
Argyres-Seiberg duality and the Higgs branch

Yuji Tachikawa (IAS)

in collaboration with
Davide Gaiotto & Andy Neitzke

[arXiv:0810.4541]

IPMU, December, 2008

Yuji Tachikawa (IAS) Dec 2008 1 / 40



Introduction

• Montonen-Olive S-duality in N = 4 theory
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Montonen-Olive S-duality

N = 4 SU(N)

τ =
θ

2π
+

4πi

g2

τ → τ + 1, τ → −
1

τ

• Exchanges monopoles
W-bosons

• Comes from S-duality of
Type IIB
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S-duality in N = 2

SU(3) with Nf = 6

τ =
θ

π
+

8πi

g2

τ → τ + 2, τ → −
1

τ

• Exchanges monopoles
and quarks

• Infinitely Strongly
coupled at τ = 1

???
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New S-duality [Argyres-Seiberg]

SU(3) + 6 flavors
at coupling τ

SU(2) + 1 flavor + SCFT[E6]

at coupling τ ′ = 1/(1 − τ ), SU(2) ⊂ E6 is gauged
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SCFT[E6]

F-theory 7-brane
of type E6

D3

W-boson,
etc.
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SCFT[E6] [Minahan-Nemeschansky]

• a 3-brane probing F-theory singularity
of type E6.

• Gauge symmetry on 7-brane
Flavor symmetry on 3-brane

• Motion transverse to 7-brane
Vector multiplet moduli u,

• Motion parallel to 7-brane
free hypermultiplet, discard

• Conformal when u = 0, dim(u) = 3

• Family of Seiberg-Witten curve is the
elliptic fibration of F-theory.

F-theory 7-brane
of type E6

D3

W-boson,
etc.
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Argyres-Seiberg: Dimensions

SU(3) + 6 flavors

dim(tr φ2) = 2, dim(tr φ3) = 3

SU(2) + 1 flavor + SCFT[E6]

u of SU(2) : dim = 2, u of SCFT[E6] : dim = 3
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Argyres-Seiberg: Flavor symmetry

SU(3) + 6 flavors
• Flavor symmetry: U(6) = U(1) × SU(6)

SU(2) + 1 flavor + SCFT[E6]

• SO(2) acts on 1 flavor = 2 half-hyper of SU(2) doublet
• SU(2) ⊂ E6 is gauged
• SU(2) × SU(6) ⊂ E6 is a maximal regular subalgebra
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Current Algebra Central Charge

Normalize s.t. a free hyper in the fund. of SU(N) contributes 2 to kG

Ja
µ(x)Jb

ν(0) =
3

4π2
kGδab x2gµν − 2xµxν

x8
+ · · ·

A bifundamental hyper under SU(N) × SU(M)

kSU(N) = 2M, kSU(M) = 2N

SU(3) + 6 flavors
kSU(6) = 6
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k for SCFT[E6]

SU(2) ⊂ E6 central charge:

4x 1x

E6

SU(2) + 4 flavors SU(2) + 1 flavor + SCFT[E6]

E6

= < jμ jν>
free hyper

= < jμ jν>
SCFT[E6]

= 3 < jμ jν>
free hyper

< jμ jν>
SCFT[E6]

= 6
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k for SCFT[E6]

SU(2)

SU(6)

E6

< j j > = 6 < j j > = 6
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kU(1)

SU(3) + 6 flavors
• kU(1) = 3 × 6 = 18

SU(2) + 1 flavor + SCFT[E6]

• kU(1) = 2 × 1 × q2 q = 3
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Matching Seiberg-Witten curves

Argyres & Seiberg studied the SW curve on the both sides, and found

Curve of SU(3) theory with generic masses
∑

i

miQ
iQ̃i

at τ → 1

⊃ Curve of SCFT[E6] with masses to SU(6) ⊂ E6

I won’t (can’t) explain it today ...

