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How does geometry emerge from information?

 Bekenstein-Hawking: [Bekenstein; '73] [Hawking; '75]
» Black holes are thermodynamic with an entropy ~ horizon area.

 AdS/CFT + Ryu-Takayanagi formula: [Ryu, Takayanagi; "06]...

e Microscopic (CFT) entanglement — geometry in the bulk
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e 7 Is not fixed a priori but determined dynamically, e.g., by semi-classical
gravitational path-integral [Lewkowycz, Maldacena; "13]

Look “under the hood” of this mechanism...



Area as state counting
a la horizon
microstate counting

Minimization Inverse coupling (instead of UV cutoff
Consequence of diffeomorphism
invariance, subject to some Appearance ot low-energy

gauge-invariant condition effective field theory



This talk: how these features arise iIn matrix quantum mechanics

» Emergent spaces in the quantum mechanics of large-N matrices

[Gross, Miljkovic; Brezin et. al; [Banks, Fischler, Shenker, Susskind; '97]  [Berenstein, Maldacena, Nastase; ’98]

Ginsparg, Zinn-Justin; "90] (BFSS) (BMN)
(c=1 matrix model)

X% NxN matrices

These models describe dynamics of emergent D-brane world-volumes...

» Xaeigenvalues = locations of O-branes in d-dim ambient space.
-‘Non-commutativity = open strings stretching between branes.
-Can coalesce into extended membranes. jvyers; 99

We will focus on WFs supported on classical, non-comm. geometries
with “small” NC at large N.



An example: the “fuzzy sphere” state

« Metastable state of the bosonic sector of the “mini-BMN” matrix model

{XCL}CL:]_,Q’S V(X) _ Tr (VXCL _I_ iEabC[Xb, XC])Q

- Configurations minimizing the potential satisfy SU(2) commutation relations.

. Us(X) is sharply peaked on {XG} = N - dim irrep of SU(2)

2

> (Xa)’ = = N(N -1)

Qa
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» Non-commutative sphere of radius N



These models describe dynamics of emergent D-brane world-volumes...
Not necessarily quantum gravity and not necessarily holographic.

Regardless, interesting, tractable, models displaying similar key features

- Large gauge redundancy which acts as a form of diffeomorphisms

» lllustrate the conditions by which a gauge-invariant entanglement
entropy leads to an RT-like formula in terms of the emergent space.

* [llustrate this in our fuzzy sphere example, highlighting general mechanics as
we go along.



A roadmap

- Partition of matrix entries +—

¥ subregion of the emergent geometry.

« U(N) gauge symmetry «— VVolume preserving diffeomorphisms

» Gauge-invariant question:

what is the entropyofany _ = whatis the entropy of any 1
' sub-block of fixed size? region of fixed volume?

» VPDs leave subregion intact —+ edge modes with area law entanglement

» distinct reduced states

» VPDs change the subregion —

» When the orbit of reduced states over VPDs admits a saddle-point, the Rényi
entropy Is dominated by a subregion with minimal area.



The result:

Area as state counting

Dimension of “edge modes” under

gauge transformations acting at the
edge of the subsystem
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Minimization ~ Inverse coupling (instead of UV cutoff)

Saddle-point in average over Area is regulated by N, and is
VPDs that change the subsystem  rgplaced by coupling of NC field

theory describing low-energy  gyax =
dynamics of the brane

A7
Nuv3




Subsystems and gauge
(In)variance



Gauge redundancy as VPDs

» The matrix model of interest have a U(N) symmetry that we will gauge.

X211 UXau generated by G=2i :[X?213]:
d
» At large N this symmetry acts on world-volume theory as

volume preserving diffeomorphismes.

* Moyal map: the trace is mapped to an integral over non-commutative
functions.

Troxa ™ o fu(x2)

The goal: VPD-invariant entanglement entropies



Subsystems

» |nitial partition: matrix elements in a MxM block in a fixed basis

» e.g. in basis where X °is diagonal and ordered

UM)! U(N" M)

U(N)/ (UM)! U(N" M)
| F



— « UM)! U(N"™ M): similar to story in lattice gauge theories.

 Maximally entangled edge modes in irreps Kt of UM).

- :no analogue in local gauge theory

 Action by V ! F leads to different subsystems being traced
OUt.

* Acts non-unitarily on a reduced state, !'in , changing Its
eigenvalues.




We can formalize this with an “extended Hilbert space”

o Start with a Hilbert space spanned by matrix elements

! d | T #
Hext = spanc |X;!

a=1 |,

 For a MxM block partition in any given basis, Hex , admits a tensor product
factorization:




 Embed physical Hilbert space into Hext through a factorization map: J

J
H phys . Hext

« Start with a gauge-fixed state |! 4f! " Hext and average it over gauge orbit

P = dgo(g)|! ! " dV [!'v!
U(N) F

« Each ' v! of this integral is invariant under a U(M) preserving an MxM block
In the basis rotated by V.

