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Neutrino Mixing Matrix
(P)MNS Matrix

1  Observation of Neutrino Mixing Angles



Neutrino Oscillation Probability

(α,β = e, μ, τ)

(i, j = 1, 2, 3)



MC

First Evidence of neutrino 
oscillation in 1998

Atmospheric Neutrinos



Talk at Takayama 1998 by Kajita



L/E Analysis: SK-I + SK-II + SK-III

Recent Data

S.Yamada, MORIOND EW201009

Atmospheric Neutrinos
Two Flavor Analysis



Solar Neutrinos

SuperK Ⅰ combined



Kamaland 2003

Evidence for reactor anti-neutrino disappearence



A. Suzuki, 
Neutrino Telescopes09

KamLAND







Global Analyses of 3 Flavors

T.Schwetz, M.Tortola and J.W.F.Valle, 
New J. Phys. 13 (2011) 063004 [arXiv:1103.0734 [hep-ph]]. 

m3＞m2＞m1       Normal  Hierarchy

m2>m1>m3 Inverted Hierarchy



Hint from atmospheric neutrino data

Hint from Solar and KamLAND data

Phys. Rev. Lett. 101:141801,2008   arXiv:0806.2649

2    Toword observations for θ13



G.L.Fogli,  E.Lisi,  A.Marrone,  A.Palazzo,  A.M.Rotunno,
Probing Theta(13) With Global Neutrino Data ,   Journal of Physics 203 (2010)



Result of 3flavor analysis

Limit( 90%C.L. ) normal :   sin2θ13< 0.04  (sin22θ13< 0.015 )
inverted : sin2θ13< 0.09 (sin22θ13< 0.033)

( preliminary )

Best fitted value

0.53

(arXiv:1002.3471v1 [hep-ex]) 6/18

Allowed region for sin2θ13 and |Δm2
23|











T2K June 15, 2011
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M. Koike, N.Okamura, M. Saito, T.Takeuchi, Phys. Rev D 73 (2006) 053010

Next leading terms depend on 
the mass hierarchy and CP violating phase !

Including matter effect of the earth,





MINOS reported recent result of

νe appearance on 24th June 2011







3   Tri-bimaximal Paradigm

Three Flavor analysis suggested

Tri-bimaximal Mixing of Neutrinos

27

Harrison, Perkins, Scott (2002)



Neutrino Parameters



Tri-bi maximal Mixing

Harrison, Perkins, 
Scott (2002) sin2θ12 =1/3 ,    sin2θ23 =1/2



Mixing angles are independent of mass eigenvalues

Different from quark mixing angles

Consider the structure of Neutrino Mass Matrix,
which gives Tri-bi maximal mixing
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○
Suppose A4 triplet (νe, νμ, ντ)L

The third matrix is A4 symmetric !

The first and second matrices could
be derived from S3 symmetry.



Quark Sector
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Quark/Lepton mixing

Lepton : θ12 = 30〜35°, θ23 = 38〜52°, θ13 < 12°

by M.Frigerio

Quark ⇔ Lepton : ● Comparable in 1-2 and 1-3 mixing.
● Large hierarchy in 2-3 mixing.
(Maximal 2-3 mixing in Lepton sector ?)

Tri-Bi maximal mixing ?

Quark : θ12 ~ 13°, θ23 ~ 2.3°, θ13 ~ 0.2° (90% C.L.)

~10°?



4  Breaking with tri-bimaximal

T2K Collaboration suggest us
breaking with tri-bimaximal paradigm !



Additional Matrices break Tri-bimaximal

Tri-bimaximal Mixing realized in

which could appear in A4, S4, Δ(27) flavor symmetries.



Modified Neutrino Mass Matrix

Tri-bimaximal  if  d=0

Neutrino Mass Eigenvalues in terms of 4 parameters



○

Suppose 4 parameters to be real,

Tri-maximal mixing



Tetrahedral Symmetry

38

A4 Symmetry

Four irreducible representations 
in A4 symmetry

1   1’   1”   3

E. Ma and G. Rajasekaran, PRD64(2001)113012



let us understand how to get the tri-bimaximal 
mixing in the example of A4 flavor model.

39

A4 Flavor model

At first



1’ × 1”   → 1 

3L × 3L × 1flavon →  1

3L × 3flavon →  1

3L × 3flavon →  1”

3L × 3flavon →  1’

3L × 3L × 3flavon →  1
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Can one get Desired Vacuum 
in Spontaneous Symmetry Breaking ?

We need Scalar Potential Analysis.

The mass matrices do not yet predict tri-bimaximal mixing !

41

○
○

○



----------- -------------
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3L × 3L × 1flavon3L × 3L × 3flavon



○

Let us consider Modified A4 Model

○ ○



Neglecting phases of three parameters a, c, d,

we can predict versus ∑mi .

There is one relation



Rough estimate for the normal hierarchy

We get approximately

○



Inverted

Normal



Independent 
of phases

Including phases

c13 s12 s13 c13 s23
relative phase could
be inserted



breaks the tri-bimaximal mixing.

There are some models with non-vanishing d ;

Grimus-Laboura

☆ S4 flavor model with flavor twisting in the five dimensional
framework.

Ishimori, Shimizu, Tanimoto, Watanabe

for normal hierarchy.

☆ Δ(27) flavor model

There are other possibility to get large θ13 .



49

M.Fukugita, M.T, T. Yanagida         PLB  526 (2003) 273

0  A    0
A  0   B
0  B   C( ) for Charged Leptons

Dirac Neutrinos

MR: Unit Matrix
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5   Leptonic CP violation

○

Possible origin of Baryon Asymmetery in the Universe



51
JCP

quark ≒ 3×10-5



Lepton Unitarity Triangle

52



CP Violation in Neutrinos

Measurement of CP Violation is possible ?

T2KK      L~1000 Km

is large ~ 0.1- 0.2

Reactor anti-neutrinos  Double Chooz



Hagiwara, Okamura, Senda,  PRD76(2007)



--------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------

-------------------------------------------------------------------------------------------

--------------------------------
-------------------------------------------------------------------





6   Neutrinoless Double Beta Decay





Neutrino2010

Ue3=0.2Ue3=0





☆breaking  with tri-bimaximal mixing.
Modified flavor model   A4, S4, Δ(27) ?
New flavor model building ?

Normal mass hierarchy
Inverted mass hierarchy

T2K(K) and  NOνＡ combined with Reactor neutrinos

61
☆Leptonic CP violation ?

☆Neutrino Mass Hierarchy ?

7    Summary

Large θ13 suggests
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