

A. Meson point

To satisfy the constraint at the meson point we make
the change of variables
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where ⇧ is a traceless complex matrix. In what follows
we will work to quadratic order. The Kähler potential is
built out of flavor invariants, e.g. TrM†

M , (TrM†
M)2,

TrM†
MM

†
M , etc. Notice that they will all contribute

at quadratic order in the hadron superfields. Let’s exam-
ine the ⇧ contribution of the first term:
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A useful formula going forward will be the tree level
AMSB potential corresponding to K = '
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VAMSB = ↵
2
m

2
'
†
'+

↵

2
m

2('2 + '
†2) (17)

= (↵2 + ↵)m2(Re')2 + (↵2
� ↵)m2(Im')2.

Setting ↵ = 1 corresponds to the Kähler potential for
each component of ⇧ in (16), so that the Im⇧ are the
massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The

most general form of the Kähler potential at quadratic
order is

K � ↵(B†
B + B̄

†
B̄) +
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2
(BB̄ + c.c.) (18)
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Here, Q and Q̄ are the quark/anti-quark superfields. The
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The minimum is indeed at M � ⇤2 which justifies the
weakly-coupled analysis. The SU(Nf )L ⇥ SU(Nf )R fla-
vor symmetry is dynamically broken to SU(Nf )V . The
case of non-homogeneous values for the diagonal entries
of M was considered in [32]. There it was shown that the
minimum is indeed found at Mij / �ij .

The massless particle spectrum consists of the Nambu–
Goldstone bosons (pions) [37]. The scalar and fermion
partners of the Nambu–Goldstone bosons (NGBs) have
masses that grow with m. Naively increasing m beyond
⇤, the only remaining degrees of freedom are massless
NGBs. This matchs the expectations of QCD with a
small number of flavors. There is no sign of a phase
transition and the two limits are likely continuously con-
nected.

IV. Nf = Nc: QUANTUM MODIFIED
CONSTRAINT

In this section we give a complete analysis of the case of
the quantum modified constraint, finding that previous
discussion requires modification.

The low-energy degrees are meson fields Mij and
singlet baryon/anti-baryon fields B (B̄), whose moduli
space is subject to the quantum modified constraint

detM �BB̄ = ⇤2Nc . (14)

We first treat the general case Nc > 2, and treat the case
Nc = 2 separately at the end.

There are two ways to frame the theory before the ad-
dition of AMSB. The first is to implement the constraint
in the superpotential via a Lagrange multiplier field X.
However due to the constraint (14), the fields have VEVs
of O(⇤). Therefore, higher order terms in the Kähler po-
tential are not suppressed relative to the canonical term
and the formula (2) cannot be trusted.
Instead we should perform a non-linear analysis us-

ing the constraint (14). For simplicity, we will use
units where ⇤ = 1. The moduli space contains two
special points of enhanced symmetry: the meson point
M = 1, B = B̄ = 0 with unbroken baryon number, and
the baryon point M = 0, B = �B̄ = 1 with unbroken fla-
vor symmetry. We perform AMSB around each of these
points.

A. Meson point

To satisfy the constraint at the meson point we make
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⇧ = 1+

1
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built out of flavor invariants, e.g. TrM†
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A useful formula going forward will be the tree level
AMSB potential corresponding to K = '
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= (↵2 + ↵)m2(Re')2 + (↵2
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Setting ↵ = 1 corresponds to the Kähler potential for
each component of ⇧ in (16), so that the Im⇧ are the
massless pions, the Goldstone bosons of broken chiral
flavor symmetry. Goldstone’s theorem ensures that all
meson flavor invariants of the Kähler potential will give
contributions proportional to the right-hand-side of (16).
Moreover, they will (in aggregate) come with a positive
sign in order for the ⇧ to have a physical kinetic term.
Thus, the Re⇧ will have a positive mass, stabilizing this
direction.
Turning to the baryons, things are not as clear. The

most general form of the Kähler potential at quadratic
order is

K � ↵(B†
B + B̄

†
B̄) +
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2
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is

W = ↵BMB̄ � � detM (22)

where we are again working in ⇤ = 1 units and ↵ and �

are unknown order one numbers used to make the Kähler
canonical. The potential obtained is

VSUSY = ↵
2(|(MB̄)a|

2 + |(BM)a|
2)

+ |↵B̄aBb � � detM(M�1)ab|
2 (23)

VAMSB = �(Nc � 2)�mdetM + c.c. (24)

Seeking the minimum of this potential, we look along
the direction

B =
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0
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0

1
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v
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v

1
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. (25)

Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b

2 + b̄
2 is

minimized when b = b̄, the potential is

V = 2↵2
x
2
b
2 + (↵b2 � �v

Nc)2 +Nc�
2
x
2
v
2(Nc�1)

� 2(Nc � 2)�mxv
Nc . (26)

Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum

v = x =

✓
(Nc � 2)m

Nc�

◆ 1
Nc�1

, Vmin = �O(m2Nc/(Nc�1)).

(27)
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
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†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma
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a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is
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are unknown order one numbers used to make the Kähler
canonical. The potential obtained is

VSUSY = ↵
2(|(MB̄)a|

2 + |(BM)a|
2)

+ |↵B̄aBb � � detM(M�1)ab|
2 (23)

VAMSB = �(Nc � 2)�mdetM + c.c. (24)

Seeking the minimum of this potential, we look along
the direction

B =

0

BBBB@

b

0
...

0

1

CCCCA
, B̄ =

0

BBBB@

b̄

0
...

0

1

CCCCA
,M =

0

BBBB@

x

v

. . .

v

1

CCCCA
. (25)

Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m
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Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
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•  Nf=Nc=2 special case - SU(2)xSU(2) flavor symmetry 
enhanced to SU(4), no difference between meson and 
baryon. 

• Constraint                                solution breaks 
SU(4)→Sp(4), 5 Goldstones. 

• Positivity of kinetic term will imply positive masses for 
all non-Goldstone fluctuations - will give rise to a 
stable global minimum 
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is
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Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b
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2 is

minimized when b = b̄, the potential is
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Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum
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• Subtle case - previously claimed it has runaway 
directions, but we found this one is actually predictive 
and no runaways with expected QCD-like vacuum 

• Superpotential:  

• 𝛂, 𝛃 O(1) to make Kähler canonical 

•    
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is

W = ↵BMB̄ � � detM (22)

where we are again working in ⇤ = 1 units and ↵ and �

are unknown order one numbers used to make the Kähler
canonical. The potential obtained is
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2(|(MB̄)a|
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the direction

B =

0

BBBB@

b

0
...

0

1

CCCCA
, B̄ =

0

BBBB@

b̄

0
...

0

1

CCCCA
,M =

0

BBBB@

x

v

. . .

v

1

CCCCA
. (25)

Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b

2 + b̄
2 is

minimized when b = b̄, the potential is

V = 2↵2
x
2
b
2 + (↵b2 � �v

Nc)2 +Nc�
2
x
2
v
2(Nc�1)

� 2(Nc � 2)�mxv
Nc . (26)

Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum

v = x =

✓
(Nc � 2)m

Nc�

◆ 1
Nc�1

, Vmin = �O(m2Nc/(Nc�1)).

(27)
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is

W = ↵BMB̄ � � detM (22)

where we are again working in ⇤ = 1 units and ↵ and �

are unknown order one numbers used to make the Kähler
canonical. The potential obtained is

VSUSY = ↵
2(|(MB̄)a|

2 + |(BM)a|
2)

+ |↵B̄aBb � � detM(M�1)ab|
2 (23)

VAMSB = �(Nc � 2)�mdetM + c.c. (24)

Seeking the minimum of this potential, we look along
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Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b

2 + b̄
2 is

minimized when b = b̄, the potential is

V = 2↵2
x
2
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2 + (↵b2 � �v
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2
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2(Nc�1)
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Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum

v = x =
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(Nc � 2)m
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◆ 1
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, Vmin = �O(m2Nc/(Nc�1)).
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is

W = ↵BMB̄ � � detM (22)

where we are again working in ⇤ = 1 units and ↵ and �

are unknown order one numbers used to make the Kähler
canonical. The potential obtained is

VSUSY = ↵
2(|(MB̄)a|

2 + |(BM)a|
2)

+ |↵B̄aBb � � detM(M�1)ab|
2 (23)

VAMSB = �(Nc � 2)�mdetM + c.c. (24)

Seeking the minimum of this potential, we look along
the direction
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Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b

2 + b̄
2 is

minimized when b = b̄, the potential is

V = 2↵2
x
2
b
2 + (↵b2 � �v

Nc)2 +Nc�
2
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2
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2(Nc�1)

� 2(Nc � 2)�mxv
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Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum

v = x =

✓
(Nc � 2)m

Nc�

◆ 1
Nc�1

, Vmin = �O(m2Nc/(Nc�1)).

(27)
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is

W = ↵BMB̄ � � detM (22)

where we are again working in ⇤ = 1 units and ↵ and �

are unknown order one numbers used to make the Kähler
canonical. The potential obtained is

VSUSY = ↵
2(|(MB̄)a|

2 + |(BM)a|
2)

+ |↵B̄aBb � � detM(M�1)ab|
2 (23)

VAMSB = �(Nc � 2)�mdetM + c.c. (24)

Seeking the minimum of this potential, we look along
the direction
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Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b

2 + b̄
2 is

minimized when b = b̄, the potential is

V = 2↵2
x
2
b
2 + (↵b2 � �v

Nc)2 +Nc�
2
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2
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2(Nc�1)

� 2(Nc � 2)�mxv
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Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum

v = x =

✓
(Nc � 2)m

Nc�

◆ 1
Nc�1

, Vmin = �O(m2Nc/(Nc�1)).

(27)
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• This is the usual QCD-like vacuum with chiral 
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• Along this direction baryons massive - integrate them 
out. Effect of Yukawa coupling will be two loop meson 
mass 

• Leading to potential
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where this includes contributions (15) from meson field
traces. We cannot know the ratio �/↵ and thus are un-
able to determine whether the meson point is stable with
respect to baryonic runaway to an incalculable minimum.

B. Baryon point

Here we parameterize the baryon and anti-baryon with
a single complex field b:

B = (1� detM)1/2eb (19)

B̄ = �(1� detM)1/2e�b
. (20)

Like at the meson point, we expect to find a Goldstone
boson, now from spontaneously broken baryon number.
Consider for example the Kähler potential terms

B
†
B + B̄

†
B̄ = 2 + (b+ b

†)2 + · · · . (21)

Again using (17), we identify Im b as the Goldstone bo-
son, while Re b has positive mass. Regarding the mesons
however, only the quadratic term must come with a pos-
itive sign (to give positive kinetic term). The coe�cients
of all higher order flavor invariants in the Kähler poten-
tial are unknown. With the application of (1), these will
ultimately determine if the baryon point is stable once
AMSB is turned on.

In summary, we can say very little about the behav-
ior of AMSB-deformed QCD in the singular case when
Nf = Nc. Neither global nor local minima can be identi-
fied, though based on the behavior of theories with more
or fewer flavors we can conjecture a chiral symmetry
breaking minimum at the meson point. This ambigu-
ity can be traced to the quantum modified constraint,
making the theory inherently strongly coupled.

C. Nc = 2

When Nc = 2, the quarks and anti-quarks belong to
the same representation of the gauge group. Thus, the
flavor symmetry is enhanced to SU(4), with the mesonM

transforming in the anti-symmetric representation. This
meson can be decomposed into the meson, baryon, and
anti-baryon of the unenhanced flavor symmetry. The
quantum modified constraint becomes Ma

M
a = 1, with

a = 1, . . . , 6, meaning the moduli space has 5 complex
dimensions. The constraint breaks the flavor symmetry
to Sp(4), leading to 5 Goldstone modes. Due to the ki-
netic term positivity arguments made above, their scalar
partners have positive mass.

Thus, the enhanced symmetry causes the chiral sym-
metry breaking minimum to be stable in the case of
Nc = 2. Similar results were found in [18]. Note that
Nc = 2 is a special case of the Sp gauge theories that
will be discussed elsewhere.

V. Nf = Nc + 1: S-CONFINEMENT

For this case we find a stable chiral symmetry breaking
minimum, and demonstrate that there are no runaway di-
rections. At the leading order we take a canonical Kähler
potential for low energy fields B, B̄ and M , which is jus-
tified when B, B̄,M ⌧ ⇤ where the theory is weakly
coupled. The superpotential is

W = ↵BMB̄ � � detM (22)

where we are again working in ⇤ = 1 units and ↵ and �

are unknown order one numbers used to make the Kähler
canonical. The potential obtained is

VSUSY = ↵
2(|(MB̄)a|

2 + |(BM)a|
2)

+ |↵B̄aBb � � detM(M�1)ab|
2 (23)

VAMSB = �(Nc � 2)�mdetM + c.c. (24)

Seeking the minimum of this potential, we look along
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B =

0

BBBB@

b

0
...

0

1

CCCCA
, B̄ =

0

BBBB@

b̄

0
...

0

1

CCCCA
,M =

0

BBBB@

x

v

. . .

v

1

CCCCA
. (25)

Using flavor rotations the baryon and anti-baryon take
this form without loss of generality. They break the fla-
vor symmetry to SU(Nc)L⇥SU(Nc)R, justifying the in-
homogeneous diagonal VEVs of M . For fixed detM , any
o↵-diagonal terms would simply increase VSUSY, justify-
ing their omission. Finally, given that we are taking m

real, it is enough to look for minima with all fields real.
Using the fact that for fixed bb̄, the quantity b

2 + b̄
2 is

minimized when b = b̄, the potential is

V = 2↵2
x
2
b
2 + (↵b2 � �v

Nc)2 +Nc�
2
x
2
v
2(Nc�1)

� 2(Nc � 2)�mxv
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Again we treat the general case Nc > 2 first, and the case
Nc = 2 separately afterwards.

The crucial observation implicit above is that the
baryon fields do not acquire tree-level SUSY breaking
whose mass originates from AMSB and they do not in-
duce threshold corrections when they are integrated out,
called “non-decoupling e↵ects” in [31].

A. Baryon number conserving direction, b = 0

For the baryon number conserving direction b = 0, one
finds a minimum

v = x =

✓
(Nc � 2)m

Nc�

◆ 1
Nc�1

, Vmin = �O(m2Nc/(Nc�1)).

(27)

5

This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
in [32]

V |b,x = �
(Nc � 2)2�

2↵
m

2
v
Nc . (32)

However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1

m
2
b =

3↵(b)4m2

(16⇡2)2
. (33)

Adding up these contributions along the direction we
are considering, this gives a potential

V2�loop =
m

2

(16⇡2)2
[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show

5

This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
in [32]

V |b,x = �
(Nc � 2)2�

2↵
m

2
v
Nc . (32)

However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1

m
2
b =

3↵(b)4m2

(16⇡2)2
. (33)

Adding up these contributions along the direction we
are considering, this gives a potential

V2�loop =
m

2

(16⇡2)2
[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
in [32]

V |b,x = �
(Nc � 2)2�

2↵
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2
v
Nc . (32)

However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1

m
2
b =

3↵(b)4m2

(16⇡2)2
. (33)

Adding up these contributions along the direction we
are considering, this gives a potential

V2�loop =
m

2

(16⇡2)2
[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m
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. (31)

Plugging these in we find the runaway potential found
in [32]
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However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1

m
2
b =

3↵(b)4m2

(16⇡2)2
. (33)

Adding up these contributions along the direction we
are considering, this gives a potential

V2�loop =
m

2

(16⇡2)2
[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show

5

This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
in [32]

V |b,x = �
(Nc � 2)2�

2↵
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2
v
Nc . (32)

However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1

m
2
b =

3↵(b)4m2

(16⇡2)2
. (33)

Adding up these contributions along the direction we
are considering, this gives a potential

V2�loop =
m

2

(16⇡2)2
[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
in [32]
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Nc . (32)

However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1
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Adding up these contributions along the direction we
are considering, this gives a potential
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[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson
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Along the direction we are considering, this gives a
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Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
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4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding
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However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1
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[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m
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are higher order in m and can be neglected.
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we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
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this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson
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Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
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ficients (including signs). Using (1), we find that these
give potential terms ⇠ m
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are higher order in m and can be neglected.
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However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale
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Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson
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Along the direction we are considering, this gives a
potential
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Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m
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are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0
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However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale
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(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
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M =

(2Nc + 3)↵(v)4m2
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Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4
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Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
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4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
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However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale
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(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
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level runaway!
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2
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sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
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For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson
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Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†
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However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1
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Adding up these contributions along the direction we
are considering, this gives a potential
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[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show

5
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the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
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loops e↵ects play a subleading role. However, when we
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from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].
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For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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However, we must account for loop corrections. The
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(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
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x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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that for the majority of the free magnetic phase (Nc+1 <

Nf . 1.43Nc) the baryonic runaway directions are lifted,
and the chiral symmetry breaking minimum is stable and
likely the global minimum of the theory. The analysis
itself is quite involved, as one has to examine several
branches, which we will present below.

We proceed by first analyzing the baryonic direction,
where the entire dual gauge group is Higgsed. As men-
tioned, the free magnetic phase for Nf . 1.43Nc is free
of runaways in this direction. We next exhibit the chiral
symmetry breaking minimum along the mesonic direc-
tion. Finally, we check the mixed directions, where only
some meson VEVs are turned on, to ensure that they
contain no runaways.

A. RG analysis and baryonic branches

In a small neighborhood of the origin of moduli space,
the theory is allowed to run into the deep IR. As sug-
gested by the name, the theory is IR free, with both the
gauge coupling g and Yukawa coupling running to zero.
However, their coupled beta functions make them run
asymptotically to the IR attractor given by

0 =
d

d logµ

g
2

�2
. (36)

This allows � to be written in terms of g, and we can
use (4) to find the 2-loop masses of the dual squarks and
the mesons

m
2
q =

(�eb)g4

(16⇡2)2
N

2
f � 3Nf

eNc �
eN2
c + 1

2Nf + eNc

m
2 (37)

m
2
M =

(�eb) eNc�
2
g
2

(16⇡2)2
m

2 (38)

where eb = 3 eNc �Nf is negative. The mesons maintain a
positive mass throughout the free magnetic window, as
do the dual squarks for most of the window. However,
at the upper end Nf & 1.43Nc (in the large Nc limit),
the dual squark mass turns negative and we expect a
baryonic runaway towards an uncalculable minimum.

Concretely, for Nf & 1.43Nc we consider giving D-flat
VEVs to the dual squark

q = eB
 

1 eNc⇥ eNc

0 eNc⇥Nc

!
. (39)

The e↵ect of this is to Higgs the dual gauge group at
the scale eB, and to give masses to the dual anti-quarks
and some of the mesons. Substituting their equations
of motion eliminates the superpotential. Eq. (37) then
translates into a tachyonic mass for eB, where the gauge
coupling is evaluated at the scale eB.

The first detailed exploration of baryonic runaways
with SUSY breaking applied consistently between the

UV and IR was undertaken in [15] (see also the more
recent [19]). In both of these works, which used di↵er-
ent mechanisms to break SUSY, baryonic runaways were
present throughout the free-magnetic phase. It is encour-
aging that AMSB, while not eliminating them, lifts these
directions for most of the phase.

B. Mesonic branch

In this section we give the meson a VEV with full rank,
repeating the analysis of [21]. This gives masses to the
dual quarks and anti-quarks. Without their e↵ects, the
beta function of the gauge theory flips sign, allowing the
theory to generate a new IR dynamical scale given by

⇤3 eNc
L = e⇤3 eNc�Nf detM. (40)

The usual superpotential of pure SYM is generated:

W = eNc⇤
3
L = eNc(detM)1/

eNc (41)

where as usual we have set e⇤ = 1. Upon adding tree
level AMSB, the minimum can be found along the ho-
mogeneous direction M = v1 with the potential

V = Nf |v
Nf/ eNc�1

|
2 + (Nf � 3 eNc)mv

Nf/ eNc + c.c. (42)

at the point

v =

 
(3 eNc �Nf )m

Nf � eNc

! fNc
Nf�2fNc

, Vmin = �O

 
m

2
Nf�fNc

Nf�2fNc

!
.

(43)
The 2-loop potential from (38) contributes at the same

order in m, however it is loop suppressed. We find that
the chiral symmetry breaking minimum is stable.

C. Mixed branches

Instead of turning on all of the meson VEVs, we can
choose to turn on only some of them. These will reveal
tree level AMSB contributions within the free magnetic
phase with tree level runaways. However, as in the case of
s-confinement, the AMSB loop e↵ects will stabilize these
directions.
We begin by writing the meson matrix as

M =

 
fMRf⇥Rf 0

0 cM(Nf�Rf )⇥(Nf�Rf )

!
(44)

and without loss of generality we look for minima at di-
agonal M . We then give the lower component cM a VEV.
This gives masses to Nf � Rf flavors of quarks, leaving

an SU( eNc) gauge theory with Rf massless flavors and a
new dynamical scale

⇤
3 eNc�Rf

L = e⇤3 eNc�Nf detcM (45)

Baryonic branch - no runaways for 

Mesonic branch: stable chiral SB minimum 

Mixed branch: check no runaways
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the dual squark mass turns negative and we expect a
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Concretely, for Nf & 1.43Nc we consider giving D-flat
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of motion eliminates the superpotential. Eq. (37) then
translates into a tachyonic mass for eB, where the gauge
coupling is evaluated at the scale eB.
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with SUSY breaking applied consistently between the

UV and IR was undertaken in [15] (see also the more
recent [19]). In both of these works, which used di↵er-
ent mechanisms to break SUSY, baryonic runaways were
present throughout the free-magnetic phase. It is encour-
aging that AMSB, while not eliminating them, lifts these
directions for most of the phase.

B. Mesonic branch

In this section we give the meson a VEV with full rank,
repeating the analysis of [21]. This gives masses to the
dual quarks and anti-quarks. Without their e↵ects, the
beta function of the gauge theory flips sign, allowing the
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V = Nf |v
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|
2 + (Nf � 3 eNc)mv
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!
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(43)
The 2-loop potential from (38) contributes at the same

order in m, however it is loop suppressed. We find that
the chiral symmetry breaking minimum is stable.

C. Mixed branches

Instead of turning on all of the meson VEVs, we can
choose to turn on only some of them. These will reveal
tree level AMSB contributions within the free magnetic
phase with tree level runaways. However, as in the case of
s-confinement, the AMSB loop e↵ects will stabilize these
directions.
We begin by writing the meson matrix as

M =

 
fMRf⇥Rf 0

0 cM(Nf�Rf )⇥(Nf�Rf )

!
(44)

and without loss of generality we look for minima at di-
agonal M . We then give the lower component cM a VEV.
This gives masses to Nf � Rf flavors of quarks, leaving

an SU( eNc) gauge theory with Rf massless flavors and a
new dynamical scale

⇤
3 eNc�Rf

L = e⇤3 eNc�Nf detcM (45)
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•  The baryonic branch:   

• Both g, 𝝺 go to 0 (IR free), BUT 
so 𝝺 can be expressed in terms of g in the deep IR. 

• Loop induced AMSB: 

• Until                          (almost all free magnetic 
window) these are positive - no baryonic runaway 
expected!          
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This is the chiral symmetry breaking minimum that we
hope to be continuously connected to that of non-SUSY
QCD. First we must check that it is not disturbed by loop
e↵ects coming from the marginal Yukawa term in (22).
The baryons acquire a mass ↵v, and integrating them
out and using (4) yields a 2-loop mass for the meson

m
2
M =

(2Nc + 3)↵(v)4m2

(16⇡2)2
. (28)

Along the direction we are considering, this gives a
potential

V2�loop =
(Nc + 1)(2Nc + 3)↵(v)4

(16⇡2)2
m

2
v
2
. (29)

Notice that at the point (27), this is also
O(m2Nc/(Nc�1)). However, since it is 2-loop suppressed,
it does not destabilize the chiral symmetry breaking min-
imum.

We should finally check the e↵ects of higher order
terms in the Kähler potential, the leading ones be-
ing (TrM†

M)2 and TrM†
MM

†
M with unknown coef-

ficients (including signs). Using (1), we find that these
give potential terms ⇠ m

2
v
4. At the point (27), these

are higher order in m and can be neglected.

B. Baryon number breaking direction, b 6= 0

In general one can minimize (26) with respect to b and
x, finding

b
2 =

�

↵
v
Nc � 2x2 (30)

x =
(Nc � 2)m

2↵
. (31)

Plugging these in we find the runaway potential found
in [32]

V |b,x = �
(Nc � 2)2�

2↵
m

2
v
Nc . (32)

However, we must account for loop corrections. The
bottom Nc components of B and B̄ acquire a mass ↵v, so
we integrate them out. This gives, to all but the upper-
left component M11, the 2-loop mass (28). At this point,
the remaining superpotential is simply W = ↵B1M11B̄1.
M11 then obtains a mass at the lower scale

p
2↵b. Inte-

grating it out results in 2-loop AMSB masses for B1 and
B̄1

m
2
b =

3↵(b)4m2

(16⇡2)2
. (33)

Adding up these contributions along the direction we
are considering, this gives a potential

V2�loop =
m

2

(16⇡2)2
[Nc(2Nc+3)↵(v)4v2+6↵(b)4b2]. (34)

Clearly the first term is dominant. Importantly however,
this is the same order in m as the tree level runaway
(32) and lower order in v since Nc > 2. While it is loop
(logarithmically) suppressed, this is a smaller e↵ect than
the power suppression of (32). Therefore, around the
origin where v ⌧ 1, the loop e↵ects stabilize the tree
level runaway!
In this case there is also a tri-linear AMSB term com-

ing from (3) that goes as ⇠ mb
2
x with 1-loop suppres-

sion. Like the second term in (34), this is subdominant.
Finally, subleading terms in the Kähler lead to power
suppressed potential terms that can be neglected.
What we have shown is remarkable: the chiral symme-

try breaking point for small m is stable and the AMSB
loops e↵ects play a subleading role. However, when we
consider a possible runaway direction, the loops come in
to save the day. While we cannot be sure of what hap-
pens when the fields are O(⇤), there are no runaways
from the origin and the chiral symmetry breaking point
stands a good chance of being the global minimum.

C. Nc = 2

In this case tree-level AMSB vanishes because the su-
perpotential is marginal. Due to the positive 2-loop
masses, the meson and baryon fields are pushed to the
origin of moduli space, where the theory experiences con-
finement without chiral symmetry breaking. This does
not match expectations of non-SUSY QCD and we expect
a di↵erent global minimum to emerge in the large SUSY
breaking limit. A similar phenomemon was seen for a
Standard-Model-like chiral SU(5) gauge theory in [33].

VI. Nc + 1 < Nf  3/2Nc: FREE MAGNETIC
PHASE

For this range of flavors the SUSY theory is in the free
magnetic phase and the IR is described by an SU( eNc)
( eNc = Nf � Nc) gauge theory with quarks and anti-
quarks in representations qi(⇤̄,1) and q̄j(1,⇤) of the
SU(Nf )⇥ SU(Nf ) flavor group, respectively. Addition-
ally, the magnetic theory has a gauge-singlet meson Mij

in the (⇤, ⇤̄) of the flavor symmetry. The superpotential
is given by

W = �Tr qiMij q̄j (35)

where all fields have already been normalized to have
canonical Kähler potentials. Importantly, only the deep
IR behavior of the theory is specified and we do not have
control over the relative strengths of the gauge interac-
tion and the Yukawa interaction � in Eq. (35).
The case of the free magnetic phase is very subtle, and

so far has not been properly analyzed. In fact, this phase
is expected to be beset by baryonic runaway directions,
so that no useful information can be obtained. We show
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that for the majority of the free magnetic phase (Nc+1 <

Nf . 1.43Nc) the baryonic runaway directions are lifted,
and the chiral symmetry breaking minimum is stable and
likely the global minimum of the theory. The analysis
itself is quite involved, as one has to examine several
branches, which we will present below.

We proceed by first analyzing the baryonic direction,
where the entire dual gauge group is Higgsed. As men-
tioned, the free magnetic phase for Nf . 1.43Nc is free
of runaways in this direction. We next exhibit the chiral
symmetry breaking minimum along the mesonic direc-
tion. Finally, we check the mixed directions, where only
some meson VEVs are turned on, to ensure that they
contain no runaways.

A. RG analysis and baryonic branches

In a small neighborhood of the origin of moduli space,
the theory is allowed to run into the deep IR. As sug-
gested by the name, the theory is IR free, with both the
gauge coupling g and Yukawa coupling running to zero.
However, their coupled beta functions make them run
asymptotically to the IR attractor given by

0 =
d

d logµ

g
2

�2
. (36)

This allows � to be written in terms of g, and we can
use (4) to find the 2-loop masses of the dual squarks and
the mesons

m
2
q =

(�eb)g4

(16⇡2)2
N

2
f � 3Nf

eNc �
eN2
c + 1

2Nf + eNc

m
2 (37)

m
2
M =

(�eb) eNc�
2
g
2

(16⇡2)2
m

2 (38)

where eb = 3 eNc �Nf is negative. The mesons maintain a
positive mass throughout the free magnetic window, as
do the dual squarks for most of the window. However,
at the upper end Nf & 1.43Nc (in the large Nc limit),
the dual squark mass turns negative and we expect a
baryonic runaway towards an uncalculable minimum.

Concretely, for Nf & 1.43Nc we consider giving D-flat
VEVs to the dual squark

q = eB
 

1 eNc⇥ eNc

0 eNc⇥Nc

!
. (39)

The e↵ect of this is to Higgs the dual gauge group at
the scale eB, and to give masses to the dual anti-quarks
and some of the mesons. Substituting their equations
of motion eliminates the superpotential. Eq. (37) then
translates into a tachyonic mass for eB, where the gauge
coupling is evaluated at the scale eB.

The first detailed exploration of baryonic runaways
with SUSY breaking applied consistently between the

UV and IR was undertaken in [15] (see also the more
recent [19]). In both of these works, which used di↵er-
ent mechanisms to break SUSY, baryonic runaways were
present throughout the free-magnetic phase. It is encour-
aging that AMSB, while not eliminating them, lifts these
directions for most of the phase.

B. Mesonic branch

In this section we give the meson a VEV with full rank,
repeating the analysis of [21]. This gives masses to the
dual quarks and anti-quarks. Without their e↵ects, the
beta function of the gauge theory flips sign, allowing the
theory to generate a new IR dynamical scale given by

⇤3 eNc
L = e⇤3 eNc�Nf detM. (40)

The usual superpotential of pure SYM is generated:

W = eNc⇤
3
L = eNc(detM)1/

eNc (41)

where as usual we have set e⇤ = 1. Upon adding tree
level AMSB, the minimum can be found along the ho-
mogeneous direction M = v1 with the potential

V = Nf |v
Nf/ eNc�1

|
2 + (Nf � 3 eNc)mv

Nf/ eNc + c.c. (42)

at the point

v =

 
(3 eNc �Nf )m

Nf � eNc

! fNc
Nf�2fNc

, Vmin = �O

 
m

2
Nf�fNc

Nf�2fNc

!
.

(43)
The 2-loop potential from (38) contributes at the same

order in m, however it is loop suppressed. We find that
the chiral symmetry breaking minimum is stable.

C. Mixed branches

Instead of turning on all of the meson VEVs, we can
choose to turn on only some of them. These will reveal
tree level AMSB contributions within the free magnetic
phase with tree level runaways. However, as in the case of
s-confinement, the AMSB loop e↵ects will stabilize these
directions.
We begin by writing the meson matrix as

M =

 
fMRf⇥Rf 0

0 cM(Nf�Rf )⇥(Nf�Rf )

!
(44)

and without loss of generality we look for minima at di-
agonal M . We then give the lower component cM a VEV.
This gives masses to Nf � Rf flavors of quarks, leaving

an SU( eNc) gauge theory with Rf massless flavors and a
new dynamical scale

⇤
3 eNc�Rf

L = e⇤3 eNc�Nf detcM (45)
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that for the majority of the free magnetic phase (Nc+1 <
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itself is quite involved, as one has to examine several
branches, which we will present below.
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where the entire dual gauge group is Higgsed. As men-
tioned, the free magnetic phase for Nf . 1.43Nc is free
of runaways in this direction. We next exhibit the chiral
symmetry breaking minimum along the mesonic direc-
tion. Finally, we check the mixed directions, where only
some meson VEVs are turned on, to ensure that they
contain no runaways.

A. RG analysis and baryonic branches

In a small neighborhood of the origin of moduli space,
the theory is allowed to run into the deep IR. As sug-
gested by the name, the theory is IR free, with both the
gauge coupling g and Yukawa coupling running to zero.
However, their coupled beta functions make them run
asymptotically to the IR attractor given by
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This allows � to be written in terms of g, and we can
use (4) to find the 2-loop masses of the dual squarks and
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where eb = 3 eNc �Nf is negative. The mesons maintain a
positive mass throughout the free magnetic window, as
do the dual squarks for most of the window. However,
at the upper end Nf & 1.43Nc (in the large Nc limit),
the dual squark mass turns negative and we expect a
baryonic runaway towards an uncalculable minimum.

Concretely, for Nf & 1.43Nc we consider giving D-flat
VEVs to the dual squark

q = eB
 

1 eNc⇥ eNc

0 eNc⇥Nc

!
. (39)

The e↵ect of this is to Higgs the dual gauge group at
the scale eB, and to give masses to the dual anti-quarks
and some of the mesons. Substituting their equations
of motion eliminates the superpotential. Eq. (37) then
translates into a tachyonic mass for eB, where the gauge
coupling is evaluated at the scale eB.

The first detailed exploration of baryonic runaways
with SUSY breaking applied consistently between the

UV and IR was undertaken in [15] (see also the more
recent [19]). In both of these works, which used di↵er-
ent mechanisms to break SUSY, baryonic runaways were
present throughout the free-magnetic phase. It is encour-
aging that AMSB, while not eliminating them, lifts these
directions for most of the phase.

B. Mesonic branch

In this section we give the meson a VEV with full rank,
repeating the analysis of [21]. This gives masses to the
dual quarks and anti-quarks. Without their e↵ects, the
beta function of the gauge theory flips sign, allowing the
theory to generate a new IR dynamical scale given by

⇤3 eNc
L = e⇤3 eNc�Nf detM. (40)

The usual superpotential of pure SYM is generated:

W = eNc⇤
3
L = eNc(detM)1/

eNc (41)

where as usual we have set e⇤ = 1. Upon adding tree
level AMSB, the minimum can be found along the ho-
mogeneous direction M = v1 with the potential

V = Nf |v
Nf/ eNc�1
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(43)
The 2-loop potential from (38) contributes at the same

order in m, however it is loop suppressed. We find that
the chiral symmetry breaking minimum is stable.

C. Mixed branches

Instead of turning on all of the meson VEVs, we can
choose to turn on only some of them. These will reveal
tree level AMSB contributions within the free magnetic
phase with tree level runaways. However, as in the case of
s-confinement, the AMSB loop e↵ects will stabilize these
directions.
We begin by writing the meson matrix as

M =

 
fMRf⇥Rf 0

0 cM(Nf�Rf )⇥(Nf�Rf )

!
(44)

and without loss of generality we look for minima at di-
agonal M . We then give the lower component cM a VEV.
This gives masses to Nf � Rf flavors of quarks, leaving

an SU( eNc) gauge theory with Rf massless flavors and a
new dynamical scale

⇤
3 eNc�Rf

L = e⇤3 eNc�Nf detcM (45)
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where eb = 3 eNc �Nf is negative. The mesons maintain a
positive mass throughout the free magnetic window, as
do the dual squarks for most of the window. However,
at the upper end Nf & 1.43Nc (in the large Nc limit),
the dual squark mass turns negative and we expect a
baryonic runaway towards an uncalculable minimum.