Yuji Tachikawa (IAS) Dec 2008 16 / 40



Another example: E7

USp(4) + 12 half-hypers in 4

• dim(tr φ2) = 2, dim(tr φ4) = 4

• kSO(12) = 8

SU(2) w/ SCFT[E7]

• dim(tr φ2) = 2 from SU(2), dim(u) = 4 from SCFT[E7]

• SU(2) × SO(12) ⊂ E7

• kSU(2)⊂E7
= 8
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More examples [Argyres-Wittig]

g w/ r = g̃ w/ r̃ ⊕ SCFT[d : h]

1. sp(3) 14⊕ 11 · 6 = sp(2) [6 : E8]

2. su(6) 20⊕ 15⊕ 15⊕ 5 · 6⊕ 5 · 6 = su(5) 5⊕ 5⊕ 10⊕ 10 [6 : E8]

3. so(12) 3 · 32⊕ 32′ ⊕ 4 · 12 = so(11) 3 · 32 [6 : E8]

4. G2 8 · 7 = su(2) 2 [6 : sp(5)]

5. so(7) 4 · 8⊕ 6 · 7 = sp(2) 5 · 4 [6 : sp(5)]

6. su(6) 21⊕ 21⊕ 20⊕ 6⊕ 6 = su(5) 10⊕ 10 [6 : sp(5)]

7. sp(2) 12 · 4 = su(2) [4 : E7]

8. su(4) 2 · 6⊕ 6 · 4⊕ 6 · 4 = su(3) 2 · 3⊕ 2 · 3 [4 : E7]

9. so(7) 6 · 8⊕ 4 · 7 = G2 4 · 7 [4 : E7]

10. so(8) 6 · 8⊕ 4 · 8′ ⊕ 2 · 8′′ = so(7) 6 · 8 [4 : E7]

11. so(8) 6 · 8⊕ 6 · 8′ = G2 [4 : E7]⊕ [4 : E7]

12. sp(2) 6 · 5 = su(2) [4 : sp(3)⊕ su(2)]

13. sp(2) 4 · 4⊕ 4 · 5 = su(2) 3 · 2 [4 : sp(3)⊕ su(2)]

14. su(4) 10⊕ 10⊕ 2 · 4⊕ 2 · 4 = su(3) 3⊕ 3 [4 : sp(3)⊕ su(2)]

15. su(3) 6 · 3⊕ 6 · 3 = su(2) 2 · 2 [3 : E6]

16. su(4) 4 · 6⊕ 4 · 4⊕ 4 · 4 = sp(2) 6 · 4 [3 : E6]

17. su(3) 3⊕ 3⊕ 6⊕ 6 = su(2) n · 2 [3 : h]

Table 2: Predicted dualities with one marginal operator.

There is another, less direct, way of constraining h for entry 17. We can reverse the

direction of our logic, and, starting with SCFT[3 : h] we can gauge different su(2) subalgebras

of h and try to add appropriate numbers of doublet half-hypermultiplets to make the gauge

coupling marginal. By construction there will be one such embedding giving the Lagrangian

conformal theory of entry 17. But if there are other embeddings, then we would predict the

existence of a rank 2 conformal theory with Coulomb branch dimensions 2 and 3 and with a

marginal coupling, but no purely weakly coupled (Lagrangian) limit. There is nothing wrong

with this in general—indeed, their existence for higher ranks is a robust prediction of infinite-

coupling duality, as we will discuss below. However, at rank 2 there is some evidence from

systematic searches for all possible curves of rank 2 SCFTs [8, 13] that all those curves with

marginal operators have a limit in the coupling space where the curve becomes singular in a

way consistent with a purely weakly coupled Lagrangian description. This is further supported

by the fact that for the other 5 rank 1 SCFTs listed in table 1, the only conformal gaugings

of su(2) subalgebras are precisely those with Lagrangian limits. If we assume then that this

should also apply to the SCFT[3 : h] theory, it then follows from a detailed examination

of algebra embeddings that rank(h) = 2, since all higher-rank h turn out to admit multiple

inequivalent conformal gaugings of su(2) subalgebras. Assuming rank(h) = 2 forces n = 2, so

gives kh = 6/I, (3/2) · kR = 34 and 48 · a = 64, but does not constrain h any further since all

rank 2 h’s only admit the single Lagrangian conformal su(2) embedding.

– 6 –
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Advertisement [Aharony-YT]

Central charges:
〈T µ

µ 〉 = a · Euler + c · Weyl2

calculable for SCFT[E6,7] using
• SU(3) w/ 6 flavors ↔ SU(2) + 1 flavor + SCFT[E6]

• USp(4) w/ 12 flavors ↔ SU(2) + SCFT[E7]

We performed holographic calculation for SCFT[E6,7,8]

G E6 E7 E8

kG 6 8 12
24a 41 59 95
6c 13 19 31

It was done before publication of [Argyres-Wittig]
Perfectly agreed ! Power of string theory.
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Objective

• Argyres & Seiberg studied the story on the Coulomb branch side.

