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Unitarity in Quantum Mechanics
Quantum Mechanics:  
Closed systems, unitary time evolution 
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i@t | (t)i = H | (t)i

Measurement outcomes: Probability distributions
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Probability conservation iff H is hermitian:
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Non-unitary systems gain or loose probability with time 
through interactions with environment



Why PT symmetric Non-Hermiticity?
Quantum Mechanics: Real energy spectrum
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Generic non-unitarity: Complex spectrum or worse
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] = 0 =) H is diagonalizable

PT symmetry: Diagonalizability and real spectrum

Carl Bender, S. Boettcher, PRL 80 (24), 5243, 1998



PT symmetric anharmonic oscillator

Carl Bender, Rep. Prog. Phys. 70 (6), 947



The PT symmetric Qubit
Two level system with gain loss balance

Energy spectrum:
Three phases:
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PT symmetric
Exceptional point
PT broken

Dyson map:

Complexified global SU(2):



Pseudohermiticity
PT symmetric phase always admits Dyson map:
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h = h†

Spect(H) Spect(h)

Dyson map can be complicated, generically SU(2) 

PT symmetric
Pseudo- 
hermitian

Hermitian



PT symmetric 1+1D Fermions

Dyson map: Complexified axial U(1) rotation
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Holographic S-Wave Superconductor

Hartnoll, Herzog, Horowitz 2008

Probe Limit: Charged AdS-RN Black Brane
Scalar field asymptotics:
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m2L2 = �(�� d)

Condensed solutions spontaneously break U(1) at low T

x



PT symmetric deformation

Arean, Landsteiner 2019

Complexified U(1) deformation:

HHH with sources: Explicit breaking at high enough T

Dyson map:

x



Phases and their Properties
Partition function:

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)
Arean, Landsteiner 2019



Backreacted Solution Structure

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)
Arean, Landsteiner 2019



Thermodynamics

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)
Arean, Landsteiner 2019



Scalar channel stability

Arean, Landsteiner 2019

Stability: No spontaneously growing VEVs at finite 
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!,~k
Quasinormal modes must obey
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Endpoint of instability?

Landsteiner, Morales Tejera 2203.02524
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AC conductivity in AdS-Schwarzschild
Linearized vector perturbations:

Kubo formula:
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h

Particle-vortex duality
Witten 2003



AC conductivity in AdS-RN
Finite density background:

Kubo formula:
<latexit sha1_base64="OM4Vhffh1PVVBy9/KK9EdnuQrMQ="></latexit>

�xx(!) =
hJxJxiR(!)

i! = a0(0)
i!a(0)

At low frequencies:

Kramers-Kronig:
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Ferrel-Glover-Tinkham Sum Rule

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)

Consequence of causality and electric charge conservation  
 in the dissipative real part of the conductivity

Conditions for sum rule to hold:

Phase I Phase II Phase III

<latexit sha1_base64="I6C2I4YjoAwBGMmn1qfYn7iePNs="></latexit>
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S�(⌦) = 0

c.f. e.g. Erdmenger, RM, Schalm etal
JHEP 2015



Vector Channel Stability

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)

Stability: No spontaneously growing VEVs at finite 
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Quasinormal modes must obey
<latexit sha1_base64="ll8i6oFDB4GebZN03XX8PXKU0CM=">AAACEXicbVC7TutAEB3zuhBeBkqaFQEpNJFNAZQRNNCBRAApjqL1ZhJW7Npmd3xFZOUXaPgVGgoQuu3t6PgbNg4FryONdHTOzO7MiTMlLQXBmzcxOTU982d2rjK/sLi07K+snts0NwKbIlWpuYy5RSUTbJIkhZeZQa5jhRfx9eHIv/iLxso0OaNBhm3N+4nsScHJSR2/FpVvFAa7w82I8JaMLo71kNWiVGOfb7NI4Q0LNjt+NagHJdhPEn6QasOHEicd/zXqpiLXmJBQ3NpWGGTULrghKRQOK1FuMePimvex5WjCNdp2UW4zZFtO6bJealwlxEr180TBtbUDHbtOzenKfvdG4m9eK6fefruQSZYTJmL8US9XjFI2iod1pUFBauAIF0a6XZm44oYLciFWXAjh95N/kvOderhb3z3dqTYOxmnALKzDBtQghD1owBGcQBME3MEDPMGzd+89ei/ev3HrhPcxswZf4P1/B/nhnRw=</latexit>

Im(!)  0

Arean, Landsteiner 2019Scalar channel was investigated before



AC conductivity (I)
Linearized vector perturbations:

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)

Kubo formula:
<latexit sha1_base64="OM4Vhffh1PVVBy9/KK9EdnuQrMQ="></latexit>

�xx(!) =
hJxJxiR(!)

i! = a0(0)
i!a(0)

Phase I Phase II

At low frequencies:



AC conductivity (II)
Linearized vector perturbations:

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)

Kubo formula:
<latexit sha1_base64="OM4Vhffh1PVVBy9/KK9EdnuQrMQ="></latexit>

�xx(!) =
hJxJxiR(!)

i! = a0(0)
i!a(0)

Phase III



Landau-Ginzburg Theory

Xian ZY, Rodriguez, Chen ZH, Liu Y, RM, SciPost Physics 16 (2024)

U(1) Rotor model

Saddle point equations and superfluid density:

Superfluid density qualitatively follows holographic model

Full AC conductivity needs fluctuations and electrons



Conclusions & Outlook (I)

Chen, Kornich, RM, Xian

Conclusions

Outlook

• Interesting phase structure with QPT 
• New behavior of AC conductivity 
• Stability and sum rule in vector channel guaranteed 
• Phase structure and zero frequency spectral weight 

reproduced by U(1) rotor model

• Stability & nature of phases II/III unclear 
• Finite density, magnetic fields 
• Superconductivity at low temperatures 
• Other transport coefficients? 
• PT deformations of other holographic systems 
• Relate to strongly correlated PT symmetric systems

Landsteiner et.al


