BPS States in the Duality Web o}

thWe O mega. delormation

Susanne Rellert
CERN

based on work with with D. Orlanda and S. Hellerman
(arXiv:1104.2037 1108.044% 1441 4344 1204 4432 1210 7305)



Motivation

The Omega background was wntroduced by Nekrasov as a way ol
regularizing the kd instanton partition function and

reproducing the results ol Se'\barg and Witten.

Many applications:
In lmit €1 = —e2 < g5, partition In 1 the same as for topalogical
string Gor ¢ # e, retined top. string)

In the Nekrasov Shataghvill Gimit €; = 0, refated to quantum
integrable models with 7 = ¢,

Compactitication o} 6D (20) theory in Omega BG leads to AGT

Al of. the above can be understood via string theory by placing
branes into a geometrical delormation of the bulk

ccrraspono\'mg to the Omega BG Y



Overview

Gauge/ Bethe correspondence reflates susy gauge theories n 247 o\

to (quantum) integrable systems. Find/study string theory realization!

Huxbrane BG
l T o\uae’\ty
Huxtrap BG

+ D2 MS‘V \D‘t, NSS

20 N=2 gauge t\\aor‘y ko N=2 gauge t\r\QOr‘y
w. twisted masses in Omega BG
(24, Gauga/ Bethe corr.) (T3 Gauga/ Bethe corr.)

l

M T\\acr‘y Gt
The same string theory background can give rise to dillerent
delormations (twisted masses/Omega delormation) depending on

Wow we place branes n Y
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i Overview

Start Yrom M theory Gkt of background.
Study ditlerent Cimits of (2,0) theory n 64

Why 2,0) theory? 2,0) in bdh on My x 5

co\mpachﬁ-y on / \M\DQd\X-y on M, = S*

b SYM in Omega BG < ,  Liouville Yield theory (24\)
AGT

Here! (20) \n bk on RY x T2 n Huxtrap

compactily on 77 compactiby on angular
o\\rac{\ons ol RS
b N=% SYM in Omega BG rectoracal Feld theory (4a\)

Theortes are realized via a chain ol dualities.

Stuoky BPS ctates in this duality web.



Overview

Bulk Probe  Gauge Theory

six-dimensional gauge theory with Wilson

type 11B in Melvin space D5 line boundary conditions in two directions
-
T—duality in 11y and il
type 11B in complex fluxtrap D3 (-deformed N = 4 SYM

B

T—duality in X¢ and lift

M_theory ﬂuxtrap (2, O) SlX'dlmenSIOnal theOI‘y

f{

reduction in o1 and o>

<

type 11B in deformed D5/NSs5

(reciprocal background) D3 Reciprocal gauge theory
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A Chain o} Dualities

Bulk Probe  Gauge Theory

six-dimensional gauge theory with Wilson

type 11B in Melvin space D5 line boundary conditions in two directions
-
T—duality in 11y and il
type 11B in complex fluxtrap D3 (-deformed N = 4 SYM

B

T—duality in X¢ and lift

M_theory ﬂuxtrap (2, O) SlX'dlmenSIOnal theOI‘y

f{

reduction in o1 and o>

<

type 11B in deformed D5/NSs5

(reciprocal background) D3 Reciprocal gauge theory
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e A C\hain o Dualities: Bulk

Fluxbrane background with two independent delormation

0 earameters, one purely real, the other purely maginary

/01,02p3,(93,556,337,’171,’172

[IB FT / T ~A~/ \N LT
rg = It up , T9 = Ra us

@ 01 ~ 601+ 21 ks, 0y ~ 05 + 27 k3

wmpose entifications Huxbrane parameter

(~ ~ B9 i
M FT u1~u1—|—27r:/‘// Uo D Up -1 A7 L

91291+27T€1N1 : 922(92+27T62§2,
\(932(93—271'61}%1, \93293_27(62}%27

N\
A

P79 This corresponds 10 the well known Melvin or Huxbrane

\oackgrouno\.