• I wanted to know the Higgs branch side of the story.

• I have two friends who are experts on hyperkähler things !
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N = 1 Seiberg duality

SU(N) w/ Nf flavors qi, q̃j

• mi
j = qi

aq̃b
j

• b
i1i2···iNf = εa1a2...aN qi1

a1
qi2

a2
· · · qiN

aN

• b̃i1i2···iNf
= εa1a2...aN q̃a1

i1
q̃a2

i2
· · · q̃aN

iN

SU(N ′) w/ Nf flavors Qi, Q̃i

• w/ singlets M i
j , W = QiQ̃

jM i
j

• N ′ = N − Nf

• Bj1j2···jN′ = εa1a2...aN′ Q
a1
j1

Qa2
j2

· · · Q
aN′
jN′

• B̃j1j2···jN′ = εa1a2...aN′ Q̃j1
a1

Q̃j2
a2

· · · Q̃jN′
aN′
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N = 1 Seiberg duality

Mapping of operators:

mi
j = qiq̃j ↔ M i

j

bi1i2···iN ↔ εi1i2···iN j1...jN′ Bj1j2···jNf −Nc

b̃i1i2···iNf
↔ εi1i2···iNf

j1...jN′ B̃
j1j2···jN′

Mapping of constraints:

m
[i
j bi1···iN ] = 0 (q̃a

j qi
[aqi1

a1
· · · qiN

aN ] = 0)

M i1
j Bi1···iN′ = 0 (M i

jQ
a
i = 0)

etc.
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Computation of moduli space, N = 1

{F = 0, D = 0}
G

=
{F = 0}

GC

Basically:
• List gauge-invariant chiral operators
• Impose F-term = 0
• Study the constraints
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Computation of moduli space, N = 2

{F A = 0, DA = 0}
G

=
{F A = 0}

GC

• W = QΦQ̃ F A = tA
aāQaQ̃ā

• F A = DA = 0 imposes 3 dim G conditions
• /G removes another dim G

• loose 4 dim G dimensions
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Dimensions

SU(3) + 6 flavors Qi, Q̃i

4 × 3 × 6 − 4 dim SU(3) = 40

SU(2) + 1 flavor q, q̃ +SCFT[E6]

4 × 2+???? − 4 dim SU(2)
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Higgs branch of SCFT[E6]

D3 brane absorbed into the 7-brane
becomes an instanton of type E6 !

Center of mass along the 7-brane
decoupled .

dim(centered k-instanton moduli)

= 4hE6k − 4

k = 1, hE6 = 12 dim = 44

F-theory 7-brane
of type E6

D3

W-boson,
etc.
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Dimensions

SU(3) + 6 flavors Qi, Q̃i

4 × 3 × 6 − 4 dim SU(3) = 40

SU(2) + 1 flavor q, q̃ +SCFT[E6]

4 × 2 + 44 − 4 dim SU(2) = 40
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Operators

SU(3) + 6 flavors Qi, Q̃i

• M i
j = Qi

aQ̃a
j

• B[ijk] = εabcQi
aQj

bQ
k
c

• B̃[ijk] = εabcQ̃
a
i Q̃b

jQ̃
c
k

• Lots of constraints.

SU(2) + 1 flavor q, q̃ +SCFT[E6]

• ??? Need to know more about the E6 instanton moduli space.
• But how? We don’t have ADHM for exceptional groups...
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One-instanton moduli

• Any one-instanton of G is an embedding of
the SU(2) BPST instanton via SU(2) ⊂ G

• Space equivalent to a subspace of gC, minimal nilpotent orbit

GC · T ρ, ρ : highest root

• Equations explicitly known. Just quadratic. [Joseph,Kostant]
• Let V (α): irrep with highest weight α, and gC = V (ρ).
• Decompose

Sym2V (ρ) = V (2ρ) ⊕ I

then
{GC · T ρ} = {X ∈ gC

∣∣ (X ⊗ X)
∣∣
I = 0}
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One-instanton moduli of SU(2)

• Equations explicitly known. Just quadratic. [Joseph,Kostant]
• Let V (α): irrep with highest weight α, and gC = V (ρ).
• Decompose