Concretely, for Nf & 1.43Nc we consider giving D-flat
VEVs to the dual squark
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The e↵ect of this is to Higgs the dual gauge group at
the scale eB, and to give masses to the dual anti-quarks
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of motion eliminates the superpotential. Eq. (37) then
translates into a tachyonic mass for eB, where the gauge
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repeating the analysis of [21]. This gives masses to the
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The 2-loop potential from (38) contributes at the same

order in m, however it is loop suppressed. We find that
the chiral symmetry breaking minimum is stable.
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tree level AMSB contributions within the free magnetic
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3Nc>Nf>3/2 Nc Conformal Window
•  Three regions  

• SCFT destroyed by AMSB in all regions 

• Lower conformal window (BZ in dual)     

Lower conformal window: baryonic runaways to uncalculable 
regions 

Intermediate regime: fully uncalculable 

Upper conformal window: no runaways, stable chiral symmetry 
breaking minimum 8

A. Lower conformal window

We begin by considering Nf = 3 eNc/(1 + ✏) where

✏ ⌧ 1, and will work in the large eNc limit and lead-
ing non-trivial order in ✏ for simplicity. For notational
convenience, we define

x ⌘
Ñc

8⇡2
�
2
, y ⌘

Ñc

8⇡2
g
2
. (53)

The beta functions of the magnetic theory, including
the 2-loop contribution for y, are

�(x) = x(�2y + 7x), (54)

�(y) = �3y2(✏� y + 3x). (55)

They admit a BZ fixed point at (x0, y0) = (2✏, 7✏). As
the theory flows to the IR, x and y will approach this
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Thus in the lower conformal window the dual squarks
are tachyonic and there is a runaway to an incalculable
minimum.

B. Upper conformal window
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As expected the squark mass is positive. As long as
3✏2 < 1 (this bound is outside of our small ✏ limit and
should be taken with a grain of salt), at some point in
the RG flow the squark and gluino masses will exceed the
renormalization scale. At this point the superpartners
can be integrated out and the superconformal phase is
destroyed. What remains is non-SUSY QCD and must
be analyzed from the (albeit strongly-coupled) magnetic
description.

C. Chiral symmetry breaking minimum

We have shown that AMSB, at both the top and bot-
tom of the conformal window, destroys the superconfor-
mal phase. It is reasonable to assume this is the case
throughout the window. Furthermore, we demonstrated
that at the bottom of the window the theory has a run-
away to an incalculable minimum.
Looking instead for local minima, we examine the

mesonic branch. Just as in the free magnetic phase, this
gives masses to the dual quarks and generates a new dy-
namical scale. The superpotential is given by (41). How-
ever, unlike the free magnetic phase where the Kähler re-
ceives logarithmic wave-function renormalization (which
we ignored), in the conformal window we have

ZM (µ) ⇠ µ
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which is evaluated at µ = v, where M = v1. The result
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is modified to [27]
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Note that � goes from 4 (Nf = 3
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back to 4 (Nf = 3Nc).

VIII. Nf � 3Nc: FREE ELECTRIC PHASE

For large number of flavors, the 2-loop squark mass
from AMSB is negative, leading to true runaway behav-
ior. AMSB cannot be used to understand the non-SUSY
theory in this case.

IX. CONCLUSIONS

We carefully analyzed the behavior of SU(Nc) gauge
theories with Nf flavors upon the application of AMSB,

8

A. Lower conformal window

We begin by considering Nf = 3 eNc/(1 + ✏) where

✏ ⌧ 1, and will work in the large eNc limit and lead-
ing non-trivial order in ✏ for simplicity. For notational
convenience, we define

x ⌘
Ñc
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We have shown that AMSB, at both the top and bot-
tom of the conformal window, destroys the superconfor-
mal phase. It is reasonable to assume this is the case
throughout the window. Furthermore, we demonstrated
that at the bottom of the window the theory has a run-
away to an incalculable minimum.
Looking instead for local minima, we examine the
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gives masses to the dual quarks and generates a new dy-
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ceives logarithmic wave-function renormalization (which
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is that the scaling of the local chiral symmetry minimum
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that for the majority of the free magnetic phase (Nc+1 <

Nf . 1.43Nc) the baryonic runaway directions are lifted,
and the chiral symmetry breaking minimum is stable and
likely the global minimum of the theory. The analysis
itself is quite involved, as one has to examine several
branches, which we will present below.

We proceed by first analyzing the baryonic direction,
where the entire dual gauge group is Higgsed. As men-
tioned, the free magnetic phase for Nf . 1.43Nc is free
of runaways in this direction. We next exhibit the chiral
symmetry breaking minimum along the mesonic direc-
tion. Finally, we check the mixed directions, where only
some meson VEVs are turned on, to ensure that they
contain no runaways.

A. RG analysis and baryonic branches

In a small neighborhood of the origin of moduli space,
the theory is allowed to run into the deep IR. As sug-
gested by the name, the theory is IR free, with both the
gauge coupling g and Yukawa coupling running to zero.
However, their coupled beta functions make them run
asymptotically to the IR attractor given by

0 =
d

d logµ

g
2

�2
. (36)

This allows � to be written in terms of g, and we can
use (4) to find the 2-loop masses of the dual squarks and
the mesons

m
2
q =

(�eb)g4

(16⇡2)2
N

2
f � 3Nf

eNc �
eN2
c + 1

2Nf + eNc

m
2 (37)

m
2
M =

(�eb) eNc�
2
g
2

(16⇡2)2
m

2 (38)

where eb = 3 eNc �Nf is negative. The mesons maintain a
positive mass throughout the free magnetic window, as
do the dual squarks for most of the window. However,
at the upper end Nf & 1.43Nc (in the large Nc limit),
the dual squark mass turns negative and we expect a
baryonic runaway towards an uncalculable minimum.

Concretely, for Nf & 1.43Nc we consider giving D-flat
VEVs to the dual squark

q = eB
 

1 eNc⇥ eNc

0 eNc⇥Nc

!
. (39)

The e↵ect of this is to Higgs the dual gauge group at
the scale eB, and to give masses to the dual anti-quarks
and some of the mesons. Substituting their equations
of motion eliminates the superpotential. Eq. (37) then
translates into a tachyonic mass for eB, where the gauge
coupling is evaluated at the scale eB.

The first detailed exploration of baryonic runaways
with SUSY breaking applied consistently between the

UV and IR was undertaken in [15] (see also the more
recent [19]). In both of these works, which used di↵er-
ent mechanisms to break SUSY, baryonic runaways were
present throughout the free-magnetic phase. It is encour-
aging that AMSB, while not eliminating them, lifts these
directions for most of the phase.

B. Mesonic branch

In this section we give the meson a VEV with full rank,
repeating the analysis of [21]. This gives masses to the
dual quarks and anti-quarks. Without their e↵ects, the
beta function of the gauge theory flips sign, allowing the
theory to generate a new IR dynamical scale given by

⇤3 eNc
L = e⇤3 eNc�Nf detM. (40)

The usual superpotential of pure SYM is generated:

W = eNc⇤
3
L = eNc(detM)1/

eNc (41)

where as usual we have set e⇤ = 1. Upon adding tree
level AMSB, the minimum can be found along the ho-
mogeneous direction M = v1 with the potential

V = Nf |v
Nf/ eNc�1

|
2 + (Nf � 3 eNc)mv

Nf/ eNc + c.c. (42)

at the point

v =

 
(3 eNc �Nf )m

Nf � eNc

! fNc
Nf�2fNc

, Vmin = �O

 
m

2
Nf�fNc

Nf�2fNc

!
.

(43)
The 2-loop potential from (38) contributes at the same

order in m, however it is loop suppressed. We find that
the chiral symmetry breaking minimum is stable.

C. Mixed branches

Instead of turning on all of the meson VEVs, we can
choose to turn on only some of them. These will reveal
tree level AMSB contributions within the free magnetic
phase with tree level runaways. However, as in the case of
s-confinement, the AMSB loop e↵ects will stabilize these
directions.
We begin by writing the meson matrix as

M =

 
fMRf⇥Rf 0

0 cM(Nf�Rf )⇥(Nf�Rf )

!
(44)

and without loss of generality we look for minima at di-
agonal M . We then give the lower component cM a VEV.
This gives masses to Nf � Rf flavors of quarks, leaving

an SU( eNc) gauge theory with Rf massless flavors and a
new dynamical scale

⇤
3 eNc�Rf

L = e⇤3 eNc�Nf detcM (45)
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A. Lower conformal window

We begin by considering Nf = 3 eNc/(1 + ✏) where

✏ ⌧ 1, and will work in the large eNc limit and lead-
ing non-trivial order in ✏ for simplicity. For notational
convenience, we define
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Ñc

8⇡2
�
2
, y ⌘

Ñc
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The beta functions of the magnetic theory, including
the 2-loop contribution for y, are

�(x) = x(�2y + 7x), (54)

�(y) = �3y2(✏� y + 3x). (55)

They admit a BZ fixed point at (x0, y0) = (2✏, 7✏). As
the theory flows to the IR, x and y will approach this
point from above, along the trajectory specified by (36).
Define �x = x � x0 and �y = y � y0. Close to the fixed
point this yields
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Thus in the lower conformal window the dual squarks
are tachyonic and there is a runaway to an incalculable
minimum.

B. Upper conformal window

We now examine the upper conformal window via the
electric description, reviewing the results of [27]. Now
Nf = 3Nc/(1 + ✏), and we use all conventions of the
previous section. The beta function at 2-loop is

�(y) = �3y2(✏� y) (61)

where the BZ fixed point y0 = ✏ is now approached from
below as

(��y) ⇠ µ
3✏2

. (62)

From (4) and (5) we obtain the squark and gluino
masses

m
2
Q =

3

4
✏
2(��y)m2 (63)

m� =
3

2
(��y)m. (64)

As expected the squark mass is positive. As long as
3✏2 < 1 (this bound is outside of our small ✏ limit and
should be taken with a grain of salt), at some point in
the RG flow the squark and gluino masses will exceed the
renormalization scale. At this point the superpartners
can be integrated out and the superconformal phase is
destroyed. What remains is non-SUSY QCD and must
be analyzed from the (albeit strongly-coupled) magnetic
description.

C. Chiral symmetry breaking minimum

We have shown that AMSB, at both the top and bot-
tom of the conformal window, destroys the superconfor-
mal phase. It is reasonable to assume this is the case
throughout the window. Furthermore, we demonstrated
that at the bottom of the window the theory has a run-
away to an incalculable minimum.
Looking instead for local minima, we examine the

mesonic branch. Just as in the free magnetic phase, this
gives masses to the dual quarks and generates a new dy-
namical scale. The superpotential is given by (41). How-
ever, unlike the free magnetic phase where the Kähler re-
ceives logarithmic wave-function renormalization (which
we ignored), in the conformal window we have

ZM (µ) ⇠ µ
1�3 eNc/Nf (65)

which is evaluated at µ = v, where M = v1. The result
is that the scaling of the local chiral symmetry minimum
is modified to [27]
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Note that � goes from 4 (Nf = 3
2Nc) to 5 (Nf = 2Nc)

back to 4 (Nf = 3Nc).

VIII. Nf � 3Nc: FREE ELECTRIC PHASE

For large number of flavors, the 2-loop squark mass
from AMSB is negative, leading to true runaway behav-
ior. AMSB cannot be used to understand the non-SUSY
theory in this case.

IX. CONCLUSIONS

We carefully analyzed the behavior of SU(Nc) gauge
theories with Nf flavors upon the application of AMSB,
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The Chiral Lagrangian and 𝛈’ potential

• AMSB also a nice tool to find chiral Lagrangian and 
examine dynamics leading to 𝛈’ mass (or axion mass in 
extensions) 

• Naive assumption U(1)A anomalous, broken by 
instantons, so instanton effects will give mass to 𝛈’? 

• Form of chiral Lagrangian would be 

R. d’Agnolo, R. Gupta, E. Kuflik, T. Roy,  
M. Ruhdorfer  and C.C.

where we assumed that the anomaly is due to fundamental fermions of an SU(N) gauge

group. In the absence of the anomaly the Goldstone boson ⌘0 corresponding to the breaking

of the U(1)A would be massless, however in the presence of anomalies it would be expected

to be just another massive particle. In particular ‘t Hooft argued that instanton e↵ects will

solve the U(1) problem: the case of the missing ninth Goldstone boson in QCD.

The general approach to capture this physics is to promote the ✓ parameter of the gauge

theory causing the U(1)A anomaly to a spurion. We know that the chiral rotation  i ! ei↵ i

has the e↵ect of rotating the ✓ angle:

✓ ! ✓ � F↵ . (2.2)

As customary in supersymmetric theories, we can introduce a complex coupling constant

⌧ =
8⇡2

g2
+ i✓ (2.3)

where g is the gauge coupling. The instanton action is 8⇡2/g2, hence one instanton e↵ects are

proportional to e�8⇡2/g2
/ e�⌧

/ e�i✓. This means that instanton e↵ects will always involve

an explicit e±in✓ factor, where n is an integer, giving rise to the explicit breaking of the axial

symmetry.

As an example we can consider the simplest term in the chiral Lagrangian that would

correspond to a one-instanton e↵ect. For this we need to introduce the non-linearly realized

Goldstone field U , which under the SU(N)L⇥SU(N)R⇥U(1)A global symmetries transforms

as

U ! ei↵ULUU †
R (2.4)

and can be parametrized as

U = ei⌘
0/f⌘0ei⇡

aTa/f⇡ (2.5)

in accordance with the expectation that the ⌘0 shifts under the axial symmetry as

⌘0/f⌘0 ! ⌘0/f⌘0 + ↵ (2.6)

f⌘0 and f⇡ are the ⌘0 and ⇡ decay constants. We will assume for simplicity that f⌘0 = f⇡ to

ensure that one does not need to rescale the ⌘0 field to obtain a canonical kinetic term for it.

In addition to the usual leading terms in the chiral Lagrangian

L = f2
⇡Tr

h
(@µU)†@µU

i
+ a⇤f2

⇡TrmQU + h.c. (2.7)

where ⇤ ⇠ 4⇡f⇡ is the QCD scale. An instanton generated term would be of the form

Linst = b⇤2f2
⇡e

i✓ detU + h.c. (2.8)

where b is an unknown dimensionless coe�cient. This term breaks the axial symmetry ex-

plicitly, which is however restored if we take the shift of ✓ into account. The reason why

– 2 –
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The Chiral Lagrangian and 𝛈’ potential

• Would correspond to instanton effect because ~ ei𝜽 

• Would give 𝛈’ mass ~ 𝝠  

• Consistent with spurion analysis for axial U(1): 

• After integrating out 𝛈’ get low-energy action 
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this term would correspond to an ordinary instanton is because it is proportional to ei✓ - the

hallmark of 1-instanton e↵ects. The resulting potential for ⌘0 will be

V⌘0 = 2b⇤2 cos(✓ + F⌘0) , (2.9)

a function explicitly 2⇡ periodic in ✓ without branch cuts or singularities. To analyze the

vacuum structure (and the axion mass) one then needs to integrate out the ⌘0 and after that

the pions. Since the ⌘0 is much heavier than the pions, we can set ⌘0 = �(✓+ 2k⇡)/F , where

k is an arbitrary integer. We can also assume that the quark mass matrix has one overall

phase ✓q (which can always be achieved by a suitable SU(F )⇥ SU(F ) rotation). Hence the

potential for the true Goldstone bosons is given by

a⇤f2
⇡e

�i(✓̄+2k⇡)/FTr(mqe
i⇡aTa/f⇡) + h.c. (2.10)

where ✓̄ = ✓ � F✓q = ✓ � arg detmQ is the usual physical ✓̄. To find the ✓ dependence one

needs to find the minima of the neutral Goldstone bosons. For F flavors there will be F � 1

neutral Goldstones corresponding to Cartan sub-algebra of the generators t1, . . . , tF�1, which

can be simultaneously diagonalized. The resulting potential will be

V = 2a⇤f2
⇡

X

i=1,...,F

mi cos(�
✓̄ + 2k⇡

F
+

X

j=1,...,F�1

tij⇡
j) (2.11)

where tij is the jth diagonal element of the ith Cartan generator. Clearly if any mi = 0 one

can simply set the remaining F � 1 arguments of the cosines to zero and reabsorb ✓̄ into the

VEVs of the neutral mesons. However if all mi’s are non-zero one needs to minimize the

potential of the sum of cosines and the value at the minimum will be ✓̄ dependent, leading to

the non-vanishing axion mass. For example for F = 2 the potential is

V = 2a⇤f2
⇡(mu cos(�

✓̄

2
+ k⇡ + ⇡0) +md cos(�

✓̄

2
+ k⇡ � ⇡0)) (2.12)

in which case the inequivalent choices for k are k = 0, 1. with the minimum of the potential

given by

Vmin = �2|a|⇤f2
⇡

q
m2

u +m2
d + 2mumd cos ✓̄ (2.13)

For F = 3 we get

V = 2a⇤f2
⇡(mu cos(�

✓̄ + 2k⇡

3
+⇡0+⌘)+md cos(�

✓̄ + 2k⇡

3
�⇡0+⌘)+ms cos(�

✓̄ + 2k⇡

3
�2⌘))

(2.14)

where now k = 0, 1, 2 are inequivalent. The equations for ⇡0, ⌘ have to be minimized numer-

ically.
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The Chiral Lagrangian and 𝛈’ potential
• Issue: large N limit anomaly vanishes 

• 𝛈’ mass should vanish in this limit 

• But from                                does not vanish for large 
N 

• Witten: 𝛈’ needs to cancel 𝜽 dependence of pure QCD 
vacuum energy 

• Form of potential more like  

3 Instanton vs. condensates: large N limit and branched potential

Witten and Veneziano pointed out however that the situation regarding the ⌘0 potential might

not be as simple as outlined in the previous discussion. The best way to see the possible issue

is by considering the large N limit of the theory, keeping the ‘t Hooft coupling g2N = � fixed.

The chiral anomaly (assuming the number of flavors is held fixed) vanishes in this limit

@µj
µ
A ⇠ F

g2

16⇡2
TrGG̃ ⇠

�

16⇡2

F

N
TrGG̃ ! 0 (3.1)

hence the expectation is that the ⌘0 mass also vanishes in this limit. However the type of

instanton generated term we have used in the previous section ⇤2f2ei✓ detU does not go to

zero for N ! 1 since ⇤ is fixed, so in the large N limit it is unlikely to capture the correct

physics responsible for the ⌘0 mass. In fact a naive argument would suggest that all instanton

e↵ects should vanish in the large N limit, since the instanton action e�8⇡2/g2
/ e�N , however

this may not be correct due to infrared divergences and the growth of the number of zero

modes one needs to integrate over. We will in fact see later cases when there are finite

instanton e↵ects even at large N .

Another convincing argument of Witten is to consider the e↵ect of a massless fermion.

We know that in the presence of a massless ✓ becomes unphysical, since it can be rotated

away by a chiral rotation on the massless fermion. However the vacuum energy of pure QCD

without fermions scales as

E(✓) = N2f(✓) (3.2)

and adding a fermion will give you subleading (1/N -suppressed) corrections to E(✓), and

it seems hard to understand then how the cancellation in the large N limit could occur.

Witten explained that the loophole in this argument is the N -dependence of the ⌘0 mass: if

m2
⌘0 ⇠ 1/N then it can be the source of the cancelation of the ✓-dependence. This leads to

the Veneziano-Witten formula for the ⌘0 mass:

m2
⌘0 =

4F

f2
⇡

d2E

d✓2

����
pure QCD

✓=0

(3.3)

This however implies that the proper term in the chiral Lagrangian accounting for the ⌘0 mass

should rather be of the form

L⌘0 = ⇤2f2
⇡(e

i✓detU)1/N (3.4)

which has several important consequences.1

• The dynamics of the ⌘0 mass does not actually directly originate from an instanton

e↵ect. Instanton terms should always be proportional to ein✓ with n integer.

1Note that one may instead use a term 1/N(log detU � ✓)2 which is essentiall just a pure ⌘0 mass term

1/N(⌘0 � f✓)2.
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hallmark of 1-instanton e↵ects. The resulting potential for ⌘0 will be

V⌘0 = 2b⇤2 cos(✓ + F⌘0) , (2.9)

a function explicitly 2⇡ periodic in ✓ without branch cuts or singularities. To analyze the

vacuum structure (and the axion mass) one then needs to integrate out the ⌘0 and after that

the pions. Since the ⌘0 is much heavier than the pions, we can set ⌘0 = �(✓+ 2k⇡)/F , where

k is an arbitrary integer. We can also assume that the quark mass matrix has one overall

phase ✓q (which can always be achieved by a suitable SU(F )⇥ SU(F ) rotation). Hence the

potential for the true Goldstone bosons is given by

a⇤f2
⇡e

�i(✓̄+2k⇡)/FTr(mqe
i⇡aTa/f⇡) + h.c. (2.10)

where ✓̄ = ✓ � F✓q = ✓ � arg detmQ is the usual physical ✓̄. To find the ✓ dependence one

needs to find the minima of the neutral Goldstone bosons. For F flavors there will be F � 1

neutral Goldstones corresponding to Cartan sub-algebra of the generators t1, . . . , tF�1, which

can be simultaneously diagonalized. The resulting potential will be

V = 2a⇤f2
⇡

X

i=1,...,F

mi cos(�
✓̄ + 2k⇡

F
+

X

j=1,...,F�1

tij⇡
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3
�2⌘))
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3 Instanton vs. condensates: large N limit and branched potential

Witten and Veneziano pointed out however that the situation regarding the ⌘0 potential might

not be as simple as outlined in the previous discussion. The best way to see the possible issue

is by considering the large N limit of the theory, keeping the ‘t Hooft coupling g2N = � fixed.

The chiral anomaly (assuming the number of flavors is held fixed) vanishes in this limit

@µj
µ
A ⇠ F

g2

16⇡2
TrGG̃ ⇠

�

16⇡2

F

N
TrGG̃ ! 0 (3.1)

hence the expectation is that the ⌘0 mass also vanishes in this limit. However the type of

instanton generated term we have used in the previous section ⇤2f2ei✓ detU does not go to
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physics responsible for the ⌘0 mass. In fact a naive argument would suggest that all instanton

e↵ects should vanish in the large N limit, since the instanton action e�8⇡2/g2
/ e�N , however

this may not be correct due to infrared divergences and the growth of the number of zero

modes one needs to integrate over. We will in fact see later cases when there are finite

instanton e↵ects even at large N .

Another convincing argument of Witten is to consider the e↵ect of a massless fermion.

We know that in the presence of a massless ✓ becomes unphysical, since it can be rotated

away by a chiral rotation on the massless fermion. However the vacuum energy of pure QCD

without fermions scales as

E(✓) = N2f(✓) (3.2)

and adding a fermion will give you subleading (1/N -suppressed) corrections to E(✓), and

it seems hard to understand then how the cancellation in the large N limit could occur.
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The Chiral Lagrangian and 𝛈’ potential

•  Non-analytic - how is it 2𝛑 periodic in 𝜽?  

• Need to have several branches, potential of the form  

• 𝛈’ acts like a (heavy)  axion and relaxes to minimum 
of potential to cancel 𝜽 dependence (and wash out 
branch structure) 

• Check this picture in AMSB QCD

• The non-analytic form of (3.4) implies that the vacuum structure of pure QCD is non-

trivial with various branches, connected by first order phase transitions. This is needed

to ensure that physics remains 2⇡ periodic in shifts of ✓. For example a function of the

sort

V (✓) = Mink⇤
2f2 cos(

✓ + 2⇡k

N
), k = 0, . . . , N � 1 (3.5)

would satify the conditions, in which case one has N di↵erent branches.

Once fermions are introduced, the ✓-dependence will change to ✓ ! ✓ + ⌘0F , and the

potential in the chiral Lagrangian responsible for the ⌘0 mass will be of the form

V (✓, ⌘0) = ⇤2f2Mink cos(
✓ + F⌘0 + 2⇡k

N
), k = 0, . . . , N � 1 (3.6)

What happens to the branches as a result of introducing the ⌘0? The ⌘0 will adjust to the

minimum of the potential so as to cancel the ✓-dependence, in essence itself acting like an

axion. This will wash out the presence of the various branches of pure QCD, with the only

remnant being the value of the ⌘0 VEV

h⌘0i = �
✓ + 2⇡k

F
. (3.7)

In the absence of quark masses (explicit breaking terms) the ✓ dependence completely disap-

pears as expected. Once quark masses are added, the ✓-dependence resurfaces through the

✓-dependence of the ⌘0 VEV (which now is just an overall phase of the U matrix). However

the story is stil not finished: the light pseudo-Goldstone bosons themselves act as axions and

would like to cancel the remaining ✓-dependence of the Lagrangian. However for F quark

masses there are only F � 1 neutral Goldstone bosons, and one can not fully cancel all the

✓-dependence of the Lagrangian, hence the need for the extra axion that will slide to cancel

the remaining ✓-dependence.

4 Kaplan-Manohar transoformations and massless up quark

5 Chiral Lagrangian from supersymmetric theory with AMSB

The tree-level scalar potential in AMSB is given by [? ]

Vtree = @iWgij
⇤
@⇤
jW

⇤ +m⇤m
⇣
@iKgij

⇤
@⇤
jK �K

⌘
+m

⇣
@iWgij

⇤
@⇤
jK � 3W

⌘
+ c.c. , (5.1)

where gij⇤ = @i@⇤
jK is the Kähler metric and gij

⇤
its inverse.

AMSB generates gaugino and squark masses at the loop-level [? ]

m� =
g2

16⇡2
(3N � F )m, m2

Q = m2
Q̄ =

g4

(8⇡2)2
2Ci(3N � F )m2 , (5.2)

with Ci = (N2
� 1)/(2N). Note that in the limit N � F the physical masses m�,mQ,mQ̄ /

(g2N)m depend only on the constant combination g2N = const., s.t. the physical masses are

finite if m has no dependence on N .
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The Chiral Lagrangian in AMSB QCD

•  Consider first F<N as we did before - with quark 
mass 

• The meson VEV as usual 

• The meson matrix: 

• 𝛈’ part of U matrix, need to make sure we keep the 
whole phase everywhere

6 F < N : the ADS superpotential: example of an instanton generated ⌘0

mass

For F < N quark flavors the superpotential can be written in terms of the meson matrix

Mff 0 = Q̄fQf 0

W = (N � F )

✓
⇤3N�F

detM

◆1/(N�F )

+Tr(MQM) , (6.1)

where the first term is the non-perturbative ADS superpotential [? ? ] and the second is

a mass term for the quark superfields. For convenience we will take (MQ)ij = mQ�ij in the

following and assume mQ ⌧ m ⌧ ⇤, i.e. mQ is a small spurion that explicitly breaks the

U(F )⇥ U(F ) flavor symmetry, just like the quark masses in regular QCD.

We parameterize the D-flat directions as Qa
f = Q̄a

f = ��af which implies Mff 0 = �2�ff 0

and determine the scalar potential for � using Eq. (5.1) 1

V = (2F )�1

�����
2F

�

✓
⇤3N�F

�2F

◆1/(N�F )

� 2FmQ�

�����

2

�m

"
(3N � F )

✓
⇤3N�F

�2F

◆1/(N�F )

+ FmQ�
2

#
+ c.c. .

(6.2)

For mQ ⌧ m ⌧ ⇤ this is solved by

� = ⇤

✓
N + F

3N � F

⇤

m

◆(N�F )/(2N)

+O(mQ/m) . (6.3)

[MR: Note that this di↵ers from the result in [? ? ] by a factor of 4F in the parenthesis.]

[RTD: I see that you’re using gij = 2F �ij , but the Kaler to me looks canonical. Looking at

your notes it seems that you took the derivatives after putting the quarks to their vev, but

if you do it before gij = �ij ][RTD: Btw is there a typo in Eq.(2) of the second reference? I

think that a |@iW |
2 term is missing. You have it and I agree with you.]Thus the U(F )⇥U(F )

flavor symmetry is spontaneously broken to its diagonal subgroup U(F )d. We parameterize

the Goldstone bosons (GBs) in a unitary matrix U whose phase can be identified with the ⌘0,

the pseudo-GB associated with the spontaneous breaking of the anomalous U(1)A symmetry

(cf [? ])

Qa
f = |�|�af , Q̄a

f = Qa
f 0Uf 0f , M = |�|2U , (6.4)

where we used that the phase of � can be absorbed in the definition of ⌘0.

The scalar potential for U can be obtained from the potential for Q and Q̄ after the

substitution of Eq. (6.4)

V =�m

"
(3N � F )

✓
⇤3N�F

|�|2F

◆1/(N�F )

det(U)�1/(N�F ) + |�|2Tr(mQU)

#
+ c.c.

� 2

✓
⇤3N�F

|�|2F

◆1/(N�F )

det(U)�1/(N�F )Tr(m†
QU

†) + c.c .

(6.5)

1Note that the Kähler potential for � is not canonical K = 2F�†� and consequently g��† = 2F .
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The Chiral Lagrangian in AMSB QCD

• Chiral Lagrangian:  

• Has the branch structure like Witten predicted, but 1/
(N-F) power. 𝛈’ potential: 

6 F < N : the ADS superpotential: example of an instanton generated ⌘0

mass

For F < N quark flavors the superpotential can be written in terms of the meson matrix

Mff 0 = Q̄fQf 0

W = (N � F )

✓
⇤3N�F

detM

◆1/(N�F )

+Tr(MQM) , (6.1)

where the first term is the non-perturbative ADS superpotential [? ? ] and the second is

a mass term for the quark superfields. For convenience we will take (MQ)ij = mQ�ij in the

following and assume mQ ⌧ m ⌧ ⇤, i.e. mQ is a small spurion that explicitly breaks the

U(F )⇥ U(F ) flavor symmetry, just like the quark masses in regular QCD.

We parameterize the D-flat directions as Qa
f = Q̄a

f = ��af which implies Mff 0 = �2�ff 0

and determine the scalar potential for � using Eq. (5.1) 1

V = (2F )�1

�����
2F

�

✓
⇤3N�F

�2F

◆1/(N�F )

� 2FmQ�

�����

2

�m

"
(3N � F )

✓
⇤3N�F

�2F

◆1/(N�F )

+ FmQ�
2

#
+ c.c. .

(6.2)

For mQ ⌧ m ⌧ ⇤ this is solved by

� = ⇤

✓
N + F

3N � F

⇤

m

◆(N�F )/(2N)

+O(mQ/m) . (6.3)

[MR: Note that this di↵ers from the result in [? ? ] by a factor of 4F in the parenthesis.]

[RTD: I see that you’re using gij = 2F �ij , but the Kaler to me looks canonical. Looking at

your notes it seems that you took the derivatives after putting the quarks to their vev, but

if you do it before gij = �ij ][RTD: Btw is there a typo in Eq.(2) of the second reference? I

think that a |@iW |
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1Note that the Kähler potential for � is not canonical K = 2F�†� and consequently g��† = 2F .
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For now we are mainly interested in the dependence on ⌘0 and ✓, which is why we take

U = exp(i⌘0/f⌘0) and use that ⇤3N�F = |⇤|3N�F ei✓. With this the scalar potential simplifies
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(6.6)

where ✓Q is the phase of mQ and the 2⇡k/(N � F ) comes from the branches of the complex
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where we absorbed j in the definition of k. The actual vacuum lies on the branch with
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where we used that in pure SYM |⇤| / N |⇤phys| (see Appendix A). This result reproduces
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(6.10)
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The Chiral Lagrangian in AMSB QCD

•  For N-F>1 NOT an instanton effect  

• We know it is actually gaugino condensation 

• For F=N-1 it actually IS an instanton effect, and no 
branches in QCD 

• In that case the 𝛈’ mass does not vanish for large N 

• But also anomaly does not vanish, since both F,N →∞ 

• Which one is QCD? Does QCD with F=N have 
branches or not? 



The Chiral Lagrangian in AMSB QCD

• F~N both large the situation is very different! 

• For example F=N-1 and both large 

• No branches, 𝛈’ mass does not go to zero  

• Large F,N qualitatively different from large N, fixed F 
limits!  

where we used the relation from pure SYM that |⇤| / N |⇤phys|. This nicely shows that

the leading term in the large N limit still comes from gaugino condensation in the unbroken

part of the group, whereas quark contributions are suppressed by one power of N . It is

also straightforward to see that for mQ = 0, i.e. when the axial symmetry at the classical

level is unbroken, the ⌘0 mass m2
⌘0 / F 2m|⇤phys|

3/f2
⌘0 ⇠ 1/N vanishes in the N ! 1 limit

(f⌘0 / |�| ⇠
p
N) and the ⌘0 becomes an exact GB, which is a consequence of the anomaly

term vanishing in the large N limit. In this limit ✓ is unphysical as it can be absorbed in the

definition of ⌘0. In addition the vacuum structure of SQCD after integrating out the ⌘0 has

F branches, as was already mentioned above.

The situation changes when both F and N are large. For F = N�1 the ADS superpoten-

tial is generated by instantons and the branched structure for the combined {⌘0, ✓} potential

disappears, i.e. it is trivially 2⇡ periodic in ✓. In the limit N � 1 with F = N � 1 fixed the

potential takes the form
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◆
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(6.11)

The most striking feature is that both terms have the same scaling with N with a non-integer

exponent [MR: ⇤ should scale di↵erently in this limit! Also are there loop terms which which

scale as m|⇤|3?]. It is also obvious that the ⌘0 mass does not vanish in the large N limit but

scales as m2
⌘0 / N11/3m2

|⇤phys|
2/f2

⌘0 ⇠ N3 (f⌘0 / |�| ⇠ N1/3 in this case). This is easy to

understand from the form of the axial anomaly in Eq. (2.1) which contains the combination

Fg2 ' Ng2 = const. Thus the anomaly does not vanish in the large N limit when the number

of flavors is also large.

Note however that the branched vacuum structure reappears when ⌘0 is integrated out.

For m � |mQ| the first term dominates and fixes (N � 1)⌘0/f⌘0 � ✓ = 2⇡k. Once the ⌘0 VEV

is plugged into the second term we recover a potential with a branched vacuum structure

Vk(✓) = �6N5/3m|mQ||⇤phys|
2 cos

✓
✓ + (N � 1) ✓Q + 2⇡k

N � 1

◆
. (6.12)

[MR: Is the N scaling of the prefactor correct?]

7 F = N,N + 1: the confining cases

For F = N the degrees of freedom are the meson matrix Mff 0 and the baryon fields

B = ✏f1···fNBf1···fN and similarly for B̄, where Bf1···fN and B̄f1···fN are the completely an-

tisymmetric color singlet combinations of the quark and anti-quark superfields Q and Q̄,

respectively. The degrees of freedom describing the moduli space satisfy a quantum modified

constraint

det(M)� B̄B = ⇤2N . (7.1)
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B = ✏f1···fNBf1···fN and similarly for B̄, where Bf1···fN and B̄f1···fN are the completely an-

tisymmetric color singlet combinations of the quark and anti-quark superfields Q and Q̄,

respectively. The degrees of freedom describing the moduli space satisfy a quantum modified
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The Chiral Lagrangian in AMSB QCD

• The F=N,N+1 special cases 

• Only consider mesonic VEV, assume other branches 
OK 

• For example F=N 

• Resulting 𝛈’ potential 

• No branches - looks like an instanton effect!