Introduce new angular variables
01 = 91 + Rie1uy
0> = ¢ + Roeaus

03 = 93 — Riequr — Raeaus .
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e A C\hain o Dualities: Bulk

T dualize 7, and ; nto urand vz Fluxtrap background

@ Coordinate change: 01+ @2+ 93 =Y
6 - Oé, a/
p17¢17p27¢271037¢7§5 s Ll L = ==, (Tigl = ==—Uo
R4 Ro

IIB FT Stuoly the Qwmit p3 << p1, p2

Belore T okuo&'\ty, roo&ey, the metric was still Hat) but some of
tWe rotation sY\mmetr\es were broken 3€o\oa€€y.
not anymore Hat

Bk titas N

pi dgy + dag p5 g5 + dag

z 9
&
~

dlis =l —— +dp3 + —— +dp3 + p3 dyp® + dag + dag |
1 +e€1p1 1+ ep3 _
1B rec e 02 _—b® Feld hWas appeared
== do; A d dpo A drg*
Al P ¢1 N dxg + €2 jEiE P2 N dxg

creates a potential that Cocalizes

e”? = \/(1 + €2p%) (1 + €3p3) T instantons

A quarter o} the original supersymmetries are preserved.
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IIB FB

)

IIB FT
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A Chain ot Dualities: Bulk

/ /

& 8% 8
/017¢17p27¢27p37¢7x673377338 = = U1,X9 = = U2
R4 Ry
SPQCQ SPQ\*,S '\nto (p37 ¢7 £E7)

/ .

L6
MlO —= M3(€1) X M3(€2) X ]RS X Sl/

/'

]R<x8> TR M3 (61)

|

cigar (o1, ¢1)

Rz/ i i
N\
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e A C\hain o Dualities: Bulk

Now we want to 0t to M theory. First T dualize n 75 to 11IA,

@ then Qe 03 << p1, 2

42 = (A1) [dgd 4 — T ao2y %8 gy @ 42, d%
182 1 1+ €22 1 1+ e2p? g 1 + €3p3 i 1+ €305
[IB FT —|—dp§—|—p§d¢2—|—d£€g—|—d$$]—|-(A1A2)_4/3d$%07
2 9 219
€101 €202
JALLECTTET doy Adzs Ad doo Adzg Ad
@ st AR AL E S P Ruddddesu hEsas
M FT gi:ﬁ A= 1= e S R =R VR A 2T

€4

SYW\V‘\Q*,(*'\C under QXc\y\qn%Q {pl, D158, 61} > {pg, D2, L9, 62}
@ Origin 0% S duality covariance in tHnal BG.

Return to 11A by rao\uc'\ng on 01 backreaction o} the near Wori2on
Cmit o} a Db brane in the Muxtrap
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e A C\hain o Dualities: Bulk

Last step® T duality n oo

452
@ dSz:qpl\/Heng [dp§+dpg+ 2+ dp? + p} dyp? + daf + dz+

€1P1€209
e du; | dz3 i dws ]
IS et es o O HefioSHAN-Hes o il
IIB FT e%p% HeREar c
fust 1 e e%p% I8 L£10 )y ¢—— 2-(‘0’#‘\ NS
@ oo E2p2 [1+ €1p7
e1p1 \| 1+ e3p3 Yrom DS
M FT 55
€ p2 ~ ~ /
Cy = —2 dxzg A d — G9 + 2ma€
2 T e%p% L9 L10 02 02 T €2

Q The bulk i& the backreaction o} the near Wortzon limit o} an NSS
IIB rec

and a DO brane.

rec rec 62

Str'mg ccmp@'mg constant: 9118 = Jrralrect2 = B

Under S duality, €1 1s exchanged with €2, which amounts to swapping
the DS with the NSS.
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A Chain o Dualities: Branes

Bulk Probe  Gauge Theory

six-dimensional gauge theory with Wilson

type 11B in Melvin space D5 line boundary conditions in two directions
-
T—duality in 11y and il
type 11B in complex fluxtrap D3 (-deformed N = 4 SYM

B

T—duality in X¢ and lift

M_theory ﬂuxtrap (2, O) SlX'dlmenSIOnal theOI‘y

f{

reduction in o1 and o>

<

type 11B in deformed D5/NSs5

(reciprocal background) D3 Reciprocal gauge theory
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7 A Chatn o} Dualities Branes
@ Start From MS brane extended in (p1:p2,01,02, 6, T10)
/ RETXTT T4
IIB FT \
Q delormed N =4 SYM: Reciprocal gauge theory:
D3 branes extended n D3 branes in reciprocal BG
(P1, 01, 2, 92) n Huxtrap extended wn (1,02, T6, T10)
M FT

Ellective &D gauge theories on D3 branes in ditterent duality
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A Chain o Dualities: Branes

Q delormed N =4 SYM! D3 Lranes extended n (01, 91,02, 92) n

@ Luxtrap bg

3 cplx scalars describing motion o} D3

_ p3e'? L LTy

— Z(E)= +—H p(&) = :

T

IIB FT w(§) TT

DRI action Yor one D3 brane:

T | I
o= —g(V" 82-90— vV 81¢+V’“VZFM)2

M FT 492,

5 . : : 1

T iy | R =
i = (6% + V*'V7) (8;20;Z + c.c.) + = (6¥ + V'V?) (9w d;@ + c.c.)

