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The Gauge/ Bethe Carrespondence

Relates susy gauge theories in 20/ 4o to (quantum) integrale
systems.
The susy vacua o} the gauge theory correspond to a sector of

the Bethe spectrum of the ¢pin chain.

Generators of chiral ring correspond to commuting

\’\QM.\Q{O Y\.\GY\S. Nekrasov, Swhatashvilt

Integrable model: spectrum determined by Bethe equations.
Gauge theory: ground states determined by et twisted

supereatential.

Carrespondence works for all Bethe solvable integravle

models.
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The Gauge/ Bethe Carrespondence
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The Gauge/ Bethe Carrespondence

General case’ quiver gauge theories
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i The D\ct'\cnar‘y

gauge theory

integrable model
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For the integrable system, all N magnon sectors must be
considered tagether.

This 18 usually not done Sor UIN) gauge theories with
Allerent N.

Yet , there 1$ evidence that t would make sense to Ao <0.

Study the simplest example o} the spin 172 XXX spin chan
(Heisenberg madel).
The low energy lmit of the corresponding gauge theory s
c‘wan by the NLSM with target space the cotangent bundle
o} Gr(N ,\_).

Gr(N, L) = {W c C"|dimW = N},
T*Gr(N,L) = {(X,W),W € Gr(N, L), X € End(C")|X(C"*) c W, X (W) = 0}

1ts ground states are 3'\v2n by the c0k0v«0@037 ol T’GP(N,L)



The Big Picture

Stuoly the spectrum 0% L=k cpin 172 XXX ¢oin chain

E
t L=4

H,[T*Gr(1,4)] ~ V; symmetry N, L—N
T / Gr(1,4), Gr(3,4)
— I T Gr‘ass\msmn'\qn
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The Gauge/ Bethe correspondence relates gauge theories

with dillerent gauge groupsy
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2t A Brane Realization
Realize 2d gauge theories o} the correspondence in string
theory.
T S
— —
D2 D1 F1

In the last conliguration, the fundamental strings are charged

under the enhanced symmetry su(2) for cc'mc'\ol'mg DS branes.

The symmetry ol the \ntagrab@a model becomes manilest in the
D brane set up in the lmit 0% coincident NSS branes.
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Twisted masses Lrom bulk

How 0 turn on twisted masses in the gauge theory on the

worldvalume of the D2 \oranes?

Answer- t\nay are inhertted Lrom the backgrouno\Y

gauge theory

Wilson line b.c.

-

effective

string theory

reduction

Y

real mass

>

theory

effective

D3-brane in fluxbrane
= () background

!

T—duality

l

theory

D2-brane in fluxtrap




Suv«mary

Gauge’/ Bethe correspondence relates susy gauge theories n
24744\ to (quantum) integrable systems.

Fuind/ study string theory reaQ'\%at'\onY

MHuxbrane BG

l i i ol.an'\tY
Huxtrap BG

+ D2 NS‘V \D"c, NSS

20 N=2 gauge {\'\QOr‘y ko N=2 gauge t\r\QOr‘y
w. tw. masses in Omega BG
(24, Gauga/ Bethe corr.) (A Gauga/ Bethe corr.)
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M Theory Gt
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The Fluxbrane Background

Use a Hat bulk background with dentbications:

(QB(),..

» L35 P1, 91 P2, 927“’ .CU9

91N91—|—27Tk2, N92—|—27Tk'3

wmpose dentidications <

u >~ u+2rk;y

(U~ U+ 2mky Wuxu‘ane Parameter

0 ~ 0+ 27?771)‘?{%/,/
\(92 i 92 — 2mm kl,

This corresponds 1o the well known Melvin or Huxbrane

\oackgrcuno\.

To disentangle perigdicities, introduce new coordinates:

¢ = 61 — mRU,
¢2 :92+mﬁﬂ,



The Fluxbrane Background

Write down metric?
7

§Wd5(/“5(/” e L Z (da;'i -+ mVid:Eg)2 st dos
i=4

VZE?Z == —5135(93;4 e 584(93;5 = 3778906 = ZC6(9$7 == 8¢1 = 8¢2

This corresponds to the Omega delormation of Hat space in
the (({'561) o\.\T‘QC{\GV\S N\‘Ut\ 81— a9 — 1

Makrasov, Okounkov

LOCQQQy, the metric s ot e Mat, but some of the rotation

sYM\matr'\as are broken.

Eliminate degrees of freedom which are incompatible with

the dentitications via T o\uo&\ty.
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Zat The Fluxtrap Background

To arrwve at the Huxtrap background, we perform a T duality
in the 8 direction.

The bulk fields alter T duality are / not anymore Hat

2
m? (pider — p3degs)” + dag
L+m? (pf + p3)

ds? = d&2 5 +dp? + dp3 + p2de? + p3de3 + — +dzg,

B=m

/\dil?g,
1 +m? (pf + p3)

L A

2 /
gsv &

S ® Leld has appeared

€

This background now only contamns the physical degrees ot

Lreedowm.



