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The inverse RG problem

RG coarse graining is many-to-one, so a fixed IR CFT does not determine
a unique UV theory.

The unrestricted inverse problem is therefore ill posed.

We restrict it to two-dimensional integrable QFTs with a fixed massless
particle spectrum and diagonal scattering.

The aim is to replace an infinite-dimensional tuning problem by an exact
classification of right—left amplitudes.

Ahn-LeClair (2022) [6]
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Three theories in the construction

s N
Ay = Ar + )\/¢’rel massive integrable parent
Fixes particle laBels, mass ratios, fusions and higher conserved currents. Here

\the IR CFT sits at the UV end of the parent flow. )

*add the integrable irrelevant tower

s B
Axa = Ax + 5 as/[Tﬂs CDD-deformed massive IQFT
Both the relevant mass deformation and the irrelevant integrable tower are

\present. )

*send A, m — 0 with a finite chiral scale

IS N
Ao = Ar + E ozs/[T'T]S final massless QFT
Obtained after the correlated massless limit. Here the same CFT sits at the

\UR end. )

The massive parent is an auxiliary construction. It is not an intermediate
point on the final massless RG trajectory.

Here [T'T]s = Tep1Ts41 — Os_10,_1, built from the conserved current 8; Ts 1 = 8,0s_1

(©s_1 is its trace partner); s = 1 is the usual T T.
Ahn—LeClair (2022) [6]
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Why the deformation is a CDD dressing
The generalized [T7_']5 deformations preserve the particle spectrum, elastic factorized
scattering and the fusion pattern. Let ng) be the parent amplitude and define

Ao
D)
5 .
S5 (0)
The common spectrum and fusion data cancel in this ratio. Therefore C,5, obeys
homogeneous unitarity, crossing and fusion:

Cab(e) =

Ca(0)Cap(—=0) =1,  Cap(0) = C,(im — 0).
Hence
o)(9) = Cp(0)SD(0),  Cap(8) = exp |j2gfb sinh(s&)]
seS
with

—2s

g = —as(mamp)*h” |, [as] = (mass)

Here b denotes the antiparticle of b, and S is the set of Lorentz spins carried by the
local conserved charges of the parent IQFT. The coefficients hZ° are fixed
dimensionless higher-spin charge data, so g2 is dimensionless. The homogeneous

scalar ratio, Con s the CDD, dressing.
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The massless scaling limit
Write the parent masses as m, = mp,, with fixed ratios 0, and g1 = 1. Before the
limit,
E, = m, cosh 9('"), P, = m,sinh 6™,
At fixed 0™ m — 0 sends E,, P, — 0. Retain finite-energy states by zooming into
the two ends of the massive mass shell:

m—0, 67 =A+0r 6" =-AN+0, me =M fixed.

Then M, = My, remains finite and

M. 4 M, _4 M, m,
Er — Pp — 2% E ——_p, = 2279 Za _ Ma
R R 2 € L t 2 € ’ Mb mp
At the level of theories,
_A)\’a A,m—0 .Aa
meh=M

The mass deformation disappears, while the labels, ratios, fusions, conserved-current
tower and rescaled CDD phases remain. After the limit we drop the hats and use the
finite rapidities as the massless variables.

This scaling limit constructs the massless QFT; it is not itself the RG flow.

A.B. & AlB. Zamolodchikov (1992) [4]; Ahn-LeClair (2022) [6]
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Same chirality: why the parent amplitude survives
Start from the full massive amplitude

SG0) = SD0) Can(0), g2 = —asm™(0006)°h".
For two right movers,
szR :(A+é1)_(A+é2):é1 —92,

and the same cancellation occurs for two left movers. Thus the rapidity difference is
finite. In particular, sinh(s612) is finite — it does not have to vanish — while its
coefficient does:

g2 sinh(sO11) = —aam® (0,05)*h2® sinh(sf12) — 0.

Therefore

R, Co — 1.
By contrast, sO ., is a dimensionless function of the finite rapidity difference and the
fixed mass ratios, so it remains unchanged:

N N

SER(0) = Stk(0) = SO (0).

