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Quantum tunneling 
= Bubble nucleation�
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Two types of quantum  
tunneling during inflation�
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FIG. 1: Potential for single field open inflation. Slow-roll
inflation is triggered by quantum tunneling from the false
vacuum φF to the nucleation point φN .
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FIG. 2: Penrose-like diagram of the universe where open in-
flation occurs. The top half corresponds to the universe after
bubble nucleation where time is real. The bottom half corre-
sponds to either one of two hemispheres of the Euclidean sphere
E1 or E2 where time is imaginary, see also Fig. 3. In an open
inflation scenario, slow-roll inflation of an open FLRW universe
(homogeneous spatial hypersurfaces are 3-hyperboloids) occurs
in the R-region, and the universe evolves to the present universe
through reheating.

For simplicity, we ignore multiple-field effects or the possibility of a rapid-roll era soon after the quantum tunneling,
though these effects are known to be potentially significant[14, 15]. We leave these issues for future study.

While there are many papers on the power spectrum for these types of model[16, 17, 18], the bispectrum has not
yet been studied. The main contribution to the power spectrum can be calculated using free Quantum Field Theory
(QFT) theory, however, QFT with interactions is needed to calculate the bispectrum. In this paper, we calculate
the bispectrum by applying the in-in formalism to a universe where the background evolution is given by a CDL
instanton as was done in [19]. It should be noted that though this is a natural extension of the usual in-in formalism
in a flat universe[20], as far as we know, there has been no stringent proof for the in-in formalism on a CDL instanton
background. The proof of this formalism will appear elsewhere[21].

It has recently been shown that a modified initial state (i.e. non Bunch-Davies vacuum state) gives rise to an
observationally interesting bispectrum[22, 23]. In open inflation models, such a modified initial state1 is naturally
realized as a result of the evolution from the Bunch-Davies vacuum state before the quantum tunneling[16, 17, 18]. By
assuming a modified initial state at some initial time, it has been shown that the bispectrum behaves as B(k, k, k3) ∝
k−4
3 k2 in the squeezed configuration k3 " k1 ∼ k2(≡ k), which is enhanced by the factor k/k3 compared to the usual

local type bispectrum, which behaves as B(k, k, k3) ∝ k−3
3 k3.

In open inflation models, there are two possible sources of non-Gaussianity. Firstly, as pointed out in [19], a certain
amount of non-Gaussianity may be generated in the presence of a large self-interaction near the potential barrier, or

1 In this paper we use “non Bunch-Davies vacuum” state to refer to a state whose positive frequency functions differ from those of the
“adiabatic vacuum” state[24]. With this terminology, the state associated with the de-Sitter invariant Wightman function, often referred
to as the “Bunch-Davies vacuum” state, is also a “non Bunch-Davies vacuum” state.
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Penrose diagram of  
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Coleman- De Luccia instanton�
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V(φ)
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FIG. 1: Potential for single field open inflation. Slow-roll
inflation is triggered by quantum tunneling from the false
vacuum φF to the nucleation point φN .
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FIG. 2: Penrose-like diagram of the universe where open in-
flation occurs. The top half corresponds to the universe after
bubble nucleation where time is real. The bottom half corre-
sponds to either one of two hemispheres of the Euclidean sphere
E1 or E2 where time is imaginary, see also Fig. 3. In an open
inflation scenario, slow-roll inflation of an open FLRW universe
(homogeneous spatial hypersurfaces are 3-hyperboloids) occurs
in the R-region, and the universe evolves to the present universe
through reheating.

For simplicity, we ignore multiple-field effects or the possibility of a rapid-roll era soon after the quantum tunneling,
though these effects are known to be potentially significant[14, 15]. We leave these issues for future study.

While there are many papers on the power spectrum for these types of model[16, 17, 18], the bispectrum has not
yet been studied. The main contribution to the power spectrum can be calculated using free Quantum Field Theory
(QFT) theory, however, QFT with interactions is needed to calculate the bispectrum. In this paper, we calculate
the bispectrum by applying the in-in formalism to a universe where the background evolution is given by a CDL
instanton as was done in [19]. It should be noted that though this is a natural extension of the usual in-in formalism
in a flat universe[20], as far as we know, there has been no stringent proof for the in-in formalism on a CDL instanton
background. The proof of this formalism will appear elsewhere[21].

It has recently been shown that a modified initial state (i.e. non Bunch-Davies vacuum state) gives rise to an
observationally interesting bispectrum[22, 23]. In open inflation models, such a modified initial state1 is naturally
realized as a result of the evolution from the Bunch-Davies vacuum state before the quantum tunneling[16, 17, 18]. By
assuming a modified initial state at some initial time, it has been shown that the bispectrum behaves as B(k, k, k3) ∝
k−4
3 k2 in the squeezed configuration k3 " k1 ∼ k2(≡ k), which is enhanced by the factor k/k3 compared to the usual

local type bispectrum, which behaves as B(k, k, k3) ∝ k−3
3 k3.