This constraint is implemented in the superpotential with the help of a Lagrange multiplier

superfield X

W = X

✓
det(M)� B̄B

⇤2N
� 1

◆
+mQTr(M) . (7.2)

Note that we chose to normalize det(M) and B̄B such that X does not carry a charge under

the spurious U(1)A axial symmetry. Interpreting X as a dynamical degree of freedom we

consider the Kähler potential

K =
Tr(M †M)

↵|⇤|2
+

X†X

�|⇤|4
+

B̄†B̄

�|⇤|2N�2
+

B†B

�|⇤|2N�2
, (7.3)

where ↵,�, �, � are unknown O(1) numbers, which for simplicity we will set to one in the

following. Keeping only the quadratic terms in the Kähler potential is only justified if

M,X,B, B̄ ⌧ ⇤, which will turn out not to be the case. A more solid approach is to

start from F = N + 1 and then give one flavor a heavy mass µ with ⇤ � µ � m � mQ

and integrate it out. We have checked that this gives results which are compatible with the

current approach. We find a minimum with

Mij = |⇤|2�ij , X = �m|⇤|2 , B = B̄ = 0 . (7.4)

Parameterizing the GBs as M = |⇤|2U with U = exp(i⌘0/f⌘0) we find a potential that is given

by

V =� 2|⇤|2(|⇤|2 + (N � 2)m2) cos

✓
N

⌘0

f⌘0
� ✓

◆
� 2Nm|mQ||⇤|

2 cos

✓
(N � 1)

⌘0

f⌘0
� ✓Q � ✓

◆

� 4Nm|mQ||⇤|
2 cos

✓
⌘0

f⌘0
+ ✓Q

◆
.

(7.5)

Integrating out ⌘0 gives

Vk(✓) = �6Nm|mQ||⇤|
2 cos

✓
✓ +N ✓Q + 2⇡k

N

◆
, (7.6)

which is a straightforward extrapolation of the F = N � 1 case.

For F = N + 1 we consider the superpotential

W =
BiMijB̄j � det(M)

⇤2N�1
+mQTr(M) (7.7)

and a Kähler potential of the form

K =
Tr(M †M)

↵|⇤|2
+
X

i

B̄†
i B̄i

�|⇤|2N�2
+
X

i

B†
iBi

�|⇤|2N�2
, (7.8)
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The Chiral Lagrangian in AMSB QCD

• After integrating out 𝛈’ get the usual F branches 

• Very similar results for F=N+1: 

• Again looks like instanton effect - no branches 
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where ↵,�, � are unknown O(1) numbers, which for simplicity we will set to one in the

following. We find a minimum of the form

Mij = �2�ij , Bi = B̄i = 0 , with �2 = |⇤|2
✓
N � 2

N

m

|⇤|

◆1/(N�1)

. (7.9)

Parameterizing again the GBs as M = |�|2U we find the following potential for the ⌘0

V =� 2(N � 2)
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N � 2

N

m
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◆(N+1)/(N�1)
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◆
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m
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◆1/(N�1)

m|mQ||⇤|
2 cos

✓
⌘0

f⌘0
+ ✓Q

◆
.

(7.10)

In the N � 1 limit after integrating out the ⌘0 we obtain the SQCD vacuum energy

Vk(✓) = �6Nm|mQ||⇤|
2 cos

✓
✓ + (N + 1) ✓Q + 2⇡k

N + 1

◆
(7.11)

which again has the same structure.

[MR: We need to understand the strange scaling of the potential (m|mQ||⇤|2).]

8 F > N + 1: ADS superpotential in the dual gauge group

For F > N+1 we can study the low-energy dynamics in the dual SU(F �N) with dynamical

scale ⇤̃, F (anti-)fundamentals q (q̄) under SU(F � N) and the meson matrix M . The

superpotential is given by

Wd =
1

µ
qiMij q̄j +mQTr(M) , (8.1)

where µ is a scale which appears in the relation between the dynamical scales of the original

and dual theory

⇤3N�F ⇤̃3(F�N)�F = (�1)F�NµF . (8.2)

We consider a Kähler potential which contains the dynamical scale of the original theory

[MR: not sure if this is correct, but this was done in [? ].]

K =
Tr(M †M)

↵|⇤|2
+

1

�

 
X

i

q†i qi +
X

i

q̄†i q̄i

!
. (8.3)

A minimum of the scalar potential is given by

Mij = �2�ij , qi = q̄i = 0 , with �2 = |⇤|2
✓
2F � 3N

N

m

|⇤|

◆(F�N)/(2N�F )

. (8.4)
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The Chiral Lagrangian in AMSB QCD
• For F>N+1 - will have a Seiberg dual SU(F-N) 

• Along meson direction DUAL quarks get mass - will 
get gaugino condensate in dual group - analogous to 
ADS superpotential, will again have F-N branches… 

• We will get very similar results as for F<N, with  
N-F↔F-N

This leads to the following potential for ⌘0 and ✓

V =� 4(3N � 2F )

✓
2F � 3N

N

m

|⇤|

◆F/(2N�F )

m|⇤|3 cos

✓
F

F �N

⌘0

f⌘0
�
✓ + 2⇡k

F �N

◆

� 2F

✓
2F � 3N

N

m

|⇤|

◆N/(2N�F )

|mQ||⇤|
3 cos

✓
N

F �N

⌘0

f⌘0
� ✓Q �

✓ + 2⇡k

F �N

◆

�
4FN

2F � 3N

✓
2F � 3N

N

m

|⇤|

◆N/(2N�F )

|mQ||⇤|
3 cos

✓
⌘0

f⌘0
+ ✓Q

◆
.

(8.5)

Integrating out ⌘0 we again obtain

Vk(✓) = �
2F (2F �N)

2F � 3N

✓
2F � 3N

N

m

|⇤|

◆N/(2N�F )

|mQ||⇤|
3 cos

✓
✓ + 2⇡k + F ✓Q

F

◆
, (8.6)

which continues the structure that we observed for F  N + 1.

9 Incorporating Instanton e↵ects in Chiral Perturbation Theory

Having argued why it may be plausible for instanton e↵ects to be unsuppressed in QCD we

now go on to discuss how these e↵ects can be systematically included in the U(3) ⇥ U(3)

chiral perturbation theory. Expand on following points:

• The axion and ⌘0 potential, both arise only if U(1)A is broken. There are two e↵ects

that break this symmetry, namely, the anomaly via instanton e↵ects,

ei✓
Z

d⇢

⇢5
.. (9.1)

and quark masses,

mQ,↵i�j ↵i 
c
�j

(9.2)

These two terms introduce the following spurions,

mQ↵i�j ⇤b0
↵i,↵j ,↵k,�i,�j ,�k

= Kei✓✏↵i↵j↵k✏�i�j�k
(9.3)

where the ↵i(�i) are SU(3)L (SU(3)R) indices.

• We can now construct all possible invariant operators by contracting powers of U↵i,�j ,

mQ,↵i,�j and ⇤b0
↵i,↵j ,↵k,�i,�j ,�k

. At Nf = 3 we obtain three operators that include ⇤b0 ,

L � c1f
4
⇡e

i✓K detU + ei✓ + c2f
3
⇡e

i✓KTr(Cof(U)M †) + c3F
2
⇡e

i✓KTr(UCof(M †))

+ c4f⇡e
i✓K detM † + h.c. (9.4)

These terms can be heuristically thought to arise from closing lines in the ’t Hooft vertex

with varying number of mass insertions. Compare with Kim et al, Felix Yu et al

– 11 –



New results in chiral gauge theories   

• These are the hardest to analyze, currently no 
technique on the lattice (yet) that could do a reliable 
serious simulation  

• Proposal from 70’s-80’s: ``tumbling” 

• Postulate the presence of fermion bilinear 
condensates that break the gauge group until it is 
QCD-like  

• Usually assume most attractive channel (MAC) is 
condensing first                                           

(C.C., Murayama, Telem ’21)



New results in chiral gauge theories   

• Example of tumbling: SU(N) with anti-symmetric 
fermion and (N-4) anti-fundamentals  

•                                            breaking to SU(N) x 
SU(N-4) to SU(N-4)V x SU(4) where SU(4) is the 
remaining gauge symmetry that is QCD-like. 

• Resulting theory would have SU(N-4) global 
symmetry with massless composite 

• ’t Hooft anomaly matching conditions satisfied, but 
not really clear if this is indeed the correct low-energy 
phase of the theory                       
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Csaba Csáki,1, ⇤ Hitoshi Murayama,2, 3, 4, † and Ofri Telem2, 4, ‡

1
Department of Physics, LEPP, Cornell University, Ithaca, NY 14853, USA

2
Department of Physics, University of California, Berkeley, CA 94720, USA

3
Kavli Institute for the Physics and Mathematics of the Universe (WPI), University of Tokyo, Kashiwa 277-8583, Japan

4
Ernest Orlando Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA

We analyze dynamics of chiral gauge theories based on the SU(N) gauge group with one anti-
symmetric tensor A and (N�4) anti-fundamentals Fi when N is odd. Based on the continuity to the
supersymmetric gauge theories with anomaly-mediated supersymmetry breaking, we claim that the
global SU(N�4) symmetry is spontaneously broken to Sp(N�5). There are N�5 massless fermions
as a fundamental representation of Sp(N�5), and another massless fermion, together saturating the
anomaly matching conditions. When N is even, the unbroken flavor symmetry is Sp(N � 4) while
there are no massless fermions. Our result is di↵erent from the dynamics suggested by tumbling
where the full SU(N � 4) symmetry is unbroken, but the tumbling picture can be modified via
the addition of a second condensate to produce the symmetry breaking pattern predicted from our
method.

INTRODUCTION

Non-abelian gauge theories [1] are the basis of our
modern understanding of microscopic physics. Quantum
Chromo-Dynamics (QCD) based on the SU(3) gauge
group is a prime example with vector-like particle con-
tent. In general, SU(N) gauge theories withNf quarks in
the fundamental representation are called QCD-like the-
ories. Inspired by the light pions and Bardeen–Cooper–
Schrie↵er (BCS) theory of superconductivity [2], Nambu
and Jona-Lasinio conjectured dynamical chiral symmetry
breaking [3, 4], which is now believed to be the correct
dynamics of QCD-like theories.

However, the dynamics of chiral gauge theories are dif-
ficult to understand. There has been theoretical progress
in representing chiral gauge theories on the lattice [5–13],
which is a potential avenue for future numerical simula-
tions. Yet they are numerically expensive and progress
is slow. Arguably understanding the dynamics of chiral
gauge theories is one of the most important open ques-
tions in quantum field theories.

While there is no established systematic approach
there does exist a conjectured framework for the dy-
namics of chiral gauge theories called tumbling [14]. It
postulates certain fermion bilinear condensates that dy-
namically breaks the gauge symmetry until the remain-
ing gauge group becomes QCD-like. For example, an
SU(N) gauge theory with an anti-symmetric tensor A
and (N � 4) anti-fundamentals F̄i was argued [15] to
break the gauge symmetry by the condensate hAabF̄ b

i i =
v3�ai 6= 0 to an SU(4) gauge theory that confines. It
assumes massless symmetric tensor composite fermions
AF̄{i,F̄j}. Even though the conjecture satisfies non-
trivial ’t Hooft anomaly matching conditions, it has never
been clear if it is the correct understanding. Recently,
the above proposals were examined in [16, 17], via new
discrete anomaly matching conditions [18], linked to the
center symmetry of the gauge group [19–21]. We do not

elaborate further on these consistency conditions, since
they always hold for our proposal of the IR dynamics.
This is because of its continuous connection to the su-
persymmetric theory.
In [22], a novel approach was proposed to study

the dynamics of non-supersymmetric gauge theories
via anomaly-mediated supersymmetry breaking (AMSB)
[23, 24]. It is based on the Weyl compensator field

� = 1 + ✓2m, (1)

where m dictates the size of the supersymmetry (SUSY)
breaking. The UV theory has mass for squarks and
gauginos, which decouple from dynamics when m is
increased, and it is therefore continuously connected
to non-supersymmetric gauge theories. Due to the
ultraviolet-insensitivity of the AMSB [25, 26], the dy-
namics can be studied using the particle content and
interactions at each energy scale. In particular, a con-
sistent picture was obtained for QCD-like theories [22].
For other approaches to extrapolating from supersym-
metric theories to their non-SUSY counterparts, see, for
example, [27],[28].
In this paper, we apply the AMSB methodology to an-

alyze the dynamics of non-supersymmetric chiral gauge
theories. We begin the discussion with the simplest
and most well-known chiral gauge theory: SU(5) with
an anti-symmetric tensor and an anti-fundamental Weyl
fermion. Its supersymmetric version is well-known to
break SUSY dynamically, though the actual dynamics
is not calculable. We point out that in the SUSY break-
ing minimum we expect a massless composite fermion,
which is expected to persist in the non-supersymmetric
theory after adding AMSB. Next we analyze the general
SU(N) (N = 2n+1 odd) theories with an anti-symmetric
tensor and N � 4 anti-fundamentals. Again the SUSY
version with AMSB can be worked out exactly, lead-
ing to the dynamical breaking of the SU(N � 4)⇥ U(1)
global symmetry to Sp(N�5)⇥U(1), as well as massless
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in representing chiral gauge theories on the lattice [5–13],
which is a potential avenue for future numerical simula-
tions. Yet they are numerically expensive and progress
is slow. Arguably understanding the dynamics of chiral
gauge theories is one of the most important open ques-
tions in quantum field theories.

While there is no established systematic approach
there does exist a conjectured framework for the dy-
namics of chiral gauge theories called tumbling [14]. It
postulates certain fermion bilinear condensates that dy-
namically breaks the gauge symmetry until the remain-
ing gauge group becomes QCD-like. For example, an
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and (N � 4) anti-fundamentals F̄i was argued [15] to
break the gauge symmetry by the condensate hAabF̄ b
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AF̄{i,F̄j}. Even though the conjecture satisfies non-
trivial ’t Hooft anomaly matching conditions, it has never
been clear if it is the correct understanding. Recently,
the above proposals were examined in [16, 17], via new
discrete anomaly matching conditions [18], linked to the
center symmetry of the gauge group [19–21]. We do not

elaborate further on these consistency conditions, since
they always hold for our proposal of the IR dynamics.
This is because of its continuous connection to the su-
persymmetric theory.
In [22], a novel approach was proposed to study

the dynamics of non-supersymmetric gauge theories
via anomaly-mediated supersymmetry breaking (AMSB)
[23, 24]. It is based on the Weyl compensator field

� = 1 + ✓2m, (1)

where m dictates the size of the supersymmetry (SUSY)
breaking. The UV theory has mass for squarks and
gauginos, which decouple from dynamics when m is
increased, and it is therefore continuously connected
to non-supersymmetric gauge theories. Due to the
ultraviolet-insensitivity of the AMSB [25, 26], the dy-
namics can be studied using the particle content and
interactions at each energy scale. In particular, a con-
sistent picture was obtained for QCD-like theories [22].
For other approaches to extrapolating from supersym-
metric theories to their non-SUSY counterparts, see, for
example, [27],[28].
In this paper, we apply the AMSB methodology to an-

alyze the dynamics of non-supersymmetric chiral gauge
theories. We begin the discussion with the simplest
and most well-known chiral gauge theory: SU(5) with
an anti-symmetric tensor and an anti-fundamental Weyl
fermion. Its supersymmetric version is well-known to
break SUSY dynamically, though the actual dynamics
is not calculable. We point out that in the SUSY break-
ing minimum we expect a massless composite fermion,
which is expected to persist in the non-supersymmetric
theory after adding AMSB. Next we analyze the general
SU(N) (N = 2n+1 odd) theories with an anti-symmetric
tensor and N � 4 anti-fundamentals. Again the SUSY
version with AMSB can be worked out exactly, lead-
ing to the dynamical breaking of the SU(N � 4)⇥ U(1)
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Chromo-Dynamics (QCD) based on the SU(3) gauge
group is a prime example with vector-like particle con-
tent. In general, SU(N) gauge theories withNf quarks in
the fundamental representation are called QCD-like the-
ories. Inspired by the light pions and Bardeen–Cooper–
Schrie↵er (BCS) theory of superconductivity [2], Nambu
and Jona-Lasinio conjectured dynamical chiral symmetry
breaking [3, 4], which is now believed to be the correct
dynamics of QCD-like theories.

However, the dynamics of chiral gauge theories are dif-
ficult to understand. There has been theoretical progress
in representing chiral gauge theories on the lattice [5–13],
which is a potential avenue for future numerical simula-
tions. Yet they are numerically expensive and progress
is slow. Arguably understanding the dynamics of chiral
gauge theories is one of the most important open ques-
tions in quantum field theories.

While there is no established systematic approach
there does exist a conjectured framework for the dy-
namics of chiral gauge theories called tumbling [14]. It
postulates certain fermion bilinear condensates that dy-
namically breaks the gauge symmetry until the remain-
ing gauge group becomes QCD-like. For example, an
SU(N) gauge theory with an anti-symmetric tensor A
and (N � 4) anti-fundamentals F̄i was argued [15] to
break the gauge symmetry by the condensate hAabF̄ b
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v3�ai 6= 0 to an SU(4) gauge theory that confines. It
assumes massless symmetric tensor composite fermions
AF̄{i,F̄j}. Even though the conjecture satisfies non-
trivial ’t Hooft anomaly matching conditions, it has never
been clear if it is the correct understanding. Recently,
the above proposals were examined in [16, 17], via new
discrete anomaly matching conditions [18], linked to the
center symmetry of the gauge group [19–21]. We do not

elaborate further on these consistency conditions, since
they always hold for our proposal of the IR dynamics.
This is because of its continuous connection to the su-
persymmetric theory.
In [22], a novel approach was proposed to study

the dynamics of non-supersymmetric gauge theories
via anomaly-mediated supersymmetry breaking (AMSB)
[23, 24]. It is based on the Weyl compensator field
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where m dictates the size of the supersymmetry (SUSY)
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For other approaches to extrapolating from supersym-
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example, [27],[28].
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alyze the dynamics of non-supersymmetric chiral gauge
theories. We begin the discussion with the simplest
and most well-known chiral gauge theory: SU(5) with
an anti-symmetric tensor and an anti-fundamental Weyl
fermion. Its supersymmetric version is well-known to
break SUSY dynamically, though the actual dynamics
is not calculable. We point out that in the SUSY break-
ing minimum we expect a massless composite fermion,
which is expected to persist in the non-supersymmetric
theory after adding AMSB. Next we analyze the general
SU(N) (N = 2n+1 odd) theories with an anti-symmetric
tensor and N � 4 anti-fundamentals. Again the SUSY
version with AMSB can be worked out exactly, lead-
ing to the dynamical breaking of the SU(N � 4)⇥ U(1)
global symmetry to Sp(N�5)⇥U(1), as well as massless
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SU(5)   

• This is one of the most well-known SUSY theories 

• ``The mother” of SUSY breaking  

• No flat directions, anomaly-free R-symmetry  

• Dynamical SUSY  expected w/o AMSB 

• Can make theory calculable by adding extra flavor(s) 

• Interesting new(?) observation: there is an unbroken 
U(1)5 in the DSB vacuum                         



SU(5) with an extra flavor   

• The unbroken U(1) is   

• In this theory need tree-level  

• A massless fermion will match the ’t Hooft 
anomalies, in mM→∞  limit will be                   

6

N � 4 anti-fundamentals. We came up with a consistent
picture that connects supersymmetric gauge theories per-
turbed by the anomaly-mediated supersymmetry break-
ing to non-supersymmetric gauge theories. The symme-
try breaking pattern suggested di↵ers from that based on
the original tumbling argument, which however can be
extended to match the picture obtained here. It would
be interesting to extend this analysis to other examples
of chiral gauge theories. Ultimately, lattice gauge theory
simulations will have the final verdict on the picture.
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APPENDIX

CALCULABLE SUSY BREAKING MINIMUM
VIA EXTRA FLAVOR

We have argued in the main text that SUSY SU(5)
with 10+ 5̄, in addition to breaking SUSY sponta-
neously, also leaves the global U(1) symmetry unbroken
and produces a (non-supersymmetric) massless compos-
ite fermion that can be identified with AF̄ F̄ . In this ap-
pendix we confirm this statement by an explicitly study
of the SUSY breaking vacuum. To do this, add an ad-
ditional flavor to make the theory calculable F + F̄ as
first proposed in [31]. We will show that the theory with
one added flavor breaks SUSY spontaneously, while pre-
serving a global U(1) with a massless fermion saturating
its anomaly matching. Since we can decouple the extra
flavor by taking its mass mM ! 1, the unbroken global
U(1) and the associated massless fermion persist in the
theory with no extra flavor.

We now present a detailed analysis of the theory with
an extra flavor. The matter content and the global sym-
metries of this theory along with the 4 flat directions
parametrizing the moduli space are given in Tab. IV.

The flat directions corresponding to the gauge invari-
ants in Tab. IV can be explicitly obtained by solving the

SU(5) SU(2) U(1)M U(1)Y U(1)R U(1)5

A 1 2 1 0 1

F̄i �1 �3 �6
2

�3

F 1 �4 3 8 �2

B1 = AAF 1 1 0 5 8 0

H = AF̄1F̄2 1 1 0 �5 �12 0

M = FF̄ 1 �5 0 2
0

�5

TABLE IV: Particle content of the SU(5) theory with one
extra flavor added, along with the quantum numbers of the
flat directions. Note that we have chosen the most convenient
basis of the U(1) symmetries where U(1)M will be related to
the unbroken U(1) in the theory without the extra flavor.
We also show the charges of the fields under the unbroken
U(1)5. These are given separately for the upper and lower
components of the SU(2) doublets.

D-flatness equations:

A =
1p
2

0

BBBBB@

0 ↵ 0 0 0

�↵ 0 0 0 0

0 0 0 � 0

0 0 �� 0 0

0 0 0 0 0

1

CCCCCA

F̄ =

0

BBBBB@

c� ! s� !

�s� � c� �

0 0

0 0

�1 �2

1

CCCCCA
, F =

0

BBBBB@

µ

0

0

0
�!
�

1

CCCCCA
(24)

where |↵|2 � |�|2 = |�|2, µ = ± �
�

p
�21 + �22 and ! =

± �
�

p
�2 + �21 + �22 , and also c� = �1/

p
�21 + �22 , s� =

�2/
p

�21 + �22 . To leading order, the directions �1,2 co-
incide with the meson directions M1,2 = FF̄1,2. Going
out along the B1 and H directions will break the SU(5)
gauge symmetry to SU(2), which will produce a gaugino
condensate. The resulting superpotential will be given
by [32]

W =
⇤6

p
B1H

(25)

leading to a runaway behavior for the B1 and H direc-
tions. These can be stabilized by adding the tree-level
superpotential

Wtree = �1B1 + �2H , (26)

where B1 = AAF, H = AF̄1F̄2. This results in the su-
persymmetric VEVs

B1 =
�

1
4
2p
2�

3
4
1

⇤3, H =
�

1
4
1p
2�

3
4
2

⇤3 (27)

7

If the dimensionless couplings �1,2 are ⌧ 1 then
these VEVs will be larger than the dynamical scale ⇤
leading to large masses of the broken gauge bosons,
the corresponding eaten directions, while the radial
directions will pick up a mass of order �

5
6⇤. Mesons

remain massless and saturate anomalies,

U(1)3M :

10⇥ 23 + 5̄⇥ 2⇥ (�1)3 + 5⇥ (�4)3 = 2⇥ (�5)3 (28)

U(1)Mgravity2 :

10⇥ 2 + 5̄⇥ 2⇥ (�1) + 5⇥ (�4) = 2⇥ (�5) (29)

U(1)MSU(2)2 :

5̄⇥ (�1) = (�5) (30)

SU(2)Witten :

5̄ = 1 (mod 2) (31)

Now we can add the final perturbation to the super-
potential in the form of a mass to the extra flavor. Since
there is only one fundamental F , without loss of gener-
ality we take it

WM = mWM1 = mMFF̄1 (32)

and assume that mM ⌧ ⇤. Supersymmetry is broken
and the fermionic component of M1 is the goldstino.

The original paper [31] did not work out the potential
explicitly, nor mentioned the fermionic component of M2

that stays massless. We will study this below. For sim-
plicity we will also assume that mM ⌧ �

5
6⇤ so that we

can assume that in this perturbation the VEVs of B1, H
(corresponding to the directions ↵,�, �) are held fixed.
We can then find the explicit expression of the scalar
potential to second order in �1,2

V = m2
M

↵2

�2

�
�2 + 2�21 + �22

�
. (33)

The potential is minimized at �1 = �2 = 0, Vmin > 0,
with positive masses. Hence, this is a calculable stable
SUSY breaking minimum. What happened to the U(1)
symmetries? The U(1)Y,R symmetries are explicitly bro-
ken by the tree level superpotential. U(1)M is broken
explicitly by the addition of the mMM1 superpotential
term, however a combination of the global SU(2) and
U(1)M is left unbroken, corresponding to

U(1)5 = 5T3 +
1

2
QM . (34)

Under this unbroken U(1)5, the mesons �1,2 have charges
0 and �5, respectively. Because SUSY is spontaneously

broken, the fermion component of �2 remains massless
even though its scalar component is massive, and it
matches the ’t Hooft anomalies for U(1)5 as in Eq. (6).

This calculation establishes our basic claim of the pres-
ence of the unbroken U(1)5 along with its corresponding
massless fermion in the calculable regime. We can now
take the limit mM ! 1 to decouple the extra flavor.
While the position of the minimum is di↵erent when
mM is no longer smaller than ⇤, the unbroken U(1)5
and its associated massless fermion persist in the decou-
pling limit by holomorphy. In the decoupling limit the
massless fermion becomes AF̄ F̄ [32], which has the same
U(1)5 charge �5 as �2 and mixes with it due to dynamical
SUSY breaking.
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APPENDIX

CALCULABLE SUSY BREAKING MINIMUM
VIA EXTRA FLAVOR

We have argued in the main text that SUSY SU(5)
with 10+ 5̄, in addition to breaking SUSY sponta-
neously, also leaves the global U(1) symmetry unbroken
and produces a (non-supersymmetric) massless compos-
ite fermion that can be identified with AF̄ F̄ . In this ap-
pendix we confirm this statement by an explicitly study
of the SUSY breaking vacuum. To do this, add an ad-
ditional flavor to make the theory calculable F + F̄ as
first proposed in [31]. We will show that the theory with
one added flavor breaks SUSY spontaneously, while pre-
serving a global U(1) with a massless fermion saturating
its anomaly matching. Since we can decouple the extra
flavor by taking its mass mM ! 1, the unbroken global
U(1) and the associated massless fermion persist in the
theory with no extra flavor.

We now present a detailed analysis of the theory with
an extra flavor. The matter content and the global sym-
metries of this theory along with the 4 flat directions
parametrizing the moduli space are given in Tab. IV.

The flat directions corresponding to the gauge invari-
ants in Tab. IV can be explicitly obtained by solving the

SU(5) SU(2) U(1)M U(1)Y U(1)R U(1)5

A 1 2 1 0 1

F̄i �1 �3 �6
2

�3

F 1 �4 3 8 �2

B1 = AAF 1 1 0 5 8 0

H = AF̄1F̄2 1 1 0 �5 �12 0

M = FF̄ 1 �5 0 2
0

�5

TABLE IV: Particle content of the SU(5) theory with one
extra flavor added, along with the quantum numbers of the
flat directions. Note that we have chosen the most convenient
basis of the U(1) symmetries where U(1)M will be related to
the unbroken U(1) in the theory without the extra flavor.
We also show the charges of the fields under the unbroken
U(1)5. These are given separately for the upper and lower
components of the SU(2) doublets.

D-flatness equations:

A =
1p
2

0

BBBBB@

0 ↵ 0 0 0

�↵ 0 0 0 0

0 0 0 � 0

0 0 �� 0 0

0 0 0 0 0

1

CCCCCA

F̄ =

0

BBBBB@

c� ! s� !

�s� � c� �

0 0

0 0

�1 �2

1

CCCCCA
, F =

0

BBBBB@

µ

0

0

0
�!
�

1

CCCCCA
(24)

where |↵|2 � |�|2 = |�|2, µ = ± �
�

p
�21 + �22 and ! =

± �
�

p
�2 + �21 + �22 , and also c� = �1/

p
�21 + �22 , s� =

�2/
p

�21 + �22 . To leading order, the directions �1,2 co-
incide with the meson directions M1,2 = FF̄1,2. Going
out along the B1 and H directions will break the SU(5)
gauge symmetry to SU(2), which will produce a gaugino
condensate. The resulting superpotential will be given
by [32]

W =
⇤6

p
B1H

(25)

leading to a runaway behavior for the B1 and H direc-
tions. These can be stabilized by adding the tree-level
superpotential

Wtree = �1B1 + �2H , (26)

where B1 = AAF, H = AF̄1F̄2. This results in the su-
persymmetric VEVs

B1 =
�

1
4
2p
2�

3
4
1

⇤3, H =
�

1
4
1p
2�

3
4
2

⇤3 (27)
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If the dimensionless couplings �1,2 are ⌧ 1 then
these VEVs will be larger than the dynamical scale ⇤
leading to large masses of the broken gauge bosons,
the corresponding eaten directions, while the radial
directions will pick up a mass of order �

5
6⇤. Mesons

remain massless and saturate anomalies,

U(1)3M :

10⇥ 23 + 5̄⇥ 2⇥ (�1)3 + 5⇥ (�4)3 = 2⇥ (�5)3 (28)

U(1)Mgravity2 :

10⇥ 2 + 5̄⇥ 2⇥ (�1) + 5⇥ (�4) = 2⇥ (�5) (29)

U(1)MSU(2)2 :

5̄⇥ (�1) = (�5) (30)

SU(2)Witten :

5̄ = 1 (mod 2) (31)

Now we can add the final perturbation to the super-
potential in the form of a mass to the extra flavor. Since
there is only one fundamental F , without loss of gener-
ality we take it

WM = mWM1 = mMFF̄1 (32)

and assume that mM ⌧ ⇤. Supersymmetry is broken
and the fermionic component of M1 is the goldstino.

The original paper [31] did not work out the potential
explicitly, nor mentioned the fermionic component of M2

that stays massless. We will study this below. For sim-
plicity we will also assume that mM ⌧ �

5
6⇤ so that we

can assume that in this perturbation the VEVs of B1, H
(corresponding to the directions ↵,�, �) are held fixed.
We can then find the explicit expression of the scalar
potential to second order in �1,2

V = m2
M

↵2

�2

�
�2 + 2�21 + �22

�
. (33)

The potential is minimized at �1 = �2 = 0, Vmin > 0,
with positive masses. Hence, this is a calculable stable
SUSY breaking minimum. What happened to the U(1)
symmetries? The U(1)Y,R symmetries are explicitly bro-
ken by the tree level superpotential. U(1)M is broken
explicitly by the addition of the mMM1 superpotential
term, however a combination of the global SU(2) and
U(1)M is left unbroken, corresponding to

U(1)5 = 5T3 +
1

2
QM . (34)

Under this unbroken U(1)5, the mesons �1,2 have charges
0 and �5, respectively. Because SUSY is spontaneously

broken, the fermion component of �2 remains massless
even though its scalar component is massive, and it
matches the ’t Hooft anomalies for U(1)5 as in Eq. (6).

This calculation establishes our basic claim of the pres-
ence of the unbroken U(1)5 along with its corresponding
massless fermion in the calculable regime. We can now
take the limit mM ! 1 to decouple the extra flavor.
While the position of the minimum is di↵erent when
mM is no longer smaller than ⇤, the unbroken U(1)5
and its associated massless fermion persist in the decou-
pling limit by holomorphy. In the decoupling limit the
massless fermion becomes AF̄ F̄ [32], which has the same
U(1)5 charge �5 as �2 and mixes with it due to dynamical
SUSY breaking.
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APPENDIX

CALCULABLE SUSY BREAKING MINIMUM
VIA EXTRA FLAVOR

We have argued in the main text that SUSY SU(5)
with 10+ 5̄, in addition to breaking SUSY sponta-
neously, also leaves the global U(1) symmetry unbroken
and produces a (non-supersymmetric) massless compos-
ite fermion that can be identified with AF̄ F̄ . In this ap-
pendix we confirm this statement by an explicitly study
of the SUSY breaking vacuum. To do this, add an ad-
ditional flavor to make the theory calculable F + F̄ as
first proposed in [31]. We will show that the theory with
one added flavor breaks SUSY spontaneously, while pre-
serving a global U(1) with a massless fermion saturating
its anomaly matching. Since we can decouple the extra
flavor by taking its mass mM ! 1, the unbroken global
U(1) and the associated massless fermion persist in the
theory with no extra flavor.

We now present a detailed analysis of the theory with
an extra flavor. The matter content and the global sym-
metries of this theory along with the 4 flat directions
parametrizing the moduli space are given in Tab. IV.

The flat directions corresponding to the gauge invari-
ants in Tab. IV can be explicitly obtained by solving the

SU(5) SU(2) U(1)M U(1)Y U(1)R U(1)5

A 1 2 1 0 1

F̄i �1 �3 �6
2

�3

F 1 �4 3 8 �2

B1 = AAF 1 1 0 5 8 0

H = AF̄1F̄2 1 1 0 �5 �12 0

M = FF̄ 1 �5 0 2
0

�5

TABLE IV: Particle content of the SU(5) theory with one
extra flavor added, along with the quantum numbers of the
flat directions. Note that we have chosen the most convenient
basis of the U(1) symmetries where U(1)M will be related to
the unbroken U(1) in the theory without the extra flavor.
We also show the charges of the fields under the unbroken
U(1)5. These are given separately for the upper and lower
components of the SU(2) doublets.

D-flatness equations:

A =
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where |↵|2 � |�|2 = |�|2, µ = ± �
�

p
�21 + �22 and ! =

± �
�

p
�2 + �21 + �22 , and also c� = �1/

p
�21 + �22 , s� =

�2/
p

�21 + �22 . To leading order, the directions �1,2 co-
incide with the meson directions M1,2 = FF̄1,2. Going
out along the B1 and H directions will break the SU(5)
gauge symmetry to SU(2), which will produce a gaugino
condensate. The resulting superpotential will be given
by [32]

W =
⇤6

p
B1H

(25)

leading to a runaway behavior for the B1 and H direc-
tions. These can be stabilized by adding the tree-level
superpotential

Wtree = �1B1 + �2H , (26)

where B1 = AAF, H = AF̄1F̄2. This results in the su-
persymmetric VEVs

B1 =
�

1
4
2p
2�

3
4
1

⇤3, H =
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1
4
1p
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2
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If the dimensionless couplings �1,2 are ⌧ 1 then
these VEVs will be larger than the dynamical scale ⇤
leading to large masses of the broken gauge bosons,
the corresponding eaten directions, while the radial
directions will pick up a mass of order �

5
6⇤. Mesons

remain massless and saturate anomalies,

U(1)3M :

10⇥ 23 + 5̄⇥ 2⇥ (�1)3 + 5⇥ (�4)3 = 2⇥ (�5)3 (28)

U(1)Mgravity2 :

10⇥ 2 + 5̄⇥ 2⇥ (�1) + 5⇥ (�4) = 2⇥ (�5) (29)

U(1)MSU(2)2 :

5̄⇥ (�1) = (�5) (30)

SU(2)Witten :

5̄ = 1 (mod 2) (31)

Now we can add the final perturbation to the super-
potential in the form of a mass to the extra flavor. Since
there is only one fundamental F , without loss of gener-
ality we take it

WM = mWM1 = mMFF̄1 (32)

and assume that mM ⌧ ⇤. Supersymmetry is broken
and the fermionic component of M1 is the goldstino.

The original paper [31] did not work out the potential
explicitly, nor mentioned the fermionic component of M2

that stays massless. We will study this below. For sim-
plicity we will also assume that mM ⌧ �

5
6⇤ so that we

can assume that in this perturbation the VEVs of B1, H
(corresponding to the directions ↵,�, �) are held fixed.
We can then find the explicit expression of the scalar
potential to second order in �1,2

V = m2
M

↵2

�2

�
�2 + 2�21 + �22

�
. (33)

The potential is minimized at �1 = �2 = 0, Vmin > 0,
with positive masses. Hence, this is a calculable stable
SUSY breaking minimum. What happened to the U(1)
symmetries? The U(1)Y,R symmetries are explicitly bro-
ken by the tree level superpotential. U(1)M is broken
explicitly by the addition of the mMM1 superpotential
term, however a combination of the global SU(2) and
U(1)M is left unbroken, corresponding to

U(1)5 = 5T3 +
1

2
QM . (34)

Under this unbroken U(1)5, the mesons �1,2 have charges
0 and �5, respectively. Because SUSY is spontaneously

broken, the fermion component of �2 remains massless
even though its scalar component is massive, and it
matches the ’t Hooft anomalies for U(1)5 as in Eq. (6).