All final particles are massless; only the functional form is inherited from the massive

RAEL: (2022 5]
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Opposite chirality: why only the CDD interaction survives
Let 9 = 0R — 9L Then

"™ = (A 0g) — (~A+0,) =2A+ 6 — +oc0.
For one CDD term,
;ab sinh[s(2/\ + é)] ~ _%m25625/\(93gb)5h§b65é
— _%(MaMb)shsabesé — gabe59

where

The vanishing m? is exactly compensated by the growing e, so

C;il”L = exp i E gab sO

remains non-trivial. The parent part behaves d|fferently:
A is(o0)
SN+ 8) — %, —id;logS') — 0.

It becomes only a rapidity-independent phase, carrying no TBA kernel or crossover dynamics,
and can be absorbed into the asymptotic-state convention. Thus

S (0)=Chr0),  Si0)=SH(-0)".

Ahn—LeClair (2022) [6]
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Massless limit versus RG flow

Construction of the theory RG evolution inside that theory
Hold the S-matrix data and M fixed,
m — 0, me = M fixed. put the theory on a circle of size R,
and vary
This changes the theory and produces r = MR.

fixed massless scattering data
r—o00: IR, r—0: UV.

RR cLL cRL
{s™, 57, 5™ This is what the TBA scaling function

et (r) measures; below it will be
defined from the finite-size
ground-state energy.

The scale M is retained as the
crossover scale.

e SRL—1: R and L decouple, so the theory remains the exact IR CFT with
no crossover.

e SRL £ 1: the chiral sectors are coupled. Generic choices are UV-singular;
specially tuned choices may reach another UV CFT.

Ahn-LeClair (2022) [6]
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Two endpoint descriptions of the massless theory

For a tuned solution that passes the UV-regularity test, the fixed massless
theory Q, has

Qo ~ Ayv + Auv/¢}£}’ (r—0),

Qu = A+ 3 [ITTL| (r o)

seS

S: the conserved-spin set of the integrable parent.

relevant near the UV irrelevant corrections vanish
CFTUVHQQ: massless, generally non—conformalj—) CFTir

The massive theories Ay and Ay , were used to construct Q,; they are not
intermediate points on this final line.

Ahn-LeClair (2022) [6]
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The infrared choice: magnetic Ising and Eg
The critical Ising CFT M3 4 (c = 1/2) has two integrable relevant

deformations:

field massive parent massless basis

e (A=1) one Majorana fermion 1R+ 1L
o (A=1/8) eight Eg particles 8R+8L

For the magnetic embedding, Gg, is the incidence matrix of the graph below,
and the dimensionless mass-ratio vector @ = (o1, ...,08)" obeys

T
Ggo0 = 2COS(%) 0, hg, = 30,

m 2 _ 50

v
my 01 5

@
Gg, R-R(L-L) (O—0-6EOO6G®O®O

A.B. Zamolodchikov (1989) [1]
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Eg data fixed in the massless problem

Spectrum and algebra
e eight self-conjugate labels A,, so
a=a;

e mass ratios given by the positive
Perron—Frobenius (PF) vector of
GEs;

e hg = 30 fixes the common rapidity
unit /30 used by fusion shifts, the
F, blocks and the Y-system;

e conserved-spin classes
Sk, = {1,7,11,13,17,19, 23,29} (mod 30)

are the Lorentz spins of local
commuting charges, not particle
spins.

Scattering data

SRR — gt — S(E(;) is fixed;
species exchange gives S, = Spa,
leaving 8 - 9/2 = 36 independent
amplitudes;

for self-conjugate particles,

525(0)S25(—0) = 1,
Sab(a) = Sab(iﬂ' - 0)1

the physical strip is 0 < Im 6 < 7;

a pole 6 = iu, encodes A,Ap — Ac,
and U = w — u enters the spectator
bootstrap.

The only unknown functions are Sfy(6).

A.B. Zamolodchikov (1989) [1]
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Pole-free right—left amplitudes
We fix a closed, purely massless spectrum

8R +8L.

Let p& and pf denote the two-momenta of an opposite-chirality pair. Their
centre-of-mass invariant is

RL _ (R Ly2 0r—0
Sab = (pa +pb) = M Mpe™ 7.
As O — 0 varies continuously over R,
RL
s.p € (0,00), stn = 0.