In open inflation models, there are two possible sources of non-Gaussianity. Firstly, as pointed out in [19], a certain
amount of non-Gaussianity may be generated in the presence of a large self-interaction near the potential barrier, or

1 In this paper we use “non Bunch-Davies vacuum” state to refer to a state whose positive frequency functions differ from those of the
“adiabatic vacuum” state[24]. With this terminology, the state associated with the de-Sitter invariant Wightman function, often referred
to as the “Bunch-Davies vacuum” state, is also a “non Bunch-Davies vacuum” state.
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FIG. 1: Potential for single field open inflation. Slow-roll
inflation is triggered by quantum tunneling from the false
vacuum φF to the nucleation point φN .
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FIG. 2: Penrose-like diagram of the universe where open in-
flation occurs. The top half corresponds to the universe after
bubble nucleation where time is real. The bottom half corre-
sponds to either one of two hemispheres of the Euclidean sphere
E1 or E2 where time is imaginary, see also Fig. 3. In an open
inflation scenario, slow-roll inflation of an open FLRW universe
(homogeneous spatial hypersurfaces are 3-hyperboloids) occurs
in the R-region, and the universe evolves to the present universe
through reheating.

For simplicity, we ignore multiple-field effects or the possibility of a rapid-roll era soon after the quantum tunneling,
though these effects are known to be potentially significant[14, 15]. We leave these issues for future study.

While there are many papers on the power spectrum for these types of model[16, 17, 18], the bispectrum has not
yet been studied. The main contribution to the power spectrum can be calculated using free Quantum Field Theory
(QFT) theory, however, QFT with interactions is needed to calculate the bispectrum. In this paper, we calculate
the bispectrum by applying the in-in formalism to a universe where the background evolution is given by a CDL
instanton as was done in [19]. It should be noted that though this is a natural extension of the usual in-in formalism
in a flat universe[20], as far as we know, there has been no stringent proof for the in-in formalism on a CDL instanton
background. The proof of this formalism will appear elsewhere[21].

It has recently been shown that a modified initial state (i.e. non Bunch-Davies vacuum state) gives rise to an
observationally interesting bispectrum[22, 23]. In open inflation models, such a modified initial state1 is naturally
realized as a result of the evolution from the Bunch-Davies vacuum state before the quantum tunneling[16, 17, 18]. By
assuming a modified initial state at some initial time, it has been shown that the bispectrum behaves as B(k, k, k3) ∝
k−4
3 k2 in the squeezed configuration k3 " k1 ∼ k2(≡ k), which is enhanced by the factor k/k3 compared to the usual

local type bispectrum, which behaves as B(k, k, k3) ∝ k−3
3 k3.

In open inflation models, there are two possible sources of non-Gaussianity. Firstly, as pointed out in [19], a certain
amount of non-Gaussianity may be generated in the presence of a large self-interaction near the potential barrier, or

1 In this paper we use “non Bunch-Davies vacuum” state to refer to a state whose positive frequency functions differ from those of the
“adiabatic vacuum” state[24]. With this terminology, the state associated with the de-Sitter invariant Wightman function, often referred
to as the “Bunch-Davies vacuum” state, is also a “non Bunch-Davies vacuum” state.
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4-dim de Sitter spacetime 
embedded in 5-dim Minkowski spacetime 
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In-in formalism on  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Bubble nucleation  
during slow-roll inflation�
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Bubble nucleation  
during slow-roll inflation�

! 0CFN�IFCC�@E=C8K@FE�9P�@E=C8KFE�V��

! .L8EKLD�KLEE<C@E>�F=�9L99C<�=@<C;�Z�8K�JFD<�@EJK8EK�

V��@E=C8KFE�

Z��9L99C<�=@<C;�

�N<�8JJLD<�JD8CC�<E<I>P�9L99C<��

 L99C<�EL:C<8K@FE�

�;<J:I@9<;�9P�8E�@EJK8EKFE��

O�

<OG8E;@E>�9L99C<�

9<=FI<�EL:C<8K@FE� 'D�K�

/<�K�

V�

3@E=C�V��

Z�

3KLE�Z��

Z1�

Z$�
EL:C<8K@FE�K@D<�

Z4�



Curvaton evolution in  
a bubble nucleating universe�
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! -FK<EK@8C�=FI�:LIM8KFE�[�

 L99C<�J?8G<;�EFE�%8LJJ@8E@KP�@J�><E<I8K<;���

V(�)=
m2

2
�2+Vint(�,�) 98:B>IFLE;�9L99C<�

<==<:K@M<�GFK<EK@8C�

! Z�;<G<E;<EK�J<C=�@EK<I8:K@FE�

Vint(�,�) = �(�)�3

V��@E=C8KFE�

Z��9L99C<�=@<C;�
[��:LIM8KFE�

Z�

Z1�Z$�Z4�

3KLE�Z��

Y�Z��

Z�

��

C8I><�8K�9L99C<�N8CC�

O�

/<�K�

Z1�

Z$�

Z4�

'D�K�
^^^�+%�><E<I8K@FE�

C8I><�+%�JD8CC�+%�

Z1�Z$�Z4�

:FLGC@E>�:FEJK��



Summary of our toy model�
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From curvaton fluctuation to δT�
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Conclusions�
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