This calculation establishes our basic claim of the pres-
ence of the unbroken U(1)5 along with its corresponding
massless fermion in the calculable regime. We can now
take the limit mM ! 1 to decouple the extra flavor.
While the position of the minimum is di↵erent when
mM is no longer smaller than ⇤, the unbroken U(1)5
and its associated massless fermion persist in the decou-
pling limit by holomorphy. In the decoupling limit the
massless fermion becomes AF̄ F̄ [32], which has the same
U(1)5 charge �5 as �2 and mixes with it due to dynamical
SUSY breaking.
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The original SU(5) theory  

• The U(1)5  symmetry will be unbroken, with a 
massless fermion            matching the anomalies 

• This is in addition to Goldstino (not carrying global 
charges)  

• Adding AMSB: don’t expect the dynamics to be 
influenced much, since DSB ~ 𝝠≫m. But: Goldstino 
will pick up mass, while             remains exactly 
massless. 

       

2

fermions in the fundamental and singlet representations
of Sp(N � 5). This picture continuously connects to the
non-SUSY limit, while it does not agree with the simplest
tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
case of even N = 2n with no massless fermions content.

ANOMALY MEDIATION

Anomaly mediation of supersymmetry breaking
(AMSB) is parameterized by a single number m that ex-
plicitly breaks supersymmetry in two di↵erent ways. One
is the tree-level contribution based on the superpotential

Ltree = m

✓
�i

@W

@�i
� 3W

◆
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The other is the loop-level supersymmetry breaking ef-
fects in tri-linear couplings, scalar masses, and gaugino
masses,
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dµg

2.

When the gauge theory is asymptotically free, m2
i > 0

which stabilizes the theory against run-away behaviors.
Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.

SU(5) WITH A(10) AND F̄ (5̄)

This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:

U(1)5 gravity
2 : 10 (+1) + 5̄ (�3) = (�5) ,

U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
broken U(1)5 and the corresponding massless fermion is
our first example of exact results in chiral gauge theo-
ries. Extrapolating m � ⇤, we expect the same massless
fermion remaining in the theory while the goldstino de-
couples.
It is curious that our analysis can be nicely recon-

ciled with results suggested by tumbling [14, 34]. In
that approach one would postulate that the operator
✏abcdeAbcAde corresponding to the Most Attractive Chan-
nel (MAC) condensate 2, breaking the SU(5) gauge sym-
metry to SU(4), while retaining a diagonal global U(1).
Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
(✏↵�

A
ab
↵ F̄2a�)F̄2b� , where ↵,�, � = 1, 2 are spinor indices.

2 When discussing the tumbling approach, we will use the heuristic
notion of gauge-dependent condensates h�ai, which is formally
at odds with Elitzur’s theorem [35]. These should be read as
stand-in for the theory being in a Higgs phase.
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fermions in the fundamental and singlet representations
of Sp(N � 5). This picture continuously connects to the
non-SUSY limit, while it does not agree with the simplest
tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
case of even N = 2n with no massless fermions content.
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dµ lnZi(µ), �̇ = µ d

dµ�i, and �(g2) = µ d
dµg

2.

When the gauge theory is asymptotically free, m2
i > 0

which stabilizes the theory against run-away behaviors.
Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.

SU(5) WITH A(10) AND F̄ (5̄)

This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:

U(1)5 gravity
2 : 10 (+1) + 5̄ (�3) = (�5) ,

U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
broken U(1)5 and the corresponding massless fermion is
our first example of exact results in chiral gauge theo-
ries. Extrapolating m � ⇤, we expect the same massless
fermion remaining in the theory while the goldstino de-
couples.
It is curious that our analysis can be nicely recon-

ciled with results suggested by tumbling [14, 34]. In
that approach one would postulate that the operator
✏abcdeAbcAde corresponding to the Most Attractive Chan-
nel (MAC) condensate 2, breaking the SU(5) gauge sym-
metry to SU(4), while retaining a diagonal global U(1).
Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
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2 When discussing the tumbling approach, we will use the heuristic
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tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
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which stabilizes the theory against run-away behaviors.
Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.
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This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:

U(1)5 gravity
2 : 10 (+1) + 5̄ (�3) = (�5) ,

U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
broken U(1)5 and the corresponding massless fermion is
our first example of exact results in chiral gauge theo-
ries. Extrapolating m � ⇤, we expect the same massless
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metry to SU(4), while retaining a diagonal global U(1).
Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
(✏↵�

A
ab
↵ F̄2a�)F̄2b� , where ↵,�, � = 1, 2 are spinor indices.

2 When discussing the tumbling approach, we will use the heuristic
notion of gauge-dependent condensates h�ai, which is formally
at odds with Elitzur’s theorem [35]. These should be read as
stand-in for the theory being in a Higgs phase.
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fermions in the fundamental and singlet representations
of Sp(N � 5). This picture continuously connects to the
non-SUSY limit, while it does not agree with the simplest
tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
case of even N = 2n with no massless fermions content.

ANOMALY MEDIATION

Anomaly mediation of supersymmetry breaking
(AMSB) is parameterized by a single number m that ex-
plicitly breaks supersymmetry in two di↵erent ways. One
is the tree-level contribution based on the superpotential
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The other is the loop-level supersymmetry breaking ef-
fects in tri-linear couplings, scalar masses, and gaugino
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When the gauge theory is asymptotically free, m2
i > 0

which stabilizes the theory against run-away behaviors.
Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.

SU(5) WITH A(10) AND F̄ (5̄)

This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:

U(1)5 gravity
2 : 10 (+1) + 5̄ (�3) = (�5) ,

U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
broken U(1)5 and the corresponding massless fermion is
our first example of exact results in chiral gauge theo-
ries. Extrapolating m � ⇤, we expect the same massless
fermion remaining in the theory while the goldstino de-
couples.
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ciled with results suggested by tumbling [14, 34]. In
that approach one would postulate that the operator
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Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
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2 When discussing the tumbling approach, we will use the heuristic
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at odds with Elitzur’s theorem [35]. These should be read as
stand-in for the theory being in a Higgs phase.
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fermions in the fundamental and singlet representations
of Sp(N � 5). This picture continuously connects to the
non-SUSY limit, while it does not agree with the simplest
tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
case of even N = 2n with no massless fermions content.
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(AMSB) is parameterized by a single number m that ex-
plicitly breaks supersymmetry in two di↵erent ways. One
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This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5
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less fermion AF̄ F̄ is protected because of the anomaly
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non-supersymmetric theory. The appearance of the un-
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SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
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fermions in the fundamental and singlet representations
of Sp(N � 5). This picture continuously connects to the
non-SUSY limit, while it does not agree with the simplest
tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
case of even N = 2n with no massless fermions content.
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Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.
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This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:

U(1)5 gravity
2 : 10 (+1) + 5̄ (�3) = (�5) ,

U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
broken U(1)5 and the corresponding massless fermion is
our first example of exact results in chiral gauge theo-
ries. Extrapolating m � ⇤, we expect the same massless
fermion remaining in the theory while the goldstino de-
couples.
It is curious that our analysis can be nicely recon-

ciled with results suggested by tumbling [14, 34]. In
that approach one would postulate that the operator
✏abcdeAbcAde corresponding to the Most Attractive Chan-
nel (MAC) condensate 2, breaking the SU(5) gauge sym-
metry to SU(4), while retaining a diagonal global U(1).
Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
(✏↵�

A
ab
↵ F̄2a�)F̄2b� , where ↵,�, � = 1, 2 are spinor indices.

2 When discussing the tumbling approach, we will use the heuristic
notion of gauge-dependent condensates h�ai, which is formally
at odds with Elitzur’s theorem [35]. These should be read as
stand-in for the theory being in a Higgs phase.
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fermions in the fundamental and singlet representations
of Sp(N � 5). This picture continuously connects to the
non-SUSY limit, while it does not agree with the simplest
tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
metry breaking pattern that agrees with the non-SUSY
limit of the AMSB approach. Finally we also discuss the
case of even N = 2n with no massless fermions content.
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Anomaly mediation of supersymmetry breaking
(AMSB) is parameterized by a single number m that ex-
plicitly breaks supersymmetry in two di↵erent ways. One
is the tree-level contribution based on the superpotential
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symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
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adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.
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SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
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a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
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Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
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Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
(✏↵�

A
ab
↵ F̄2a�)F̄2b� , where ↵,�, � = 1, 2 are spinor indices.

2 When discussing the tumbling approach, we will use the heuristic
notion of gauge-dependent condensates h�ai, which is formally
at odds with Elitzur’s theorem [35]. These should be read as
stand-in for the theory being in a Higgs phase.

→ →

2

fermions in the fundamental and singlet representations
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tumbling predictions. We show however that one can ex-
tend the tumbling picture by adding another condensate
in the second most attractive channel to obtain a sym-
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i > 0

which stabilizes the theory against run-away behaviors.
Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.
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This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:

U(1)5 gravity
2 : 10 (+1) + 5̄ (�3) = (�5) ,

U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
non-supersymmetric theory. The appearance of the un-
broken U(1)5 and the corresponding massless fermion is
our first example of exact results in chiral gauge theo-
ries. Extrapolating m � ⇤, we expect the same massless
fermion remaining in the theory while the goldstino de-
couples.
It is curious that our analysis can be nicely recon-

ciled with results suggested by tumbling [14, 34]. In
that approach one would postulate that the operator
✏abcdeAbcAde corresponding to the Most Attractive Chan-
nel (MAC) condensate 2, breaking the SU(5) gauge sym-
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Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
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2 When discussing the tumbling approach, we will use the heuristic
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at odds with Elitzur’s theorem [35]. These should be read as
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limit of the AMSB approach. Finally we also discuss the
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fects in tri-linear couplings, scalar masses, and gaugino
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When the gauge theory is asymptotically free, m2
i > 0

which stabilizes the theory against run-away behaviors.
Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly and hence we do not need to study its anomaly
matching conditions.

SU(5) WITH A(10) AND F̄ (5̄)

This is the simplest and most well-known chiral SUSY
gauge theory which has a non-anomalous U(1)5 symme-
try A(+1), F̄ (�3), see Table I. This theory breaks super-
symmetry dynamically [29]. (See [30] for how this theory
is related to the 4-1 and 3-2 models.) Even though the
theory is intrinsically strongly coupled, it was shown that
adding a pair of F + F̄ allows for a weakly-coupled anal-
ysis [31] (see also [32, 33]). Once a mass term is added
to the pair, one can explicitly calculate the actual SUSY
breaking minimum of the potential. See the Appendix
for details of the analysis.

Surprisingly one of the most important features of the
SUSY breaking minimum has so far (to the best of our
knowledge) not been discussed in the literature. We are
finding that in spite of the strong dynamics the U(1)5

global symmetry remains unbroken, implying the pres-
ence of a massless fermion that can be identified with
the composite fermion AF̄ F̄ 1. This massless fermion
exists in addition to the massless Goldstino required for
SUSY breaking. It has charge �5 and one can readily
check that it saturates all ’t Hooft anomalies:
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U(1)35 : 10 (+1)3 + 5̄ (�3)3 = (�5)3. (6)

This non-trivial ’t Hooft anomaly matching is already
a very strong argument in favor of the existence of the
unbroken U(1)5 symmetry, which as explained above can
be independently verified by analyizing the theory with
the extra flavor added, which is done explicitly in the
appendix.
Since supersymmetry is already spontanneously bro-

ken, adding small explicit supersymmetry breaking via
AMSB does not change the dynamics, while the goldstino
acquires a mass. On the other hand, the other mass-
less fermion AF̄ F̄ is protected because of the anomaly
matching condition and remains massless even in the
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✏abcdeAbcAde corresponding to the Most Attractive Chan-
nel (MAC) condensate 2, breaking the SU(5) gauge sym-
metry to SU(4), while retaining a diagonal global U(1).
Based on our later discussions, we suggest that a less
attractive channel AabF̄b also condenses and contributes
to the same gauge symmetry breaking from SU(5) to
SU(4). Under the unbroken SU(4)gauge ⇥ U(1)global, A
decomposes as 60 + 4�5/2 while F̄ as 4̄5/2 + 1�5. The
degrees of freedom charged under SU(4) are vector-like,
and so they condense just like in QCD and become mas-
sive. However, 1�5 is chiral, and remains as a mass-
less fermion. It can be identified as AF̄ F̄ with our as-
sumption of the AabF̄b condensate. Note that for general
SU(N) our method leads to predictions that di↵er some-
what from those in [14]. However we will see that the
tumbling scheme can be augmented to produce results
consistent with ours.

1 More explicitly, the massless fermion is given by
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↵ F̄2a�)F̄2b� , where ↵,�, � = 1, 2 are spinor indices.

2 When discussing the tumbling approach, we will use the heuristic
notion of gauge-dependent condensates h�ai, which is formally
at odds with Elitzur’s theorem [35]. These should be read as
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The SU(N) case for N=2n+1 odd  

• Flat directions in the SUSY limit: 

• Break SU(N)xSU(N-4)xU(1) to SU(5)xSp(N-5)xU(1) 

• Sp due to fact that                              along flat 
direction

3

SU(5) U(1)5

A +1

F̄ �3

AF̄ F̄ 1 �5

TABLE I: Particle content of the SU(5) theory with one anti-
symmetric A and one anti-fundamental F̄ . The composite
fermion AF̄ F̄ matches all anomalies.

SU(N) WITH A AND (N � 4) F̄

Next we consider the generalization of the above SU(5)
theory to SU(N) with N = 2n + 1 odd. Table II shows
the matter content and the symmetries of the theory. In
the SUSY limit, the theory has the D-flat direction

AA† +A†A� F̄ ⇤
i F̄

T
i = 0, (7)

A =
'p
2

 
J(N�5) 0

0 05⇥5

!
, F̄ = '

 
I(N�5) 0

0 05⇥1

!
,

(8)

where J(N�5) = i�2 ⌦ I(N�5)/2. As we will see below,
in our scenario the flat direction will ultimately be sta-
bilized at large VEVs, and so a weakly coupled analysis
is appropriate here. Along the flat directions the gauge
symmetry is broken to SU(5) while the SU(N�4) global
symmetry is broken to Sp(N�5). This is easily seen from
the fact that

AF̄iF̄j =
1p
2
'3Jij , i, j  N � 5, (9)

on the flat directions. There is also an unbroken
U(1)0 global symmetry which is a linear combination
of the original U(1) and the SU(N) global generator
diag(5, . . . , 5,�(N � 4), . . . ,�(N � 4)). The dynamical
scale of the unbroken SU(5) is given by

⇤13
5 =

⇤2N+3
N

(Pf 0AF̄ F̄ )(Pf 0A)
, (10)

where the Pfa�ans involve only the N � 5 components,
as indicated by the prime. This unbroken SU(5) will
have the same matter content as in the previous example,
hence it confines and breaks supersymmetry at the scale
⇤5. Here and below, we absorb renormalization-scheme-
dependent numerical constants [36] into the definition of
the scale ⇤’s which does not a↵ect any of the discussions
below. The vacuum energy has a runaway dependence
on '

V ⇡ ⇤4
5 =

 
⇤2N+3
N

'2N�10

!4/13

(11)

without a stable ground state. It can be stabilized by
adding �AF̄iF̄jJ ij to the superpotential [29].

With AMSB there is no need to add a tree-level super-
potential, since the run-away behavior is stabilized by
the scalar masses-squared along the flat direction

m2
A,F̄i

=
g4

(8⇡2)2
2Ci(2N + 3)m2, (12)

where

Ci =

(
(N+1)(N�2)

N for A,
N2�1
2N for F̄i.

(13)

Note that Eq. (11) is a runaway potential from dynamical
supersymmetry breaking, not a superpotential . There-
fore, there is no accompanying tree-level AMSB piece
from (2) to stabilize it. This is a key di↵erence from the
A✏eck–Dine–Seiberg case of QCD-like theories [22], and
from the even-N case discussed in the next section. The
theory has a stable ground state at

' ⇡ ⇤

✓
4⇡⇤

m

◆13/(4N�7)

� ⇤. (14)

Therefore, the physics is weakly coupled at the scale '
and our analysis is justified.
We now present a heuristic description of the dynam-

ics in the Higgs picture, before passing to a purely gauge
invariant formulation below. In this picture the UV the-
ory has A(12N(N� 1)) + F̄ (N̄) ⇥ (N � 4) chiral super-
fields. N2 � 1 � 24 are eaten when the SU(N) gauge
symmetry is higgsed to SU(5). Of the remaining ones,
15 = A(10) + F̄N�4(5̄) are charged under the gauge
SU(5), and the other 1

2 (N�4)(N�5) contain the Nambu-
Goldstone bosons for the broken global symmetry 3.
The SU(5) dynamics with A(10) and F̄N�4(5̄) is along

the lines of the previous section: SU(5) is higgsed to
SU(4), supersymmetry is spontaneously broken, and
there is a massless goldstino and an additional mass-
less fermion. Anomaly matching is then satisfied by this
fermion, together with the fermions in the first N � 5
components of F̄N�4, which are neutral under the un-
broken SU(5) gauge group and remain massless.

3 The overall number of Nambu-Goldstone (NG) superfields is
given by 1

2dim(Gc
/H̃) [37], where G

c is the complexification of

the original global symmetry G, and H̃ ◆ H
c depends on the rep-

resentation of the VEV. When H̃ = H
c, each NG superfield con-

tains one NGB. When H̃ � H
c, there are fewer NG superfields,

and hence some of them contain two NGBs to account for all the
broken generators of G/H. In our case, we can do the counting
in two steps. First we consider SU(N � 4)/SU(N � 5) ⇥ U(1)
which gives the Kähler manifold CPN�5 and N �5 chiral super-
fields, each containing two NGBs. In the second step we consider
SU(N � 5)⇥U(1)/Sp(N � 5), which gives 1

2 (N � 5)(N � 6) chi-
ral superfields, each with a single NGB and its superpartner.
Overall, we get 1

2 (N � 5)(N � 4), which is exactly the number of
uneaten, SU(5) neutral chiral superfields.

4

SU(N) U(1) SU(N � 4) Sp(N � 5) U(1)0

A �N + 4 1 1 �N + 4

F̄i N � 2
1

1
2 (N � 4)

(N+1)(N�4)
2

AF̄iF̄N�4 1 N
1

N(N�4)
2

N(N � 4)

TABLE II: Particle content of the SU(N) theory with one
anti-symmetric A and N�4 anti-fundamentals F̄i. N = 2n+1
is odd. The operators AF̄iF̄N�4 are interpolating fields for
massless fermions. Decompositions of fields under the unbro-
ken Sp(N � 5)⇥ U(1)0 symmetry are also shown. The U(1)0

charges are given separately for the fundamental and singlet
of the unbroken Sp(N � 5) global symmetry.

In gauge invariant language, the IR theory has N � 4
massless fermions AF̄iF̄N�4

4 in the singlet and fun-
damental of the unbroken Sp(N � 5) global symmetry.
These correspond to the N � 5 + 1 massless fermions of
the Higgs picture.

The massless fermions match all of the anomalies for
the unbroken Sp(N � 5)⇥ U(1)0:

U(1)0 gravity2 :

1

2
N(N� 1)(�N + 4) + N̄(N � 5)

1

2
(N � 4)

+ N̄
1

2
(N + 1)(N � 4)

= (N � 5)
1

2
N(N � 4) +N(N � 4), (15)

U(1)03 :

1

2
N(N� 1)(�N + 4)3 + N̄(N � 5)
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1

2
(N � 4)

◆3

+ N̄
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1

2
(N + 1)(N � 4)

◆3

= (N � 5)
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1

2
N(N � 4)
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+ (N(N � 4))3, (16)

U(1)0Sp(N � 5)2 :

N̄
1

2
(N � 4) =

1

2
N(N � 4), (17)

and Sp(N � 5)Witten :

N̄ = 1 (mod 2). (18)

4 Note that this notation is not a chiral superfield, but rather an
interpolating field for the massless fermions in F̄N�4 written as
gauge-invariant operators. This is consistent as supersymmetry
is dynamically broken.

In addition, there are massless Nambu–Goldstone
bosons of the SU(N�4)/Sp(N�5) coset space, together
with the Wess–Zumino–Witten term [38, 39] given that
⇡5(SU(N�4)/Sp(N�5)) = Z for the SU(N�4) anoma-
lies not contained in Sp(N � 5) induced by the one-loop
diagrams of massive fermions [40]. This is the second
example of exact results on chiral gauge theories.
When m is increased, the field values approach the

strong scale, and we lose control of the dynamics. Yet the
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TABLE I: Particle content of the SU(5) theory with one anti-
symmetric A and one anti-fundamental F̄ . The composite
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SU(N) WITH A AND (N � 4) F̄

Next we consider the generalization of the above SU(5)
theory to SU(N) with N = 2n + 1 odd. Table II shows
the matter content and the symmetries of the theory. In
the SUSY limit, the theory has the D-flat direction
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where J(N�5) = i�2 ⌦ I(N�5)/2. As we will see below,
in our scenario the flat direction will ultimately be sta-
bilized at large VEVs, and so a weakly coupled analysis
is appropriate here. Along the flat directions the gauge
symmetry is broken to SU(5) while the SU(N�4) global
symmetry is broken to Sp(N�5). This is easily seen from
the fact that

AF̄iF̄j =
1p
2
'3Jij , i, j  N � 5, (9)

on the flat directions. There is also an unbroken
U(1)0 global symmetry which is a linear combination
of the original U(1) and the SU(N) global generator
diag(5, . . . , 5,�(N � 4), . . . ,�(N � 4)). The dynamical
scale of the unbroken SU(5) is given by

⇤13
5 =

⇤2N+3
N

(Pf 0AF̄ F̄ )(Pf 0A)
, (10)

where the Pfa�ans involve only the N � 5 components,
as indicated by the prime. This unbroken SU(5) will
have the same matter content as in the previous example,
hence it confines and breaks supersymmetry at the scale
⇤5. Here and below, we absorb renormalization-scheme-
dependent numerical constants [36] into the definition of
the scale ⇤’s which does not a↵ect any of the discussions
below. The vacuum energy has a runaway dependence
on '

V ⇡ ⇤4
5 =

 
⇤2N+3
N

'2N�10

!4/13

(11)

without a stable ground state. It can be stabilized by
adding �AF̄iF̄jJ ij to the superpotential [29].

With AMSB there is no need to add a tree-level super-
potential, since the run-away behavior is stabilized by
the scalar masses-squared along the flat direction

m2
A,F̄i

=
g4

(8⇡2)2
2Ci(2N + 3)m2, (12)

where

Ci =

(
(N+1)(N�2)

N for A,
N2�1
2N for F̄i.

(13)

Note that Eq. (11) is a runaway potential from dynamical
supersymmetry breaking, not a superpotential . There-
fore, there is no accompanying tree-level AMSB piece
from (2) to stabilize it. This is a key di↵erence from the
A✏eck–Dine–Seiberg case of QCD-like theories [22], and
from the even-N case discussed in the next section. The
theory has a stable ground state at

' ⇡ ⇤

✓
4⇡⇤

m

◆13/(4N�7)

� ⇤. (14)

Therefore, the physics is weakly coupled at the scale '
and our analysis is justified.
We now present a heuristic description of the dynam-

ics in the Higgs picture, before passing to a purely gauge
invariant formulation below. In this picture the UV the-
ory has A(12N(N� 1)) + F̄ (N̄) ⇥ (N � 4) chiral super-
fields. N2 � 1 � 24 are eaten when the SU(N) gauge
symmetry is higgsed to SU(5). Of the remaining ones,
15 = A(10) + F̄N�4(5̄) are charged under the gauge
SU(5), and the other 1

2 (N�4)(N�5) contain the Nambu-
Goldstone bosons for the broken global symmetry 3.
The SU(5) dynamics with A(10) and F̄N�4(5̄) is along

the lines of the previous section: SU(5) is higgsed to
SU(4), supersymmetry is spontaneously broken, and
there is a massless goldstino and an additional mass-
less fermion. Anomaly matching is then satisfied by this
fermion, together with the fermions in the first N � 5
components of F̄N�4, which are neutral under the un-
broken SU(5) gauge group and remain massless.

3 The overall number of Nambu-Goldstone (NG) superfields is
given by 1

2dim(Gc
/H̃) [37], where G

c is the complexification of

the original global symmetry G, and H̃ ◆ H
c depends on the rep-

resentation of the VEV. When H̃ = H
c, each NG superfield con-

tains one NGB. When H̃ � H
c, there are fewer NG superfields,

and hence some of them contain two NGBs to account for all the
broken generators of G/H. In our case, we can do the counting
in two steps. First we consider SU(N � 4)/SU(N � 5) ⇥ U(1)
which gives the Kähler manifold CPN�5 and N �5 chiral super-
fields, each containing two NGBs. In the second step we consider
SU(N � 5)⇥U(1)/Sp(N � 5), which gives 1

2 (N � 5)(N � 6) chi-
ral superfields, each with a single NGB and its superpartner.
Overall, we get 1

2 (N � 5)(N � 4), which is exactly the number of
uneaten, SU(5) neutral chiral superfields.
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SU(4), supersymmetry is spontaneously broken, and
there is a massless goldstino and an additional mass-
less fermion. Anomaly matching is then satisfied by this
fermion, together with the fermions in the first N � 5
components of F̄N�4, which are neutral under the un-
broken SU(5) gauge group and remain massless.
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which gives the Kähler manifold CPN�5 and N �5 chiral super-
fields, each containing two NGBs. In the second step we consider
SU(N � 5)⇥U(1)/Sp(N � 5), which gives 1

2 (N � 5)(N � 6) chi-
ral superfields, each with a single NGB and its superpartner.
Overall, we get 1

2 (N � 5)(N � 4), which is exactly the number of
uneaten, SU(5) neutral chiral superfields.

3

SU(5) U(1)5

A +1

F̄ �3

AF̄ F̄ 1 �5

TABLE I: Particle content of the SU(5) theory with one anti-
symmetric A and one anti-fundamental F̄ . The composite
fermion AF̄ F̄ matches all anomalies.

SU(N) WITH A AND (N � 4) F̄

Next we consider the generalization of the above SU(5)
theory to SU(N) with N = 2n + 1 odd. Table II shows
the matter content and the symmetries of the theory. In
the SUSY limit, the theory has the D-flat direction

AA† +A†A� F̄ ⇤
i F̄

T
i = 0, (7)

A =
'p
2

 
J(N�5) 0

0 05⇥5

!
, F̄ = '

 
I(N�5) 0

0 05⇥1

!
,

(8)

where J(N�5) = i�2 ⌦ I(N�5)/2. As we will see below,
in our scenario the flat direction will ultimately be sta-
bilized at large VEVs, and so a weakly coupled analysis
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without a stable ground state. It can be stabilized by
adding �AF̄iF̄jJ ij to the superpotential [29].

With AMSB there is no need to add a tree-level super-
potential, since the run-away behavior is stabilized by
the scalar masses-squared along the flat direction

m2
A,F̄i

=
g4

(8⇡2)2
2Ci(2N + 3)m2, (12)

where

Ci =

(
(N+1)(N�2)

N for A,
N2�1
2N for F̄i.

(13)
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hence it confines and breaks supersymmetry at the scale
⇤5. Here and below, we absorb renormalization-scheme-
dependent numerical constants [36] into the definition of
the scale ⇤’s which does not a↵ect any of the discussions
below. The vacuum energy has a runaway dependence
on '

V ⇡ ⇤4
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⇤2N+3
N

'2N�10

!4/13
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without a stable ground state. It can be stabilized by
adding �AF̄iF̄jJ ij to the superpotential [29].

With AMSB there is no need to add a tree-level super-
potential, since the run-away behavior is stabilized by
the scalar masses-squared along the flat direction

m2
A,F̄i

=
g4

(8⇡2)2
2Ci(2N + 3)m2, (12)

where

Ci =

(
(N+1)(N�2)

N for A,
N2�1
2N for F̄i.

(13)

Note that Eq. (11) is a runaway potential from dynamical
supersymmetry breaking, not a superpotential . There-
fore, there is no accompanying tree-level AMSB piece
from (2) to stabilize it. This is a key di↵erence from the
A✏eck–Dine–Seiberg case of QCD-like theories [22], and
from the even-N case discussed in the next section. The
theory has a stable ground state at

' ⇡ ⇤

✓
4⇡⇤

m

◆13/(4N�7)

� ⇤. (14)

Therefore, the physics is weakly coupled at the scale '
and our analysis is justified.
We now present a heuristic description of the dynam-

ics in the Higgs picture, before passing to a purely gauge
invariant formulation below. In this picture the UV the-
ory has A(12N(N� 1)) + F̄ (N̄) ⇥ (N � 4) chiral super-
fields. N2 � 1 � 24 are eaten when the SU(N) gauge
symmetry is higgsed to SU(5). Of the remaining ones,
15 = A(10) + F̄N�4(5̄) are charged under the gauge
SU(5), and the other 1

2 (N�4)(N�5) contain the Nambu-
Goldstone bosons for the broken global symmetry 3.
The SU(5) dynamics with A(10) and F̄N�4(5̄) is along

the lines of the previous section: SU(5) is higgsed to
SU(4), supersymmetry is spontaneously broken, and
there is a massless goldstino and an additional mass-
less fermion. Anomaly matching is then satisfied by this
fermion, together with the fermions in the first N � 5
components of F̄N�4, which are neutral under the un-
broken SU(5) gauge group and remain massless.

3 The overall number of Nambu-Goldstone (NG) superfields is
given by 1

2dim(Gc
/H̃) [37], where G

c is the complexification of

the original global symmetry G, and H̃ ◆ H
c depends on the rep-

resentation of the VEV. When H̃ = H
c, each NG superfield con-

tains one NGB. When H̃ � H
c, there are fewer NG superfields,

and hence some of them contain two NGBs to account for all the
broken generators of G/H. In our case, we can do the counting
in two steps. First we consider SU(N � 4)/SU(N � 5) ⇥ U(1)
which gives the Kähler manifold CPN�5 and N �5 chiral super-
fields, each containing two NGBs. In the second step we consider
SU(N � 5)⇥U(1)/Sp(N � 5), which gives 1

2 (N � 5)(N � 6) chi-
ral superfields, each with a single NGB and its superpartner.
Overall, we get 1

2 (N � 5)(N � 4), which is exactly the number of
uneaten, SU(5) neutral chiral superfields.
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F̄ �3

AF̄ F̄ 1 �5

TABLE I: Particle content of the SU(5) theory with one anti-
symmetric A and one anti-fundamental F̄ . The composite
fermion AF̄ F̄ matches all anomalies.

SU(N) WITH A AND (N � 4) F̄

Next we consider the generalization of the above SU(5)
theory to SU(N) with N = 2n + 1 odd. Table II shows
the matter content and the symmetries of the theory. In
the SUSY limit, the theory has the D-flat direction
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bilized at large VEVs, and so a weakly coupled analysis
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from (2) to stabilize it. This is a key di↵erence from the
A✏eck–Dine–Seiberg case of QCD-like theories [22], and
from the even-N case discussed in the next section. The
theory has a stable ground state at

' ⇡ ⇤

✓
4⇡⇤

m

◆13/(4N�7)

� ⇤. (14)

Therefore, the physics is weakly coupled at the scale '
and our analysis is justified.
We now present a heuristic description of the dynam-

ics in the Higgs picture, before passing to a purely gauge
invariant formulation below. In this picture the UV the-
ory has A(12N(N� 1)) + F̄ (N̄) ⇥ (N � 4) chiral super-
fields. N2 � 1 � 24 are eaten when the SU(N) gauge
symmetry is higgsed to SU(5). Of the remaining ones,
15 = A(10) + F̄N�4(5̄) are charged under the gauge
SU(5), and the other 1

2 (N�4)(N�5) contain the Nambu-
Goldstone bosons for the broken global symmetry 3.
The SU(5) dynamics with A(10) and F̄N�4(5̄) is along

the lines of the previous section: SU(5) is higgsed to
SU(4), supersymmetry is spontaneously broken, and
there is a massless goldstino and an additional mass-
less fermion. Anomaly matching is then satisfied by this
fermion, together with the fermions in the first N � 5
components of F̄N�4, which are neutral under the un-
broken SU(5) gauge group and remain massless.
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given by 1
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c is the complexification of

the original global symmetry G, and H̃ ◆ H
c depends on the rep-

resentation of the VEV. When H̃ = H
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tains one NGB. When H̃ � H
c, there are fewer NG superfields,

and hence some of them contain two NGBs to account for all the
broken generators of G/H. In our case, we can do the counting
in two steps. First we consider SU(N � 4)/SU(N � 5) ⇥ U(1)
which gives the Kähler manifold CPN�5 and N �5 chiral super-
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the fact that
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without a stable ground state. It can be stabilized by
adding �AF̄iF̄jJ ij to the superpotential [29].

With AMSB there is no need to add a tree-level super-
potential, since the run-away behavior is stabilized by
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Therefore, the physics is weakly coupled at the scale '
and our analysis is justified.
We now present a heuristic description of the dynam-

ics in the Higgs picture, before passing to a purely gauge
invariant formulation below. In this picture the UV the-
ory has A(12N(N� 1)) + F̄ (N̄) ⇥ (N � 4) chiral super-
fields. N2 � 1 � 24 are eaten when the SU(N) gauge
symmetry is higgsed to SU(5). Of the remaining ones,
15 = A(10) + F̄N�4(5̄) are charged under the gauge
SU(5), and the other 1

2 (N�4)(N�5) contain the Nambu-
Goldstone bosons for the broken global symmetry 3.
The SU(5) dynamics with A(10) and F̄N�4(5̄) is along

the lines of the previous section: SU(5) is higgsed to
SU(4), supersymmetry is spontaneously broken, and
there is a massless goldstino and an additional mass-
less fermion. Anomaly matching is then satisfied by this
fermion, together with the fermions in the first N � 5
components of F̄N�4, which are neutral under the un-
broken SU(5) gauge group and remain massless.

3 The overall number of Nambu-Goldstone (NG) superfields is
given by 1

2dim(Gc
/H̃) [37], where G

c is the complexification of

the original global symmetry G, and H̃ ◆ H
c depends on the rep-

resentation of the VEV. When H̃ = H
c, each NG superfield con-

tains one NGB. When H̃ � H
c, there are fewer NG superfields,

and hence some of them contain two NGBs to account for all the
broken generators of G/H. In our case, we can do the counting
in two steps. First we consider SU(N � 4)/SU(N � 5) ⇥ U(1)
which gives the Kähler manifold CPN�5 and N �5 chiral super-
fields, each containing two NGBs. In the second step we consider
SU(N � 5)⇥U(1)/Sp(N � 5), which gives 1

2 (N � 5)(N � 6) chi-
ral superfields, each with a single NGB and its superpartner.
Overall, we get 1

2 (N � 5)(N � 4), which is exactly the number of
uneaten, SU(5) neutral chiral superfields.



The SU(N) case for N=2n+1 odd  

• Can check all anomalies matched by  massless 
fermions                   fundamental + singlet under Sp 

• Tumbling picture: MAC 

• Would break SU(N)xSU(N-4)xU(1) → 
SU(4)xSU(N-4)VxU(1) 

• The SU(4) is diagonal QCD-like 
• SU(N-4) global symmetry with color-flavor locking.   