Hence an ordinary positive-mass bound state cannot sit below the two-particle
threshold.
A genuine first-sheet pole in

O0<ImO <

would require an additional state or channel beyond the fixed 8R + 8L list.
Therefore, in this sector,

SRL(6) is pole-free in the physical strip.
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Eg bootstrap I: the rapidity shifts in the fusion diagram
Suppose A;Ap, — Ac. In the bound-state configuration the two constituent rapidities are
displaced above and below the bound-state rapidity:

R(0c) ~ aR(Oc +i62) BR(6c —idy),  Sa=1TL, &5 =12

For a left-moving spectator d-(84) define = 6. — 4. The two constituent—spectator
rapidity differences are then

(Qc + I'(;a) — 04 =0+ ida, (9c — I'(Sb) — 04 =0 —idp.

o -

R Sty
is 0 =545
SEL(9) = 0t e SO0
(0 +15,) 0c — idy

dL(O/ | dL(()d/

Factorization equates the two pictures:

SRL(0) = SRL(0 + i6,)SEL(O — idy) \

For A;A; — Ac, §5 = 6p = uS, /2. All Eg shifts are integer multiples of in/30.

A.B. Zamolodchikov (1989) [1]
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Why the F, blocks?

The bootstrap shifts rapidities only by imk/30. Choose a family closed on this Coxeter

lattice:
__sinh@ — isin(wp/30)

F, = =1,...,15.
»(0) sinh 6 + isin(mp/30)’ peeer 15

e Pole-free analyticity: F, has zeros, but no poles, in the physical strip. Positive
powers preserve the fixed 8R + 8L sector.

e Closure under fusion shifts:

iTk iTk
B0+ 55) (0= 35) = oo 9))

with Fao—p = Fp, F—p = Fp_l and Fp = 1.

e Exact integer encoding:
15
SRL) = H Fo(0)"#®, = (na(1), ..., na(15)) € 2.
p=1

Here Z>o = {0,1,2,...}; thus leso means a 15-component vector of
non-negative integers, one block multiplicity for each p.

‘ shifted meromorphic equations — integer-vector equations ‘

Ahn—LeClair (2022) [6]
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Eg bootstrap |l: the seed equation

The lightest fusion AjA; — Ay has uj; = &7,

so the seed must satisfy

RO = S0+ 5) sf{o -5

)

(shift k = 10).

At the block level this is integer arithmetic. For the golden candidate

S11 = FrFa:

F; — FiF 3= Fi3F; Fiz = FxF3=FF3,

and the product returns F7F;3 — the auxiliary F3 cancels between the two

shifts. v

Non-negative block solutions of the seed equation form an infinite family
(products of invariant combinations). A finite-volume requirement is needed to

make the list finite.
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From block multiplicities to the integrated R—L kernel

Use one kernel normalization throughout the TBA part:
80) = 5 00log SE(O),  Kul0) = % 9y log Fr(8).

A product of blocks becomes a sum of kernels,
15
ab = H F"ab — ICab = Z nab(p)ICP'
p=1
Why does one positive block contribute exactly one unit? On the real axis write
Fp(0) = ") with a continuous phase. Although F,(£00) = 1, the phase goes once

around the unit circle:
0p(400) — dp(—00) = 27.

Therefore

27

This is a property of the positive F, block, not a generic assumption. Hence

15

ko = / dO K3 (0) = ) nas(p) |

p=1

Thus b, COUNtS the total number of F, blocks in S
Ahn— LeCImrE( 023 P P
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UV regularity: a physical view of the saturation bound

The TBA will be derived later. The one fact needed here is that a regular UV limit develops
positive, nearly constant plateau variables x; > 0. Once the plateau is constant, the
equations remember only integrated phase shifts. Define

Kabz/dechf(o), kap z/d@lebL(H).

Here K is fixed by the parent Eg scattering, while k measures the extra right—left feedback. A
one-channel analogue is

1 1\
7:(1+7), A<1l: x>0, A=1": x—0", X>1: no positive solution.
X X

Thus the coupled saturation boundary is where the total integrated feedback reaches the
identity, .
K + ksat = I

The known massive Eg amplitudes also fix K: the integrated (zero-Fourier-frequency) form of
their universal kernel relation is

_ 1
(I—-K) 1=117§G,:—8.

Therefore

fear =T~ K = 2(21 - Gg,) ‘ \ k < keat entrywise |, (Ksat)11 = 4.

