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 Introduction 

 Review of D-branes: 

-  in Ising model  

-  in (Ising)2 =  Free boson in S1/Z2 

 Numerical solutions in OSFT 

- 1, ε branes from σ  

- σ  brane from 1, ε  → Positive energy solutions !! 

- 1⊗1, ε⊗ε, 1⊗ε, ε⊗1,…. branes from σ⊗σ  → Fractional branes !! 

- Double branes in the universal sector  

 Conclusion 

 



 The nicest problems in theoretical physics 
are ones which are:  easy to state, difficult 
to solve and with many relations to other 
branches to physics 
 

 One such problem is classification of the 
boundary states in a given CFT or 
equivalently admissible open string vacua  
or D-branes. 



 Describe possible boundary conditions from 
the closed string channel point of view. 
 

 Conformal boundary states obey: 
 
1) the gluing condition 
 
2) Cardy condition  (modular invariance) 
 
3) sewing relations (factorization constraints) 

See e.g. reviews by Gaberdiel or by Cardy 



 The gluing condition is easy to solve: 
   For any spin-less primary       we can define 

 
 
where          is the inverse of the real symmetric 
Gram matrix 
 
 
where                             , 
(with possible null states projected out). 

Ishibashi 1989 



 Explicitly: 
 
 
 
 
 

 The other conditions are much harder to deal 
with however. Perhaps not even the full set of 
necessary conditions is known. 

 We will show today, how to construct boundary       
states (appropriate linear combinations of            
Ishibashi states) from OSFT solutions. 



 By demanding that 
 
 
and noting that RHS can be expressed as 
 
 
Cardy derived integrality constraints on the boundary 
states. Surprisingly, for certain class of rational CFT’s he 
found an elegant solution (relying on Verlinde formula) 
 
 
 
 where         is the modular matrix. 



 Ising model is the simplest of the unitary 
minimally models with c = ½.  

 It has 3 primary operators  
1  (0,0) 

ε   (½,½) 

σ  (1/16, 1/16) 

 The modular S-matrix takes the form 
  



 And thus the Ising model conformal 
boundary states are  
 
 
 
 
 
 

 The first two boundary states describe fixed 
(+/-) boundary condition, the last one free 
boundary condition 



 This model naturally arises when one 
considers Ising model on a plane with a 
defect line and employs the folding trick. 



 (Ising)2 model  is well known point on the 
orbifold branch of the moduli space of c=1 
models 



 Even though Ising model itself has only 3 
bulk primaries, (Ising)2 has infinite number 
of them (Yang 1987) 

 
 
 
 
 
 

 It is precisely equivalent to a free boson on an orbifold 
with radius                     (in our units            .) 



 Some boundary states are readily available 
  

 However, in general the problem of 
constructing D-branes in tensor product of 
simple CFT’s is rather difficult since we get 
always infinitely many new primaries, and 
hence potentially many new exotic 
boundary states.  



 Here is the list found by Affleck and Oshikawa (1996) 

Now we would like to find all this from OSFT !?!  



 To construct new D-branes in a given BCFT 
with central charge c using OSFT, we 
consider strings ‘propagating’ in a 
background BCFTc ⊗ BCFT26-c and look for 
solutions which do not excite any primaries 
in BCFT26-c . 



 To get started with OSFT, we first have to specify the starting 

BCFT, i.e. we need to know: 

- spectrum of boundary operators 

- their 2pt and 3pt functions 

- bulk-boundary 2pt functions (to extract physics)  

 The spectrum for the open string stretched between D-branes a 

and b is given by boundary operators which carry labels of 

operators which appear in the fusion rules 

  

 

 



 In the case of Ising the boundary spectrum 
is particularly simple  



 Solutions to OSFT e.o.m. are believed to be in 
1-1 correspondence with consistent boundary 
conditions. 
 

 The widely believed (and tested, but 
unproven) Ellwood conjecture states that for 
every on-shell      : 
 
 
Here     is a solution of the e.o.m.,        is the 
tachyon vacuum and         is the boundary state 
we are looking for. 

Ellwood (2008) 



 The restriction to an on-shell state can be 
bypassed. Any solution built using reference 
BCFT0 can be written as 
 
 
 
and uplifted to BCFT0   BCFTaux , where 
BCFTaux  has c=0 and contains free boson Y 
with Dirichlet b.c. One can then compute 
Ellwood invariant with 

Trick inspired by Kawano, Kishimoto  
                      and Takahashi (2008) 



 Since 
we find 
 
 

 This is gauge invariant even w.r.t. the gauge 
symmetry of the original OSFT based on 
BCFT0 

 
 
 

That the lift leads to the factorization is 
our little assumption ! 



 The coefficients of the boundary state  
 
 
can be computed from OSFT solution via 
 
 
 
 See: Kudrna,Maccaferri, M.S.  (2012) 

Alternative attempt:  
Kiermaier, Okawa, Zwiebach (2008) 



 The computation proceeds along the similar 
line as for (Moeller, Sen, Zwiebach) 

 String field truncated to level 2: 
 

 The action is  



 Going to higher levels, we should properly take 
care of the Ising model null-states 

 It turns out that we can effectively remove them 
by considering only Virasoro generators: 

     - in the Verma module of 1: 
 
 - in the Verma module of    : 
 
The patterns repeats modulo 16! 
- Had we needed Verma module of      only, 
             would be needed! 



 Already in the lowest truncation levels we see two 
solution corresponding to 1- and ε-branes  



 On the 1-brane we expect to find the usual 
tachyon vacuum, but can we find also 
something else ???  



 On the 1-brane we expect to find the usual 
tachyon vacuum, but can we find also 
something else ???  
 

 Yes ! 



 Starting with a complex solution at level 2 
we find a real solution at level 14 and 
higher! 



 Cubic extrapolations of energy and Ellwood 
invariant (boundary entropy) to infinite level 




 In (Ising)2 we have focused so far on the tachyon 
condensation of the σ⊗σ –brane. To lowest level the string 
field takes the form 
 
 
and the action to this order 
 
 
There are four interesting solutions : 

 
 
  

cf. Longton & Karczmarek 



 For example the 1⊗1brane solution has the 
following invariants:    

I.e.  2-3/4 



 Since we have developed quite an efficient 
code for solving e.o.m. in level truncation, it 
is natural to look for other solutions in the 
universal basis besides the tachyon vacuum. 
 

 We start with a promising complex solution 
found easily at level 2 and improve it via the 
Newton’s method to higher levels. 



 We found the following dependence on the level: 
 
 
 
 
 
 
 
 

Real part of energy and W-invariant 
as a function of 1/L : 

 Should we dismiss the solution, or hope for a 
oscillation or a cusp at higher levels?  



 Hopefully soon level 30 should be reached 

Sen&Zwiebach 

Moeller&Taylor 

Gaiotto&Rastelli 
Kishimoto&Takahashi 

Kishimoto 

Required tools: 
-universal basis 
- conservation laws 
- C++  
-SU(1,1) singlet basis 
-Parallelism  
- ??? 

N.B.:  Level 30 is interesting, as we should see the oscillation for the tachyon  
vacuum energy predicted by Gaiotto and Rastelli.  



 High level numerical computations in OSFT have the 
potential to discover new boundary states (e.g. they could 
have predicted existence of fractional D-branes) . 
 

 The key tool for physical identification are the generalized 
Ellwood invariants. 
 

 First well behaved positive energy solution discovered ! 
(describing σ-brane on a 1-brane, or perhaps double 
branes) 
 

 We are coming to an era of possible computer exploration 
of the OSFT landscape – stay tuned! 