Let us first look at the consequences of this U(M) invariance...



Area laws from the U(M) charge




* Acting on H

L, Gl —2| Ir [Xﬁ ,"ﬁ ]+[X!a!ﬁ1"% ]l Q! T Qedge
a —— —_—

H N H out

G, annihilates physical states — for any physical reduced density matrix
! | I

lin | Pu =
IN u LI du
Ny
reps of U(M)

. By computing the quantum variance of U(M) Casimir one finds a dominating
irrep, ', with pur ! 1 and an exponentially large dimension



 Read off the dimension of dominating rep through the U(M) (higher) Casimirs.

T QP |1 strings stretched across are

close to entangling surface
e —
» When |!'! is sharply peaked around X & and when (X&), s is low-rank, the
eigenvalues of Q: are row lengths of a “flat” Young tableaux

TrQ2"#  Tr |y Ka[X23,[X2,1,]
ab



 Under the Moyal map this is related to a second order derlvatlve operator on
the non-commutative background: —e.q. fixed by SO@3) in

Kap[X2,[X2,4]" " 2" u(3d fuzzy sphere state

» Acting on ! 1 , this produces, under Moyal map, a delta-function localized at
the entangling surface, ! |

* Relates the eigenvalues of Q: to the areas of connected comps. of | |

Each row length is proportional to the area of a
separate component of the entangling surface

! y ! N
logd, 3 - Iogl— = "! (y|log "|‘ |

utilizing hook-length
formula for “flat” __—"
Young diagrams



- what is the entropy of any MxM matrix block?

Incorporating F



« Assumption: reduced states of different subregions are distinguishable (to
/ leading order in N)

% corroborated by Haar Ik AV inv

random sampling

replica symmetry

A g In(saddle)

Zl.'loow | Zl—loop e! In (saddle) e! | (typical)




 Haar averaged integrals ~——————1 establish dominance of saddle

saddle point
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Fine print on the saddle point | & oo

|| | || ical Zh 100
Tr | inn | Zl-loop @ 'n (saddle) + @ 'n (typical) WV\MW/ | W/\Me! e

 U(N) is much larger than smooth continuum VPDs.

[ contains many elements that act non-geometrically (send! to fractal
and/or fragmented Planck-sized regions)

 [hese non-geometric maps proliferate and wash out the saddle-point

We find it necessary to “coarse-grain” the integral over F to elements that
act geometrically on !

Does not seem special to matrix character of the problem... may be generic



On coarse-grained
diffeomorphisms



Return to the factorization map

= dVv du dg BUTV)|! 4!
F U(M) UN! M)

* |Integrals over UM), UN-M) — reduced state at any V is indistinguishable
against VPDs preserving a subregion.

* Integral over F — different reduced states that are distinguishable for
different V’s.

* The reduced state of a low-energy observer in any sector should not be
orthogonal to one related by a Planck-sized diffeo —# remove from integral.

In practicality: integrate over a quotient of F

o Still large enough to account for geometric VPDsas N !'" | but
suppressed enough that the geometric area dominates as a saddle.



E.qg. in the fuzzy sphere state:

* A fairly “low-tech” solution...

F = UN)/ (UM)! UN'" M) N'=N/p M= Mp

» By comparing In(saddle] to Z;,,0, and tol, (typical) we find a range of p
such that the minimal area dominates.

N341 p! N



Recap

e “Geometry from entanglement” in a microscopic model?

 MQM features similar to QG: classical (NC) geometries + VPDs
e Gauge-invariant entanglement of microscopic subsystem.

* Jaking gauge orbit of VPDs acting on reduced density matrix

* A saddle-point reproduces a minimal area formula.

* [llustrated this in the “fuzzy sphere” state of the mini-BMN model.
e Existence of the saddle-point requires coarse-graining VPDs.

* (Generic lesson to take away from (entanglement)— (geometry)?



Outlook

 Revisiting replica symmetry
e valid for n~7 but replica symmetry breaking is important for Rényis.
[Fursaev; ‘06]
e Incorporating SUSY? Lorentz
* e.g. possible cancellations in one-loop integral over F?
 MQMs relevant for flat-space supergravity, e.g. BFSS, BMN
e Towards an RT outside of AdS/CFT?

 No boundaries: technology for fixing minimal surfaces to more abstract,
gauge-invariant, features

 Quantum reference frames: “relational entanglement”

[Goeller, Hbhn, Kirklin, °22] [Araujo-Regado, H6hn, Sartini; ’25]



Thank you for your attention.