Below the bound a positive UV plateau may exist; at the bound x, — 07; above it the
Af}i]pfil:eec—lg‘irz&;glfg]tion becomes singular before reaching the UV.
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Eg bootstrap Ill: propagating the seed, S;5 in detail

For a fusion A,A, — Ac, the masses and fusion angle obey

2 2 2
’ mz = m5 + mj + 2mumy cos ul, |

For A1A; — Ay,

m> :2mf(1—i—cosufl)7 my :2cosgm1,
so 1
2= 3—5, constituent half-shift k = 6.

Therefore, for every spectator d,

67

6mi
52d(9) = Si4 (0 + %) Sia (9 - %) .
On the golden seed S11 = F7Fis,
F7 — Fi3Fr, Fiz3— FioF7 = FuFr,

and hence

SEM = R FuFis |

Likewise, A;A; — As has k = 1 and gives Slgé’ld = FeFgFi2Fua.
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Eg bootstrap IV: how seven fusions generate all 36 amplitudes

Define the ath row of the symmetric amplitude matrix and the entrywise shift operation by

Ra= (Sah ey 538)’ Shiftk[Sad](G) = Sad (9 + 13%) sad (0 - I3L0> .

Then A;A; — Ac with half-shift kK means

Re = Shifty(Ra) |

with the same operation applied for every spectator d =1,...,8.
A1A1 - A Ro = ShiftG(Rl), AxAr = Ag: Re = Shiftl(Rg),
A1A1 - A3 Rz = Shiftl(R]_), A3A3 = A7 Ry = Shiftz(’/€3)7
ArAr - Ay Ry = Shift7(R2), AgAy — Ag: Rg = Shiftl(R4).

ArA, - As . Ry = Shift4(R2),
At block level, Shift, replaces F, by Fy xF,—k. These seven defining fusions fix all 36
independent amplitudes; every remaining fusion is a consistency check.

20/45



Eg bootstrap V: 1792 overdetermined identities

The parent theory has 56 fusion triples {a, b, c}. Each ordered reading
(x,y — z) and each spectator d gives one exact identity:

24 x 6 + 24 x3 4 8 x 1 = 224 readings, 224 x 8 spectators =| 1792 |.
—— ~——— ~—— & P

all distinct  one pair equal  all equal

Example, {1,2,3} with external angles (u3,, uf3, ul3) = (14,21,25) & (sum
= 2m): for every d,

53d( ) Sld(ﬁ —+ %> 52d( 5m> L_1123 _ %, D213 _ %

Every check is an exact equality of integer block-exponent vectors — verified
for all 1792 identities, for each surviving completion. A wrong seed fails within
the first propagation steps; a survivor is rigid.
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The four solutions: three anticipated, one new

seed self-fusion and ky; < 4
11 candidates

!

and the full directed bootstrap

[ second propagation, all entrywise bounds,

!

[ 4 exact right—left scattering theories
minimal FiFi1q,
golden F7Fis,

diagonal F2F10F12,
saturated (F1F11)%

The minimal, diagonal and saturated UV endpoints were obtained at the
TBA plateau level by Ahn—LeClair; the golden seed F7Fi3 is new.
The scattering theories are now fixed; their UV endpoints remain to be

computed.
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TBA I: from Bethe-Yang phases to state densities
Put the theory on a large circle of circumference ¢. Moving particle j once around the
circle gives its free phase and one scattering phase for each particle it passes:

’Pa @ H Sajak 0}() =1L
k#j

Taking the logarithm gives a quantization condition Q; = 27/;. In the thermodynamic
limit the integers /; become continuous. Differentiating Q; converts the phase shifts
into the density-of-states equation

1
Kab * pb \ Kab = 5—0p log Sap.
27i

pa(0) + pa(0) =

Here
(K*f)(0) = / do’ K6 — 9')1‘(9')

defines the convolution. The function p, is the density of occupied rapidity levels and
pa the density of empty levels. The kernel is therefore the change in the available
state density caused by two-body scattering.