• To make tumbling agree with AMSB picture: 
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SU(N) U(1) SU(N � 4) Sp(N � 5) U(1)0

A �N + 4 1 1 �N + 4

F̄i N � 2
1

1
2 (N � 4)

(N+1)(N�4)
2

AF̄iF̄N�4 1 N
1

N(N�4)
2

N(N � 4)

TABLE II: Particle content of the SU(N) theory with one
anti-symmetric A and N�4 anti-fundamentals F̄i. N = 2n+1
is odd. The operators AF̄iF̄N�4 are interpolating fields for
massless fermions. Decompositions of fields under the unbro-
ken Sp(N � 5)⇥ U(1)0 symmetry are also shown. The U(1)0

charges are given separately for the fundamental and singlet
of the unbroken Sp(N � 5) global symmetry.

In gauge invariant language, the IR theory has N � 4
massless fermions AF̄iF̄N�4

4 in the singlet and fun-
damental of the unbroken Sp(N � 5) global symmetry.
These correspond to the N � 5 + 1 massless fermions of
the Higgs picture.

The massless fermions match all of the anomalies for
the unbroken Sp(N � 5)⇥ U(1)0:

U(1)0 gravity2 :

1

2
N(N� 1)(�N + 4) + N̄(N � 5)

1

2
(N � 4)

+ N̄
1

2
(N + 1)(N � 4)

= (N � 5)
1

2
N(N � 4) +N(N � 4), (15)

U(1)03 :

1

2
N(N� 1)(�N + 4)3 + N̄(N � 5)

✓
1

2
(N � 4)

◆3

+ N̄

✓
1

2
(N + 1)(N � 4)

◆3

= (N � 5)

✓
1

2
N(N � 4)

◆3

+ (N(N � 4))3, (16)

U(1)0Sp(N � 5)2 :

N̄
1

2
(N � 4) =

1

2
N(N � 4), (17)

and Sp(N � 5)Witten :

N̄ = 1 (mod 2). (18)

4 Note that this notation is not a chiral superfield, but rather an
interpolating field for the massless fermions in F̄N�4 written as
gauge-invariant operators. This is consistent as supersymmetry
is dynamically broken.

In addition, there are massless Nambu–Goldstone
bosons of the SU(N�4)/Sp(N�5) coset space, together
with the Wess–Zumino–Witten term [38, 39] given that
⇡5(SU(N�4)/Sp(N�5)) = Z for the SU(N�4) anoma-
lies not contained in Sp(N � 5) induced by the one-loop
diagrams of massive fermions [40]. This is the second
example of exact results on chiral gauge theories.
When m is increased, the field values approach the

strong scale, and we lose control of the dynamics. Yet the
non-trivial anomaly matching conditions depend only on
the presence of the massless fermions and may well per-
sist to the limit m � ⇤. While there may be a phase
transition that lifts the massless fermions discontinu-
ously, our analysis provides a concrete suggestion for the
dynamics of the non-supersymmetric chiral gauge theory,
which should be checked explicitly by lattice methods. It
would also be interesting to see whether the entire chiral
compensator � could be embedded in a fully supersym-
metric theory with spontaneous SUSY breaking giving
rise to the scale m governed by some holomorphic pa-
rameters of the UV complete theory. In that case one
may perhaps argue against the presence of a phase tran-
sition in the m ! 1 limit.

COMPARISON TO TUMBLING

While there is no controlled analysis for the study
of the dynamics of chiral non-supersymmetric gauge
theories, there is a framework proposed by Raby, Di-
mopoulos, and Susskind [14] that goes broadly under
the name of “tumbling”. One first finds the Most At-
tractive Channel (MAC) among the charged fields and
assumes that it condenses, breaking part of the gauge
symmetry. This process is then iterated until one ar-
rives at a QCD-like theory (or when the gauge group is
fully broken). Applying this method of tumbling to the
non-supersymmetric SU(N) theory with chiral fermions

A
⇣ ⌘

+ (N � 4) F̄
� �

, one finds [15] that the most at-

tractive channel is the antisymmetric tensor Aab and the
antifundamentals F̄bi combined into fundamentals. This
leads to a condensate

hAabF̄bii ⇠ ⇤3�ai 6= 0, i, a  N � 4 . (19)

The above condensate breaks the SU(N) gauge symme-
try down to SU(4) while leaving the (global) diagonal
subgroup of SU(N)⇥ SU(N � 4) unbroken, locking the
N � 4 colors and flavors. The remaining SU(4) sym-
metry is vectorlike and hence assumed confining. The
global anomalies of the unbroken SU(N � 4) symmetry
are matched by a massless fermion in the symmetric ten-
sor representation of SU(N � 4) corresponding to the
fermionic composite AF̄{i,F̄j}. While this picture ap-
pears possible, there are no controlled limits where the
theory can be studied reliably along this line of analysis.
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⇡5(SU(N�4)/Sp(N�5)) = Z for the SU(N�4) anoma-
lies not contained in Sp(N � 5) induced by the one-loop
diagrams of massive fermions [40]. This is the second
example of exact results on chiral gauge theories.
When m is increased, the field values approach the

strong scale, and we lose control of the dynamics. Yet the
non-trivial anomaly matching conditions depend only on
the presence of the massless fermions and may well per-
sist to the limit m � ⇤. While there may be a phase
transition that lifts the massless fermions discontinu-
ously, our analysis provides a concrete suggestion for the
dynamics of the non-supersymmetric chiral gauge theory,
which should be checked explicitly by lattice methods. It
would also be interesting to see whether the entire chiral
compensator � could be embedded in a fully supersym-
metric theory with spontaneous SUSY breaking giving
rise to the scale m governed by some holomorphic pa-
rameters of the UV complete theory. In that case one
may perhaps argue against the presence of a phase tran-
sition in the m ! 1 limit.

COMPARISON TO TUMBLING

While there is no controlled analysis for the study
of the dynamics of chiral non-supersymmetric gauge
theories, there is a framework proposed by Raby, Di-
mopoulos, and Susskind [14] that goes broadly under
the name of “tumbling”. One first finds the Most At-
tractive Channel (MAC) among the charged fields and
assumes that it condenses, breaking part of the gauge
symmetry. This process is then iterated until one ar-
rives at a QCD-like theory (or when the gauge group is
fully broken). Applying this method of tumbling to the
non-supersymmetric SU(N) theory with chiral fermions

A
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, one finds [15] that the most at-

tractive channel is the antisymmetric tensor Aab and the
antifundamentals F̄bi combined into fundamentals. This
leads to a condensate

hAabF̄bii ⇠ ⇤3�ai 6= 0, i, a  N � 4 . (19)

The above condensate breaks the SU(N) gauge symme-
try down to SU(4) while leaving the (global) diagonal
subgroup of SU(N)⇥ SU(N � 4) unbroken, locking the
N � 4 colors and flavors. The remaining SU(4) sym-
metry is vectorlike and hence assumed confining. The
global anomalies of the unbroken SU(N � 4) symmetry
are matched by a massless fermion in the symmetric ten-
sor representation of SU(N � 4) corresponding to the
fermionic composite AF̄{i,F̄j}. While this picture ap-
pears possible, there are no controlled limits where the
theory can be studied reliably along this line of analysis.



The SU(N) case for N=2n+1 odd  

•  Second most attractive channel 

• This will break the SU(N-4)→Sp(N-5) 

• Only antisymmetric part is attractive hence the J’s 

• AMSB provides an alternative proposal to the actual 
phase of this theory - should in principle at some 
point be testable.  

• Dynamics can persist to m≫𝚲 - good guess for non-
SUSY phase?  

5

Comparing to the results of our non-supersymmetric
AMSB limit we can see that the above tumbling picture
indeed appears to be incomplete. For the SUSY+AMSB
case we have found that the remaining global symmetry
is Sp(N�5)⇥U(1)0 instead of the full SU(N�4)⇥U(1),
with two massless fermion composites. It is actually easy
to reconcile the tumbling picture with our SUSY inspired
predictions. One needs to simply consider the second
most attractive channel corresponding to two antifunda-
mentals in the antisymmetric combination, and assume
another condensate along this direction:

hF̄aiF̄bji ⇠ ⇤3JabJij 6= 0, 1  i, j, a, b  N � 5 ,
(20)

in addition to the one in Eq. (19). Since the gauge indices
are anti-symmetric between a and b to make this channel
attractive, the flavor indices i and j will also have to be
anti-symmetric. Note that the symmetric combination
�ab�ij is repulsive and no condensate along that direction
is expected. The condensate Eq. (20) breaks the global
SU(N � 4) symmetry left by Eq. (19) further down to
Sp(N � 5).

The condensate in Eq. (20) is a good description in
the weakly-coupled Higgs picture. When we increase m,
the theory becomes strongly coupled and this description
is no longer valid. Instead, we should refer to a gauge
invariant order parameter for a consistent description,
which in our case is

D
(F̄iF̄j)[a,b](F̄

⇤kF̄ ⇤l)[a,b]
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/ JijJ
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The candidate Nambu–Goldstone bosons eaten by the
SU(N)/SU(4) massive gauge bosons are AabF̄bi for the
upper (N � 4)-dimensional block and ApbF̄bi for the o↵-
diagonal block where p = 1, · · · , 4 denotes the SU(4)
index. Finally JabF̄aiF̄bj are the candidates for the un-
eaten Nambu–Goldstone bosons for the global SU(N �
4)/Sp(N � 5) coset.

The condensate AabF̄bi separates the F̄i into the first
F̄1...(N�5) components and F̄N�4. These end up in the
Sp(N � 5) fundamental and singlet parts of the IR
composite fermions AF̄iF̄N�4 - see Table II for their
charges. Under the unbroken SU(4) symmetry, the
charged fermions decompose as A(6 + 4) and F̄i(4̄).
These remaining degrees of freedom are vector-like, and
become massive. The anomaly matching conditions re-
main the same and satisfied exactly as in the case of
SUSY+AMSB. Therefore, this modified tumbling pic-
ture with the second condensate has the identical sym-
metry breaking pattern and massless fermion content as
the SUSY theory with the AMSB, hence we find the two
to be likely continuously connected. We expect this mod-
ified picture to provide the proper low-energy dynamics
of the non-supersymmetric theory.

SU(N) U(1) SU(N � 4) Sp(N � 4)

A �N + 4 1 1

F̄i N � 2

AF̄iF̄j 1 N � 1

PfA 1 � 1
2N(N � 4) 1 1

TABLE III: Particle content of the SU(N) theory with one
anti-symmetric A and N � 4 anti-fundamentals F̄i. N = 2n
is even. Decompositions under the unbroken Sp(N � 4) sym-
metry are also shown.

EVEN N

Once again, we consider SU(N) gauge theories with an
anti-symmetric tensor A and (N � 4) anti-fundamentals
F̄i, but for even N = 2n. See Table III for quantum num-
bers. In this case, the D-flat directions break the gauge
group to Sp(4) = SO(5), whose gaugino condensate in-
duces a dynamical superpotential [33],

W =

✓
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(PfAF̄ F̄ )(PfA)

◆1/3

. (22)

The AMSB Eq. (2) balances the superpotential against
the supersymmetry breaking such that both A ⇠ F̄ ⇠
⇤(⇤/m)3/2N and all fermions acquire mass. The global
SU(N �4) and U(1) symmetries are broken dynamically
to Sp(N�4) which does not have anomalies. The anoma-
lies of broken symmetries are saturated by the Nambu–
Goldstone bosons with the Wess–Zumino–Witten term
given ⇡5(SU(N � 4)/Sp(N � 4)) = Z. This is the third
example of exact results on chiral gauge theories.
Again this dynamics can persist to m � ⇤. We can

interpret the dynamics in the non-SUSY limit with the
fermion bilinear condensates

hAabF̄bii ⇠ ⇤3�ai ,

hF̄aiF̄bji ⇠ ⇤3JabJij
i, j, a, b  N � 4. (23)

Note that in this case F̄N�4 is not singled out by the
condensate, and there are no corresponding massless
fermions. The remaining theory is again SU(4) with
A(6 + 4) and F̄ (4̄) which is vector-like and becomes
massive. The massless degrees of freedom are chiral La-
grangian of SU(N�4)⇥U(1)/Sp(N�4) with the Wess–
Zumino–Witten term.

CONCLUSIONS

In this paper, we outlined how dynamics of chiral
gauge theories can be studied by perturbing the super-
symmetric version with anomaly-mediated supersymme-
try breaking. In particular, we worked out dynamics of
SU(N) gauge theories with an anti-symmetric tensor and
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Comparing to the results of our non-supersymmetric
AMSB limit we can see that the above tumbling picture
indeed appears to be incomplete. For the SUSY+AMSB
case we have found that the remaining global symmetry
is Sp(N�5)⇥U(1)0 instead of the full SU(N�4)⇥U(1),
with two massless fermion composites. It is actually easy
to reconcile the tumbling picture with our SUSY inspired
predictions. One needs to simply consider the second
most attractive channel corresponding to two antifunda-
mentals in the antisymmetric combination, and assume
another condensate along this direction:

hF̄aiF̄bji ⇠ ⇤3JabJij 6= 0, 1  i, j, a, b  N � 5 ,
(20)

in addition to the one in Eq. (19). Since the gauge indices
are anti-symmetric between a and b to make this channel
attractive, the flavor indices i and j will also have to be
anti-symmetric. Note that the symmetric combination
�ab�ij is repulsive and no condensate along that direction
is expected. The condensate Eq. (20) breaks the global
SU(N � 4) symmetry left by Eq. (19) further down to
Sp(N � 5).

The condensate in Eq. (20) is a good description in
the weakly-coupled Higgs picture. When we increase m,
the theory becomes strongly coupled and this description
is no longer valid. Instead, we should refer to a gauge
invariant order parameter for a consistent description,
which in our case is

D
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⇤kF̄ ⇤l)[a,b]
E
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(21)

The candidate Nambu–Goldstone bosons eaten by the
SU(N)/SU(4) massive gauge bosons are AabF̄bi for the
upper (N � 4)-dimensional block and ApbF̄bi for the o↵-
diagonal block where p = 1, · · · , 4 denotes the SU(4)
index. Finally JabF̄aiF̄bj are the candidates for the un-
eaten Nambu–Goldstone bosons for the global SU(N �
4)/Sp(N � 5) coset.

The condensate AabF̄bi separates the F̄i into the first
F̄1...(N�5) components and F̄N�4. These end up in the
Sp(N � 5) fundamental and singlet parts of the IR
composite fermions AF̄iF̄N�4 - see Table II for their
charges. Under the unbroken SU(4) symmetry, the
charged fermions decompose as A(6 + 4) and F̄i(4̄).
These remaining degrees of freedom are vector-like, and
become massive. The anomaly matching conditions re-
main the same and satisfied exactly as in the case of
SUSY+AMSB. Therefore, this modified tumbling pic-
ture with the second condensate has the identical sym-
metry breaking pattern and massless fermion content as
the SUSY theory with the AMSB, hence we find the two
to be likely continuously connected. We expect this mod-
ified picture to provide the proper low-energy dynamics
of the non-supersymmetric theory.

SU(N) U(1) SU(N � 4) Sp(N � 4)

A �N + 4 1 1

F̄i N � 2

AF̄iF̄j 1 N � 1

PfA 1 � 1
2N(N � 4) 1 1

TABLE III: Particle content of the SU(N) theory with one
anti-symmetric A and N � 4 anti-fundamentals F̄i. N = 2n
is even. Decompositions under the unbroken Sp(N � 4) sym-
metry are also shown.

EVEN N

Once again, we consider SU(N) gauge theories with an
anti-symmetric tensor A and (N � 4) anti-fundamentals
F̄i, but for even N = 2n. See Table III for quantum num-
bers. In this case, the D-flat directions break the gauge
group to Sp(4) = SO(5), whose gaugino condensate in-
duces a dynamical superpotential [33],
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The AMSB Eq. (2) balances the superpotential against
the supersymmetry breaking such that both A ⇠ F̄ ⇠
⇤(⇤/m)3/2N and all fermions acquire mass. The global
SU(N �4) and U(1) symmetries are broken dynamically
to Sp(N�4) which does not have anomalies. The anoma-
lies of broken symmetries are saturated by the Nambu–
Goldstone bosons with the Wess–Zumino–Witten term
given ⇡5(SU(N � 4)/Sp(N � 4)) = Z. This is the third
example of exact results on chiral gauge theories.
Again this dynamics can persist to m � ⇤. We can

interpret the dynamics in the non-SUSY limit with the
fermion bilinear condensates

hAabF̄bii ⇠ ⇤3�ai ,

hF̄aiF̄bji ⇠ ⇤3JabJij
i, j, a, b  N � 4. (23)

Note that in this case F̄N�4 is not singled out by the
condensate, and there are no corresponding massless
fermions. The remaining theory is again SU(4) with
A(6 + 4) and F̄ (4̄) which is vector-like and becomes
massive. The massless degrees of freedom are chiral La-
grangian of SU(N�4)⇥U(1)/Sp(N�4) with the Wess–
Zumino–Witten term.

CONCLUSIONS

In this paper, we outlined how dynamics of chiral
gauge theories can be studied by perturbing the super-
symmetric version with anomaly-mediated supersymme-
try breaking. In particular, we worked out dynamics of
SU(N) gauge theories with an anti-symmetric tensor and
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Comparing to the results of our non-supersymmetric
AMSB limit we can see that the above tumbling picture
indeed appears to be incomplete. For the SUSY+AMSB
case we have found that the remaining global symmetry
is Sp(N�5)⇥U(1)0 instead of the full SU(N�4)⇥U(1),
with two massless fermion composites. It is actually easy
to reconcile the tumbling picture with our SUSY inspired
predictions. One needs to simply consider the second
most attractive channel corresponding to two antifunda-
mentals in the antisymmetric combination, and assume
another condensate along this direction:

hF̄aiF̄bji ⇠ ⇤3JabJij 6= 0, 1  i, j, a, b  N � 5 ,
(20)

in addition to the one in Eq. (19). Since the gauge indices
are anti-symmetric between a and b to make this channel
attractive, the flavor indices i and j will also have to be
anti-symmetric. Note that the symmetric combination
�ab�ij is repulsive and no condensate along that direction
is expected. The condensate Eq. (20) breaks the global
SU(N � 4) symmetry left by Eq. (19) further down to
Sp(N � 5).

The condensate in Eq. (20) is a good description in
the weakly-coupled Higgs picture. When we increase m,
the theory becomes strongly coupled and this description
is no longer valid. Instead, we should refer to a gauge
invariant order parameter for a consistent description,
which in our case is

D
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⇤kF̄ ⇤l)[a,b]
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(21)

The candidate Nambu–Goldstone bosons eaten by the
SU(N)/SU(4) massive gauge bosons are AabF̄bi for the
upper (N � 4)-dimensional block and ApbF̄bi for the o↵-
diagonal block where p = 1, · · · , 4 denotes the SU(4)
index. Finally JabF̄aiF̄bj are the candidates for the un-
eaten Nambu–Goldstone bosons for the global SU(N �
4)/Sp(N � 5) coset.

The condensate AabF̄bi separates the F̄i into the first
F̄1...(N�5) components and F̄N�4. These end up in the
Sp(N � 5) fundamental and singlet parts of the IR
composite fermions AF̄iF̄N�4 - see Table II for their
charges. Under the unbroken SU(4) symmetry, the
charged fermions decompose as A(6 + 4) and F̄i(4̄).
These remaining degrees of freedom are vector-like, and
become massive. The anomaly matching conditions re-
main the same and satisfied exactly as in the case of
SUSY+AMSB. Therefore, this modified tumbling pic-
ture with the second condensate has the identical sym-
metry breaking pattern and massless fermion content as
the SUSY theory with the AMSB, hence we find the two
to be likely continuously connected. We expect this mod-
ified picture to provide the proper low-energy dynamics
of the non-supersymmetric theory.

SU(N) U(1) SU(N � 4) Sp(N � 4)

A �N + 4 1 1

F̄i N � 2

AF̄iF̄j 1 N � 1

PfA 1 � 1
2N(N � 4) 1 1

TABLE III: Particle content of the SU(N) theory with one
anti-symmetric A and N � 4 anti-fundamentals F̄i. N = 2n
is even. Decompositions under the unbroken Sp(N � 4) sym-
metry are also shown.

EVEN N

Once again, we consider SU(N) gauge theories with an
anti-symmetric tensor A and (N � 4) anti-fundamentals
F̄i, but for even N = 2n. See Table III for quantum num-
bers. In this case, the D-flat directions break the gauge
group to Sp(4) = SO(5), whose gaugino condensate in-
duces a dynamical superpotential [33],
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The AMSB Eq. (2) balances the superpotential against
the supersymmetry breaking such that both A ⇠ F̄ ⇠
⇤(⇤/m)3/2N and all fermions acquire mass. The global
SU(N �4) and U(1) symmetries are broken dynamically
to Sp(N�4) which does not have anomalies. The anoma-
lies of broken symmetries are saturated by the Nambu–
Goldstone bosons with the Wess–Zumino–Witten term
given ⇡5(SU(N � 4)/Sp(N � 4)) = Z. This is the third
example of exact results on chiral gauge theories.
Again this dynamics can persist to m � ⇤. We can

interpret the dynamics in the non-SUSY limit with the
fermion bilinear condensates

hAabF̄bii ⇠ ⇤3�ai ,

hF̄aiF̄bji ⇠ ⇤3JabJij
i, j, a, b  N � 4. (23)

Note that in this case F̄N�4 is not singled out by the
condensate, and there are no corresponding massless
fermions. The remaining theory is again SU(4) with
A(6 + 4) and F̄ (4̄) which is vector-like and becomes
massive. The massless degrees of freedom are chiral La-
grangian of SU(N�4)⇥U(1)/Sp(N�4) with the Wess–
Zumino–Witten term.

CONCLUSIONS

In this paper, we outlined how dynamics of chiral
gauge theories can be studied by perturbing the super-
symmetric version with anomaly-mediated supersymme-
try breaking. In particular, we worked out dynamics of
SU(N) gauge theories with an anti-symmetric tensor and
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Comparing to the results of our non-supersymmetric
AMSB limit we can see that the above tumbling picture
indeed appears to be incomplete. For the SUSY+AMSB
case we have found that the remaining global symmetry
is Sp(N�5)⇥U(1)0 instead of the full SU(N�4)⇥U(1),
with two massless fermion composites. It is actually easy
to reconcile the tumbling picture with our SUSY inspired
predictions. One needs to simply consider the second
most attractive channel corresponding to two antifunda-
mentals in the antisymmetric combination, and assume
another condensate along this direction:

hF̄aiF̄bji ⇠ ⇤3JabJij 6= 0, 1  i, j, a, b  N � 5 ,
(20)

in addition to the one in Eq. (19). Since the gauge indices
are anti-symmetric between a and b to make this channel
attractive, the flavor indices i and j will also have to be
anti-symmetric. Note that the symmetric combination
�ab�ij is repulsive and no condensate along that direction
is expected. The condensate Eq. (20) breaks the global
SU(N � 4) symmetry left by Eq. (19) further down to
Sp(N � 5).

The condensate in Eq. (20) is a good description in
the weakly-coupled Higgs picture. When we increase m,
the theory becomes strongly coupled and this description
is no longer valid. Instead, we should refer to a gauge
invariant order parameter for a consistent description,
which in our case is
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The candidate Nambu–Goldstone bosons eaten by the
SU(N)/SU(4) massive gauge bosons are AabF̄bi for the
upper (N � 4)-dimensional block and ApbF̄bi for the o↵-
diagonal block where p = 1, · · · , 4 denotes the SU(4)
index. Finally JabF̄aiF̄bj are the candidates for the un-
eaten Nambu–Goldstone bosons for the global SU(N �
4)/Sp(N � 5) coset.

The condensate AabF̄bi separates the F̄i into the first
F̄1...(N�5) components and F̄N�4. These end up in the
Sp(N � 5) fundamental and singlet parts of the IR
composite fermions AF̄iF̄N�4 - see Table II for their
charges. Under the unbroken SU(4) symmetry, the
charged fermions decompose as A(6 + 4) and F̄i(4̄).
These remaining degrees of freedom are vector-like, and
become massive. The anomaly matching conditions re-
main the same and satisfied exactly as in the case of
SUSY+AMSB. Therefore, this modified tumbling pic-
ture with the second condensate has the identical sym-
metry breaking pattern and massless fermion content as
the SUSY theory with the AMSB, hence we find the two
to be likely continuously connected. We expect this mod-
ified picture to provide the proper low-energy dynamics
of the non-supersymmetric theory.

SU(N) U(1) SU(N � 4) Sp(N � 4)

A �N + 4 1 1

F̄i N � 2

AF̄iF̄j 1 N � 1

PfA 1 � 1
2N(N � 4) 1 1

TABLE III: Particle content of the SU(N) theory with one
anti-symmetric A and N � 4 anti-fundamentals F̄i. N = 2n
is even. Decompositions under the unbroken Sp(N � 4) sym-
metry are also shown.

EVEN N

Once again, we consider SU(N) gauge theories with an
anti-symmetric tensor A and (N � 4) anti-fundamentals
F̄i, but for even N = 2n. See Table III for quantum num-
bers. In this case, the D-flat directions break the gauge
group to Sp(4) = SO(5), whose gaugino condensate in-
duces a dynamical superpotential [33],
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The AMSB Eq. (2) balances the superpotential against
the supersymmetry breaking such that both A ⇠ F̄ ⇠
⇤(⇤/m)3/2N and all fermions acquire mass. The global
SU(N �4) and U(1) symmetries are broken dynamically
to Sp(N�4) which does not have anomalies. The anoma-
lies of broken symmetries are saturated by the Nambu–
Goldstone bosons with the Wess–Zumino–Witten term
given ⇡5(SU(N � 4)/Sp(N � 4)) = Z. This is the third
example of exact results on chiral gauge theories.
Again this dynamics can persist to m � ⇤. We can

interpret the dynamics in the non-SUSY limit with the
fermion bilinear condensates

hAabF̄bii ⇠ ⇤3�ai ,

hF̄aiF̄bji ⇠ ⇤3JabJij
i, j, a, b  N � 4. (23)

Note that in this case F̄N�4 is not singled out by the
condensate, and there are no corresponding massless
fermions. The remaining theory is again SU(4) with
A(6 + 4) and F̄ (4̄) which is vector-like and becomes
massive. The massless degrees of freedom are chiral La-
grangian of SU(N�4)⇥U(1)/Sp(N�4) with the Wess–
Zumino–Witten term.

CONCLUSIONS

In this paper, we outlined how dynamics of chiral
gauge theories can be studied by perturbing the super-
symmetric version with anomaly-mediated supersymme-
try breaking. In particular, we worked out dynamics of
SU(N) gauge theories with an anti-symmetric tensor and
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Comparing to the results of our non-supersymmetric
AMSB limit we can see that the above tumbling picture
indeed appears to be incomplete. For the SUSY+AMSB
case we have found that the remaining global symmetry
is Sp(N�5)⇥U(1)0 instead of the full SU(N�4)⇥U(1),
with two massless fermion composites. It is actually easy
to reconcile the tumbling picture with our SUSY inspired
predictions. One needs to simply consider the second
most attractive channel corresponding to two antifunda-
mentals in the antisymmetric combination, and assume
another condensate along this direction:

hF̄aiF̄bji ⇠ ⇤3JabJij 6= 0, 1  i, j, a, b  N � 5 ,
(20)

in addition to the one in Eq. (19). Since the gauge indices
are anti-symmetric between a and b to make this channel
attractive, the flavor indices i and j will also have to be
anti-symmetric. Note that the symmetric combination
�ab�ij is repulsive and no condensate along that direction
is expected. The condensate Eq. (20) breaks the global
SU(N � 4) symmetry left by Eq. (19) further down to
Sp(N � 5).

The condensate in Eq. (20) is a good description in
the weakly-coupled Higgs picture. When we increase m,
the theory becomes strongly coupled and this description
is no longer valid. Instead, we should refer to a gauge
invariant order parameter for a consistent description,
which in our case is
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The candidate Nambu–Goldstone bosons eaten by the
SU(N)/SU(4) massive gauge bosons are AabF̄bi for the
upper (N � 4)-dimensional block and ApbF̄bi for the o↵-
diagonal block where p = 1, · · · , 4 denotes the SU(4)
index. Finally JabF̄aiF̄bj are the candidates for the un-
eaten Nambu–Goldstone bosons for the global SU(N �
4)/Sp(N � 5) coset.

The condensate AabF̄bi separates the F̄i into the first
F̄1...(N�5) components and F̄N�4. These end up in the
Sp(N � 5) fundamental and singlet parts of the IR
composite fermions AF̄iF̄N�4 - see Table II for their
charges. Under the unbroken SU(4) symmetry, the
charged fermions decompose as A(6 + 4) and F̄i(4̄).
These remaining degrees of freedom are vector-like, and
become massive. The anomaly matching conditions re-
main the same and satisfied exactly as in the case of
SUSY+AMSB. Therefore, this modified tumbling pic-
ture with the second condensate has the identical sym-
metry breaking pattern and massless fermion content as
the SUSY theory with the AMSB, hence we find the two
to be likely continuously connected. We expect this mod-
ified picture to provide the proper low-energy dynamics
of the non-supersymmetric theory.

SU(N) U(1) SU(N � 4) Sp(N � 4)

A �N + 4 1 1

F̄i N � 2

AF̄iF̄j 1 N � 1

PfA 1 � 1
2N(N � 4) 1 1

TABLE III: Particle content of the SU(N) theory with one
anti-symmetric A and N � 4 anti-fundamentals F̄i. N = 2n
is even. Decompositions under the unbroken Sp(N � 4) sym-
metry are also shown.

EVEN N

Once again, we consider SU(N) gauge theories with an
anti-symmetric tensor A and (N � 4) anti-fundamentals
F̄i, but for even N = 2n. See Table III for quantum num-
bers. In this case, the D-flat directions break the gauge
group to Sp(4) = SO(5), whose gaugino condensate in-
duces a dynamical superpotential [33],
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The AMSB Eq. (2) balances the superpotential against
the supersymmetry breaking such that both A ⇠ F̄ ⇠
⇤(⇤/m)3/2N and all fermions acquire mass. The global
SU(N �4) and U(1) symmetries are broken dynamically
to Sp(N�4) which does not have anomalies. The anoma-
lies of broken symmetries are saturated by the Nambu–
Goldstone bosons with the Wess–Zumino–Witten term
given ⇡5(SU(N � 4)/Sp(N � 4)) = Z. This is the third
example of exact results on chiral gauge theories.
Again this dynamics can persist to m � ⇤. We can

interpret the dynamics in the non-SUSY limit with the
fermion bilinear condensates

hAabF̄bii ⇠ ⇤3�ai ,

hF̄aiF̄bji ⇠ ⇤3JabJij
i, j, a, b  N � 4. (23)

Note that in this case F̄N�4 is not singled out by the
condensate, and there are no corresponding massless
fermions. The remaining theory is again SU(4) with
A(6 + 4) and F̄ (4̄) which is vector-like and becomes
massive. The massless degrees of freedom are chiral La-
grangian of SU(N�4)⇥U(1)/Sp(N�4) with the Wess–
Zumino–Witten term.

CONCLUSIONS

In this paper, we outlined how dynamics of chiral
gauge theories can be studied by perturbing the super-
symmetric version with anomaly-mediated supersymme-
try breaking. In particular, we worked out dynamics of
SU(N) gauge theories with an anti-symmetric tensor and
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Comparing to the results of our non-supersymmetric
AMSB limit we can see that the above tumbling picture
indeed appears to be incomplete. For the SUSY+AMSB
case we have found that the remaining global symmetry
is Sp(N�5)⇥U(1)0 instead of the full SU(N�4)⇥U(1),
with two massless fermion composites. It is actually easy
to reconcile the tumbling picture with our SUSY inspired
predictions. One needs to simply consider the second
most attractive channel corresponding to two antifunda-
mentals in the antisymmetric combination, and assume
another condensate along this direction:

hF̄aiF̄bji ⇠ ⇤3JabJij 6= 0, 1  i, j, a, b  N � 5 ,
(20)

in addition to the one in Eq. (19). Since the gauge indices
are anti-symmetric between a and b to make this channel
attractive, the flavor indices i and j will also have to be
anti-symmetric. Note that the symmetric combination
�ab�ij is repulsive and no condensate along that direction
is expected. The condensate Eq. (20) breaks the global
SU(N � 4) symmetry left by Eq. (19) further down to
Sp(N � 5).

The condensate in Eq. (20) is a good description in
the weakly-coupled Higgs picture. When we increase m,
the theory becomes strongly coupled and this description
is no longer valid. Instead, we should refer to a gauge
invariant order parameter for a consistent description,
which in our case is
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The candidate Nambu–Goldstone bosons eaten by the
SU(N)/SU(4) massive gauge bosons are AabF̄bi for the
upper (N � 4)-dimensional block and ApbF̄bi for the o↵-
diagonal block where p = 1, · · · , 4 denotes the SU(4)
index. Finally JabF̄aiF̄bj are the candidates for the un-
eaten Nambu–Goldstone bosons for the global SU(N �
4)/Sp(N � 5) coset.

The condensate AabF̄bi separates the F̄i into the first
F̄1...(N�5) components and F̄N�4. These end up in the
Sp(N � 5) fundamental and singlet parts of the IR
composite fermions AF̄iF̄N�4 - see Table II for their
charges. Under the unbroken SU(4) symmetry, the
charged fermions decompose as A(6 + 4) and F̄i(4̄).
These remaining degrees of freedom are vector-like, and
become massive. The anomaly matching conditions re-
main the same and satisfied exactly as in the case of
SUSY+AMSB. Therefore, this modified tumbling pic-
ture with the second condensate has the identical sym-
metry breaking pattern and massless fermion content as
the SUSY theory with the AMSB, hence we find the two
to be likely continuously connected. We expect this mod-
ified picture to provide the proper low-energy dynamics
of the non-supersymmetric theory.

SU(N) U(1) SU(N � 4) Sp(N � 4)

A �N + 4 1 1

F̄i N � 2

AF̄iF̄j 1 N � 1

PfA 1 � 1
2N(N � 4) 1 1

TABLE III: Particle content of the SU(N) theory with one
anti-symmetric A and N � 4 anti-fundamentals F̄i. N = 2n
is even. Decompositions under the unbroken Sp(N � 4) sym-
metry are also shown.

EVEN N

Once again, we consider SU(N) gauge theories with an
anti-symmetric tensor A and (N � 4) anti-fundamentals
F̄i, but for even N = 2n. See Table III for quantum num-
bers. In this case, the D-flat directions break the gauge
group to Sp(4) = SO(5), whose gaugino condensate in-
duces a dynamical superpotential [33],

W =

✓
⇤2N+3

(PfAF̄ F̄ )(PfA)

◆1/3

. (22)

The AMSB Eq. (2) balances the superpotential against
the supersymmetry breaking such that both A ⇠ F̄ ⇠
⇤(⇤/m)3/2N and all fermions acquire mass. The global
SU(N �4) and U(1) symmetries are broken dynamically
to Sp(N�4) which does not have anomalies. The anoma-
lies of broken symmetries are saturated by the Nambu–
Goldstone bosons with the Wess–Zumino–Witten term
given ⇡5(SU(N � 4)/Sp(N � 4)) = Z. This is the third
example of exact results on chiral gauge theories.
Again this dynamics can persist to m � ⇤. We can

interpret the dynamics in the non-SUSY limit with the
fermion bilinear condensates

hAabF̄bii ⇠ ⇤3�ai ,

hF̄aiF̄bji ⇠ ⇤3JabJij
i, j, a, b  N � 4. (23)

Note that in this case F̄N�4 is not singled out by the
condensate, and there are no corresponding massless
fermions. The remaining theory is again SU(4) with
A(6 + 4) and F̄ (4̄) which is vector-like and becomes
massive. The massless degrees of freedom are chiral La-
grangian of SU(N�4)⇥U(1)/Sp(N�4) with the Wess–
Zumino–Witten term.