% 1
@ new R <€3VZ -+ Egvz) (U_J o;w — C.C.) T 5 |€3’2 ’(U’LU:|

kinetic terwm L

: <8 te

V=6 (01—&" 0p) +ie (£ 05—€° 02) g2, D¢l o Fack i
one dertvative term
breaks Lorent2

wmvartiance
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A Chan of Dualities! Branes
Reciprocal gauge theory:
O D3 branes in recipracal BG extended n (01, P2, T6, T10)
IIB FB

Supersymmetric non Lorent2 invariant gauge theory

Ev«\bao\o\'\ng A P2 = Y2 , L6 = Y3 , L10 = Y4
IIB FT 3)‘“‘*"““‘15 described by
i 4 .
: p3 € dig 09 rs To9
U Us = Us = Uy = Us = Us =
@ e el P T Dy U T D LY e o B P B A
E“'QC{\VQ act'\(m ¥-0r‘ D3 brane- from B ¥\2Qd from C ?,\eeo\
M FT
Y2 €1yly2 - 1 o €2 Y2 :
Lrec = FyiF, EjF — 0Us)’+-5 ) o
ST kL' k1T 2. k4 kUs) A2 7 L ( - y1 k 6)

@Jerl(ﬁ)hij (€) 0xUs 01U+ A3(04Us)" + A% (84Us) " + (y1 > + 95 2) (UT + U3)

AZAZ (e191) % (€aya) ™7
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A Chain o Dualities: Branes

O Deline gauge kinetic tensor:
IIB FB
el i BT

Deline scalar gauge coupling:
IIB FT

! 2 2 SRR AR
= |31l = S by

Gauge coupling in reciprocal gauge theory:

M FT
ISR VAT el
g%ec 2m Y1 \/1 =+ Ggy%

@ Far away from the branes (Qar‘ge Y Q'\v«'\{), this reduces to

G
g?ec > 2m—
Y1,Y2—> €1




@)

X/~

A Chain o Dualities: Branes

The S dual o} the Lagrangian is delined as Lollows:
1
1672

(*F)4k(*F)k4
1+ e3y?

[IB FB D= (M~ N5 (% F)15 (+F)

)

+ FraFry (1 + €395)

Zdual(€17€2) = 47%_; [
2

IIB FT
By comparison we find

Zdual(ela 62) e gg(e% 61)

i I ; €
M FT ) Deline Licuville parameter as b2 = =
€1

The reciprocal gauge theary displays several features of Licuville

@ Tield theory:

Asymptatic coupling constant s proportional to v

S duality exchanges b« 1/b, like Licuville duality which

exchanges perturbative and instanton spectrum



BPS States in the
Duae'\ty Web
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e BPS States in the Duality Web

In Omega delormed SYM:! 2 cete ot BPS Objects

@ BPS instanton conX.'\gura{\ons
n IIB and particles in 11A

Cocalized at the Or'\g'm
[IB FT

osc\llode
@ _® I 2 92 2 12
2L =—poe” " = —— \/(1 +e1p1) (1 + €5p3)
grrale
M FT

ITB rec) Quve rise 10 the madular Yorm

okeﬁ-'m'mg the Wolomorehic

Lactor of the Licuville

partition function

npo
Bpo = 22/ (1 + €262) (1 + 363)

perturbative modes of the
Lundamental string stretching
between two D branes carrying
omgu@ar‘ momentum aecng the
U(1) x U(1) rotational 1sometries

Localized at lnﬁ-'\n'\{y

D0ZZ201ds
Lo J2
= —~ + =
(62 & 2mo! > ,0%

Reproduce the hWolomorphic
D022 Yactors of the Licuville

partition function
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e BPS States in the Duality Web

Follow BPS states along chain o} dualities to reciprocal Yrame.

@ oscilloide D0ZZ201ds

D0 branes wn Huxtrap type 1IA Lundamental string
at origin extended in zg with
B I l momentum n ¢o
@ momentum made \n zig M theory M2 brane with
l momentum n oo
M FT rectprocal D2 Ltone 1 (Do Hor i 53]

momentum mode \n z1g Yrame with el. Yux wn 52

IIB rec
QNON only one kind ot BPS state carrying both types ol charge and

Civing at a finite radius.
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e BPS States in the Duality Web

Follow the BPS states o&ong the chan o dualities!