‘5(0) — phase shift — interacting state counting

Al.B. Zamolodchikov (1990) [2]
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TBA II: why finite size becomes finite-temperature thermodynamics
Consider the Euclidean path integral on a torus with spatial circumference R and long
Euclidean time L. Reading the torus in the original channel,

Z(R, L) —— e tB(R),
L—oco

Rotating the same torus by 90° gives the mirror theory on length L at temperature
T=1/R:

Z(R, L) = Trairror e Rmirror \ Eo(R) = R funirror(T = 1/R) \

Thus the finite-size vacuum energy is a thermal free energy. Minimize f = e — Ts,
where e and s are the energy and entropy densities, over p,, pa, subject to the
Bethe—Yang state-counting constraint. The saddle-point variable

pa(6)
pa(0)

is the interaction-dressed cost of occupying a rapidity level, and the minimization gives

€a(0) = log

€a(0) = RE,(0) — > Kap #log(1+ &%) |

b

This is the thermodynamic Bethe ansatz: exact scattering data determine the

finite:size groungd-state energy.
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TBA IlI: massless equations and the running central charge
With L' = log(1+e7%2") and M, = Mo,,

£R(6) = #e" - Z(/c P LB KR« Lb),

es(0) =

—Z KCEb * L + K55 *Lb)

The saddle-point free energy gives

E(R) = Z /de SLE+e7fLY).

At a CFT, the plane-to-cylinder map gives

27 mc
Ei(R) =% (h - 12) Eo(R) = -3¢

Here h, and h, are the left- and right-moving conformal weights; the vacuum has
ho = ho = 0. This motivates the scale-dependent quantity

cei(r) = —@EO(R) 5 r= MR,

which approaches the endpoint central charges at RG fixed points. R = KCt s
semmon.to all four flows; their difference lies in K.
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Applying to our problem

For each block index p, collect the multiplicities of all amplitudes into the 8 x 8 matrix

Np = ("ab(p))jb:1 :

Thus n, is a matrix of block counts; it is not the polynomial label used later in the
Chebyshev slide. For one block, let w be the Fourier variable conjugate to . Then

1 ~ gl P 4 P78 7w /30
Ko(0) = %30 log Fp(6), Kp(w) = W’ q=c¢e .
Hence the full R-L kernel is
w(q) 15
~ q B B
K = g%+ g~ 15’ V(q) = Z no (g7 +¢" ) |
p=1
The denominator is universal; W(q) packages the fifteen integer matrices n1,. .., nis.
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The inversion relation

For each of the four surviving solutions, the bootstrap-generated exponent matrices
satisfy the nearest-neighbour recurrence

(14 9p,14) npr1 +np1 = Ggynp, no = nie = 0.

Here 6,14 is the Kronecker delta; the extra factor at p = 14 encodes the reflected
endpoint Fig = Fi4 of the block lattice. Multiplication by g + g~! shifts p by one in
the basis g**~P + g°~'*. Substituting the recurrence into W(q) makes all intermediate
p terms cancel pairwise, leaving only the boundary term:

[(@+a - GglW(g)=(¢"+a )N, N=ni.

The roles of the two integer matrices are different:

15
k= Z n, tests UV saturation, N = n; enters the local Y-system.

p=1
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Local structure: why only N = n; remains

The block F, has its nearest singularities at

G_i—
30

To derive a local relation, shift the TBA equations by one Coxeter unit,
6 — 6 £ im/30, and move the integration contours back to the real axis.

e For p > 1, the singularities remain away from the shifted contour, so no
local residue is produced.

e For p =1, the singularity lies exactly at the first shifted contour; each F;
block contributes one residue term.

Therefore the local residue multiplicity is precisely

[ Nop = np(1) = (n1)as |

All p > 1 blocks still affect the full finite-R integral equations, but they
disappear from the local Y-system adjacency after inversion.
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The golden local coupling matrix Ngqiqg

In the species order (1,2,3,4,5,6,7,8),

01 0 0 0 O
1 1.0 0 0 0
00 0 0 0 1
N |0 00000
geld= 19 0 0 0 0 O
001 0 0 1
0001 00
000 0 1 0

After reordering to (1,2]3,6(4,7|5,8),
0
Arib = (1

Ngold = Ngola + L.

A4

Ngold = Agips

1
1

O OO OOO

).

HOOr,rOOOOoO

How to read it

e N, =1 with a # b: a local R-L
coupling between species a and b
in the Y-system.

e Nj; = 1: a self-coupling.

e These are not Eg fusion edges;
they are exponents in the local
R-L part of the Y-system.