CONCLUSIONS

In this paper, we outlined how dynamics of chiral
gauge theories can be studied by perturbing the super-
symmetric version with anomaly-mediated supersymme-
try breaking. In particular, we worked out dynamics of
SU(N) gauge theories with an anti-symmetric tensor and
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• Another example of a chiral gauge theory - more 
difficult to analyze 

• Magnetic dual found by Pouliot & Strassler    
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SU(N � 4) SU(N) U(1) U(1)R

S 1 �2N 12
(N+1)(N�4)

F̄i 2N � 4 6(N�5)
(N+1)(N�4)

Mij = SF̄iF̄j 1 2N � 8 12
N+1

U = detS 1 1 2N(4�N) 12
N+1

TABLE I: Particle content of the electric SU(N � 4) theory.
We omit the baryons B, Bn since they are not dynamical and
don’t play a role in our analysis.

Spin(8) SU(N) U(1) U(1)R SO(N)

q
i 8v

¯ 4�N
N�5
N+1

p 8s 1 N(N � 4) N�5
N+1 1

Mij 1 2N � 8 12
N+1 1+

U 1 1 2N(4�N) 12
N+1 1

TABLE II: Particle content of the magnetic Spin(8) theory.
We omit the baryons b, bn since they are not dynamical don’t
play a role in our analysis. Note that we use the same name
for Mij , U as in the electric theory, due to their indentical
representations.

case the tree-level AMSB contribution from (1) vanishes,
and so the supersymmetry breaking is generated by the
loop level A-terms (2) and soft masses (3,4), leading to a
local minimum at

V ⇡ �

✓
�
2

16⇡2

◆4

m
4
, (8)

where � is some O(1) combination the gauge and super-
potential couplings g, yM , and yU . While this is indeed
a local minimum of the potential, we will now show, this
is not the global minimum of the theory.

To find the global minimum, we first consider the mag-
netic theory on the moduli space by turning on hMi of
rank N , as well as hUi. As we shall see, the global mini-
mum end up being at small values of these VEVs, justify-
ing our weakly coupled analysis in the (initially) IR free
magnetic theory. Once qi, p are integrated out, the mag-
netic theory becomes asymptotically free again: indeed
the IR theory is a pure Spin(8) SYM, with a scale

⇤̃18
L =

detM̃ Ũ

⇤̃N�17
. (9)

It develops a gaugino condensate with a dynamically gen-
erated superpotential [18][27]

Wdyn = e
i⇡k

3 (⇤̃18
L )1/6 = e

i⇡k
3

 
detM̃ Ũ

⇤̃N�17

!1/6

, (10)

where k = 0, . . . , 5 denoting six di↵erent vacua, originat-
ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution

Ltree = m
N � 17

6
Wdyn + c.c. (11)

The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
minimum at

M̃ij ⇡ �ijm

 
⇤̃

m

!N�17
N�11

, Ũ ⇡ m

 
⇤̃

m

!N�17
N�11

,

V ⇡ �m
4

 
⇤̃

m

! 2(N�17)
N�11

. (12)

Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in

3

SU(N � 4) SU(N) U(1) U(1)R

S 1 �2N 12
(N+1)(N�4)

F̄i 2N � 4 6(N�5)
(N+1)(N�4)

Mij = SF̄iF̄j 1 2N � 8 12
N+1

U = detS 1 1 2N(4�N) 12
N+1

TABLE I: Particle content of the electric SU(N � 4) theory.
We omit the baryons B, Bn since they are not dynamical and
don’t play a role in our analysis.
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N+1 1+
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N+1 1

TABLE II: Particle content of the magnetic Spin(8) theory.
We omit the baryons b, bn since they are not dynamical don’t
play a role in our analysis. Note that we use the same name
for Mij , U as in the electric theory, due to their indentical
representations.
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where � is some O(1) combination the gauge and super-
potential couplings g, yM , and yU . While this is indeed
a local minimum of the potential, we will now show, this
is not the global minimum of the theory.
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netic theory on the moduli space by turning on hMi of
rank N , as well as hUi. As we shall see, the global mini-
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the IR theory is a pure Spin(8) SYM, with a scale
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ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution
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The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
minimum at

M̃ij ⇡ �ijm

 
⇤̃

m

!N�17
N�11
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Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in
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global symmetry. The anomalies are matched by a com-
posite fermion SF̄iF̄j antisymmetric in the i, j flavor
indices. Another interesting option is that the entire
group confines without breaking any of the global sym-
metries via condensates, since the same fermion compos-
ite actually matches the ’t Hooft anomalies of the entire
SU(N)⇥ U(1) global symmetry.

Similar to the case of the anti-symmetric tensor, we
will show that the AMSB method results in a prediction
di↵erent from either of these two scenarios. The details
of the analysis for the symmetric case turn out to be quite
di↵erent from that of the antisymmetric, since here we
have to make use of the Seiberg dual found by Pouliot
and Strassler [16] in terms of a magnetic Spin(8) group.
We find that for N � 17 the remaining global symmetry
is only SO(N � 4), and no massless composite fermion is
needed in the absence of ’t Hooft anomalies. On the other
hand for N < 17 the theory flows to a conformal fixed
point in the IR. At the fixed point the supersymmetry
breaking terms all vanish, and one is left with a genuine
superconformal theory.

The paper is organized as follows. We first briefly re-
view the anomaly mediation of supersymmetry breaking
(AMSB), and the SUSY limit of the SU(N�4) gauge the-
ories with a symmetric tensor and N anti-fundamentals.
Then we combine them to find consistent vacua of the
non-SUSY theories that can be extrapolated to decouple
supersymmetry. We show that we can understand the
symmetry breaking pattern à la tumbling, even though
we need to rely on fermion bilinear condensates that are
not in the MAC. The case of infrared fixed points are
discussed in the end.

ANOMALY MEDIATION

In scenarios with anomaly-mediated supersymmetry
breaking (AMSB), supersymmetry is broken in a se-
questered sector, and is mediated to the visible sector
via the superconformal anomaly. The magnitude of the
breaking is given by a single numberm, which enters both
at tree and at loop level. The tree-level contribution to
the scalar potential is derived from the superpotential,

Ltree = m

✓
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@�i
� 3W

◆
+ c.c. (1)

In addition, there is loop-level supersymmetry breaking,
which generates in tri-linear couplings, scalar masses, and
gaugino masses [17],

Aijk(µ) = �
1

2
(�i + �j + �k)(µ)m, (2)

m
2
i (µ) = �

1

4
�̇i(µ)m

2
, (3)

m�(µ) = �
�(g2)

2g2
(µ)m. (4)

Here, �i = µ
d
dµ lnZi(µ), �̇ = µ

d
dµ�i, and �(g2) = µ

d
dµg

2.

SU(N � 4) WITH S AND (N) F̄i

First we present a summary of the duality explored
in [16], which will be the basis of our explorations. We
consider a supersymmetric SU(N�4) gauge theory with
a rank-2 symmetric tensor S and antifundamentals F̄i

(i = 1, · · · , N). For N  16, it has an interacting IR
fixed point, while for N � 17, it is in a free magnetic
phase. The theory has a global SU(N) ⇥ U(1) ⇥ U(1)R
symmetry, under which the charges of the matter fields
are shown in Table I.
The SU(N � 4) theory (henceforth the ‘electric’ the-

ory) has a magnetic dual, which is a non-chiral Spin(8)
gauge theory (the double cover of SO(8)) with N vec-
tors qi, a spinor p and the Spin(8) singlets Mij = SF̄iF̄j

and U = detS. The magnetic theory has a tree-level
superpotential:

W̃tree =
1

µ2
1

Mijq
i
q
j +

1

µ
N�5
2

Upp , (5)

where the scales µ1,2 are related to the electric (magnetic)
strong scales ⇤ (⇤̃) by

(⇤2N�11)2⇤̃17�N = µ
2N
1 µ

N�5
2 . (6)

The ’t Hooft anomaly matching conditions are satisfied
and imply that the fields M and U have regular Kähler
potential at the origin. For later convenience, we switch
to canonically normalized fields M̃ and Ũ and introduce
the Yukawa couplings yM,U ,

W̃tree = yM M̃qq + yU Ũpp . (7)

The duality between the SU(N � 4) and Spin(8) also
maps the composite operators of the theory: SF̄iF̄j $

Mij and detS $ U . There are also gauge invariant bary-
onic operators on both the electric and the magnetic side,
but they do not play a role in the dynamics below and
so we do not discuss them further in this paper.

ADDING AMSB

Perturbing the duality via the AMSB mechanism will
result on the electric side in positive scalar masses as
well as gaugino masses, leaving in the IR the non-
supersymmetric chiral gauge theory of interest. We will
then have to identify the e↵ect of the AMSB on the mag-
netic Spin(8) theory and find the global minimum of its
supersymmetry breaking potential. We first focus on the
case N � 17, in which the theory is in the free magnetic
phase. A naive local minimum is obtained by directly
adding the AMSB to the tree level potential (7). In this
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global symmetry. The anomalies are matched by a com-
posite fermion SF̄iF̄j antisymmetric in the i, j flavor
indices. Another interesting option is that the entire
group confines without breaking any of the global sym-
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hand for N < 17 the theory flows to a conformal fixed
point in the IR. At the fixed point the supersymmetry
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in [16], which will be the basis of our explorations. We
consider a supersymmetric SU(N�4) gauge theory with
a rank-2 symmetric tensor S and antifundamentals F̄i

(i = 1, · · · , N). For N  16, it has an interacting IR
fixed point, while for N � 17, it is in a free magnetic
phase. The theory has a global SU(N) ⇥ U(1) ⇥ U(1)R
symmetry, under which the charges of the matter fields
are shown in Table I.
The SU(N � 4) theory (henceforth the ‘electric’ the-

ory) has a magnetic dual, which is a non-chiral Spin(8)
gauge theory (the double cover of SO(8)) with N vec-
tors qi, a spinor p and the Spin(8) singlets Mij = SF̄iF̄j

and U = detS. The magnetic theory has a tree-level
superpotential:
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where the scales µ1,2 are related to the electric (magnetic)
strong scales ⇤ (⇤̃) by
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The ’t Hooft anomaly matching conditions are satisfied
and imply that the fields M and U have regular Kähler
potential at the origin. For later convenience, we switch
to canonically normalized fields M̃ and Ũ and introduce
the Yukawa couplings yM,U ,

W̃tree = yM M̃qq + yU Ũpp . (7)

The duality between the SU(N � 4) and Spin(8) also
maps the composite operators of the theory: SF̄iF̄j $

Mij and detS $ U . There are also gauge invariant bary-
onic operators on both the electric and the magnetic side,
but they do not play a role in the dynamics below and
so we do not discuss them further in this paper.

ADDING AMSB

Perturbing the duality via the AMSB mechanism will
result on the electric side in positive scalar masses as
well as gaugino masses, leaving in the IR the non-
supersymmetric chiral gauge theory of interest. We will
then have to identify the e↵ect of the AMSB on the mag-
netic Spin(8) theory and find the global minimum of its
supersymmetry breaking potential. We first focus on the
case N � 17, in which the theory is in the free magnetic
phase. A naive local minimum is obtained by directly
adding the AMSB to the tree level potential (7). In this

(C.C., Murayama, Telem ’21)



SU(N) with a symmetric tensor    

• Superpotential cubic, so adding AMSB naively loop-
level leading to a local minimum  

• However there is a deeper one - go out on moduli 
space along M and S, then dual quarks and spinor 
become massive and integrate them out - gaugino 
condensate      
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ing our weakly coupled analysis in the (initially) IR free
magnetic theory. Once qi, p are integrated out, the mag-
netic theory becomes asymptotically free again: indeed
the IR theory is a pure Spin(8) SYM, with a scale
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It develops a gaugino condensate with a dynamically gen-
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where k = 0, . . . , 5 denoting six di↵erent vacua, originat-
ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution

Ltree = m
N � 17

6
Wdyn + c.c. (11)

The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
minimum at
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Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in
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S 1 �2N 12
(N+1)(N�4)

F̄i 2N � 4 6(N�5)
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U = detS 1 1 2N(4�N) 12
N+1

TABLE I: Particle content of the electric SU(N � 4) theory.
We omit the baryons B, Bn since they are not dynamical and
don’t play a role in our analysis.
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TABLE II: Particle content of the magnetic Spin(8) theory.
We omit the baryons b, bn since they are not dynamical don’t
play a role in our analysis. Note that we use the same name
for Mij , U as in the electric theory, due to their indentical
representations.

case the tree-level AMSB contribution from (1) vanishes,
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loop level A-terms (2) and soft masses (3,4), leading to a
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where � is some O(1) combination the gauge and super-
potential couplings g, yM , and yU . While this is indeed
a local minimum of the potential, we will now show, this
is not the global minimum of the theory.

To find the global minimum, we first consider the mag-
netic theory on the moduli space by turning on hMi of
rank N , as well as hUi. As we shall see, the global mini-
mum end up being at small values of these VEVs, justify-
ing our weakly coupled analysis in the (initially) IR free
magnetic theory. Once qi, p are integrated out, the mag-
netic theory becomes asymptotically free again: indeed
the IR theory is a pure Spin(8) SYM, with a scale
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where k = 0, . . . , 5 denoting six di↵erent vacua, originat-
ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution

Ltree = m
N � 17

6
Wdyn + c.c. (11)

The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
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Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in
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TABLE I: Particle content of the electric SU(N � 4) theory.
We omit the baryons B, Bn since they are not dynamical and
don’t play a role in our analysis.

Spin(8) SU(N) U(1) U(1)R SO(N)

q
i 8v

¯ 4�N
N�5
N+1

p 8s 1 N(N � 4) N�5
N+1 1

Mij 1 2N � 8 12
N+1 1+

U 1 1 2N(4�N) 12
N+1 1

TABLE II: Particle content of the magnetic Spin(8) theory.
We omit the baryons b, bn since they are not dynamical don’t
play a role in our analysis. Note that we use the same name
for Mij , U as in the electric theory, due to their indentical
representations.

case the tree-level AMSB contribution from (1) vanishes,
and so the supersymmetry breaking is generated by the
loop level A-terms (2) and soft masses (3,4), leading to a
local minimum at
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where � is some O(1) combination the gauge and super-
potential couplings g, yM , and yU . While this is indeed
a local minimum of the potential, we will now show, this
is not the global minimum of the theory.

To find the global minimum, we first consider the mag-
netic theory on the moduli space by turning on hMi of
rank N , as well as hUi. As we shall see, the global mini-
mum end up being at small values of these VEVs, justify-
ing our weakly coupled analysis in the (initially) IR free
magnetic theory. Once qi, p are integrated out, the mag-
netic theory becomes asymptotically free again: indeed
the IR theory is a pure Spin(8) SYM, with a scale

⇤̃18
L =

detM̃ Ũ

⇤̃N�17
. (9)

It develops a gaugino condensate with a dynamically gen-
erated superpotential [18][27]
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⇤̃N�17

!1/6

, (10)

where k = 0, . . . , 5 denoting six di↵erent vacua, originat-
ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution

Ltree = m
N � 17

6
Wdyn + c.c. (11)

The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
minimum at
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Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in
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for Mij , U as in the electric theory, due to their indentical
representations.
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where � is some O(1) combination the gauge and super-
potential couplings g, yM , and yU . While this is indeed
a local minimum of the potential, we will now show, this
is not the global minimum of the theory.

To find the global minimum, we first consider the mag-
netic theory on the moduli space by turning on hMi of
rank N , as well as hUi. As we shall see, the global mini-
mum end up being at small values of these VEVs, justify-
ing our weakly coupled analysis in the (initially) IR free
magnetic theory. Once qi, p are integrated out, the mag-
netic theory becomes asymptotically free again: indeed
the IR theory is a pure Spin(8) SYM, with a scale
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It develops a gaugino condensate with a dynamically gen-
erated superpotential [18][27]

Wdyn = e
i⇡k

3 (⇤̃18
L )1/6 = e

i⇡k
3

 
detM̃ Ũ
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where k = 0, . . . , 5 denoting six di↵erent vacua, originat-
ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution

Ltree = m
N � 17

6
Wdyn + c.c. (11)

The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
minimum at
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Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in
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where � is some O(1) combination the gauge and super-
potential couplings g, yM , and yU . While this is indeed
a local minimum of the potential, we will now show, this
is not the global minimum of the theory.

To find the global minimum, we first consider the mag-
netic theory on the moduli space by turning on hMi of
rank N , as well as hUi. As we shall see, the global mini-
mum end up being at small values of these VEVs, justify-
ing our weakly coupled analysis in the (initially) IR free
magnetic theory. Once qi, p are integrated out, the mag-
netic theory becomes asymptotically free again: indeed
the IR theory is a pure Spin(8) SYM, with a scale
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where k = 0, . . . , 5 denoting six di↵erent vacua, originat-
ing from taking the sixth root in the gaugino condensate.
Taking this dynamical superpotential into account, and

using (1), we find the tree-level AMSB contribution

Ltree = m
N � 17

6
Wdyn + c.c. (11)

The loop-level AMSB terms (2,3,4) are negligible with
respect to this tree-level contribution. The scalar po-
tential from the superpotential (10) and the tree-level
AMSB contribution (11) has a supersymmetry breaking
minimum at
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Indeed, for N > 17 this minimum is deeper than the one
in (8). We will come back to the marginal case N = 17
shortly. On the complex plane of z = (detM̃ Ũ), six
branches are connected through branch cuts from one
Riemann sheet to another. The minimum of the potential
finds itself on the sheet where mWdyn in Eq. (11) can be
real and negative. We recall that the magnetic theory is
IR free for N � 17 and in this case the VEVs are both
much smaller than the Landau pole and much larger than
the scale ⇤L of the gaugino condensate. For this reason
the minimum eq. (12) is at weak coupling.
At the minimum the global SU(N) ⇥ U(1) symme-

try is broken to SO(N), (the U(1)R is explicitly broken
by the AMSB) and all fermions become massive. There
are 1

2N(N + 1) Nambu-Goldstone bosons correspond-
ing to the breaking, and none of them are eaten since
the Spin(8) gauge symmetry remains unbroken. Since
SO(N) is anomaly free, there are no non-trivial ’t Hooft
anomaly matching conditions. In the IR theory, the Mij

and U all play the role of Goldstone superfields, each
one containing exactly one of the 1

2N(N + 1) Nambu-
Goldstone boson for the SU(N)⇥U(1)/SO(N) breaking,
except for one combination of U and TrM which is the
direction of the potential and is not a NGB.
Note that the VEVMij has the full rank N in the mag-

netic theory, while in the electric theory their maximal
rank isN�4. This is completely consistent with the dual-
ity: in the supersymmetric limit, the rank condition is en-
forced on Mij dynamically [19], because the superpoten-
tial Eq. (10) requires M̃�1detM̃ Ũ = detM̃ = 0. There-
fore, along F -flat directions corresponding to potential
SUSY preserving minima rank M̃ij < N . Directions with
maximal rank satisfying detM̃ Ũ 6= 0 (as we assumed in
deriving Eq. (10)) necessarily correspond to SUSY break-
ing vacua. In our case AMSB indeed stabilizes the mini-
mum (12) along the direction where hM̃iji has maximal
rank, and away from the classically expected rank con-
dition. This situation is similar to the way the full-rank
meson field is found in the ISS model when Nc < Nf in
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• Note M has maximal rank N - OK in SUSY vacua  

• Differs again from old tumbling predictions 
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the electric theory [20], with the mass perturbation sta-
bilizing the minimum away from the classical rank con-
dition.

The marginal caseN = 17 is a little subtle. In this case
the one-loop beta function of the magnetic gauge cou-
pling vanishes, though the two-loop beta function does
not and is IR free. Consequently, the theory is still in
the free magnetic phase. While in this case the minima
(12) and (8) have the same dependence on m, the mini-
mum (8) is much shallower, since it depends on the slow
2-loop running of the gauge coupling, and quasi-IR-fixed
point behavior of the Yukawa couplings that tracks the
gauge coupling. Then (12) remains the global minimum
for N = 17. We also verified that the two-loop mass-
squared for M̃ and Ũ is smaller than the square of the
one-loop A-term, and the origin is unstable. Therefore
we find M̃ ⇠ Ũ ⇠

�2

16⇡2m 6= 0, and the symmetry break-
ing pattern is the same as the rest of N � 17 cases.

So far the results obtained are exact. As in previous
analyses with the AMSB [14, 15], we now take the limit
m ! 1 to extrapolate to the non-supersymmetric the-
ory. Though there might be a phase transition on the
way, our analysis yields a plausible conjecture for the IR
behavior of non-supersymmetric SU(N � 4) with a sym-
metric S and N anti-fundamentals. As a continuous limit
of a self consistent supersymmetric analysis, our method
is guaranteed to fulfill all ’t Hooft matching conditions,
including generalized ones [3, 4, 6–8]. Note also that in
a complete AMSB model our SUSY breaking spurion m

(the F -component of the compensator) would originate
from the constant term in the superpotential leading to a
relation m = 1

M2
Pl
W0, where W0 is the superpotential in

the SUSY breaking sector. If there is a phase transition
while increasing the amount of SUSY breaking it would
happen for |m| ⇡ |⇤|, corresponding to the condition
|⇤M2

Pl|
2
⇡ |W0|

2. Since both ⇤ and W0 are chiral su-
perfields (or products thereof), any relation among them
defining the phase boundaries should be given by a holo-
morphic expression. Consequently, the phase boundary
should be even dimensional: either isolated points or the
entire complex plane. Since the latter is implausible it
would have to be isolated points. However those can not
corresponds to the relation |⇤M2

Pl|
2
⇡ |W0|

2 which would
imply the phase boundary to be a circle on the complex
W0 plane. This suggests that such a phase boundary
should not exist. It would be interesting to see if this
argument can be made more rigorous.

TUMBLING INTERPRETATION

Here we would like to interpret our SUSY+AMSB
analysis of SU(N � 4) with a symmetric S and N F̄

in the heuristic tumbling approach [1, 2]. The unbro-
ken global SO(N) symmetry in the IR hints at a sym-
metric F̄{i,F̄j} condensate which breaks the gauge group
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TABLE IV: SU(n) Channels, ordered by most to least attrac-
tive. Note that in our case n = N � 4.

SU(N � 4) ! SO(N � 4) and the global symmetry
SU(N) ! SO(N). However, a symmetric condensate
is not an attractive channel for the SU(N � 4) gauge
symmetry. The solution to this conundrum is the simul-
taneous condensation of two channels. The first is

: SabScd � SadScb / �ab�cd � �ad�cb . (13)

This condensate is attractive in SU(N�4). It breaks the
U(1) global symmetry, and higgses the gauge symmetry
down to SO(N�4). Under the reduced gauge symmetry,
the theory is now vector-like and confines. The symmet-
ric F̄{i,F̄j} is now a color singlet. It is attractive, and
condenses as

�abF̄
a
i F̄

b
j / �ij (14)

breaking the global SU(N) symmetry down to
SO(N). The candidate Nambu-Goldstone bosons for the
SU(N)/SO(N) coset are F̄{i,F̄j}, while the Goldstones

for the two broken U(1)s can be taken to be (F̄ a
i )

2
and

S
2
ab. By examining tables IV-VI, we see that the con-

densates described above are attractive, but they are
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squared for M̃ and Ũ is smaller than the square of the
one-loop A-term, and the origin is unstable. Therefore
we find M̃ ⇠ Ũ ⇠

�2

16⇡2m 6= 0, and the symmetry break-
ing pattern is the same as the rest of N � 17 cases.

So far the results obtained are exact. As in previous
analyses with the AMSB [14, 15], we now take the limit
m ! 1 to extrapolate to the non-supersymmetric the-
ory. Though there might be a phase transition on the
way, our analysis yields a plausible conjecture for the IR
behavior of non-supersymmetric SU(N � 4) with a sym-
metric S and N anti-fundamentals. As a continuous limit
of a self consistent supersymmetric analysis, our method
is guaranteed to fulfill all ’t Hooft matching conditions,
including generalized ones [3, 4, 6–8]. Note also that in
a complete AMSB model our SUSY breaking spurion m

(the F -component of the compensator) would originate
from the constant term in the superpotential leading to a
relation m = 1

M2
Pl
W0, where W0 is the superpotential in

the SUSY breaking sector. If there is a phase transition
while increasing the amount of SUSY breaking it would
happen for |m| ⇡ |⇤|, corresponding to the condition
|⇤M2

Pl|
2
⇡ |W0|

2. Since both ⇤ and W0 are chiral su-
perfields (or products thereof), any relation among them
defining the phase boundaries should be given by a holo-
morphic expression. Consequently, the phase boundary
should be even dimensional: either isolated points or the
entire complex plane. Since the latter is implausible it
would have to be isolated points. However those can not
corresponds to the relation |⇤M2

Pl|
2
⇡ |W0|

2 which would
imply the phase boundary to be a circle on the complex
W0 plane. This suggests that such a phase boundary
should not exist. It would be interesting to see if this
argument can be made more rigorous.

TUMBLING INTERPRETATION

Here we would like to interpret our SUSY+AMSB
analysis of SU(N � 4) with a symmetric S and N F̄

in the heuristic tumbling approach [1, 2]. The unbro-
ken global SO(N) symmetry in the IR hints at a sym-
metric F̄{i,F̄j} condensate which breaks the gauge group

Irrep

C2
n2�1
2n

(n+1)(n�2)
n

(n�1)(n+2)
n

2(n2�4)
n

2(n2+n�4)
n

Irrep ...

C2
2(n+4)(n�1)

n
n2�6n2�7n+80

2n

TABLE III: Quadratic Casimirs for SU(n). The Casimirs are
the same for irreps and their conjugates. For the last one,
there are n� 1 boxes vertically for the first column.

Constituents Channel C2(channel)� C2(1)� C2(2)

S, F̄ � (n�1)(n+2)
n

S, S � 2(n+2)
n

F̄ , F̄ �n+1
n

S, S � 4
n

F̄ , F̄
n�1
n

S, S
4(n�1)

n

S, F̄ ...
n2�9n2�9n+85

2n

TABLE IV: SU(n) Channels, ordered by most to least attrac-
tive. Note that in our case n = N � 4.

SU(N � 4) ! SO(N � 4) and the global symmetry
SU(N) ! SO(N). However, a symmetric condensate
is not an attractive channel for the SU(N � 4) gauge
symmetry. The solution to this conundrum is the simul-
taneous condensation of two channels. The first is

: SabScd � SadScb / �ab�cd � �ad�cb . (13)

This condensate is attractive in SU(N�4). It breaks the
U(1) global symmetry, and higgses the gauge symmetry
down to SO(N�4). Under the reduced gauge symmetry,
the theory is now vector-like and confines. The symmet-
ric F̄{i,F̄j} is now a color singlet. It is attractive, and
condenses as

�abF̄
a
i F̄

b
j / �ij (14)

breaking the global SU(N) symmetry down to
SO(N). The candidate Nambu-Goldstone bosons for the
SU(N)/SO(N) coset are F̄{i,F̄j}, while the Goldstones

for the two broken U(1)s can be taken to be (F̄ a
i )

2
and

S
2
ab. By examining tables IV-VI, we see that the con-

densates described above are attractive, but they are



SU(N) with a symmetric tensor    
• Discussion valid as long as N>17 (dual theory in free 

magnetic phase) 

• For N≤17 dual theory conformal - AMSB naively 
vanishes at fixed point.  

• Our initial guess was theory flows to conformal fixed 
point - not quite sure if this is correct (see Hitoshi’s 
upcoming paper for QCD in the conformal regime) 



The SO(N) series     

• Interesting since this could have ``true confinement” 

• For SU(N) with quarks charges can always be 
screened, don’t expect true area law for Wilson 
loops 

• For SO(N) with matter in vector (N-dim’l rep)  

• Note SO(N) could stand for several groups with 
same Lie algebra but slightly different global 
structures, Spin(N), SO(N)+ or SO(N)- for now 
doesn’t matter (but will make a difference for actual 
Wilson loop behavior)  

(C.C., Gomes, Murayama, Telem ’21)



 SUSY SO(N)      
• SO(N) with F vectors  

• Global symmetries 

• Flat directions parametrized by mesons  and 
baryons 
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sible – which is the strict definition of a confining phase.
In this paper we study the low-energy dynamics of the

SO(Nc) gauge theories with NF Weyl fermions in the
vector representation, obtained by perturbing the cor-
responding N = 1 SO(Nc) theory via AMSB. We will
also include a discussion of the global properties of these
theories, which is necessary to distinguish the truly con-
fining theories with an area law for the Wilson loop from
those with a perimeter law. Thus, as will be explained
later, we will have to distinguish between Spin(Nc) and
the SO(Nc)± groups. The NF = Nc � 2 case will be
particularly interesting: the SUSY theory in this case
corresponds to a pure Coulomb branch, where a pair of
monopoles becomes massless at one point, together with
a full multiplet of dyons becoming massless at the origin.
We will show that the AMSB perturbation of this the-
ory leads to the condensation of monopoles, along with
(partial) breaking of the chiral global symmetries at the
true ground state. Such monopole (or dyon) condensa-
tion was conjectured by Mandelstam [29] and ’t Hooft
[30] long ago to be the dynamics leading to confinement
via the dual Meissner e↵ect. This has indeed been found
to be the case by Seiberg and Witten when perturbing
pure N = 2 to pure N = 1 supersymmetric Yang–Mills
(SYM) [4], and also by [6, 7, 9, 12] who studied the small
non-SUSY perturbations of the Seiberg-Witten theory.
Our results provide one of the first examples of (true)
confinement with chiral symmetry breaking in a non-
SUSY gauge theory.

By considering mass deformations to the NF = Nc� 2
case, we will be able to show that all of the cases
with NF <

3
2 (Nc � 2) exhibit the same behavior as for

NF = Nc�2, i.e., electric confinement via monopole con-
densation, together with chiral symmetry breaking. In
contrast, for 3

2 (Nc� 2) < NF  3(Nc� 2) the non-SUSY
UV theory flows as expected to a (super)-conformal the-
ory in the IR. The case with NF = 3

2 (Nc�2) is marginal,
and will be discussed in future work. In other words,
with the AMSB perturbation the many phases present
in the SUSY case collapse down to just two: the con-
fining phase, and the conformal phase. The Coulomb
and free magnetic phases do not survive the breaking of
supersymmetry.

The paper is organized as follows. First we present a
short summary of the moduli space and symmetries of
N = 1 SUSY SO(Nc) theories with NF vectors. The
quantum vacuum structure of the entire SUSY series has
been worked out in a beautiful paper by Intriligator and
Seiberg in [31], which will be the basis of our analysis
for the AMSB perturbations. We begin our discussion of
the various cases with the most novel NF = Nc � 2 case,
which is the only one known example so far giving rise to
monopole condensation with chiral symmetry breaking in
a non-SUSY theory. We then show that whenever “non-
trivial” (spinorial) Wilson lines exist in the theory with
NF = Nc � 2, they exhibit an area law, signaling true

electric confinement. By considering mass deformations
to the NF = Nc � 2 case, we demonstrate this fact, as
well as chiral symmetry breaking, for all SO(Nc) theories
with 1 < NF  Nc � 2. While there are several special
cases to examine following the analysis of [31], in the end
the global minimum of the theory for 1 < NF  Nc � 2
is always the one with the SU(NF ) ! SO(NF ) chiral
symmetry breaking pattern. We have also summarized
this important result in a companion letter [32].
We then continue on to consider the cases with a larger

number of flavors. We find results similar to the case of
SUSY QCD. ForNc�2 < NF 

3
2 (Nc�2) we again find a

global minimum where the chiral symmetry is broken to
SO(NF ). In this case monopole condensation does not
directly appear in the description, but non-trivial Wil-
son loops still exhibit an area law. To see this, note that
at a generic point in the moduli space of the dual the-
ory, the dual quarks are integrated out, leaving us with
pure SO(NF � Nc + 4) SYM. Consequently, whenever
the dual gauge group allows for dyonic (’t Hooft) loops,
these exhibit an area (perimeter) law. By the duality of
[33], whenever the original theory allows for non-trivial
Wilson (’t Hooft) loops, they exhibit an area (perimeter)
law.
Finally, for 3

2 (Nc � 2)  NF  3(Nc � 2) we find that
the theory flows to a superconformal fixed point, even
though the UV theory explicitly breaks supersymmetry.
For 3(Nc � 2) < NF , the theory with AMSB has tachy-
onic squarks and hence no ground state, and is not con-
tinuously connected to the non-supersymmetric SO(Nc)
theory.

SO(Nc) WITH NF FUNDAMENTALS

We consider a supersymmetric gauge theory with
gauge group SO(Nc), NF vectors, and no tree-level su-
perpotential. This theory has been thoroughly studied in
e.g., [31, 34]. The anomaly-free global symmetry of the
theory is (SU(NF )⇥ U(1)R ⇥ Z2NF ⇥ Z2/ZNF ), where
the Z2 is charge conjugation [48]. Under the continuous
part of the global symmetry, the matter fields transform
as Q( )NF �Nc+2

NF

.

For NF < Nc, the D-flat directions of the theory are
given, up to gauge and global transformations, by

Q =

0

B@
'1

. . .
'NF

0

1

CA , (1)

For NF < Nc D-flat directions are conveniently param-
eterized by the 1

2NF (NF + 1) gauge invariant “meson”
operators M ij = Q

i
Q

j . Along the D-flat directions, they
are given by

M = diag
⇣
'
2
1, . . . ,'

2
Nf

⌘
. (2)
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Range SUSY +AMSB

NF = 1 run-away confinement

1 < NF < Nc � 4 run-away confinement+�SB

NF = Nc � 4 2 branches confinement+�SB

NF = Nc � 3 2 branches confinement+�SB

NF = Nc � 2 Coulomb confinement+�SB

NF = Nc � 1
free magnetic

2 branches
confinement+�SB

NF = Nc
free magnetic

2 branches
confinement+�SB

Nc + 1  NF  3
2 (Nc � 2) free magnetic confinement +�SB

3
2 (Nc � 2) < NF  3(Nc � 2) CFT CFT

3(Nc � 2) < NF IR free run-away

TABLE I: Summary of IR Behavior of SO(Nc) theories with
NF fundamentals with AMSB. �SB stands for chiral symme-
try breaking. For NF = Nc � 1 and Nc, two branches appear
along the flat direction of the maximum rank of the meson
M

ij , yet the AMSB chooses one over the other, resulting in
the �SB.

For NF � Nc, the D-flat direction is given by

Q =

0

BBBB@

'1

. . .

'Nc

0

1

CCCCA
(3)

It is conveniently parameterized in terms of meson op-
erators, as well as the baryon operators B

[i1,...iNc ] =
Q

[i1 . . . QiNc ], where the i are flavor indices and we take
the gauge singlet out of the tensor product of Nc funda-
mentals of SO(Nc). The gauge invariant operators are
given, up to global transformations, by

M =

 
diag

�
'
2
1, . . . ,'

2
Nc

�
0

0 0NF�Nc⇥NF�Nc

!

B
1,...Nc = '1 . . .'Nc . (4)

The IR behavior of the theory strongly depends on the
relative magnitudes of Nc and NF and is summarized
in Table I. Below we will show that adding AMSB to
the theory leads to chiral symmetry breaking for all
1 < NF 

3
2 (Nc � 2). Furthermore, in this range the

theory confines; below we give an exact meaning to this
statement in terms of the loop operators of the theory.
We assume throughout thatNc > 3, and leave theNc = 3
to future work.