The Fluxtrap Background

Study supersymmetries preserved by Muxbrane/Huxtrap BG.

The Killling spinor Lor a Hat BG in type 11B 15 cplx Weyl

K''P = exp[3¢1Tas + 5¢2T67] exp[mfﬂ (I'ss — I'e7)] €0 / T
In order Lor this 10 be preserved in the BG with entifications,
we must ao\o\'\{'\onamy mpose the projector I/ = 2 (1 £ Tys67)
KB = T17""® exp[1 1 Tus + LéaTer]eo
Hall o} the supersymmetries are et (16 real supercharges).

T dualize to type 1IA! K HA = ¢ep +er

const.
e =T ST I exp|2¢1l45 + 2 pal67] €0 AT Majorana
R teT o Iy T exp|s¢1las + 5P2T67] €1, SPINGNS

e — %1% 2 %E Bl KFS Gamma matrix tn u direction



General Fluxtrap Backgrounds

It s also possible to construct more general Huxtrap
backgrounds. S0 Lar, we used
mi1 = —mo =m €€ R
It 18 hWowever possible Lo construct backgrounds with
m € C gr mi1 # —mo

1. Complex Huxtrap BG!

We need naw two perigdic variables giving rise 1o two shift

parameters and perform two T dualities:

58:E8ﬂ, 59:§90
(U~ U+ 27k, (U~ T+ 27 ks
S 01 ~60;4+2rmiRg k1, § 01 ~ 01+ 27 moRg ko,
\92 2(92 —27Tm1R8]€1, \(92 292 —27Tm2R9k2,

Preserves same amount o} susy as real Huxtrap.
Corresponds to Omega BG with m = 3(my — imy)



General Fluxtrap Backgrounds

2, Fluxtrap BG with mi +mg #0°

For mi, my 10 be independent while still preserving some
susy, we need 10 introduce identitications in another plane
with a third entitication parameter which fultills
mi + meo +m3z3 =0
(U ~u+2rk,
01 ~ 01+ 2rmi1Rsg k1,
0y ~ 05 + 2m moRg k1,
|03 >~ 03 — 21 (M1 + mo) Egkl :
Relined Huxtrap BEG.
The refined Huxtrap preserves only hall the susy of the

Luxtrap (8 real super‘c\r\ar‘ges)
It 15 possible n the same way to also construct a complex

refined Huxtrap, however the possible brane contigurations

which can be realized in it are very Cimited.






20\ Gauge Theorties

Let's First discuss the properties o} the N=(22) gauge theories in
25 we want 10 realize on the branes:

Vector multiplet:

vector Feld cplx scalar '
+ \ ] B 1 real aux. $eld
V. = 070 (Ag— A1) +0T70 (Ag+ A1) -0 0@-0"0"0c

+ie—9+<é—x;\+ e‘/tm 0O (0" A +0TA) +6-0TF D

Chiral multiolet: Dirac fermion

colx scalar colx aux. Leld
D = $(y™) + 0% (y™) + 010 F(y*) yt = ot —i6tg*

g 1
- : e S R T
Dirac Yfermion 0

Twisted chiral multiplet:

Y =o(@") + 0 A (7)) =i A_(F) + 010 [D(G) — iAo (§7)] + ...

Ag1 = Op A1 — 01Ag + [Ag, A4] §T = T Fi0TOF
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2 24\ Gauge Theorties

Action: D tarms, 13 {Qr‘w\s, twisted F terme

o
Twisted F terwm: / d*zdo~do* W

twisted superpotential

T + h.c.
6_|_:9_:O

Kinetic term of action'
I
i 4 E : LY
Lkin — /d 0 ( - Xke Xk 1 Q—GQTI'(ETE)> .

Twisted masses: ]
LtW L /d4(9 (XT€9_9+mX+h.c.X)
Want to consider the Coulomb branch.

Calculate @bl action Yor s@owey vary'mg O Yelds

Integrate out all massive matter fields.



20\ Gauge Theorties

Most general action (at most & Lermiong, 2 derivatives):
S —— / d*0 K.g(2,X) + % / 420 Weg(Z) + h.c. .
Integrate out massive telds (S s quadratic in Q)
eiSeff(E) — /DQ 67"9(27@)

This caleulation is exact (protected by super‘s)mmetr‘y).

e O e m e L

:27'('

Vacuum equation

Weg(o) | :
(9@ il

exp {27?
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20\ Gauge Theories

We can construct N=2 gauge theories in 20 by stuoky'mg twe low

energy theory on the worldvolume ot D2 branes suspended

between NSS pranes. / /

Ley, L7
o

5)
X1

¢ o
P=2a—SEEP -2
ditection [ o [ [ (211 34 56 Z 118119
NS5 XTI ST T
fluxtrap X X X X m —m 1%
D2 XTI T
Dy XTI X XX

Separation o} NSS¢ in 3 direction: F1 term
Separation % NSS¢ in 2 direction: 1/



20\ Gauge Theories

Why s the Huxtrap called a Wuxtrap?