The four pairs are
(1,2), (3,6), (4,7), (5,8),

and each pair has mass ratio ¢.
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The local massless Y-system: why the driving term cancels
The explicit finite-size dependence of the TBA sits in the driving terms
df0)="%2¢"  d-o)="Le "’  r=MR.
2 2
Shift a right-moving equation by 8 — 6 & in/30 and add:

dR<0+ 30) +df(67 %) = 2c0s 2+ df(6).

The Perron—Frobenius relation gives the same combination from neighbouring Es
nodes,

> (Ge,)avdf (6) = 2 cos % d® ().
b

Hence the explicit driving terms cancel in the inverted, shifted equation. With
Y = €%, the kernels become local products:

. G,
YR(9+ )YR(G_E) [T, (1 + Y5)Sea)ee
30 30/~ TI,(1+1/ YN

There is an analogous equation with R and L exchanged. The functional equation has
no explicit r, but its solution still knows r through the asymptotic boundary

senditions, | oo, (5
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Where does the RG scale r = MR go in the Y-system?
The local Y-system is a scale-independent identity, while r selects a particular
solution through the TBA asymptotics:
eR(0) ~ %ee (0 — +o0),  eL(0) ~ %e—e (6 — —c0).

The right and left crossover positions are roughly

R 1 L
ekink ~ + |Og ?7 ekink ~ = |Og ;

| |
| | > 0
common plateau

e r>1 (IR): the two kink regions do not form a wide common plateau; the R-L
coupling is ineffective and the Ising endpoint is recovered.

e r < 1 (UV): the kinks separate by ~ 2log(1/r), creating a wide central region
where YR and Y are nearly constant and coupled by N.

Thus the same functional Y-system describes both limits; r enters through the

boundary conditions and the width of the plateau.
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The golden UV plateau: why the shifted equation becomes algebraic
As r — 0, the central plateau becomes wide. There

YR(6) ~ YE0) ~ Y,

is constant over shifts of size iw/30. Therefore

YR<0+ 30> YR<0 ;{,) 2

and the local functional equation becomes the constant algebraic system

y2 (14 Yp)(Cale
T T+ Yy ) Neerades

Its unique positive solution determines the Rogers-dilogarithm sum

D= ﬂzz (1+y> g’ L(X):Liz(X)—&-%Iogxlog(l—x).

D is the contribution of the coupled central plateau; it is not yet the full UV
central charge because the massless solution contains two chiral kinks and the
outer Ising plateau must be counted correctly.
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How the UV and IR plateaux enter the same massless solution

Let
KUV — 1 KR 1
N 14+ yyv’ ? 1+ YIRS
The central overlap region at r < 1 solves the coupled golden equation and

contributes 6 8
_ o uvy_ 8
D= 7r2X:L(xa )=

Outside that overlap, one chirality has already crossed while the other still sees the
decoupled same-chirality Es system; its dilogarithm sum is the Ising value

6 1
2t =an =3

XUV

IR
R ——— Lo
L—F— [T p

XUV

The two chiral kinks give two copies of D, but their common outer Ising plateau is
subtracted once:

6_1_25
27 14
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Y -system period and the UV perturbing dimension

Suppose the local system has imaginary-rapidity period

imP:
Y, (9+ ﬂ) =Y,(6),
30
where a — a’ permits a node permutation. A correction mode e®?

one period:

must return to itself after

eaiTrPTBA/3O -1
For the leading non-trivial mode,
60
a= .
Pra
The TBA kink position moves as 6 ~ log(1/r), so this mode produces a finite-size correction
r*. Conformal perturbation theory near the UV CFT gives

cesi(r) = cuy + Ar? Bl 4.

where A is model dependent. Matching the powers of r gives

60
Prga |

Al =2 —

For the golden system,

2
Prpa = 35 = Aol = 7l
The periods 33,60, co similarly give 2/11, 1,2 for the minimal, diagonal and saturated

SQIULiONShikoy (1001) [3]
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Numerical TBA as a check of the full crossover

c_eff(r)
S

0.8

0.6

The numerical solution confirms the monotone interpolation and the exact plateau

Massl TBA flow: UV completions of the Ising point

c_UV =21/22

c_IR = 1/2 (Ising)

~®- golden S11=F7 F13
-~ minimal S11=F1F11

Cet(r) —

Int (UV<- r=MR ->IR)
cuy, r=MR—0,
1/2, r= MR — oc.

values for the minimal and golden flows.
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The golden UV coset |: central charge