PHASES OF GAUGE THEORIES

One often hears the word “confinement” describing the
situation in which colored degrees of freedom are bound

into color-singlet states, even if a linear potential is lack-
ing due to screening from quark-antiquark production.
We will be more careful with the word and, following [33],
only use it in the narrow context of a particular Wilson/’t
Hooft/dyonic loop operator [49] exhibiting an area law,
in which case we will say that the given loop operator
confines. We are especially interested in the confinement
of non-trivial loop operators - the ones which transform
non-trivially under the center of the gauge group. Note
that in some of the literature, e.g., [33], these closed loops
are referred to as line operators - we will use the more
conventional name “loop operators” to stress their gauge
invariance.
The allowed non-trivial loop operators in the theory

depend on the choice of the global properties of the gauge
group – for example, with the Lie algebra so(Nc) the
gauge group can be Spin(Nc), SO(Nc), and so on. De-
pending on the choice of gauge group, the allowed non-
trivial loop operators can be Wilson, ’t Hooft, or dyonic
loops. Whatever the choice may be, these loops exhibit
either a perimeter or an area law, depending on the local
physics, which is in and of itself insensitive to the global
properties of the gauge group.
One possible choice of the gauge group is Spin(Nc),

which is the universal cover of all Lie groups that share
the Lie algebra so(Nc). In this case the non-trivial loop
operators are Wilson loops, while others are forbidden
by Dirac quantization. An area law for non-trivial Wil-
son loops indicates the confinement of the electric de-
grees of freedom associated with it. Other choices for
the global structure are obtained by modding out the
Spin(Nc) by subgroups of its center, which is Z2 for odd
Nc and larger for even Nc [33]. Here we only consider
SO(Nc) = Spin(Nc)/Z2. In this case the non-trivial
loop operators are either purely magnetic ’t Hooft loops,
a choice denoted by SO(Nc)+, or dyonic loops, a choice
denoted by SO(Nc)�. In each case, other non-trivial
loop operators are forbidden by Dirac quantization. Be-
low, when we speak of “the loop” in a particular theory,
we will be referring to the single non-trivial loop that
the theory admits, whether electric, magnetic, or dyonic.
Additionally, when we are only concerned with the lo-
cal physics we will simply refer to the gauge group as
SO(Nc).
While Spin(Nc) and SO(Nc)± exist on equal footing

as possible gauge groups, we will be particularly inter-
ested in Spin(Nc), as it can provide what eludes us for
SU(N) gauge theories with fundamental matter: an or-
der parameter for electric confinement. Whereas the fun-
damental Wilson loop of SU(N) (which is its own uni-
versal cover) can be screened by the fundamental matter,
the spinorial Wilson loop of Spin(Nc) cannot be screened
by the vectorial quarks.
The main objective of our study is to determine the

phases of supersymmetric SO(Nc) gauge theories when
perturbed by AMSB. We will be able to determine the lo-
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3(Nc � 2) < NF IR free run-away

TABLE I: Summary of IR Behavior of SO(Nc) theories with
NF fundamentals with AMSB. �SB stands for chiral symme-
try breaking. For NF = Nc � 1 and Nc, two branches appear
along the flat direction of the maximum rank of the meson
M

ij , yet the AMSB chooses one over the other, resulting in
the �SB.

For NF � Nc, the D-flat direction is given by
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It is conveniently parameterized in terms of meson op-
erators, as well as the baryon operators B

[i1,...iNc ] =
Q

[i1 . . . QiNc ], where the i are flavor indices and we take
the gauge singlet out of the tensor product of Nc funda-
mentals of SO(Nc). The gauge invariant operators are
given, up to global transformations, by
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The IR behavior of the theory strongly depends on the
relative magnitudes of Nc and NF and is summarized
in Table I. Below we will show that adding AMSB to
the theory leads to chiral symmetry breaking for all
1 < NF 

3
2 (Nc � 2). Furthermore, in this range the

theory confines; below we give an exact meaning to this
statement in terms of the loop operators of the theory.
We assume throughout thatNc > 3, and leave theNc = 3
to future work.

PHASES OF GAUGE THEORIES

One often hears the word “confinement” describing the
situation in which colored degrees of freedom are bound

into color-singlet states, even if a linear potential is lack-
ing due to screening from quark-antiquark production.
We will be more careful with the word and, following [33],
only use it in the narrow context of a particular Wilson/’t
Hooft/dyonic loop operator [49] exhibiting an area law,
in which case we will say that the given loop operator
confines. We are especially interested in the confinement
of non-trivial loop operators - the ones which transform
non-trivially under the center of the gauge group. Note
that in some of the literature, e.g., [33], these closed loops
are referred to as line operators - we will use the more
conventional name “loop operators” to stress their gauge
invariance.
The allowed non-trivial loop operators in the theory

depend on the choice of the global properties of the gauge
group – for example, with the Lie algebra so(Nc) the
gauge group can be Spin(Nc), SO(Nc), and so on. De-
pending on the choice of gauge group, the allowed non-
trivial loop operators can be Wilson, ’t Hooft, or dyonic
loops. Whatever the choice may be, these loops exhibit
either a perimeter or an area law, depending on the local
physics, which is in and of itself insensitive to the global
properties of the gauge group.
One possible choice of the gauge group is Spin(Nc),

which is the universal cover of all Lie groups that share
the Lie algebra so(Nc). In this case the non-trivial loop
operators are Wilson loops, while others are forbidden
by Dirac quantization. An area law for non-trivial Wil-
son loops indicates the confinement of the electric de-
grees of freedom associated with it. Other choices for
the global structure are obtained by modding out the
Spin(Nc) by subgroups of its center, which is Z2 for odd
Nc and larger for even Nc [33]. Here we only consider
SO(Nc) = Spin(Nc)/Z2. In this case the non-trivial
loop operators are either purely magnetic ’t Hooft loops,
a choice denoted by SO(Nc)+, or dyonic loops, a choice
denoted by SO(Nc)�. In each case, other non-trivial
loop operators are forbidden by Dirac quantization. Be-
low, when we speak of “the loop” in a particular theory,
we will be referring to the single non-trivial loop that
the theory admits, whether electric, magnetic, or dyonic.
Additionally, when we are only concerned with the lo-
cal physics we will simply refer to the gauge group as
SO(Nc).
While Spin(Nc) and SO(Nc)± exist on equal footing

as possible gauge groups, we will be particularly inter-
ested in Spin(Nc), as it can provide what eludes us for
SU(N) gauge theories with fundamental matter: an or-
der parameter for electric confinement. Whereas the fun-
damental Wilson loop of SU(N) (which is its own uni-
versal cover) can be screened by the fundamental matter,
the spinorial Wilson loop of Spin(Nc) cannot be screened
by the vectorial quarks.
The main objective of our study is to determine the

phases of supersymmetric SO(Nc) gauge theories when
perturbed by AMSB. We will be able to determine the lo-
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Phases of SUSY SO(N)      
• Phase structure more rich than for SU(N) 

• Most notable difference: for F=N-2 we have an 
abelian Coulomb phase 

• Simple explanation: N-2 vectors generically break 
SO(N)→SO(2)~U(1) 

• This case is essentially a Seiberg-Witten type theory 
(but for N=1 SUSY, so no pre-potential, only fix the 
holomorphic gauge kinetic terms)   



The SUSY F=N-2 theory      

• Since R-charge of M is zero, quantum moduli space.  

• U=det M is the variable on the moduli space, and 
gauge kinetic function will depend on that  

• The Seiberg-Witten curve is  

• Has 2 singularities at U=0 and and U=U1= 16 𝝠2F 

• There are massless monopoles/dyons at those 
singularities   
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The theory around the singularities
•  Around U=0   

• N Massless dyons and anti-dyons  satisfying 
anomaly matching  

• Around this singularity superpotential  

• Where                       and f(t) holomorphic, f(0)=1.  
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cal behavior of the theory – be it chiral symmetry break-
ing, monopole condensation, etc. As a result, we will be
able to establish the behavior of the allowed non-trivial
loop operators in the theory, and whether they exhibit an
area or a perimeter law. Our final results about the phase
structure (along with the corresponding SUSY phases)
are summarized in Tab. I. We can see that in the non-
SUSY theory the only surviving phases are those of con-
finement (with chiral symmetry breaking), or a confor-
mal phase. The abelian Coulomb and the free magnetic
phases do not survive the AMSB perturbation, and they
all collapse to the generic confining+�SB phase.

CONFINEMENT WITH CHIRAL SYMMETRY
BREAKING FOR 1 < NF  3

2 (Nc � 2)

Next we present a detailed analysis of the vacuum
structure of SO(Nc) with NF flavors in the presence of
AMSB. For NF = Nc � 2 we show monopole conden-
sation with chiral symmetry breaking – leading to the
confinement of non-trivial Wilson lines for Spin(Nc)[50].
For NF < Nc � 2 we can still explicitly see chiral sym-
metry breaking, while monopole condensation and thus
electric confinement is established by adding mass de-
formations to the NF = Nc � 2 case. Finally, theories
with Nc � 2 < NF 

3
2 (Nc � 2) exhibit chiral symmetry

breaking, while confinement is demonstrated by finding
a “hidden” monopole condensate in the dual theory.

NF = Nc � 2

In this case the supersymmetric theory is in an abelian
Coulomb phase [31]. Since the M

ij are not charged un-
der U(1)R, there is no superpotential even at the quan-
tum level, and hence the theory has a quantum moduli
space. On this moduli space, the gauge symmetry is
higgsed to a SO(2) ' U(1), namely, the theory is on
the Coulomb branch. On the moduli space, the gauge
coupling ⌧ = ✓

2⇡ + i8⇡
g2 is given only as a function of

the SU(NF ) invariant U ⌘ detM . It is singular at two
points U = 0 (U = U1 ⌘ 16⇤2NF ), where the dyons
q
±
i (monopoles E±) of the U(1) gauge symmetry become
massless. In the original paper [31], the authors chose to
label the particles condensing at U = 0 and U = U1 as
monopoles and dyons, respectively. Our opposite label-
ing leads to line behaviors consistent with those in [33]
for all confining theories, and is also consistent with the
finding in [35].

Around the singular point U = 0 the relevant light de-
grees of freedom are the dyons q±i with magnetic charge
±1, which transform under the UV global symmetry
SU(NF ) ⇥ U(1)R as q

±
i ( )1. These have a dynamically

SO(Nc) SU(NF ) U(1)R

Q
i 0

� 1 1

Mij 1 0

q
±
i � 1

�mag � 1 1

TABLE II: DOF of the SO(Nc) theory with NF = Nc � 2
near M = 0. � are the SO(Nc) gauginos, while �mag are the
photinos of the unbroken (magnetic) U(1) in the IR. For the
supersymmetric theory at the origin, the full global symmetry
is unbroken. With AMSB there is a local minimum, where
the global symmetry is broken to SU(NF � 2).

generated superpotential about U = 0 of

Wdyon =
1

µ
f(t)M ij

q
+
i q

�
j , (5)

where µ is an e↵ective mass scale, t = U⇤4�2Nc , and
f(t) is a holomorphic function in the neighborhood of
t = 0, normalized so that f(0) = 1. Expanding f to
higher orders in t introduces tree level AMSB, but it is
highly suppressed by powers of the meson VEV over ⇤
and results in no qualitative changes. Exactly at U = 0,
’t Hooft anomaly matching is saturated by q

±
i , M

ij , and
the photinos W↵ ⇠ W↵Q

Nc�2 [31], whose charges are
given in Table II.

Using the formulae for loop level AMSB Eq. (45), we
can explore the local minima around the origin of mod-
uli space. The IR free nature of the U(1) gauge the-
ory gives a tachyonic contribution to the dyon masses.
However, the dyons also receive a positive mass-squared
contribution from the Yukawa-like coupling to the me-
son field Eq. (5). The co-dependence of the Yukawa and
gauge beta functions results in a flow to a fixed ratio
between the two couplings. This ratio is such that the
mass-squared due to loop AMSB is positive for both the
meson and the dyons. Thus, the loop-level AMSB trilin-
ear term in combination with the tree-level quartic po-
tential gives a local minimum a distance O( m

16⇡2 ) from
the origin. To understand the symmetry breaking pat-
tern at this minimum, we must examine the form of the
tree-level potential in terms of the SU(NF ) matrix M

and vectors q±,

V =
1

2
(q+ · q

+⇤)(q� · q
�⇤)

+|Mq
+
|
2 + |Mq

�
|
2 + VAMSB (6)

The dot product term is due to the symmetric nature of
the meson matrix (i.e., M ij couples to q

+
i q

�
j and q

+
j q

�
i ).

This term encourages the q
± VEVs to point in di↵erent

directions in flavor space. We find a minimum along the
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The theory around the singularities
•  Around U=U1   

• Massless monopole-antimonopole 

• Around this singularity  

• Leading expression for canonically normalized fields 
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Breaking the global flavor symmetry to SU(NF �2). The
vacuum energy of this minimum is V = �O( m

16⇡2 )4.
In the vicinity of the singular point U = U1, on

the other hand, the light degrees of freedom are the
monopoles E±

⇠ q
±
i Q

i, whose magnetic charges are ±1.
These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
SO(NF ) ⇥ U(1)R. In the neighborhood of U = U1, the
theory generates a dynamical superpotential

Wmon = f̃

✓
U � U1

⇤2NF

◆
E

+
E

�
. (9)

Here f̃(t) = t + · · · is holomorphic near t = 0. For all
practical purposes, only the leading order in f̃ matters
for the stabilization of the minimum. Using canonically
normalized fields we have

Wmon = ⇤

 
Ũ

⇤NF
� 16

!
Ẽ

+
Ẽ

�
, (10)

where Ẽ
± = E

±
/
p
⇤, Ũ = detM̃ , and M̃ = M/⇤

is the canonically normalized meson. Exactly at
Ũ = Ũ1 ⌘ 16⇤NF , ’t Hooft anomaly matching is satu-
rated by E

±
, M̃

ij , and the photinos W↵ ⇠ W↵Q
Nc�2,

whose charges are given in Table III.

Explicitly,

U(1)R gravity2 and U(1)3R :

(�1)NFNc + (1)
Nc(Nc � 1)

2
= (1) + (�1)

NF (NF + 1)

2
,

(11)

U(1)R SO(NF )2:

(�1)(1)Nc = (�1)(NF + 2). (12)

SO(Nc) SU(NF ) U(1)R U(1)mag SO(NF )

Q
i 0 �

� 1 1 � 1

Mij 1 0 � 1+

E
± � 1 1 ±1 1

�mag � 1 1 0 1

TABLE III: DOF of the SO(Nc) theory with NF = Nc � 2
near M ij ⇠ �

ij
, U = U1. The unbroken global symmetry near

M
ij ⇠ �

ij
, U = U1 is SO(NF )⇥U(1)R, with U(1)R explicitly

broken by AMSB.

Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
In particular, the scalar potential along M̃

ij = M̃�
ij is

given locally as

VŨ⇠Ũ1
= ⇤2

������

 
M̃

⇤

!NF

� 16

������

2
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|Ẽ

+
|
2 + |Ẽ

�
|
2
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+
1

kNF

������
NF

 
M̃

⇤

!NF�1
������

2

|Ẽ
+
Ẽ

�
|
2 + VAMSB . (13)

Note the (kNF )�1 factor in the second line, which comes
from the Kähler term kNF M̃

†
M̃ for M̃ , where k is an un-

known O(1) normalization factor. The tree-level AMSB
contribution is given by (44), i.e.,

VAMSB = m⇤

2

416 + (NF � 1)

 
M̃

⇤

!NF
3

5 Ẽ
+
Ẽ

� + c.c.

(14)

This potential has a minimum at

M̃ = 16
1

NF ⇤ , |Ẽ
+
||Ẽ

�
| = 16

2
NF

�1
km⇤

Vmin = �16
2

NF NF km
2⇤2

. (15)

Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
6= 0, M ij

//�
ij .

Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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Ũ = Ũ1 ⌘ 16⇤NF , ’t Hooft anomaly matching is satu-
rated by E

±
, M̃

ij , and the photinos W↵ ⇠ W↵Q
Nc�2,

whose charges are given in Table III.

Explicitly,

U(1)R gravity2 and U(1)3R :

(�1)NFNc + (1)
Nc(Nc � 1)

2
= (1) + (�1)

NF (NF + 1)

2
,

(11)

U(1)R SO(NF )2:

(�1)(1)Nc = (�1)(NF + 2). (12)

SO(Nc) SU(NF ) U(1)R U(1)mag SO(NF )

Q
i 0 �

� 1 1 � 1

Mij 1 0 � 1+

E
± � 1 1 ±1 1

�mag � 1 1 0 1

TABLE III: DOF of the SO(Nc) theory with NF = Nc � 2
near M ij ⇠ �

ij
, U = U1. The unbroken global symmetry near

M
ij ⇠ �

ij
, U = U1 is SO(NF )⇥U(1)R, with U(1)R explicitly

broken by AMSB.
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
6= 0, M ij

//�
ij .

Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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Ũ = Ũ1 ⌘ 16⇤NF , ’t Hooft anomaly matching is satu-
rated by E
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Nc�2,

whose charges are given in Table III.
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Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
6= 0, M ij

//�
ij .

Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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cal behavior of the theory – be it chiral symmetry break-
ing, monopole condensation, etc. As a result, we will be
able to establish the behavior of the allowed non-trivial
loop operators in the theory, and whether they exhibit an
area or a perimeter law. Our final results about the phase
structure (along with the corresponding SUSY phases)
are summarized in Tab. I. We can see that in the non-
SUSY theory the only surviving phases are those of con-
finement (with chiral symmetry breaking), or a confor-
mal phase. The abelian Coulomb and the free magnetic
phases do not survive the AMSB perturbation, and they
all collapse to the generic confining+�SB phase.

CONFINEMENT WITH CHIRAL SYMMETRY
BREAKING FOR 1 < NF  3

2 (Nc � 2)

Next we present a detailed analysis of the vacuum
structure of SO(Nc) with NF flavors in the presence of
AMSB. For NF = Nc � 2 we show monopole conden-
sation with chiral symmetry breaking – leading to the
confinement of non-trivial Wilson lines for Spin(Nc)[50].
For NF < Nc � 2 we can still explicitly see chiral sym-
metry breaking, while monopole condensation and thus
electric confinement is established by adding mass de-
formations to the NF = Nc � 2 case. Finally, theories
with Nc � 2 < NF 

3
2 (Nc � 2) exhibit chiral symmetry

breaking, while confinement is demonstrated by finding
a “hidden” monopole condensate in the dual theory.

NF = Nc � 2

In this case the supersymmetric theory is in an abelian
Coulomb phase [31]. Since the M

ij are not charged un-
der U(1)R, there is no superpotential even at the quan-
tum level, and hence the theory has a quantum moduli
space. On this moduli space, the gauge symmetry is
higgsed to a SO(2) ' U(1), namely, the theory is on
the Coulomb branch. On the moduli space, the gauge
coupling ⌧ = ✓

2⇡ + i8⇡
g2 is given only as a function of

the SU(NF ) invariant U ⌘ detM . It is singular at two
points U = 0 (U = U1 ⌘ 16⇤2NF ), where the dyons
q
±
i (monopoles E±) of the U(1) gauge symmetry become
massless. In the original paper [31], the authors chose to
label the particles condensing at U = 0 and U = U1 as
monopoles and dyons, respectively. Our opposite label-
ing leads to line behaviors consistent with those in [33]
for all confining theories, and is also consistent with the
finding in [35].

Around the singular point U = 0 the relevant light de-
grees of freedom are the dyons q±i with magnetic charge
±1, which transform under the UV global symmetry
SU(NF ) ⇥ U(1)R as q

±
i ( )1. These have a dynamically

SO(Nc) SU(NF ) U(1)R

Q
i 0

� 1 1

Mij 1 0

q
±
i � 1

�mag � 1 1

TABLE II: DOF of the SO(Nc) theory with NF = Nc � 2
near M = 0. � are the SO(Nc) gauginos, while �mag are the
photinos of the unbroken (magnetic) U(1) in the IR. For the
supersymmetric theory at the origin, the full global symmetry
is unbroken. With AMSB there is a local minimum, where
the global symmetry is broken to SU(NF � 2).

generated superpotential about U = 0 of

Wdyon =
1

µ
f(t)M ij

q
+
i q

�
j , (5)

where µ is an e↵ective mass scale, t = U⇤4�2Nc , and
f(t) is a holomorphic function in the neighborhood of
t = 0, normalized so that f(0) = 1. Expanding f to
higher orders in t introduces tree level AMSB, but it is
highly suppressed by powers of the meson VEV over ⇤
and results in no qualitative changes. Exactly at U = 0,
’t Hooft anomaly matching is saturated by q

±
i , M

ij , and
the photinos W↵ ⇠ W↵Q

Nc�2 [31], whose charges are
given in Table II.

Using the formulae for loop level AMSB Eq. (45), we
can explore the local minima around the origin of mod-
uli space. The IR free nature of the U(1) gauge the-
ory gives a tachyonic contribution to the dyon masses.
However, the dyons also receive a positive mass-squared
contribution from the Yukawa-like coupling to the me-
son field Eq. (5). The co-dependence of the Yukawa and
gauge beta functions results in a flow to a fixed ratio
between the two couplings. This ratio is such that the
mass-squared due to loop AMSB is positive for both the
meson and the dyons. Thus, the loop-level AMSB trilin-
ear term in combination with the tree-level quartic po-
tential gives a local minimum a distance O( m

16⇡2 ) from
the origin. To understand the symmetry breaking pat-
tern at this minimum, we must examine the form of the
tree-level potential in terms of the SU(NF ) matrix M

and vectors q±,

V =
1

2
(q+ · q

+⇤)(q� · q
�⇤)

+|Mq
+
|
2 + |Mq

�
|
2 + VAMSB (6)

The dot product term is due to the symmetric nature of
the meson matrix (i.e., M ij couples to q

+
i q

�
j and q

+
j q

�
i ).

This term encourages the q
± VEVs to point in di↵erent

directions in flavor space. We find a minimum along the
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Breaking the global flavor symmetry to SU(NF �2). The
vacuum energy of this minimum is V = �O( m

16⇡2 )4.
In the vicinity of the singular point U = U1, on

the other hand, the light degrees of freedom are the
monopoles E±

⇠ q
±
i Q

i, whose magnetic charges are ±1.
These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
SO(NF ) ⇥ U(1)R. In the neighborhood of U = U1, the
theory generates a dynamical superpotential

Wmon = f̃
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Here f̃(t) = t + · · · is holomorphic near t = 0. For all
practical purposes, only the leading order in f̃ matters
for the stabilization of the minimum. Using canonically
normalized fields we have
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is the canonically normalized meson. Exactly at
Ũ = Ũ1 ⌘ 16⇤NF , ’t Hooft anomaly matching is satu-
rated by E
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ij , and the photinos W↵ ⇠ W↵Q
Nc�2,

whose charges are given in Table III.
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Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
In particular, the scalar potential along M̃
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Note the (kNF )�1 factor in the second line, which comes
from the Kähler term kNF M̃
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M̃ for M̃ , where k is an un-
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
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±, which in turn leads to confinement
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VŨ⇠Ũ1
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|Ẽ

+
|
2 + |Ẽ
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to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
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//�
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Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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Breaking the global flavor symmetry to SU(NF �2). The
vacuum energy of this minimum is V = �O( m

16⇡2 )4.
In the vicinity of the singular point U = U1, on

the other hand, the light degrees of freedom are the
monopoles E±

⇠ q
±
i Q

i, whose magnetic charges are ±1.
These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
SO(NF ) ⇥ U(1)R. In the neighborhood of U = U1, the
theory generates a dynamical superpotential
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for the stabilization of the minimum. Using canonically
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Ũ

⇤NF
� 16

!
Ẽ
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where Ẽ
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/
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⇤, Ũ = detM̃ , and M̃ = M/⇤

is the canonically normalized meson. Exactly at
Ũ = Ũ1 ⌘ 16⇤NF , ’t Hooft anomaly matching is satu-
rated by E

±
, M̃

ij , and the photinos W↵ ⇠ W↵Q
Nc�2,

whose charges are given in Table III.

Explicitly,

U(1)R gravity2 and U(1)3R :

(�1)NFNc + (1)
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2
= (1) + (�1)

NF (NF + 1)

2
,

(11)

U(1)R SO(NF )2:

(�1)(1)Nc = (�1)(NF + 2). (12)

SO(Nc) SU(NF ) U(1)R U(1)mag SO(NF )

Q
i 0 �

� 1 1 � 1

Mij 1 0 � 1+

E
± � 1 1 ±1 1

�mag � 1 1 0 1

TABLE III: DOF of the SO(Nc) theory with NF = Nc � 2
near M ij ⇠ �

ij
, U = U1. The unbroken global symmetry near

M
ij ⇠ �

ij
, U = U1 is SO(NF )⇥U(1)R, with U(1)R explicitly

broken by AMSB.

Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
In particular, the scalar potential along M̃
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contribution is given by (44), i.e.,
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+
||Ẽ
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
6= 0, M ij

//�
ij .

Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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vacuum energy of this minimum is V = �O( m

16⇡2 )4.
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the other hand, the light degrees of freedom are the
monopoles E±
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These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
SO(NF ) ⇥ U(1)R. In the neighborhood of U = U1, the
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Here f̃(t) = t + · · · is holomorphic near t = 0. For all
practical purposes, only the leading order in f̃ matters
for the stabilization of the minimum. Using canonically
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rated by E
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Contrary to the point Ũ = 0, here adding AMSB gener-
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Note the (kNF )�1 factor in the second line, which comes
from the Kähler term kNF M̃
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M̃ for M̃ , where k is an un-
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contribution is given by (44), i.e.,
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+
||Ẽ

�
| = 16

2
NF

�1
km⇤

Vmin = �16
2

NF NF km
2⇤2

. (15)

Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
6= 0, M ij

//�
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Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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Breaking the global flavor symmetry to SU(NF �2). The
vacuum energy of this minimum is V = �O( m

16⇡2 )4.
In the vicinity of the singular point U = U1, on

the other hand, the light degrees of freedom are the
monopoles E±

⇠ q
±
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i, whose magnetic charges are ±1.
These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
SO(NF ) ⇥ U(1)R. In the neighborhood of U = U1, the
theory generates a dynamical superpotential
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Here f̃(t) = t + · · · is holomorphic near t = 0. For all
practical purposes, only the leading order in f̃ matters
for the stabilization of the minimum. Using canonically
normalized fields we have
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where Ẽ
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is the canonically normalized meson. Exactly at
Ũ = Ũ1 ⌘ 16⇤NF , ’t Hooft anomaly matching is satu-
rated by E
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ij , and the photinos W↵ ⇠ W↵Q
Nc�2,

whose charges are given in Table III.

Explicitly,

U(1)R gravity2 and U(1)3R :
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Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
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Note the (kNF )�1 factor in the second line, which comes
from the Kähler term kNF M̃

†
M̃ for M̃ , where k is an un-
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+
Ẽ
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
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Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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the other hand, the light degrees of freedom are the
monopoles E±
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i, whose magnetic charges are ±1.
These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
SO(NF ) ⇥ U(1)R. In the neighborhood of U = U1, the
theory generates a dynamical superpotential
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Wmon = ⇤

 
Ũ
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rated by E

±
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Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
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from the Kähler term kNF M̃
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+
Ẽ
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
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Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
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Breaking the global flavor symmetry to SU(NF �2). The
vacuum energy of this minimum is V = �O( m

16⇡2 )4.
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the other hand, the light degrees of freedom are the
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These transform under the SU(NF )⇥U(1)R global sym-
metry of the UV theory as E±(1)1. Since detM ⌘ U 6= 0,
the global SU(NF ) ⇥ U(1)R is spontaneously broken to
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, M̃
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Contrary to the point Ũ = 0, here adding AMSB gener-
ates a tree-level contribution to the scalar potential from
(44). This results in the global minimum at Ũ = Ũ1.
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Note the (kNF )�1 factor in the second line, which comes
from the Kähler term kNF M̃
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M̃ for M̃ , where k is an un-
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Since M̃ ij = M̃�
ij in this minimum, the global symmetry

is broken to SO(Nf ), and there are no ’t Hooft anomalies
to match. Because it is generated by a tree-level contri-
bution from AMSB, it is lower than the local minimum
near the origin U ⇡ 0, and so it is the global minimum of
the theory. A similar phenomenon of AMSB leading to
a global minimum generated by a tree-level contribution
and a local minimum generated at loop-level was seen
in [25]. It is easy to see that there are no minima with
M

ij
6= 0, M ij

//�
ij .

Notably, the minimum (15) involves the condensation
of monopoles E

±, which in turn leads to confinement
[30, 36, 37], in the sense that non-trivial Wilson lines
get an area law. Famously, monopole condensation has
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also been seen in the breaking of N = 2 Seiberg-Witten
theory to N = 1 via a tree level superpotential for the
matter field [4]. In [11, 12], it was shown in a non-
supersymmetric theory by introducing soft SUSY break-
ing on top of the breaking to N = 1. Here, on the
other hand, monopole condensation and SUSY break-
ing emerge together as a result of AMSB. Furthermore,
since the global SU(NF ) symmetry is spontaneously bro-
ken to SO(NF ), this is a demonstration of confinement
with chiral symmetry breaking in a non-supersymmetric
setting.

We can also connect the chiral symmetry breaking ob-
served here to the familiar one due to fermion bilinears.
To see this, note that the UV theory of quarks has no su-
perpotential and their F-components vanish. Therefore
the only contribution to the F -component of the meson
superfield comes from fermion bilinears:

h 
⇤
i  

⇤
j i = F

⇤
Mij

= 16⇤2
M

�1
ij E

+
E

�
/ �ijkm⇤2

6= 0.

(16)

In other words, our analysis demonstrates the condensa-
tion of fermion bilinears in a non-supersymmetric theory,
in addition to the monopole condensate.

NF < Nc � 4

At a generic point in the moduli space, the gauge
group SO(Nc) is higgsed down to SO(Nc � NF ) pure
SYM, whose gaugino condensation induces an A✏eck–
Dine–Seiberg (ADS) superpotential given by [38]

WADS =
Nc �NF � 2

2
!
k

✓
16⇤3Nc�NF�6

detM

◆ 1
Nc�NF �2

,

(17)

where ⇤ is the strong scale of the theory and ! =
e
2⇡i/(Nc�NF�2) with k = 0, 1, . . . , Nc �NF � 3.
The Kähler potential of M is singular at the origin

and writing M
ij = '

2
�
ij , we identify ' as the canonical

DOF. Turning on AMSB stabilizes the runaway behavior
of the superpotential via the tree-level scalar potential

VAMSB = �m⇤3 3Nc �NF � 6

2

✓
16⇤2NF

'2NF

◆ 1
Nc�NF �2

+c.c. ,

(18)
which together with the scalar potential derived from the
superpotential (17) gives a minimum

' = 2
2

Nc�2

✓
fNF

⇤

m

◆Nc�NF �2
2(Nc�2)

⇤

Vmin = �2
4

Nc�2
Nc � 2

f2
NF

✓
fNF

⇤

m

◆Nc�NF �2
Nc�2

m
2⇤2

.

(19)

with fNF = Nc+NF�2
3Nc�NF�6 . We see that the minimum is at

' � ⇤, which justifies a weakly coupled analysis in an
asymptotically free theory. Since M̃

ij
/ �

ij , in this min-
imum the global symmetry is broken to SO(NF ). There
are no minima with M̃

ij
6= 0, M̃ ij

//�
ij . Since the U(1)R

symmetry was explicitly broken by AMSB, there are no
’t Hooft anomaly matching conditions to check in this
scenario.
The non-trace components of M̃

ij are split into
massless Nambu–Goldstone bosons (NGBs), massive
fermions, and massive scalar partners of the NGBs, where
masses are O(m). The NGBs form the chiral Lagrangian
on the SU(NF )/SO(NF ) coset space. Once the mas-
sive fermions are integrated out, the one-loop diagram
[39] produces the Wess–Zumino–Witten (WZW) term
[40, 41] because ⇡5(SU(NF )/SO(NF )) = Z (NF � 3).
For NF = 2, there is no WZW term. To summarize, we
establish that the 1 < NF < Nc � 4 case with AMSB
has a global minimum in which the chiral symmetry is
broken to SO(NF ), similar to the NF = Nc � 2 case.
The case NF = 1 is an exception because the meson

has only one component. There is no exact flavor sym-
metry, no massless NGB, and the theory is gapped.

NF = Nc � 4

In this case the gauge symmetry is higgsed on the mod-
uli space to SO(4) ' SU(2)L ⇥ SU(2)R. The theory
has two distinct branches corresponding to the gaugino
condensates in SU(2)L,R having the same, or opposite
signs. On the first branch with aligned condensates, the
superpotential is of the same form as (17), while on the
second branch, it vanishes. The second branch contains
the point M = 0, at which there is confinement without
chiral symmetry breaking. In [42], it was shown that on
this branch there is also a VEV for the exotic baryon
S = W↵W

↵
Q

NF , which breaks the discrete global sym-
metry Z2F down to ZF .
With AMSB, the theory on the first branch develops

a minimum identical to (19), breaking the global sym-
metry down to SO(NF ). This is the global minimum of
the theory. As for the second branch, the identically zero
superpotential means we need to consider a more gen-
eral version of Eq. (44) that accounts for a non-canonical
Kähler potential. We find for a general W and K

Vtree =@iWg
ij⇤
@
⇤
jW

⇤ +m
⇤
m

⇣
@iKg

ij⇤
@
⇤
jK �K

⌘

+m

⇣
@iWg

ij⇤
@
⇤
jK � 3W

⌘
+ c.c., (20)

where gij is the inverse of the Kähler metric gij = @i@̄jK.
With a vanishing superpotential, interactions originate
only from the Kähler potential. Higher order terms in the
Kähler potential will give rise to irrelevant interactions,
and as the theory is IR free, we expect the e↵ects of
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We begin by considering the NF = Nc � 2 theory in
the supersymmetric limit, with just one mass term for
the last flavor,

W = ⇤

 
det M̃

⇤NF
� 16

!
Ẽ

+
Ẽ

� +
1

2
µ⇤M̃NFNF (37)

The equation of motion for M̃NFNF gives

Ẽ
+
Ẽ

� = �
1

2

µ⇤NF

det M̃ 0
, (38)

where M̃
0 is the matrix of the remaining mesons. As

already demonstrated, tree level AMSB corrections to
the ADS superpotential stabilize the runaway, and the
finite VEV of M 0 ensures that a non-vanishing monopole
condensate persists. In Fig. 1 we show this explicitly
by studying the minimum of the mass-deformed theory
(37) in the presence of AMSB with m < µ. Since we are
ultimately interested in the infinite µ limit, this does not
interfere with our extrapolation to the non-SUSY limit
with large m. As can be seen in the plot, the VEV of
the first Nc�3 flavors interpolates between the minimum
(15) for µ = 0, and the ADS+AMSB minimum (19) with
Nf = Nc � 3 and ⇤ ! ⇤NF=Nc�3 in the large µ limit.
We can see that the monopole condensate persists in the
large µ limit.

To correctly reproduce the ADS+AMSB minimum,
we had to interpolate the Kähler potential between the
neighborhood of detM̃ ⇠ Ũ1, where it is canonical in M̃ ,
to large detM̃ , where the Kähler potential is canonical

in ' ⇠

p
M̃⇤. More specifically, we used the following

interpolating Kähler potential in the numerical study:

Kinterp. = ⇤2

s

1 +
M̃M̃†

⇤2
. (39)

For µ < m, the UV theory has a runaway at E+
E

� = 0
and Mi ! 1. This is a consequence of the mass term
in (37) in the presence of AMSB. In this regime we fol-
low the local minimum which goes over to the global
minimum for µ > m. Importantly, the condensation of
monopoles in the large µ limit is independent of this sub-
tlety.