Sym2V (ρ) = V (2ρ) ⊕ I

then
{GC · T ρ} = {X ∈ gC

∣∣ (X ⊗ X)
∣∣
I = 0}

• Parametrize su(2) by x1,2,3

• Sym2 3 = 5 ⊕ 1

• x2
1 + x2

2 + x2
3 = 0 : just C2/Z2.
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One-instanton moduli of E6

X ∈ adj(E6), (X ⊗ X)
∣∣
I = 0

• We couple SU(2) gauge field Φ to X.
• Convenient to decompose under SU(2) × SU(6) ⊂ X

Xi
j, Y [ijk]

α , Z(αβ)

• Superpotential is W = ΦαβZαβ.
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Operators

SU(3) + 6 flavors Qi, Q̃i

• M i
j = Qi

aQ̃a
j tr M , M̂ i

j

• B[ijk] = εabcQi
aQj

bQ
k
c , B̃[ijk] = εabcQ̃

a
i Q̃b

jQ̃
c
k

SU(2) + 1 flavor v, ṽ +SCFT[E6]

• Xi
j, Y [ijk]

α , Z(αβ)

• F-term=0 Z(αβ) + v(αṽβ) = 0

• M̂ i
j = Xi

j

• M = εαβvαṽβ

• B[ijk] = εαβvαY ijk
β , B̃[ijk] = εαβṽαY ijk

β
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U(1) charge

B[ijk] = εabcQi
aQj

bQ
k
c B̃[ijk] = εabcQ̃

a
i Q̃b

jQ̃
c
k

B[ijk] = εαβvαY ijk
β B̃[ijk] = εαβṽαY ijk

β

U(1) charge of Q: 1 U(1) charge of v: 3

SU(3) + 6 flavors
• kU(1) = 3 × 6 = 18

SU(2) + 1 flavor + SCFT[E6]

• kU(1) = 2 × 1 × (charge of v)2 charge of v = 3
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Constraints

Constraints of min. nilpotent orbit E6,C · T ρ

(X ⊗ X)
∣∣
I = 0 where Sym2 V (ρ) = V (2ρ) ⊕ I

• We decompose X = (Xi
j, Y [ijk]

α , Z(αβ))

• Decompose I under SU(2) × SU(6)

• Coefficients laboriously fixed
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Constraints

0 = Xi
jZαβ +

1

4
Y ikl

(α Yjklβ),

0 = Xl
{iY[jk]}lα,

0 = X{i
lY

[jk]}l
α ,

0 = Y ijk
α Zβγεαβ + X [i

lY
jk]l

γ ,

0 = (Y ijm
α Yklmβεαβ − 4X [i

[kXj]
l])

∣∣∣
0,1,0,1,0

,

0 = Xi
kXk

j −
1

6
δi

jX
k

lX
l
k,

0 = Y ijk
α Yijkβεαβ + 24ZαβZγδεαγεβδ,

0 = Xi
jX

j
i + 3ZαβZγδεαγεβδ.
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Constraints

F-term eq.
Z(αβ) + v(αṽβ) = 0.

Identifications

M̂ i
j = Xi

j , tr M = εαβvαṽβ

B[ijk] = εαβvαY ijk
β

0 = Xi
kXk

j −
1

6
δi

jX
k
l Xl

k,

0 = Xi
jX

j
i + 3ZαβZγδεαγεβδ,

0 = Y ijk
α Zβγεαβ + X

[i
l Y jk]l

γ

M̂ i
jM̂

j
k =

1

6
δi

jM
m
n Mn

m,

M̂ i
jM̂

j
i =

1

6
(tr M)2,

M̂
[i
j Bkl]j =

1

6
(tr M)Bikl,
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Constraints

W = QiΦQ̃i Qi
aQ̃b

i −
1

3
δb

aQi
cQ̃

c
i = 0

M i
jM

j
k =

1

3
(tr M)M i

k, M
[i
j Bkl]j =

1

3
(tr M)Bijk, etc.

M̂ i
jM̂

j
k =

1

6
δi

jM̂
m
n M̂n

m,

M̂ i
jM̂

j
i =

1

6
(tr M)2,

M̂
[i
j Bkl]j =

1

6
(tr M)Bikl, . . .
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Summary

Done
• Argyres-Seiberg duality reviewed.
• Higgs branches compared for E6 Perfect agreement !

To do
• Other cases E7 ?
• String theoretic realization of the duality
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