The TBA fingerprint to match is (cuv, Avel) = (22, 2). Candidate: the
diagonal coset (GKO construction)

s5u(2)s @ su(2)s

the di I s1(2)10).
1) (gauge the diagonal su(2)q0)

Cgold =

Central charges subtract: with

o) =y = clou@s) = 7 clsu@)) =

30
12’

o 15,15 30 25
7 7 120 14

— exactly the TBA value. The two equal levels also mirror the two-block
structure of the golden kernel; the decisive test is the operator content.
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The golden UV coset |I: operator content

Coset primaries are branching functions: decompose products of affine
characters of s5u(2)s into characters of the diagonal su(2)o,

X§1 Xe2 Z (e, 2:5)( X&O)(q)v by + 0+ 3 € 2Z.

Each sector (41, {2; £3) has conformal weight

h— El(gl + 2) n fg(fg + 2) _ 53(63 + 2) tn,
28 28 48

with n the grade where Xzo) first appears. Sectors are identified in orbits,

(61, 12y 63) ~ (5 — 01,5 — 10,10 — 53) together with 41 < ¥5; e.g.

3 15 24
1,3:4) ~ (3.1:4) ~ (4.2:6) ~ (2,4:6): h= — +— - "—=|1 =0).
(7') (") (7') (7') 28+28 48 7 (n )

- 2
A=h+h= 7 - the Y-system period value.
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Classification within the stated CDD class

completion seed SIRIL N=n cuov A

minimal FiF11 I 21/22 2/11
golden FFi3 A*FP'S, 25/14 2/7
diagonal F2F10F12 GES 15/2 1
saturated  (FiFi1)? 20 312 2

Scope of completeness

Finite products of the pole-free F, blocks, non-negative integer multiplicities,
the closed 8R + 8L spectrum, all directed Eg bootstrap identities, and the
entrywise saturation bound.

15
k= Z n, tests UV regularity,
p=1

N = n; controls the local Y-system.
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Candidate UV identifications of the four flows

su(2)s x su(2)s
511(2)10

minimal golden diagonal saturated

cov  21/22  25/14  15/2 31/2
A 2/11 2/7 1 2

The minimal case is the established Ravanini-type coset flow; the golden coset passes both
tests above; diagonal and saturated require sharper spectral checks.

Ahn-LeClair (2022) [6]; Ravanini (1992) [7]
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Chebyshev structure of the four solutions
Use a new label v (unrelated to the block matrices n,) and define
v Gk,
N¥ =2T, - ) T, (cos x) = cos(vx).
Since the eigenvalues of Gg, are 2 cos(ws;/30), where s; € Sk, are the Coxeter

exponents introduced earlier, N multiplies every Eg Coxeter angle by v. The four
admissible matrices are

v | 10 6 1 0
NI I ATE Ge, 21
flow | minimal golden diagonal saturated

Why must the matrix be a non-negative integer matrix? By construction
Nab = nab(]-)

counts the number of F; blocks in SB-. A non-integer entry cannot count blocks,
while a negative entry would require an inverse F; block and hence create a
physical-strip pole, outside the fixed pole-free 8R + 8L sector. Other divisors such as
v = 2,3,5,30 develop negative entries and are therefore inadmissible in the present
class. For v = 6, the lightest eigenvalue is 2 cos(7/5) = ¢.
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Summary

Within the stated finite positive CDD class, the bootstrap and saturation
conditions leave exactly four right—left scattering theories.

For the golden solution,

25 2
Sft = FrFs, (cuv, Arel) = (14, 7) .

These two UV data are consistent with the diagonal su(2)s coset and its
h = h=1/7 scalar primary.

The four local Y-system matrices are Chebyshev polynomials of the same
Eg incidence matrix.

Bootstrap classifies the scattering theories; TBA constrains their UV endpoints.
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Outlook

e Golden endpoint tests: excited-state TBA/NLIE spectra, a TCSA study
of the coset perturbed by the A = % field, and massless form factors for
correlators along the flow.

e Other exceptional embeddings (with C. Ahn, in progress): no additional
positive E7 solution in the same class; one additional Eg solution with

(cuv, Bra) = (2, 3)-

e Physical realization: the massive Eg spectrum has an experimental
benchmark; a microscopic realization of the tuned massless trajectories is
open.

Coldea et al. (2010) [8]
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