Similarly, we can give a mass term to any number of fla-
vors in the NF = Nc� 2 theory and show that monopole
condensation persists. In Fig. 2 we present the case where
all of the flavors get the same mass term, resulting in a
pure SYM theory with monopole condensation. In the
small µ limit, the minimum is given by the NF = Nc � 2
vacuum (15). The µ � m case can be fully understood
in the supersymmetric limit – the monopoles get a VEV

Ẽ
+
Ẽ

� = �
µ⇤

2

✓
⇤

M̃

◆NF�1

, (40)
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FIG. 1: The supersymmetry breaking minimum for the theory
with AMSB and NF = Nc � 2, with the extra mass term
1
2µM

NFNF . E is the VEV of the monopoles Ẽ
±, while Mi

is the VEV of the first Nc � 3 flavors. The labeling on the
di↵erent curves indicates di↵erent values of m/⇤. For µ = 0,
the curves are at the Nc � 2 minimum (15) . As µ grows, the
VEV of Mi initially decreases, but then starts increasing as
µ passes m. For large µ/⇤ ! 1, the vacuum of the theory
goes over to Eq. (19) with NF = Nc � 3, while the monopole
condensate persists. The relation (38) is shown in the dashed
line for µ = 50⇤. We chose Nc = 13 for this plot.

where M̃ is the common VEV of all of the flavors. This
generates an ADS superpotential for the M̃ , which is
balanced by the µ term and leads to an overall minimum
at

M̃ = 16
1

NF ⇤ ,

Ẽ
+
Ẽ

� = �2
4

NF
�5

µ⇤ . (41)

Notably, the VEV of M̃ in this case is equal to the pure
NF = Nc � 2 case. This vacuum is the one depicted by
the dashed line in Fig. 2.
Though we don’t show this explicitly, the same con-

clusion persists for any number of flavors that are in-
tegrated out from the NF = Nc � 2 theory, and so we
explicitly see monopole condensation for the entire range
0  NF  Nc � 2.

Loop Operators and Confinement

The observed monopole condensation for NF  Nc�2
implies the confinement of electric and dyonic loop op-
erators and a perimeter law for magnetic ’t Hooft loops.
This is in agreement with arguments made in [33]. For
NF < Nc � 4, the VEV of the meson field Higgses the
gauge group to pure YM with more than four colors, in
which Wilson and dyonic loops confine while ’t Hooft
loops do not.
With Nc � 4 flavors, the situation is a bit more subtle

because the unbroken SO(4) ' SU(2)L ⇥ SU(2)R gauge
theory forms a gaugino condensate for each SU(2) factor.
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AMSB to be highly suppressed by the dynamical scale.
To estimate these e↵ects, consider the leading corrections
to the canonical Kähler potential for M ,

K = TrM†
M +

a

⇤2

�
TrM†

M
�2

+
b

⇤2
TrM†

MM
†
M , (21)

where a, b are order one numbers. Note that cubic terms
are forbidden because M is in the symmetric of SU(NF ).

In this case, only the second term in Eq. (20) will con-
tribute, and at leading order gives,

V ⇠ ±
m

2

⇤2
|M |

4 (22)

The potential in this theory arises exclusively from
AMSB. Clearly the power series expansion makes sense
only up to M ⇠ ⇤, and the maximum contribution of
the higher dimension terms to the potential is O(m2⇤2).
Note that the minimum we obtained in Eq. (19) (and is
also relevant for the branch with nonzero superpotential)
is parametrically enhanced by (⇤/m)2/(Nc�2). There-
fore the branch with W = 0 does not yield the global
minimum, which instead arises from the branch with the
ADS-type superpotential.

NF = Nc � 3

Here the gauge symmetry on the moduli space is hig-
gsed down to SO(3). As in [31], it is useful to first turn on
the VEVs of NF � 1 of the fundamentals, in which case
the theory is higgsed to SU(2)L ⇥ SU(2)R. Then, the
VEV of the last fundamental higgses SU(2)L ⇥ SU(2)R
to the diagonal SO(3). The superpotential for this the-
ory is dynamically generated by a combination of gaugino
condensation in the unhiggsed SO(3) and instantons in
the broken SU(2)L ⇥ SU(2)R/SO(3). The theory again
has two branches: on the first, the gaugino contribution
is aligned with the instanton contributions, and the su-
perpotential is of the form (17). On the second branch,
the contributions cancel out, and the ADS-type super-
potential vanishes. However, it was shown via a mass
deformation to the NF = Nc � 4 case that the second
branch has a dynamically generated superpotential:

Wdyn =
1

2µ
f(t)M ij

qiqj , (23)

where qi =
�
W↵W

↵
Q

NF�1
�
i
/⇤NF+1 is the exotic baryon

of the theory. Here µ is an e↵ective mass scale, t =
1

⇤2NF +4 detM M
ij
qiqj , and f(t) is a holomorphic func-

tion in the neighborhood of t = 0, normalized so that
f(0) = 1. We can canonically normalize the superpoten-
tial yielding

Wdyn =
1

2
f(t) M̃ ij

qiqj , (24)

where M̃ is the canonically normalized meson.

As usual, adding AMSB to the theory generates for
the first branch the minimum (19) and breaks the global
symmetry down to SO(NF ). This is again the global
minimum of the theory. On the second branch, the tree-
level AMSB contribution vanishes at O(t0), while the
loop-level contribution (45) generates a minimum in the
neighborhood of M̃ ij = 0, with

V ⇡ �

⇣
m

16⇡2

⌘4
, (25)

Again the O(t) corrections give a sub-leading contribu-
tion. Around the origin loop-level AMSB is again the
dominant perturbation, which will clearly not be the
global minimum of the theory, since its (negative) height
is loop suppressed.

Nc � 1  NF  3
2 (Nc � 2)

In this case the correct IR description of the theory is
in terms of its IR free Seiberg dual SO(NF �Nc+4) with
NF fundamentals qi and

1
2NF (NF+1) singletsM ij in the

qi( )Nc�2
NF

and M
ij( ) 2(NF �Nc+2)

NF

representations of the

global SU(NF )⇥U(1)R, respectively. First we will focus
on the case when NF � Nc +1, leaving the NF = Nc � 1
and NF = Nc special cases to the end of the section. For
NF � Nc + 1, the dual theory has a superpotential

Wdual =
1

2µ
M

ij
qiqj . (26)

The scales of the original and dual theories are related
by

28⇤3(Nc�2)�NF ⇤̃2NF�3(Nc�2) = (�1)Nf�Ncµ
NF . (27)

For later convenience, we switch to canonically normal-
ized fields M̃ ,

Wdual =
1

2
M̃

ij
qiqj , (28)

with M̃ = M/µ. When we turn on AMSB, the situa-
tion is similar to the one encountered in [25] and to the
NF = Nc�2 case in the present work. Near M = 0 there
is a local minimum generated by the loop level AMSB
contribution. The tree-level contribution vanishes as
usual because the superpotential (28) is marginal. Again
we expect only a local minimum with V = �O( m

16⇡2 )4
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along the direction,

q /

0
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...
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...
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1
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, M /

0

BBBBBBBBB@
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1

CCCCCCCCCA

,

(29)

where q is a NF ⇥ (NF �Nc + 4) matrix.
At nonzero M with rank(M) = NF on the moduli

space for NF � Nc +1, the dual quarks qi are integrated
out, and we are left with pure SO(NF � Nc + 4) SYM,
with a scale

⇤̃3NF�3(Nc�2)
L = det(M̃) ⇤̃2NF�3(Nc�2) (30)

Gaugino condensation in the dual theory now generates
a dynamical superpotential

W�� = 2�
NF �(Nc�2)�4
NF �(Nc�2) ✏NF�(Nc�2) ⇤̃

3
L (31)

With AMSB this superpotential leads to the tree-level
SUSY breaking scalar potential

VAMSB = �2m⇤̃3
3
2 (Nc � 2)�NF

NF � (Nc � 2)
⇥ (32)

 
16

1
NF det(M̃)

⇤̃NF

! 1
NF �(Nc�2)

+ c.c.

For NF > Nc, this potential, together with the usual
scalar potential from the superpotential, is minimized at

M̃
ij

⇠ 4
NF �(Nc�2)�2
2(Nc�2)�NF

⇣
f
m

⇤

⌘ NF �(Nc�2)
2(Nc�2)�NF ⇤ �

ij

Vmin ⇠ �4
NF �4

2((Nc�2)�NF
2(Nc � 2)�NF

[NF � (Nc � 2)]2
⇥

⇣
f
m

⇤

⌘ 2(Nc�2)
2(Nc�2)�NF ⇤4

, (33)

where f = 1
Nc�2 [NF � (Nc � 2)]

⇥
3
2 (Nc � 2)�NF

⇤
.

Noting that Nc � 2 < NF 
3
2 (Nc � 2) from (33), this

minimum satisfies ⇤̃L ⌧ M̃ ⌧ ⇤̃, below the Landau pole
of the UV magnetic theory and above the scale of gaug-
ino condensation in the IR pure SYM. This justifies our
weakly coupled analysis. Again the global symmetry at
the minimum is broken down to SO(NF ).

We now comment on the NF = Nc � 1 and NF =
Nc cases. For NF = Nc � 1, the dual gauge group is
SO(3). The superpotential of the dual now includes a
contribution from instantons:

Wdual,Nc�1 =
1

2µ
M

ij
qiqj �

detM

64⇤̃2Nc�5
. (34)

The extra contribution can be seen by deforming the
dual for NF = Nc by a mass term for the last fla-
vor, which leads to instantons in the broken SU(2)L ⇥

SU(2)R/SO(3) in the magnetic theory [43]. Here the
scale matching is given by

214
⇣
⇤2Nc�5 ⇤̃4�Nc

⌘2
=
�
µ
Nc�1

�2
. (35)

Interestingly, this relation looks like the square of the
usual relation (27) - for more details, see the original
[31]. When M has full rank on the moduli space, the qi

become massive and the gaugino condensation in the IR
SO(3) SYM generates a superpotential

W��,dual,Nc�1 = ✏2
detM

64⇤2Nc�5
. (36)

Note that this superpotential has the same magnitude
as the instanton contribution in (34), and so the theory
again has two branches: one in which the two contribu-
tions add, leading to an AMSB minimum of the form
(33), and another with vanishing superpotential. On the
second branch there is no superpotential, and we can re-
peat the arguments concerning the second branch in the
case of NF = Nc � 4. Again, any minimum produced
by AMSB and a non-canonical Kähler is parametrically
suppressed in comparison with the first branch.
For NF = Nc, the magnetic gauge group is SU(2)L ⇥

SU(2)R. There is no instanton contribution to the tree-
level superpotential, but when M is given full rank, there
are again two branches: one with aligned gaugino con-
densates in the IR pure SU(2)L⇥SU(2)R SYM, and one
with opposite sign condensates and vanishing superpo-
tential. As usual, with AMSB the first branch leads to a
global minimum of the form (33), while any minimum in
the second branch is again subdominant.
Finally, we note that for Nc < 6 we have 3

2 (Nc � 2) <
Nc, and so the theories with NF = Nc = 4, 5 have to be
considered separately. Indeed, for NF = Nc = 4, 5 the
magnetic theory is no longer IR free, but rather has an
IR fixed point.

Monopole Condensation for NF < Nc � 2
via Mass Deformations

When discussing the theory withNF = Nc�2, the non-
supersymmetric vacuum of the theory explicitly involved
monopole condensation. In the next section, this will
enable us to determine the behavior of the loop operators
in the theory, and in particular establish confinement of
non-trivial Wilson loops for Spin(Nc). In this section we
wish to make contact between the NF = Nc� 2 case and
the cases with fewer flavors, by treating the latter as the
NF = Nc�2 deformed by a supersymmetric mass µ, with
µ � ⇤.
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where q is a NF ⇥ (NF �Nc + 4) matrix.
At nonzero M with rank(M) = NF on the moduli

space for NF � Nc +1, the dual quarks qi are integrated
out, and we are left with pure SO(NF � Nc + 4) SYM,
with a scale

⇤̃3NF�3(Nc�2)
L = det(M̃) ⇤̃2NF�3(Nc�2) (30)

Gaugino condensation in the dual theory now generates
a dynamical superpotential

W�� = 2�
NF �(Nc�2)�4
NF �(Nc�2) ✏NF�(Nc�2) ⇤̃

3
L (31)

With AMSB this superpotential leads to the tree-level
SUSY breaking scalar potential

VAMSB = �2m⇤̃3
3
2 (Nc � 2)�NF

NF � (Nc � 2)
⇥ (32)

 
16

1
NF det(M̃)

⇤̃NF

! 1
NF �(Nc�2)

+ c.c.

For NF > Nc, this potential, together with the usual
scalar potential from the superpotential, is minimized at

M̃
ij

⇠ 4
NF �(Nc�2)�2
2(Nc�2)�NF

⇣
f
m

⇤

⌘ NF �(Nc�2)
2(Nc�2)�NF ⇤ �

ij

Vmin ⇠ �4
NF �4

2((Nc�2)�NF
2(Nc � 2)�NF

[NF � (Nc � 2)]2
⇥

⇣
f
m

⇤

⌘ 2(Nc�2)
2(Nc�2)�NF ⇤4

, (33)

where f = 1
Nc�2 [NF � (Nc � 2)]

⇥
3
2 (Nc � 2)�NF

⇤
.

Noting that Nc � 2 < NF 
3
2 (Nc � 2) from (33), this

minimum satisfies ⇤̃L ⌧ M̃ ⌧ ⇤̃, below the Landau pole
of the UV magnetic theory and above the scale of gaug-
ino condensation in the IR pure SYM. This justifies our
weakly coupled analysis. Again the global symmetry at
the minimum is broken down to SO(NF ).

We now comment on the NF = Nc � 1 and NF =
Nc cases. For NF = Nc � 1, the dual gauge group is
SO(3). The superpotential of the dual now includes a
contribution from instantons:

Wdual,Nc�1 =
1

2µ
M

ij
qiqj �

detM

64⇤̃2Nc�5
. (34)

The extra contribution can be seen by deforming the
dual for NF = Nc by a mass term for the last fla-
vor, which leads to instantons in the broken SU(2)L ⇥

SU(2)R/SO(3) in the magnetic theory [43]. Here the
scale matching is given by

214
⇣
⇤2Nc�5 ⇤̃4�Nc

⌘2
=
�
µ
Nc�1

�2
. (35)

Interestingly, this relation looks like the square of the
usual relation (27) - for more details, see the original
[31]. When M has full rank on the moduli space, the qi

become massive and the gaugino condensation in the IR
SO(3) SYM generates a superpotential

W��,dual,Nc�1 = ✏2
detM

64⇤2Nc�5
. (36)

Note that this superpotential has the same magnitude
as the instanton contribution in (34), and so the theory
again has two branches: one in which the two contribu-
tions add, leading to an AMSB minimum of the form
(33), and another with vanishing superpotential. On the
second branch there is no superpotential, and we can re-
peat the arguments concerning the second branch in the
case of NF = Nc � 4. Again, any minimum produced
by AMSB and a non-canonical Kähler is parametrically
suppressed in comparison with the first branch.
For NF = Nc, the magnetic gauge group is SU(2)L ⇥

SU(2)R. There is no instanton contribution to the tree-
level superpotential, but when M is given full rank, there
are again two branches: one with aligned gaugino con-
densates in the IR pure SU(2)L⇥SU(2)R SYM, and one
with opposite sign condensates and vanishing superpo-
tential. As usual, with AMSB the first branch leads to a
global minimum of the form (33), while any minimum in
the second branch is again subdominant.
Finally, we note that for Nc < 6 we have 3

2 (Nc � 2) <
Nc, and so the theories with NF = Nc = 4, 5 have to be
considered separately. Indeed, for NF = Nc = 4, 5 the
magnetic theory is no longer IR free, but rather has an
IR fixed point.

Monopole Condensation for NF < Nc � 2
via Mass Deformations

When discussing the theory withNF = Nc�2, the non-
supersymmetric vacuum of the theory explicitly involved
monopole condensation. In the next section, this will
enable us to determine the behavior of the loop operators
in the theory, and in particular establish confinement of
non-trivial Wilson loops for Spin(Nc). In this section we
wish to make contact between the NF = Nc� 2 case and
the cases with fewer flavors, by treating the latter as the
NF = Nc�2 deformed by a supersymmetric mass µ, with
µ � ⇤.
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where q is a NF ⇥ (NF �Nc + 4) matrix.
At nonzero M with rank(M) = NF on the moduli

space for NF � Nc +1, the dual quarks qi are integrated
out, and we are left with pure SO(NF � Nc + 4) SYM,
with a scale

⇤̃3NF�3(Nc�2)
L = det(M̃) ⇤̃2NF�3(Nc�2) (30)

Gaugino condensation in the dual theory now generates
a dynamical superpotential

W�� = 2�
NF �(Nc�2)�4
NF �(Nc�2) ✏NF�(Nc�2) ⇤̃

3
L (31)

With AMSB this superpotential leads to the tree-level
SUSY breaking scalar potential

VAMSB = �2m⇤̃3
3
2 (Nc � 2)�NF

NF � (Nc � 2)
⇥ (32)

 
16

1
NF det(M̃)

⇤̃NF

! 1
NF �(Nc�2)

+ c.c.

For NF > Nc, this potential, together with the usual
scalar potential from the superpotential, is minimized at

M̃
ij

⇠ 4
NF �(Nc�2)�2
2(Nc�2)�NF

⇣
f
m

⇤

⌘ NF �(Nc�2)
2(Nc�2)�NF ⇤ �

ij

Vmin ⇠ �4
NF �4

2((Nc�2)�NF
2(Nc � 2)�NF

[NF � (Nc � 2)]2
⇥

⇣
f
m

⇤

⌘ 2(Nc�2)
2(Nc�2)�NF ⇤4

, (33)

where f = 1
Nc�2 [NF � (Nc � 2)]

⇥
3
2 (Nc � 2)�NF

⇤
.

Noting that Nc � 2 < NF 
3
2 (Nc � 2) from (33), this

minimum satisfies ⇤̃L ⌧ M̃ ⌧ ⇤̃, below the Landau pole
of the UV magnetic theory and above the scale of gaug-
ino condensation in the IR pure SYM. This justifies our
weakly coupled analysis. Again the global symmetry at
the minimum is broken down to SO(NF ).

We now comment on the NF = Nc � 1 and NF =
Nc cases. For NF = Nc � 1, the dual gauge group is
SO(3). The superpotential of the dual now includes a
contribution from instantons:

Wdual,Nc�1 =
1

2µ
M

ij
qiqj �

detM

64⇤̃2Nc�5
. (34)

The extra contribution can be seen by deforming the
dual for NF = Nc by a mass term for the last fla-
vor, which leads to instantons in the broken SU(2)L ⇥

SU(2)R/SO(3) in the magnetic theory [43]. Here the
scale matching is given by

214
⇣
⇤2Nc�5 ⇤̃4�Nc

⌘2
=
�
µ
Nc�1

�2
. (35)

Interestingly, this relation looks like the square of the
usual relation (27) - for more details, see the original
[31]. When M has full rank on the moduli space, the qi

become massive and the gaugino condensation in the IR
SO(3) SYM generates a superpotential

W��,dual,Nc�1 = ✏2
detM

64⇤2Nc�5
. (36)

Note that this superpotential has the same magnitude
as the instanton contribution in (34), and so the theory
again has two branches: one in which the two contribu-
tions add, leading to an AMSB minimum of the form
(33), and another with vanishing superpotential. On the
second branch there is no superpotential, and we can re-
peat the arguments concerning the second branch in the
case of NF = Nc � 4. Again, any minimum produced
by AMSB and a non-canonical Kähler is parametrically
suppressed in comparison with the first branch.
For NF = Nc, the magnetic gauge group is SU(2)L ⇥

SU(2)R. There is no instanton contribution to the tree-
level superpotential, but when M is given full rank, there
are again two branches: one with aligned gaugino con-
densates in the IR pure SU(2)L⇥SU(2)R SYM, and one
with opposite sign condensates and vanishing superpo-
tential. As usual, with AMSB the first branch leads to a
global minimum of the form (33), while any minimum in
the second branch is again subdominant.
Finally, we note that for Nc < 6 we have 3

2 (Nc � 2) <
Nc, and so the theories with NF = Nc = 4, 5 have to be
considered separately. Indeed, for NF = Nc = 4, 5 the
magnetic theory is no longer IR free, but rather has an
IR fixed point.

Monopole Condensation for NF < Nc � 2
via Mass Deformations

When discussing the theory withNF = Nc�2, the non-
supersymmetric vacuum of the theory explicitly involved
monopole condensation. In the next section, this will
enable us to determine the behavior of the loop operators
in the theory, and in particular establish confinement of
non-trivial Wilson loops for Spin(Nc). In this section we
wish to make contact between the NF = Nc� 2 case and
the cases with fewer flavors, by treating the latter as the
NF = Nc�2 deformed by a supersymmetric mass µ, with
µ � ⇤.
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where q is a NF ⇥ (NF �Nc + 4) matrix.
At nonzero M with rank(M) = NF on the moduli

space for NF � Nc +1, the dual quarks qi are integrated
out, and we are left with pure SO(NF � Nc + 4) SYM,
with a scale

⇤̃3NF�3(Nc�2)
L = det(M̃) ⇤̃2NF�3(Nc�2) (30)

Gaugino condensation in the dual theory now generates
a dynamical superpotential

W�� = 2�
NF �(Nc�2)�4
NF �(Nc�2) ✏NF�(Nc�2) ⇤̃

3
L (31)

With AMSB this superpotential leads to the tree-level
SUSY breaking scalar potential

VAMSB = �2m⇤̃3
3
2 (Nc � 2)�NF

NF � (Nc � 2)
⇥ (32)

 
16

1
NF det(M̃)

⇤̃NF

! 1
NF �(Nc�2)

+ c.c.

For NF > Nc, this potential, together with the usual
scalar potential from the superpotential, is minimized at

M̃
ij

⇠ 4
NF �(Nc�2)�2
2(Nc�2)�NF

⇣
f
m

⇤

⌘ NF �(Nc�2)
2(Nc�2)�NF ⇤ �

ij

Vmin ⇠ �4
NF �4

2((Nc�2)�NF
2(Nc � 2)�NF

[NF � (Nc � 2)]2
⇥

⇣
f
m

⇤

⌘ 2(Nc�2)
2(Nc�2)�NF ⇤4

, (33)

where f = 1
Nc�2 [NF � (Nc � 2)]

⇥
3
2 (Nc � 2)�NF

⇤
.

Noting that Nc � 2 < NF 
3
2 (Nc � 2) from (33), this

minimum satisfies ⇤̃L ⌧ M̃ ⌧ ⇤̃, below the Landau pole
of the UV magnetic theory and above the scale of gaug-
ino condensation in the IR pure SYM. This justifies our
weakly coupled analysis. Again the global symmetry at
the minimum is broken down to SO(NF ).

We now comment on the NF = Nc � 1 and NF =
Nc cases. For NF = Nc � 1, the dual gauge group is
SO(3). The superpotential of the dual now includes a
contribution from instantons:

Wdual,Nc�1 =
1

2µ
M

ij
qiqj �

detM

64⇤̃2Nc�5
. (34)

The extra contribution can be seen by deforming the
dual for NF = Nc by a mass term for the last fla-
vor, which leads to instantons in the broken SU(2)L ⇥

SU(2)R/SO(3) in the magnetic theory [43]. Here the
scale matching is given by

214
⇣
⇤2Nc�5 ⇤̃4�Nc

⌘2
=
�
µ
Nc�1

�2
. (35)

Interestingly, this relation looks like the square of the
usual relation (27) - for more details, see the original
[31]. When M has full rank on the moduli space, the qi

become massive and the gaugino condensation in the IR
SO(3) SYM generates a superpotential

W��,dual,Nc�1 = ✏2
detM

64⇤2Nc�5
. (36)

Note that this superpotential has the same magnitude
as the instanton contribution in (34), and so the theory
again has two branches: one in which the two contribu-
tions add, leading to an AMSB minimum of the form
(33), and another with vanishing superpotential. On the
second branch there is no superpotential, and we can re-
peat the arguments concerning the second branch in the
case of NF = Nc � 4. Again, any minimum produced
by AMSB and a non-canonical Kähler is parametrically
suppressed in comparison with the first branch.
For NF = Nc, the magnetic gauge group is SU(2)L ⇥

SU(2)R. There is no instanton contribution to the tree-
level superpotential, but when M is given full rank, there
are again two branches: one with aligned gaugino con-
densates in the IR pure SU(2)L⇥SU(2)R SYM, and one
with opposite sign condensates and vanishing superpo-
tential. As usual, with AMSB the first branch leads to a
global minimum of the form (33), while any minimum in
the second branch is again subdominant.
Finally, we note that for Nc < 6 we have 3

2 (Nc � 2) <
Nc, and so the theories with NF = Nc = 4, 5 have to be
considered separately. Indeed, for NF = Nc = 4, 5 the
magnetic theory is no longer IR free, but rather has an
IR fixed point.

Monopole Condensation for NF < Nc � 2
via Mass Deformations

When discussing the theory withNF = Nc�2, the non-
supersymmetric vacuum of the theory explicitly involved
monopole condensation. In the next section, this will
enable us to determine the behavior of the loop operators
in the theory, and in particular establish confinement of
non-trivial Wilson loops for Spin(Nc). In this section we
wish to make contact between the NF = Nc� 2 case and
the cases with fewer flavors, by treating the latter as the
NF = Nc�2 deformed by a supersymmetric mass µ, with
µ � ⇤.
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where q is a NF ⇥ (NF �Nc + 4) matrix.
At nonzero M with rank(M) = NF on the moduli

space for NF � Nc +1, the dual quarks qi are integrated
out, and we are left with pure SO(NF � Nc + 4) SYM,
with a scale

⇤̃3NF�3(Nc�2)
L = det(M̃) ⇤̃2NF�3(Nc�2) (30)

Gaugino condensation in the dual theory now generates
a dynamical superpotential

W�� = 2�
NF �(Nc�2)�4
NF �(Nc�2) ✏NF�(Nc�2) ⇤̃

3
L (31)

With AMSB this superpotential leads to the tree-level
SUSY breaking scalar potential

VAMSB = �2m⇤̃3
3
2 (Nc � 2)�NF

NF � (Nc � 2)
⇥ (32)
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1
NF det(M̃)

⇤̃NF

! 1
NF �(Nc�2)

+ c.c.

For NF > Nc, this potential, together with the usual
scalar potential from the superpotential, is minimized at

M̃
ij

⇠ 4
NF �(Nc�2)�2
2(Nc�2)�NF

⇣
f
m

⇤

⌘ NF �(Nc�2)
2(Nc�2)�NF ⇤ �

ij

Vmin ⇠ �4
NF �4

2((Nc�2)�NF
2(Nc � 2)�NF

[NF � (Nc � 2)]2
⇥

⇣
f
m

⇤

⌘ 2(Nc�2)
2(Nc�2)�NF ⇤4

, (33)

where f = 1
Nc�2 [NF � (Nc � 2)]

⇥
3
2 (Nc � 2)�NF

⇤
.

Noting that Nc � 2 < NF 
3
2 (Nc � 2) from (33), this

minimum satisfies ⇤̃L ⌧ M̃ ⌧ ⇤̃, below the Landau pole
of the UV magnetic theory and above the scale of gaug-
ino condensation in the IR pure SYM. This justifies our
weakly coupled analysis. Again the global symmetry at
the minimum is broken down to SO(NF ).

We now comment on the NF = Nc � 1 and NF =
Nc cases. For NF = Nc � 1, the dual gauge group is
SO(3). The superpotential of the dual now includes a
contribution from instantons:

Wdual,Nc�1 =
1

2µ
M

ij
qiqj �

detM

64⇤̃2Nc�5
. (34)

The extra contribution can be seen by deforming the
dual for NF = Nc by a mass term for the last fla-
vor, which leads to instantons in the broken SU(2)L ⇥

SU(2)R/SO(3) in the magnetic theory [43]. Here the
scale matching is given by

214
⇣
⇤2Nc�5 ⇤̃4�Nc

⌘2
=
�
µ
Nc�1

�2
. (35)

Interestingly, this relation looks like the square of the
usual relation (27) - for more details, see the original
[31]. When M has full rank on the moduli space, the qi

become massive and the gaugino condensation in the IR
SO(3) SYM generates a superpotential

W��,dual,Nc�1 = ✏2
detM

64⇤2Nc�5
. (36)

Note that this superpotential has the same magnitude
as the instanton contribution in (34), and so the theory
again has two branches: one in which the two contribu-
tions add, leading to an AMSB minimum of the form
(33), and another with vanishing superpotential. On the
second branch there is no superpotential, and we can re-
peat the arguments concerning the second branch in the
case of NF = Nc � 4. Again, any minimum produced
by AMSB and a non-canonical Kähler is parametrically
suppressed in comparison with the first branch.
For NF = Nc, the magnetic gauge group is SU(2)L ⇥

SU(2)R. There is no instanton contribution to the tree-
level superpotential, but when M is given full rank, there
are again two branches: one with aligned gaugino con-
densates in the IR pure SU(2)L⇥SU(2)R SYM, and one
with opposite sign condensates and vanishing superpo-
tential. As usual, with AMSB the first branch leads to a
global minimum of the form (33), while any minimum in
the second branch is again subdominant.
Finally, we note that for Nc < 6 we have 3

2 (Nc � 2) <
Nc, and so the theories with NF = Nc = 4, 5 have to be
considered separately. Indeed, for NF = Nc = 4, 5 the
magnetic theory is no longer IR free, but rather has an
IR fixed point.

Monopole Condensation for NF < Nc � 2
via Mass Deformations

When discussing the theory withNF = Nc�2, the non-
supersymmetric vacuum of the theory explicitly involved
monopole condensation. In the next section, this will
enable us to determine the behavior of the loop operators
in the theory, and in particular establish confinement of
non-trivial Wilson loops for Spin(Nc). In this section we
wish to make contact between the NF = Nc� 2 case and
the cases with fewer flavors, by treating the latter as the
NF = Nc�2 deformed by a supersymmetric mass µ, with
µ � ⇤.



Summary of SO(N) phases

•  All of the various exotic phases collapse to one and 
same confinement +𝛘SB phase with same 
SU(F)→SO(F) breaking pattern  

3

Range SUSY +AMSB

NF = 1 run-away confinement

1 < NF < Nc � 4 run-away confinement+�SB

NF = Nc � 4 2 branches confinement+�SB

NF = Nc � 3 2 branches confinement+�SB

NF = Nc � 2 Coulomb confinement+�SB

NF = Nc � 1
free magnetic

2 branches
confinement+�SB

NF = Nc
free magnetic

2 branches
confinement+�SB

Nc + 1  NF  3
2 (Nc � 2) free magnetic confinement +�SB

3
2 (Nc � 2) < NF  3(Nc � 2) CFT CFT

3(Nc � 2) < NF IR free run-away

TABLE I: Summary of IR Behavior of SO(Nc) theories with
NF fundamentals with AMSB. �SB stands for chiral symme-
try breaking. For NF = Nc � 1 and Nc, two branches appear
along the flat direction of the maximum rank of the meson
M

ij , yet the AMSB chooses one over the other, resulting in
the �SB.

For NF � Nc, the D-flat direction is given by

Q =

0

BBBB@

'1

. . .

'Nc

0

1

CCCCA
(3)

It is conveniently parameterized in terms of meson op-
erators, as well as the baryon operators B

[i1,...iNc ] =
Q

[i1 . . . QiNc ], where the i are flavor indices and we take
the gauge singlet out of the tensor product of Nc funda-
mentals of SO(Nc). The gauge invariant operators are
given, up to global transformations, by
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The IR behavior of the theory strongly depends on the
relative magnitudes of Nc and NF and is summarized
in Table I. Below we will show that adding AMSB to
the theory leads to chiral symmetry breaking for all
1 < NF 

3
2 (Nc � 2). Furthermore, in this range the

theory confines; below we give an exact meaning to this
statement in terms of the loop operators of the theory.
We assume throughout thatNc > 3, and leave theNc = 3
to future work.

PHASES OF GAUGE THEORIES

One often hears the word “confinement” describing the
situation in which colored degrees of freedom are bound

into color-singlet states, even if a linear potential is lack-
ing due to screening from quark-antiquark production.
We will be more careful with the word and, following [33],
only use it in the narrow context of a particular Wilson/’t
Hooft/dyonic loop operator [49] exhibiting an area law,
in which case we will say that the given loop operator
confines. We are especially interested in the confinement
of non-trivial loop operators - the ones which transform
non-trivially under the center of the gauge group. Note
that in some of the literature, e.g., [33], these closed loops
are referred to as line operators - we will use the more
conventional name “loop operators” to stress their gauge
invariance.
The allowed non-trivial loop operators in the theory

depend on the choice of the global properties of the gauge
group – for example, with the Lie algebra so(Nc) the
gauge group can be Spin(Nc), SO(Nc), and so on. De-
pending on the choice of gauge group, the allowed non-
trivial loop operators can be Wilson, ’t Hooft, or dyonic
loops. Whatever the choice may be, these loops exhibit
either a perimeter or an area law, depending on the local
physics, which is in and of itself insensitive to the global
properties of the gauge group.
One possible choice of the gauge group is Spin(Nc),

which is the universal cover of all Lie groups that share
the Lie algebra so(Nc). In this case the non-trivial loop
operators are Wilson loops, while others are forbidden
by Dirac quantization. An area law for non-trivial Wil-
son loops indicates the confinement of the electric de-
grees of freedom associated with it. Other choices for
the global structure are obtained by modding out the
Spin(Nc) by subgroups of its center, which is Z2 for odd
Nc and larger for even Nc [33]. Here we only consider
SO(Nc) = Spin(Nc)/Z2. In this case the non-trivial
loop operators are either purely magnetic ’t Hooft loops,
a choice denoted by SO(Nc)+, or dyonic loops, a choice
denoted by SO(Nc)�. In each case, other non-trivial
loop operators are forbidden by Dirac quantization. Be-
low, when we speak of “the loop” in a particular theory,
we will be referring to the single non-trivial loop that
the theory admits, whether electric, magnetic, or dyonic.
Additionally, when we are only concerned with the lo-
cal physics we will simply refer to the gauge group as
SO(Nc).
While Spin(Nc) and SO(Nc)± exist on equal footing

as possible gauge groups, we will be particularly inter-
ested in Spin(Nc), as it can provide what eludes us for
SU(N) gauge theories with fundamental matter: an or-
der parameter for electric confinement. Whereas the fun-
damental Wilson loop of SU(N) (which is its own uni-
versal cover) can be screened by the fundamental matter,
the spinorial Wilson loop of Spin(Nc) cannot be screened
by the vectorial quarks.
The main objective of our study is to determine the

phases of supersymmetric SO(Nc) gauge theories when
perturbed by AMSB. We will be able to determine the lo-
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What happens for m≫𝝠?
• Our results pretty clean for m≪𝝠 - when perturbing 

around SUSY theories. Already find quite interesting 
results and breaking patterns. 

• What happens for m≫𝝠? Possibly phase transition  

• We have seen our results can at least in principle be 
connected to non-SUSY m→∞ limit no PT needed 

• Can holomorphy help? If PT must be for |m| ~ |𝝠| 

• But both holomorphic - not possible to write a 
holomorphic equation for phase boundary of this 
sort???? 



Summary 
• Use SUSY theories for finding vacuum structure of 

gauge theories 

• AMSB appears to be superior method for perturbing 
SUSY theories  

• UV insensitive, predictive and usually gives results 
as expected in non-SUSY theories 

• Established QCD-like vacua for most of SUSY-QCD 
based theories 

• Established 𝛈’ potential and branches - for fixed F 
behaves as guessed but for large F qualitatively 
new 



Summary 

• Found novel symmetry breaking patterns for chiral 
gauge theories (antisymmetric & symmetric) 

• Establish confinement & 𝛘SB in SO(N) theories via 
monopole condensation 