In the static embedding, ° = (¢, 2! = (', 2% = (* the e.0.m. are

solved Lor the D2 branes sitting n 23 =24 = 75 = 26 = 77 = 0
The D2s are trapped at the origin,
Adding anly D2 branes to the Huxtrap preserves 8

supercharges (static embedding).

Addiing also NSS branes preserves & supercharges, N=(2 ,2)
€, = 6_@/8 (]1 —+ Fll) H]_VSSHJiluwrlzog exp[% (¢1 -+ q52) F67]6 "
ep = e~ /8 (1 — Tyy) T, IV exp[L (41 + ¢2) Terle.

T15°% = 1 (1 4 Tyays)

1
2



N/~ X
2d Gauge Theortes
The Huxtrap delormation gives rise to the twisted massesy
Start with (kappa $ixed) DBI action (demoeratic formulation):
-
S = —us /d?’C €_q’\/— det(gap + Bag) [1 Tl ((9 + B)**T'3 D, + A(l)) w]
1
Da — 8aX“ (VM = gHumnan) ;
1 1

(1) s o o RS I mnp

Alter expanding to quadratic order in the felds, we get
dlaton B Lield
1 3 oy, { 2 2 i m’—/
S = /d q [—X Xo +m® (p7 + p3) + 9 Toth + §¢(F45 _F67)F8¢] = S

_87ng§(a/)2 \ /
V

twisted mass terms



Realizing the global symmetries

An mportant ingredient of the Gauge/ Bethe correspondence s
the symmetry group of the integrable systew, which also
relates gauge theories with ditlerent gauge groups.

The example with two NSS branes treated o tar corresponds

to the simplest case with symmetry group sul2).

Spin chains can have any Lie group as symmetry, even

?

supergroups. Can we realize all those via a brane construction?

So Lar, we are able to reproduce the A and D series.



SUlr) Quiver Gauge Theories

An SU(r) quiver gauge theary corresponds 10 a spin chain with
Sulr) symmetry. Such a theory can be constructed by vary'\ng

the brane set up. bk&uno\aman{ae Felds
R grao
Al “"\g y N) U(N)

Q_' —>Q_’Q X.\mo\aw\antaes

1 r—1

=NEEEEEN O Q - o 5 and anti”
(a) U(le),\ ULr-1) U(Lr) fyndamentals
Wavgr groups
(b)
ol T2 411151101718

fluxbrane x X X X X

NS5 M-1¢ (IMEENE A S EEA

D2 (D
A= 024 A il D) XX XCTIXOX
N=(11) D¢ NEENS a AREES
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2 Sulr) Gauga Theorties

L NSS with stacks o} D2g suspended in between.
Fundamentals and

//ﬂﬂrﬂqmento&s

_adjoint Fields

ol

NS5 (r+1)
blundamental $ields




S0(2¢) Quiver Gauge Theories

S0(2r) quiver gauge theories can be constructed from SUlr)

theories with a further variation.

U(Nr_l) u(Lr—l)
CEE
r—1

U(Ny) U(er)ﬂ U(Ny)

1 r—2 T ! Q

(@) o il O O » T ]

() U(L;) U(L,—) U(L,)

(b)
ol 13 1o 41567 181 g
fluxbrane x x X X X
NS5 XITIX I
NOs5 XI11X Y ) I
D2 Horts Dt K

N =(1,1) D4« XTI X KX




L\

== = — 7 D %%
Nr—3 / X y"ﬂ/ntx.laeds

NS5 NS5(2) NSs5(—1)  birundamarbal ¥\2§o\5
bifundamental Yelds

NOS: S dual of a DS coincident with an 05, here NO5 : 7, x (—1)%-
Preserves same supersymmetries as NSS
bo\ theory on NOS has S0(2) symmetry: 1~ charged D¢
U(N r—1 71 N’r’) T U(N"“_l) il U(N"") Sen Kapustin \—\omany, Zaltaront

Fluxbrane tdentifications are compatible with orbilold action.






Summary

We choose a Hat background with dentifications
(Luxbrane/Melvin BG). Alter T Duality, it turns into a
Luxtrap background.

By placing D2 branes suspended between NSS branes into
the background, we arrive at an N=(2 ,2) gauge theary n 24\ ,
with twisted masses, as studied in the Gauge/ Bethe
correspondence.

The symmetry group of the corresponding integrable

S)'stem 1S encoded tin the brane conx-'\gur‘a{\on.

By nstead placing D% branes into the Luxtrap, we get an
N=2 gauge theory in &d in the Omega BG (td Gauge/ Bethe).

This contiguration can be (lted to M Theory.
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Gauge’/ Bethe correspondence relates susy gauge theories n
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