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 Derived from Einstein’s theory of 
General Relativity 

 First Friedmann equation 

 

 

 
 Second Friedmann equation 

Cosmological 
Constant 

Curvature 

A. Friedmann 

(1888-1925) 

Pressure Energy density 



 2nd Friedmann equation gives the acceleration / 
deceleration with which the universe expands 

 

 

 

 
 Energy conservation (continuity) 

𝑤 < −1/3 : acceleration 
𝑤 > −1/3 : deceleration 



 Critical energy density (the energy density for a flat 
universe) 

 

 

 Normalized densities 

 

 
 

 This way the 1st Friedmann equation can be written as 

 Curvature Matter 



 Ω = 1 is a stable fixed point for small slow-roll 
parameters (𝜀 ≪ 1, 𝜂 ≪ 1) 

V 

Basic prediction of inflation: The Universe is flat 



 Universe older than oldest objects: 𝑡0 > 12 Gy 

 Hubble Space Telescope: 𝐻0 = 72 Km/(Mpc sec) 

 

 With matter only, 𝐻0𝑡0 =
2

3
 

  → Universe is too young 

 

 With a cosmological constant  (ΩΛ = 0.7) 

  𝐻0𝑡0 ≅ 0.96,     𝑡0 ≅ 13.7 Gy 

 





 3 independent data 
sets coincide 

 Supernovae 

 CMB 

 Galaxy surveys 

 

Concordance 
Cosmological Model 



Energy in the 
Universe 

Matter 27% 
(baryons + cold 

dark matter) 

Dark Energy 
73% = + 

 Dark energy dominates in the (flat) Universe 

−1.1 < 𝑤 < −0.9 



 In the simplest case: 
Cosmological constant 

 Introduced by Einstein for a 
static universe 

 Pros 

 Allowed by all symmetries 

 ΛCDM agrees with data 

 Cons 

 The cosmological and 

 the coincidence problems 



 𝐺𝜇𝜈 = −Λ𝑔𝜇𝜈 

 

 Fluid with 𝑤 = −1 

 

 Very different evolution 

 

 Value much lower than 
expected 

 



 Theory 

 Decelerating expansion 

 Observation 

  accelerating expansion 

𝐺𝜇𝜈 = 8𝜋𝐺 𝑇𝜇𝜈 

Disagreement between theory and observation! 

 Einstein’s General Relativity with dust or radiation only 



 Geometrical Dark Energy 

 Modify left hand side 

 

  

 

 

→ New  

 gravitational theory 

 

 Dynamical Dark Energy 

 Modify right hand side 

 

 

 

 

→ New  

 dynamical component 

𝐺𝜇𝜈 + 𝐺𝜇𝜈
𝑑𝑎𝑟𝑘 = 𝑇𝜇𝜈 𝐺𝜇𝜈 = 𝑇𝜇𝜈 + 𝑇𝜇𝜈

𝑑𝑎𝑟𝑘 
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Q: Why are the Omegas of matter and dark energy so 
similar in magnitude? 

 

A: There are two possibilities 

1. Due to special initial conditions:  

  if current universe is a finite point in phase-space 

 

2. Due to the specific values of parameters:  

  if current universe is close to a fixed point 



 Cosmology of type 

 

 Without energy exchange 

 

 

 With energy exchange 

Fixed point  
→ deceleration 

Fixed point  
→ acceleration 



 Really fundamental objects 
are one-dimensional 
(strings) 

 

 In low energies strings look 
like point-like particles 

 

 All known particles are 
different oscillatory modes 
of the string 



 String theory does not contain 
strings only 

 Normally, open strings satisfy 
Neumann boundary conditions 

 Dirichlet boundary conditions also 
make sense 

 
 End points are stuck on a hypersurface, interpreted 

as a heavy solitonic object, a D-brane 

 Brane –world idea: we are confined on such an 
object. 