mowmentum

angular momentum 54 onded in direction
/ /
frame object £1 (,bl 02 gbz /p3 1’0 x6/x7 Xg X9 X710
1B FT Dy X X X X ‘/ X x N
1A fluxtrap F1 O X x N
f Do X H
@ M5 oox 8 ~ *dynamical
M-theory M2 O X 0 (AR
M FT A momentum ya ya
D3 x W X X X /
D3 | X X X X
reciprotalAra momentum H S S
@ Ds B X X X X X X
/ NS5 LIS X X X X X

EPS ///

o R nongecma{r'\co& direction
excitationsg

non o\ynaw\'\cae
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at BPS States in the Dua@tty Web
Extended objects in the reciprocal Hrame:
NS5 (bulk)
IIB FT D3 (dynamical)
D3 (dynamical)

/

/X]_()

02
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e BPS States in the Duality Web

Introduce a D3 brane extended in (6, T9, T10,52) with an
@ electric feld a2, velocity v v 710 and ancther component of
the electric tHeld wn 219, which 15 required by the coupling ol v

wn the DI action.
IIB FT
. . 2
Te = (o , rg = SInE 022270/62— , T10 =63 +v¢, zg=0,
WRWS K
p1 = const. , po = const. , (LR = U)o x7 =0
M FT 1 1
Foot=r—{fo2 Fos = —fos3
K K

q

Q S = —,u3/d4Ce_q)\/— det(g + B + 27/ F) —|—,u3/exp(B—|—27To/F) /\ZC‘J
IIB rec

e1 Lo Ryg €203 (foz + v fo3) — \/(1 + €303) (1 + p313; (1 + €303)) — p (foz + vfos)”

2o 1 + €3p3

0S oS S
y = s D5l L p==
* 002 dan I 5v
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e BPS States in the Duality Web

From the Hamiltonian, we Lind

R WAL ENE
@ E* = (61 Ly — €2J2> = : (—2>
2mo! P2

This 1§ minmized Yor : J2
IIB FT e T PEE T Ty
@ Energy ol the BPS ctates:
€1 R
M FT Epps = 217”;0 Lo —€eyJos + P |
L2 = JV \

IIB rec : 1 .
Q osclloids DO0Z2Z01ds

Eosc —1 P e1R

Frpozz = 21 1? Lo — €2
T

EBPS = Eosc £ EDOZZ
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IIB FB

IIB FT

M FT

BPS States in the Duality Web

States are only marginally stable with respect to their decay

nto separate oscillods and DOZZods.
i\ny o\QCQY would have to tunnel over a barr'\er, since a state

that 15 broken apart €ocally would have an energy that is
strictly targer than the one o} the bound state. Any such decay

oracess would have to be ncnparturbat'\vaey suppressed.

energy

I'H'l._ | /

Ill-\.

.~ Bound state - -
\‘\r; T—— _./_/_'_’./-_,_ —

pz






S\A\MV“\QPY

We described the Omega BEG and its various lmits via a Huxtrap

BG n string theory.

Allows us 10 study ditferent gauge theories o interest via string
theoretic methods.

Omega delarmation and twisted mass delormation have same
orign.

Gives a geometrical interpretation for the Omega BG and its

properties, such as localization ete.

Understanding o} relation between delormation parameters and

quantization of spectral curve.
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Progress towards understanding the (2,0) theory n 6D in Omega
BG.

Studied two limits ob (2 ,0) theory Cinked by a chan ot dualities.
Cm«pactﬂ-y on torus! Omega delormed N=4 SYM on R*

Compactily on angular directions? Rectprocal gauge theory on R3 x T

Reciprocal gauge theory displays properties o Licuvitle field
theory-
€2

ASY“‘P{G{‘C coupling constant s proportional to v” = -
1

S duality exchanges b« 1/b, like Licuville duality which

exchanges perturbative and instanton spectrum

Important step towards realization of Licuville theory from

str'mg {\nam‘y.



S\M“\V“\Qf‘)’

BPS states appearing on the SYM side o} the AGT correspondence:
lundamental strings and DO branes in type 1IA Huxtrap

Reciprocal Yrame: D3 branes carrying both electric felds and
momentum in the 10 direction, ocalized at a Linite value of the

radital direction

Two distinct types o} states localized in ditlerent positions (the

origin and 'mﬂ-'m'\ty) n one o\me\ty Lrame.

States carrying both charges €ocalized in one place n the other

oluae‘\{y Frame.

Presence o} new phenomena which are only accessible via a

MICroscoPlc description.



Outlook

The reciprocal theory s intrinsically fourdmensional.

Awm? construct Liouville Tield theory as compactification ot an MS

brane in M theory Huxtrap background.

Start Lrom a geometry of the type 95 x T 40 be able to reduce on

the & part and realize a 24 theory on the Riemann surtace.