 Action 

 

 

 

 One extra dimension 

 Gravity in 5D, our world in 4D 

 Reduced to known gravity and cosmology in the early 
universe 

 New gravity and cosmology at late times 

Dvali, Gabadadze, Porrati, hep-th/0005016; hep-th/0008054 



 Friedmann equation 

 

 
 

 For early times, we recover standard cosmology 
𝐻 𝑟𝑐 → ∞ 

 At recent times, 𝜌 → 0,𝐻 → 1/𝑟𝑐  

 Same number of parameters as ΛCDM, 𝑟𝑐 ≅ 𝐻0
−1 

Deffayet, Dvali, Gabadadze, astro-ph/0105068 
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 Matter in 5 dimensions (unspecified) 

 Fluid on the brane 

 

Kofinas, Panotopoulos, Tomaras, hep-th/0510207 





With new variables 



New quantities for dynamical study 



Kofinas, Panotopoulos, Tomaras, hep-th/0510207 



 Evolution in the 𝜔𝑚 − 𝑍 plane for 𝑘 = 0,𝑤 = 0, 𝐴 < 0 

  
hep-th/ 

0510207 



 Cosmic acceleration → scalar field (idea from 
inflation) 

 Exponential potential → cosmological scaling 

solutions (
Ω𝐷𝐸

Ω𝑀
= 𝑐𝑜𝑛𝑠𝑡.) 

 Interaction between DE and DM 

 Possibility that cannot be excluded 

 Can be realized in brane-models with brane-bulk energy 
exchange and in 4D models with -varying mass 

 We can have 𝑤𝑒𝑓𝑓 < −1 (allowed by data but 

problematic in theory) even though 𝑤𝜙 > −1  



 Cosmological constant problem OK (not vacuum energy 
anymore) 

 

 Coincidence problem → Interaction between DE & DM 

 

 Usually assume source 𝑄 ∝ 𝜌𝑑𝑚 (linear) 

 

 Model with 𝑄 ∝ 𝜌𝑑𝑚𝜌𝜙 (0911.3089, quadratic) 

 

 Our idea: Lagrangian description & comparison to data 



 Dark energy  

 → Canonical scalar field 𝜙 (Quintessence) 

 Dark matter 

 → Fermion Ψ 

 Self-interaction potential 𝑉(𝜙) 

 Interaction  

 → Lagrangian mass term for dark matter 
𝑚𝑑𝑚 𝜙 Ψ  Ψ 

Mena, Honorez, Panotopoulos, 1009.5263 



 For dark matter 
 

 For scalar field 

 

 Source: 

 

 Requirement 𝑄 ∝ 𝜌𝑑𝑚𝜌𝜙 ≈ 𝜌𝑑𝑚𝑉(𝜙) satisfied by 

/ 



 Define new dimensionless variables 

 

 
 

 1st Friedmann eq. (constraint) 

 
 2nd Friedmann eq. (dynamical) 





 Existence: Ω𝜙∗ = 𝑥∗
2 + 𝑦∗

2 ≤ 1 

 Stability: 𝑥 = 𝑥∗ + 𝑢 

            𝑦 = 𝑦∗ + 𝑣 

 

 Acceleration: 𝑤𝑇∗ = 𝑥∗
2 − 𝑦∗

2 < −
1

3
 → 𝛼 < 4 𝜋 

𝑢 
𝑣 

= ℳ
𝑢
𝑣

 

Re 𝜆1, 𝜆2 < 0 



 Supernovae 

 

 

 CMB 

 

 

 BAO 



 Supernovae 

 

 

 CMB 

 

 BAO 

 



SN alone All data 



 Many models with similar expansion history that 
cannot be excluded by data 

 Quantities that can be measured and computed 
within a model 

 Appropriate quantities 

Sahni, Saini, Starobinsky, Alam, astro-ph/0201498;  
Alam, Sahni, Saini, Starobinsky, astro-ph/0303009 



 Use of dimensionless quantities 

 

 

 Upon comparison to observational data 

astro-ph/0702015 



 Critical points: two fixed points 

 
 

 At the stable critical point 

 

 

 Special case: cosmological constant 

Stable Unstable 



 Parameter s vs. red-shift  Parameter r vs. red-shift 

𝛿 = −0.08 

𝛿 = −0.03 

𝛿 = 0.03 𝛿 = −0.08 

𝛿 = −0.03 

𝛿 = 0.03 

G. Panotopoulos, 0712.1177 



 Parameter s vs. red-shift  Parameter r vs. red-shift 

G. Panotopoulos , 0712.1177 

𝜈 = 1.0 

𝜈 = 1.1 

𝜈 = 1.2 

𝜈 = 1.2 

𝜈 = 1.1 

𝜈 = 1.0 



 5D brane model  4D model in GR 

G. Panotopoulos, 0712.1177 



 Cosmic acceleration → Dark energy 
 

 Cosmological constant & ΛCDM:  

 most economical model 
 

 Other possibilities 
 Dynamical dark energy (quintessence) 

 Geometrical dark energy (brane models) 
 

 Statefinders: can discriminate between different 
dark energy models with same expansion history 


